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Photon spectra from radiative capture of stopped negative pions captured by *C and “F
nuclei have been measured with a high resolution pair spectrometer. In the bound region
transitions have been observed to 1*B(g.s.), *B(3.5 MeV), “O(g.s.), ?0(4.9 MeV), and °0(6.3
MeV). In addition, strong transitions to narrow states above the neutron separation thresh-
old were observed in both cases. The results for °C are in agreement with detailed shell
model calculations of this process. Major strength is observed for states formed by coupling
extra nucleons or holes to the spin-quadrupole ds,, and ds,,, J™=2" states in '%0. The
BC(m~,7)!*B, ;. branching ratio is shown to be consistent with beta decay and electroexcita-
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tion data, through a combined phenomenological analysis.
strengths are accounted for by matrix elements of the spin-density operators [0 X Y]

and [oX Y, 2t +.

The observed transition
1e +
t

NUCLEAR REACTIONS “C(z~,7), YF(r~,y); measured normalized

I(E,); deduced upper limit on 8(E2/M 1) for *C—"Bl(gs.) at g=125

MeV/c, systematics of SIGDR in 12 <A <20. Stopped 7~; pair spec-
trometer; 850 keV at 129.4 MeV.

I. INTRODUCTION

Within the 1p and 2s-1d shell, radiative pion cap-
ture spectra have been successfully analyzed to ex-
tract information on strong magnetic transitions
with large spin density matrix elements.!~* Such
transitions are of M1 to M 3 type, and have been ob-
served for nuclides from '°B to 2%Si. The sensitivity
to such transitions arises from the nature of the
(m~,7) transition operator. As long as pion absorp-
tion is restricted to the lower pionic orbits, the
operator is dominated by Gamow-Teller
([0X Yo]'t*) and spin-dipole ([oX Y] ™) pieces,
and therefore connects states with strong matrix ele-
ments of these operators. This peculiarity of the
(m~,y) reaction is experimentally well established
and supported by detailed shell model calculations.

The most studied examples are the nuclides '2C
(Ref. 4) and '®O (Refs. 5 and 6), where prominent
M?2 (spin-dipole) excitations (AJ"=27) dominate
the spectra. !0 data® have further shown that add-
ing two neutrons produces a core polarization,” evi-
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denced by a shift of 3.4 MeV in the spectrum, but
otherwise no drastic change. However, in N the
magnetic quadrupole resonances are less pro-
nounced,®® showing that the coupling of the extra
proton to the excitations of the core smears the
strength considerably. The purpose of the present
experimental investigation was to select two further
cases near the end of the 1p shell or the beginning of
the 2s-1d shell to test these findings.

For !*C the extra neutron is expected'® to couple
only weakly to the dominant 2C transitions, and to
produsce only 2, narrow splitting of the 2~ levels
into 5~ and 5 doublets. For '°F we expect simi-
lar behavior, although no detailed calculations are
available. These expectations are indeed supported
by our data, which provides in both cases the first
clues to the structure of the high-lying AT=1 iso-
vector states in A=13 and 19.

A second goal of our experiment was to investi-
gate quantitatively the 1*C—*B(g.s.) giant M 1 tran-
sition. Here a phenomenological analysis can be ap-
plied which links the (77,y) branching ratio to beta
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decay, inelastic electron scattering, and gamma de-
cay through the different isospin components of the
[oX Yo1't! operator. This technique has previously
been used [e.g., in °Ne (Ref. 11)], to explore a large
contribution from the orbital magnetization to an
M 1 transition. For '*C we extend the technique for
the first time to spin-flip-E 2 matrix elements.

This article is organized as follows. In Sec. II, a
brief account of the experimental apparatus and
method is given. Section III is devoted to the
phenomenological analysis of the bound state transi-
tion. In Sec. IV we discuss the high excitation re-
gion for 3C(7~,y) and "*F(7~,y). The *C data are
compared with shell model calculations of the Dub-
na group.!” The magnetic quadrupole transitions
and their trend from A=13 to 20 are discussed. In
Sec. V we conclude with a short summary.

II. EXPERIMENTAL ASPECTS

A. Apparatus

The experiments were performed at the Low En-
ergy Pion Channel of the Clinton P. Anderson
Meson Physics Facility (LAMPF), Los Alamos
Scientific Laboratory. A scheme of the experimen-
tal apparatus is shown in Fig. 1. The beam of up to
6 times 10° 77~ per second was stopped in the targets
to be studied by passing it through a polyethylene
degrader stack. The degrader thickness was optim-
ized for each target by measuring the fraction of
pions stopping in the target with a three element
beam telescope, at reduced beam fluxes. A liquid
hydrogen target was used for efficiency, line shape,
and calibration measurements, which were inter-
spersed with the data runs.

During data taking, the incident pion flux was
monitored by a two element telescope, not pictured,
which counted particles backscattered from the
upstream side of the degrader stack. This monitor
was calibrated against the three element beam tele-
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FIG. 1. Schematic of the experimental apparatus.

scope at reduced beam flux. :

The pair spectrometer consisted of a twin-C mag-
net with common pole tip,® two large multiwire pro-
portional chambers (MWPC), a set of trigger
counters, the photon converter foils, and the associ-
ated electronics. Briefly stated, the spectrometer
worked as follows. Photons from the target passed
through the collimating aperture, and through a thin
plastic scintillator which was used to discriminate
against charged particles. After further passing
through a pair of trigger counters, a small fraction
of the photons were converted into e te = pairs in
the gold converter foils. The pairs were separated
and bent through about 180 deg in the magnetic
field. Upon entry and exit from the field region, the
pairs passed through the MWPC’s, where their coor-
dinates were measured. Upon exit from the magnet-
ic field region, the electron and positron passed
through two nonadjacent trigger counters. This sig-
nature combined with fast MWPC signals and the
absence of a charged particle veto pulse defined an
“event.” In this case the triggering electronics were
gated off, the MWPC information encoded and read
out, and all the data collected in a computer
memory buffer destined to be written on tape when
filled.

A more detailed description of the parts of the
spectrometer will now be given. The magnet provid-
ed a nominal field of 0.8 T over a rectangular
volume 33 cm high, 218 cm long, and 41 cm deep.
The LAMPF technical staff measured the three spa-
tial components of the field on a 2.54 cm® grid
throughout this volume to an accuracy of 10~* T.
The complete map was used in the analysis pro-
cedure described in Sec. II B. The magnet excitation
was monitored by a water cooled shunt and a Hall
probe, and was constant to within £0.25% during
the data taking discussed here. The field volume
was filled by a helium bag with 25 u Mylar walls to
reduce multiple scattering of the e te ™ pairs.

Two MWPC’s were suspended between the target
and the magnet. The chambers and their readout
system were designed and built at Lawrence Berke-

“ley Laboratory (LBL).!? Each chamber had an ac-

tive area of 25X200 cm, with three signal planes.
These wires ran vertically and at +30 deg from the
vertical, with 0.2 cm between wires. This arrange-
ment identifies even rather closely spaced crossing
points without ambiguity, and has nearly equal spa-
tial resolution in the horizontal and vertical direc-
tions. The “magic” gas was used (argon, isobutane,
methylal, Freon). The chambers were shielded from
beam and room background by a 20 cm thick lead
wall, with a collimating aperture viewing the pion
capture target. The aperture was completely
covered by a 0.3 cm thick plastic scintillator (7— C)
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which was used to veto possible event triggers from
the copious flux of scattered charged particles enter-
ing the aperture.

Two converter foils were used, a “thick” 0.01
cm X7 cm X 20 cm gold foil, followed by a 0.3 cm
thick plastic scintillator and another, “thin” 0.005
cm X 6.5 cmX 19 ¢m gold foil. Photons converting
in the thick foil were distinguished by the presence
of a pulse in the scintillator. This arrangement al-
lowed the simultaneous acquisition of two data sam-
ples. The events from the thin converter have very
good energy resolution, and the thick converter
events have more modest resolution but are twice as
numerous. This arrangement was required for an
in-flight capture test experiment, performed later in
the data-taking period. Only thin converter data are
presented here, because of their superior energy reso-
lution.

Eight pairs of 4 mm thick trigger counters were
mounted across the target side of the MWPCs.
Counter pairs 1,2,7,8 were 30 cm X 30 cm and pairs
3,4,5,6 were 15 cmX30 cm. Any coincidences
(AI X BI) X (AJ X BJ) with 2 < |I —J | <7 defined a
“gamma” (y). An event trigger was defined by
(Y)X(r—C)X(> 3 planes of MWPC firing) X (7
stop). The beam telescope signature “7 stop” was
included only during reduced rate measurements for
normalization.

The branching ratios were obtained by compar-
ison with the precisely known 7~ +proton —neu-
tron+y branching ratio of 0.393 £0.001 (Ref. 13).
The fraction of pions stopping in the target was
measured with the beam telescope. The dependence
of the acceptance upon energy (relative to the hydro-
gen line) was obtained by comparing the '?C spec-
trum measured in the present experiment to previous
work* and from the shape of the
7~ + proton—neutron + 7° continuum.

The 13C target used was 0.53 g/cm? of 99% iso-
topically pure graphite powder."* The powder was
packed into pouches made of ?C-containing Mylar.
A 159% background from the pouches was measured
with identical empty pouches and subtracted from
the data later.

Two fluorine-containing targets were used, LiF
and Teflon (CF,). The F spectrum was found
from a fit to the LiF and CF, spectra!® using the
known "Li(°Li) and !2C spectra.’ The capture prob-
ability on '°F was found to be 89.4+0.7 % for CF,
and 82.2+1.4 % for LiF.

B. Data analysis

After the experiment, a computer program
scanned the MWPC information on tape for pat-
terns of crossing points characteristic of an ete™

pair. Twenty-two percent of the event triggers were
accepted by this scan.

Multiparametric polynomial fits to the entrance
angles and momenta as functions of the MWPC
crossing points were obtained from computer simu-
lated events.!!” This method is very economical of
computer time, eliminating the need to iteratively fit
each data event to be analyzed. The particle vector
momentum is obtained from an analytic formula,
with accuracy at least as good as obtained by itera-
tive fitting, and using less than one fourth the com-
puting time.

Using the angles so obtained, the pairs were extra-
polated back to the converter foils and the pion cap-
ture targets. Cuts were applied to the separation of
the et and e~ at the converter foil, and to the ori-
gin in the target plane. These cuts eliminated pho-
tons not coming from the target, those which con-
verted before the gold foils and yet were not vetoed
by m—C, and electrons which suffered unusually
large multiple scatterings in the converter. The
FWHM energy resolution (for the thick converter
data) and the “tails” of the line shape (for both thick
and thin converters) were significantly improved by
the cuts. The cuts removed 10% of the thin con-
verter events and 30% of the thick converter events,
resulting in final FWHM energy resolutions of 850
and 1750 keV, respectively, for the monochromatic
photons of 7~ + proton—neutron + y (129.4 MeV),
as evidenced by the upper line in the *C spectrum
(Fig. 2).

C. Results

In Figs. 2 and 3 we present the experimental spec-
tra and the fits which gave the partial and total
branching ratios summarized in Tables I and II
Partial branching ratios to individual final states
were obtained by fitting the spectrum to a sum of
sharp lines (for bound or slightly unbound levels)
and a smooth background!® due to the radiative
capture into the breakup channel. The individual
contributions were folded with the measured line
shape and include the acceptance correction.

In order of decreasing photon energy the peaks in
Fig. 2 can be associated with: the '°B ground state
(E,=125.0 MeV), an unresolved doublet of a %+
and a %+ state near 3.5 MeV excitation (E,=121.5
MeV), another doublet of sharp states at 6.5 and 7.6
MeV excitation (these lie above the breakup thresh-
old of 4.9 MeV), and a broad level or group of over-
lapping levels near 10.2 MeV. We will return to a
detailed discussion of these levels in Sec. III. At this
point we only stress the close correspondence of
these experimental results with the '’C case, as
shown by Fig. 4. In '?C, transition to the !’B
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FIG. 2. (a) Photon spectrum for '3C(7~,y) obtained in
the present work. The fitted curve giving the experimen-
tal branching ratios is shown superimposed in (b).

J7™=1" ground state was observed with a branching
ratio of (6.2+0.4)X10~*. At 1.67 and 2.62 MeV in
2B, 2 2~ and a 1~ state were found with branching
ratios of (0.5£0.2)Xx10™* and (1.1+0.2)x 1074,
respectively.*® The sum of the branching ratios to
the 6.5 and 7.6 MeV doublet in 13C
(18.842.8)X10™* compares favorably with the
(18.3+0.6) X 10~* seen in !B for the largest peak at
4.5 MeV excitation.” This state was the original
spin-isospin excitation discovered with the (7~,7)
reaction. In both cases the quasifree background is
well fitted by the pole-model ansatz,!® which is
mainly used to obtain the total branching ratio. The
recoiling B is taken to be in its ground state here.
The total branching ratios for '>C and '3C are also
quite similar, being 1.84+0.08 X 10~2 (Ref. 9) and
1.92+0.19x107> (Ref. 4) for '>)C, and
1.66+0.25x 10~ for '*C (present work). In Table I
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FIG. 3. (a) Photon spectrum for '°F(r~,y) obtained in
the present work. (b) The fitted curve giving the experi-
mental branching ratios is shown superimposed on (a).
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FIG. 4. Levels in boron isotopes excited by (7,7) on
carbon isotopes. The patterns in ?B and ’B are very
similar, aside from minor shifts of the core-excited states
and splitting due to the extra neutron in '*B. Radiative
capture branching ratios from Ref. 9 (2C) and the present
work ("*C) are given, as well as the excitation energy and
spin parity for the states.
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TABLE 1. Experimental branching ratios and levels in 1>C, and predictions of Ref. 10.

E, MeV) Pole

. 125.0 121.5 118.5 117.4 114.8 120.18 Total
E,(*C)* (MeV) 15.1 18.6 21.6 22.7 25.3 20.0¢
E,(B) (MeV) 0.0 3.5 6.5 7.6 10.2 4.98
R(10~%° (MeV) 6.1+1.0 1.0+0.5 8.3+1.5 9.0+1.6 17.4+3.6 122.7+18.8 166+25
R/R(1079 37 0.6 5.1 5.5 10.5 74.6 100
Ng:° 704150 112451 967497 10394205 2007+286 14200+359 190301486
I, (MeV) 2.1+0.5
E,(¥B)Y¢ (MeV) 0.0 3.53/3.68 6.42 7.52/7.86
E,(BC)¢ (MeV) 15.11 18.75 21.81 25.5
E,(B)f (MeV) 0.0 3.5/3.9 5.5 6.4 8.0—11.6
Rf(10~% 12.8 7.9 11.4 24.1 37.9
JT _3 3- 3% 5+h 3+h 5+h 3+ 5+h

4 2 2 2 2 2 2 2?2

3Excitation energy of analog levels in 13C.
“Includes normalization uncertainty.
“Number of events from fit to spectrum.

9From other experiments; see Tables 13.1 and 13.4 of F. Ajzenberg-Selove, Nucl. Phys. A268, 1 (1976).

“Theoretical energies, Ref. 10.
fPredicted branching ratio, Ref. 10.
8End point energy, A=18.8 MeV; see Ref. 1.

"Quantum number assignments from shell model calculations, Ref. 10.

the information available on these levels from other
reactions is also summarized.

In !°F the fit is much less unambiguous. Only the
unresolved doublet °O(g.s.), °0(0.1 MeV) at 133.6
MeV, and two levels at 4.9 and 6.3 MeV excitation
(128.6 and 127.2 MeV photon energy) can be clearly
identified. The breakup threshold is at 4.6 MeV ex-
citation. Even for the two latter levels, the fit is not
too good. The high excitation energy region is
reasonably well fitted by the pole-model ansatz if

the excitation energy of the ®0 recoil is taken to be
5.0 MeV, close to the first J"=2" level in 20 (5.5
MeV). This finding is quite similar to %0 and %0,
where the recoiling nuclides are not in their ground
states.5 The two levels found near 8.0 and 8.8 MeV
are not well established in position or strength. The
difficulties in representing the continuum preclude
firmer conclusions. For the same reason we have
not attempted to associate a branching ratio with the
step in the spectrum seen near 120 MeV photon en-

TABLE II. Experimental branching ratios ’F(7~,y)"°O.

Ex 19F Ex 190 R.yb R/Rtotal

E, (MeV) (MeV) (104 Ng© (107?

133.6 7.54 0.0 1.3 £0.3 166 +20 0.6
128.6 12.5 4.9 45 +1.2 562 +90 1.9
127.2 13.9 6.3 48 +1.2 584 +118 2.0
125.6 15.5 8.0 3.2 £0.8 401 £50 1.4
124.8 16.3 8.8 2.7 £0.6 333 £23 1.1

I'=0.34 MeV

(124.1) (16.5)* (9.0* 223 +46 27300 +375 93.0
Total 240 +48 29350 +381 100.0

?End point energy of fitted pole model (A=14.3 MeV, see Ref. 1).
®Radiative branching ratio, including normalization error.

“Number of events found in fit to spectrum.

9M. Wiescher et al., Nucl. Phys. A349, 165 (1980), Fig. 22.
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ergy. We will, however, deal with this structure
qualitatively in Sec. III.

III. THE BC(7~,9)"*B(g.s.) TRANSITION:
PHENOMENOLOGICAL ANALYSIS

A. Theoretical background
of the phenomenological analysis

For J =0 targets in the 1-p shell, the well-known
strong M1 transitions and their 3 decay analogs
have long been compared in order.to separate the
spin and orbital parts of the M1 operator.'%
When no 3 decay is available, use of the (77,%)
branching ratio has been shown to allow this separa-
tion as well.>"!! The radiative pion capture reac-
tion in this respect nicely supplements other charge
exchange probes like the (p,n) reaction.?!

For J+0 targets, E2 contributions are allowed in

g 2J;+1
| (TrllloX Yol t*[17:) |
For M 1 electromagnetic decay:
(T;T/*10| T;T;%),
(T TP14+1| TiTP)g

ftip=31

2

1 38T e’

T+

ry

fi 3 % 4mp2c4

AJ=1, Ar=1 transitions, increasing the number of
matrix elements to be determined from the available
experiments. The different experiments can be com-
bined to give values for the individual matrix ele-
ments for comparison with theory, or to check cer-
tain assumptions, e.g., isospin invariance.

We show below that for the transition
BC(r=,7)*B(g.s.), the observed branching ratio is
almost completely due to the Gamow-Teller
([0 X Yo]'t ™) matrix element, measured in *B beta
decay. The contributions from other matrix ele-
ments are shown to be small. An upper limit on the
spin-flip E2 matrix element ([oXY,]? is derived
from the 7-capture, beta decay, and electroexcitation
data.

The relevant formulas connecting experimental
data to many-body nuclear matrix elements are, in
the notation of Ohtsubo and others®? (see the Ap-
pendix):

For Gamow-Teller beta decay:

(1)

[ (TF(IL X Yo' +4.71[oX Y1~ ||;) 2. )
f

Double-barred matrix elements are reduced with respect to angular momentum but not isospin. The units
for ft,,5, T, and E; are sec™ !, €V, and MeV, respectively. Weuse t*|p)=|n) and note that the irreducible
tensor operator ¢ has components (¢ *,t~,1/V2t,). The notation (Tfo31m | T; T,-3),,, g (Ref. 19) refers to the
isospin Clebsch-Gordan coefficient appropriate for the electromagnetic or beta decay, respectively.

Simplifying Eq. (2) one obtains
(T;T/’10| T;T;?),
(T;TA141| T T ) g

2
mi_ 1
O T g+1

We introduce here the shorthand notations

Ef*X1.74X1072 eVX | (Lo;+4.71Rg;) | 2. (3)

Ry={Jf||[lox ViVt~ ||J;), Ly={J|[[LXYYt||J;),

and
Y= (Y, Ve ||0;)
Similarly, the E 2 decay width can be written:
(T;T/*10| T;T;%),
(T;T1£1 | TT ) g

2
1

2,41

ré?=0.138

Eg | (Jp|jEgr /7)Y, 1~ ||0:) |2

Simplifying this expression under the assumption that the radial wave function of all active nucleons is that of
the 1p harmonic oscillator level, one obtains (with Eg; in MeV and 7( in fm);

TE2=2.54% 106 eV —

(T;T/10| T, TY,

2, +1

(TrTP1+1 | TiT ) g

2

Elro'[ YL ]* . 4)

In these formulas isospin invariance is assumed, e.g., the only difference between the Gamow-Teller beta de-
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cay matrix element [0X Y,]'t* and the spin part of the M1 amplitude [0 X Y;]'t? is the isospin Clebsch-

Gordan coefficients appearing in Egs. (3) and (4).

For the radiative pion capture branching ratio one has the following expressions

9,22,

k=S i, 162 E, (14+m,/my)?
T T, mac? i+ DQLAD T (4+k/my)
X 2 | <Jf||Ma(J,Lyl1r;rn)HJi> |2+ l (Jf”Mb(J’L’lrr;rn)HJi-) IZ] 5)
J,L

with the operators given by Refs. 9 and 22. The operators M, and M, differ in parity and so may not give rise
to interference terms. For AJ =17 transitions from 0% to 17 states, the following three operators contribute

(notation is given in the Appendix):

Kls 2 1/2. 1, + 1 . 1,4+
Ma(1,1,0)=7——‘;14 — |5 | JoloxYolt +7—3*Jz[0><Yz]t ,
Mo(1,2, D=2 N trjy 4k (B +Ojolox Yol 1+ —3v3 | [+ I8 |1 KB el ltoxcr,]iet
all>4 7 1 0 0 5 J3 6 312 J2 2 ’

t%h:

My(1,1,1)=—22 }(—Arj, +k(C —B)j)[oX Y0]1t++—\/l—§( —Arj,+k (B +2C)j,)ox Y,]'t* , .

oy 1 - 3 — . . .
For AJ, =17 transitions from + to 5 states, four additional operators having rank J =2 contribute:

K, , Ar .. . D!
M,(2,2,1)= W:T (V3Dkj,[ Y, 12t )+ —5‘(2]3—3]1)+B]2 T/_;[osz]zﬁ ,
M,(2,1,1 Ko |3 i i 2+ (2" 2+
b( s 4y )= m -\/T_(;(—Arjl+ksz)[UXY2]t + [? ijz[Yz]t
—KIS . 2 +
Mb(2,2,0)=—1/'—4-—?(A]2[0X Y,]tt),
K 12 12
M,,(2,3,1)=‘/—£_:3T—[[%] (Arj3+kBj,)[oX Y, )%t T — %] ijz[Y2]2t+]. (6)

These expressions allow the beta decay ft value,
M1 and E2 decay width, and (7,y) branching ra-
tio between analogous levels to be calculated in
terms of matrix elements of just four operators.
These are the following: Ry, the Gamow-Teller
operator (analog of the spin part of M 1); R,;, ana-
log of the high momentum transfer spin-flip M1
operator; R,,, analog of the spin-flip E2 operator;
and Y,, analog of the charge-type E 2 operator.

In the next section, Eq. (5) is evaluated for the
BC(r~,7)®B(g.s.) transition to show which matrix
elements contribute most to the (7~,y) branching
ratio, and to find out what new information can be
gained.

[

B. The *C(7~,7)*B(g.s.) transition

The reduction of Eq. (5) is made here, with the
following assumptions: (a) the radial wave function
of the active nucleons is that of a 1-p harmonic os-
cillator with r,=1.881+0.053 fm (Ref. 23); (b) the
pionic wave function distortion due to the strong in-
teraction may be treated by the approximation
method of distortion factors given in Ref. 1; (c) the
(,7) interaction coefficients A —D have the values
and errors given as the “best fit” set in Ref. 1; (d)
the 1s and 2p pionic widths and capture fractions
are given by recent experimental results.?* _

The radiative capture branching ratio is then
given as
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R,=(5.38+0.74)X 107 {(1.000+0.092) | R¢; | *—(0.033+0.016)Re(R oy R3;) +(0.107+0.014) | R, |2

+(0.44810.027) | Ry, | >+(0.014+0.004) | Y, | 2—(0.097+0.015)Re(Y,R?, ) | .

This equation shows that the branching ratio is
most sensitive to the Gamow-Teller matrix element
| Roy | , somewhat less sensitive to the spin-flip E2
matrix element |R,,|?% and practically insensitive
to the other terms.

Inserting the value of |Ry; |2=0.121+0.006,
found through Eq. (1) from the B B decay ft
value,”® into Eq. (7), ome predicts R,=(6.51
+1.12)x107% This is in agreement with the
present experimental result Ry=(6.1+1.2)Xx 107,

The contribution of the | Y, |2 term can be com-
puted using Eq. (4) and the (e,e’) data on the analog
Bo(gs)—>RC(15.11 MeVJ",T=3",3) transi-
tion.8 One obtains | ¥, | >=0.14+0.03, which gives
a negligible contribution to R,, in Eq. (7).

The value of | R,; |2 cannot be extracted from the
published 3C(15.11 MeV;J ™, T = % 0, %) electroexci-
tation data because of the limited momentum-
transfer range, and the difficulty of separating high
momentum-transfer M1 from E2 contributions.
However, the square of the single-particle matrix
element for p;,,—p,,, via the R,; operator is only
0.053 (see the Appendix). Thus the contribution of
R;; to R, in Eq. (7) may also be neglected.

An upper limit on the value of the spin-flip E2
matrix element | R,, | can be obtained from Eq. (7)
and the present experimental result. The one-
standard-deviation limit is |R,, |2<0.05. This is
only about one-tenth of the single-particle value for

(7)

|
DP32—P1s2. The spin-flip E 2 strength in this transi-
tion thus appears to be strongly suppressed with
respect to the Gamow-Teller strength, since | Ry, |*
amounts to 0.29 of its single-particle value in this
transition.

The phenomenological analysis presented above
shows that the Gamow-Teller matrix element mea-
sured in B decay accounts for essentially the full
(m~,y) rate. The contribution of the many other
possible terms of the mixed M 1/E2 transition were
thereby shown to be less than 10%.

Several other cases of strong isovector magnetic
transitions in p-shell nuclei have been analyzed in
this way. The (77,7) rates are in all cases found to
be accounted for by the lowest allowed multipolarity
of [0 X Y;]/ matrix elements. These results are sum-
marized in Table III. The identity of (77,y)
strength with Gamow-Teller strength has been ex-
ploited in 4=20 to separate the giant M 1 transition
there into spin and orbital parts, which was not oth-
erwise possible due to the absence of the analog B
decay transition.!!

IV. DISCUSSION OF HIGH EXCITATION
REGION

Prominent peaks above the breakup threshold
have been observed in (77,7) spectra throughout the
1p shell.’ In the present work, peaks are seen at 6.5,

TABLE III. Comparison of spin-density matrix elements obtained from other experiments,
to values inferred from (7~,7). Data for Li, 1>C, '°B from Ref. 9; 1°C from present work.

Multi-
Operator polarity Transition Other exp. (=)
[oX Yo' M1 ®Li(g.s.)—°He(g.s.) 0.617 0.627+0.034
(1s capture)
[oXx Yo ]! M1 SLi(g.s.)—°He(g.s.) 0.617 0.685+0.120
(2p capture)
[oX Y] M1 2C(g.s.)—?B(g.s.) 0.282+0.002 0.285+0.022
[oX Yo' M1 BC(g.s.)—*B(g.s.) 0.348+0.009 0.335+0.010
[oxY,]? M3 10B(g.s.)— Be(g.s.) 0.70+0.06 0.64+0.04
[oxY,]? M3 10B(g.s.)—1°Be(3.37 MeV) 1.09+0.06 1.05+0.05




27 SPIN FLIP TRANSITIONS IN 1*C AND !°F PROBED WITH . .. 1629

7.6, and 10.2 MeV excitation in B (the analogs
would occur at 21.6, 22.7, and 25.3 MeV excitation
in 3C). These peaks have been attributed to a
AL=1, AS=1, AT=1 spin-isospin giant dipole res-
onance of the target nuclide ('3C in the present
work). The idea that a spin-isospin giant resonance
component of AJ"=2" character should exist near
the E 1 photoresonance energy®”?® in fact motivated
the earliest high resolution experiments with
(m=,).b*® Enough experiments and theoretical
work now exist to show beyond reasonable doubt
that the largest peaks seen in (7~,y) are due to this
resonance. Furthermore, the observed strengths are
of the order of full single-particle units. These
spin-isospin excitations are 17w transitions involving
spin flip, relative to the target ground state. They
are associated with large spin-dipole matrix elements
[0X Y;1%. The situation is similar to that of the E 1
photoresonance, which in light nuclei still shows
structure in the spectrum. The structure corre-
sponds to the underlying 17w states strongly excited
by photoabsorption, and does not form a smooth
resonance peak as in heavier nuclei.

To demonstrate the existence, character, and
strength of the spin-isospin states, three arguments
are advanced below. First, the strength of the ob-
served peaks in 1>B is compared with single particle
estimates based on Eq. (5). Next, the 4=13 spec-
trum is shown to agree with detailed shell model cal-
culations in which the spin-dipole transitions in-
duced by [0 X Y;]? dominate. Finally, the pattern of
resonance splitting and energy shifts observed from
A=13 to A=20 is discussed in terms of coupling of
extra particles and holes to the underlying spin-
dipole excitations of >C or %0 cores.

A. Single particle estimates

A quantitative feeling for the strength of the
peaks observed in the high excitation region can be
gained by using Eq. (5) to compute the branching ra-
tio expected for a single particle transition between
pure configurations (p3,, to ds,, in this case, see
Sec. IIID) connected by the operator [o X Y,]**.
The strengths so obtained may be compared to
single-particle strengths for the E 1 photoresonance,
found by comparing E 1 widths from photoneutron
data? to the Weisskopf unit values. The AJ7=2"
transition strengths in '*C and '°F are shown below
to be of the order of a smgle-partxcle unit, and
in fact 40% as strong as the T—— part of the
T =+, E1 photoresonance. This supports the inter-
pretation of the (m,7) spectrum in terms of excita-
tion of relatively pure one-particle one-hole spin-
dipole states (spin-isospin giant dipole resonance).

Transitions from C, to 2+ states of ’B may

be excited by operators of multipolarities 2~ or 3.
Four such operators contribute to radiative pion
capture: [oX Y 1t+, [oX Y3]2t+ [Y5]%*, and
[oX Y3]’t*. The first two are spin flip M2 and the
last two are of E 3 character. Vector coupling argu-
ments show that [0 X Y;]%* should dominate for
the transitions in question, if the final states are well
described within the 1p and 2s-1d shells.'® So let us
consider only [0X Y;]%* terms in Eq. (5) in com-
puting single-particle estimates for the spin-dipole
transitions.

The general form of M,,(JL l;) and M,(J,L,l,)
has been given by Ohtsuka®’; we have reduced the
expressions relevant to the case J; ——l— —>Jr=7".
These are given in the Appendix. Usmg these for-
mulas in Eq. (5), the present data imply a matrix ele-
ment

{3 T=3lllox ¥ Pt ¥||5 7, T=1)|2=0.40

to produce the sum of the three peaks’s branching
ratios. This may be compared with the value 0.67
obtained from Clebsch-Gordan algebra alone for a
pure transition p;,,—ds/,. The energy integrated
transition strength is thus 0.6 times this “single par-
ticle” value. For the E1 photoresonance, the
energy-integrated cross section to the T=% giant
dipole resonance (GDR) is about 100 mbMeV,% or
only 1.5 W.u. One sees that the pion capture reso-
nances have 40% as msuch strength in single-particle
units, as does the T'= - photoresonance.

For the C(7~,7)"’B(g.s.) transition discussed
earlier, Eq. (1) gives

[ (Jrlllox Yol't*[|J;) | 2=0.12

from the !’B-beta decay ft value.”> The single parti-
cle value for a pure p3,,—p,,, transition is 0.42,
giving 0.29 single particle units for this transition.
In Weisskopf units, the analogous M 1 electroexcita-
tion transition (3C g.s.—!*C 15.1 MeV) has 0.35
W.u., nearly exhausting Kurath’s M1 sum rule.*®
Part of the difference comes from the contribution
of

| (TAIIL X Yo 't *1J;)

to the M 1 transition density.

The '°F transitions to the doublet at 12.5 and 13.9
MeV in '°F may also be compared to such a single
particle estimate, although the large J values in-
volved permit many contributions other than
[0 X Y,]%. The observed strength is 0.25 times that
computed for a single particle p, ,—ds , transition
(see Sec. IVD for the choice of reference transi-
tion).
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B. Comparison with shell model calculations

In Sec. IIC, the similarity of the '>C and *C
spectra was discussed. The reasons for this similari-
ty are clearly shown by the detailed shell model cal-
culations available for both nuclei. From the '*C
case, where a full continuum shell model (CSM) cal-
culation exists,?? two facts relevant to the discussion
of 13C may be extracted. First, the contributions
from the continuum to the prominent AJ”=2" res-
onance at 4.5 MeV in 2B (19.6 MeV in '2C) are
small. Therefore the harmonic oscillator shell
model (HOSM) calculations of the Dubna group'®?!
should be reliable, and in fact do agree well with the
CSM for !>C. Second, the dominant configuration
of this state is ds,p3, ' mixing constructively
with s; ,p3,,!. The first observation is important,
since for 13C only the HOSM calculations are avail-
able, and these reproduce the data rather well. The
second observation provides the clue to the structure
of the doublet of levels at 6.5 and 7.6 MeV in B,
which should have analogs at 21.6 and 22.7 MeV in
BBC. Coupling the extra neutron of '*C weakly to
the basic AJ"=27 core excitation produces a %

5 + . . .
and 5 doublet, in addition to a core polarization
evidenced by an upward centroid shift of the doublet
by 2.5 MeV. Both the splitting of the strength and
the shift are predicted by the HOSM calculations
and observed in our data.

The impulse-approximation calculations by
Kissener and co-workers included initial and final
state correlations generated by single-particle matrix
elements similar to the Cohen-Kurath 2MBE set
(for even parities) and a Gillet-type residual interac-
tion (for odd parities). The full O%w and 17w basis
was included.

Differing from the simplified treatment used
above, the pionic atom wave functions used were ex-
plicitly evaluated by solving the Klein-Gordon equa-
tion numerically for a nuclear potential fitted to a

FIG. 5. Spin-quadrupole excitations in 4=12 to 20.
Displayed are the photon spectra from radiative pion cap-
ture in (a) 2C (SIN) (Ref. 9), (b) "°C, (c) 'O (SIN) (Ref. 6),
(d) 0 (SIN) (Ref. 6), (e) °F, (f) ®Ne (Ref. 11). The pho-
ton energy is converted into excitation energy relative to
the target ground state. The arrow at higher excitation
energies points to the (p3,~'ds;) J™=2" configuration
or the corresponding multiplet of states (°F, 3C). The ar-
row at lower energies points to the equivalent (p,,, ~'ds,,)
structure. The solid curve drawn into the C spectrum
represents the calculations of Kissener et al. (Ref. 10)
with the yield normalized to the '*B ground state (15.1
MeV). The vertical bars (right scale) show the results for
the photon yield per pion stopped as calculated by
Kniipfer (Ref. 37) (10, '®0, and *Ne).
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large body of pionic atom data. The ls and 2p cap-
ture probabilities used were 8% and 92%, respec-
tively. The pionic total widths of the 1s and 2p
states were taken to be the same as for 12C, 2.96 keV
and 1.02 eV, respectively. These values do not differ
sigmﬁcantly from the experimental values found for

BC, I';;=2.45+0.10 keV and Ty, _0 97+0.10 eV,
which have recently become avallable

In Fig. 5, the calculated curve from Ref. 10 is su-
perimposed on the measured *C spectrum. With
the theoretical strength normalized to fit the B
ground state data, reasonable agreement in relative
strengths and peak positions is obtained. Since the
prediction for *C(zr—,y)’B(gs.) is 12.8x10~*
while the observed branching ratio is only
(6.1+1.2)x 10™4, all theoretical rates exceed the ex-
perimental ones by at least a factor of 2 (see Table
D.

The predicted spectrum falls below the data at
lower photon energies. This is to be expected since
the HOSM calculation considered only final states
reached by Ofiw and 17w transitions. In the case of
160, the contribution of 2w and higher configura-
tions has been shown to fill up this part of the spec-
trum with a smooth shape, due to the enormous
number of states involved.’"> Direct processes will
contribute here as well.

The calculated transitions are mainly driven by
the [0 X Y, ]* part of the (7 ~,7) transition operator,
leading to J"= for the excited states. This
piece of the operator is also responsible for the
strong 2~ transitions in '2C(7~,y), as well as the
preferred excitation of analogs of M2 states
throughout the 1p shell.®!°

The (77,y) branching ratios are quite sensitive to
the configuration mixing. For example, the first
predicted doublet results from the destructive in-
terference of the two configurations mentioned
above (ds,,p3,, ! and s, ,p3,, ). These same con-
figurations are predicted to interfere constructively
in forming the upper doublet, which is predicted to
be much stronger than observed in the experiment.

Unfortunately, the capture of 7~ at rest occurs at
fixed momentum transfer. Therefore the real exper-
imental proof of the spin and parity of these states
must come from other reactions. Electron scatter-
ing data are limited,*> but show a rise in the back-
ward cross section near 22.5 MeV in *C, which
could be ascribed to M2 transition strength. Other
charge exchange probes like (p,n) have recently ad-
ded support to our assignments.?!

C. Spin-quadrupole strength
from A=13 to 20

Figure 5, which shows the radiative pion capture
spectra from 4 =13 to 20 (not including 4 =14), will

serve as the basis for a qualitative discussion of the
distribution of AJ"=2" strength near '°0O. The
data on the oxygen isotopes are from Ref. 6; the
2Ne data were taken by us during the same period
as the 1°C and '°F data.!!

In %0, four of the five possible one-particle one-
hole combinations®* which can form a AJ7=2"
(M2) transition carry all the isovector spin-
quadrupole strength.>""3>3 The configurations and
approximate excitation energies relative to the %0
ground state are given in Table IV. The residual in-
teraction mixes only the third and the fourth, be-
cause they are most nearly degenerate. Otherwise
the configurations of the observed states remain
rather pure, although 3-p 3-h admixtures do occur.
The observed (77,y) spectrum shows the 27 (!*N
g.s) and 2*” (N 7.4 MeV) levels. The latter has
the configuration® : '

|25 )=0.60|25,,,1p3 ) +0.75 | 1ds 5 1p3 ;") .

Especially the configurations with a ds, particle are
connected to the ground state by large single-particle
M ?2 matrix elements. The 23 conflguration is near-
ly orthogonal to the 2, ! state3!3%:

1257)=0.79| 251 ,,1p3,,~"') —0.54 | 1d5 5 1p3 , ") .

The minus sign between the contributions results in
cancellations, reducing the calculated transition
strength. Nevertheless, all four 2~ states are experi-
mentally observed,” and the relative strengths are
correctly predicted.

Qualitatively, the observed distribution of transi-
tion strength in '>13C, 190, 80, °F, and Ne is
consistent with weak coupling of extra particles to
AJ™=2" excitations of a '®0 core. Starting with
the oxygen isotopes, two added neutrons in '*0
hardly change the spectrum shape. The response is
merely shifted upwards by amounts ranging from
2.8 MeV (27) to 3.2 MeV (2]7). This agrees with the
core polarization model calculations by Knupfer and
Huber”*® in which the neutrons are weakly coupled
to 2 states of the °0O core.

In '2C only p;,, hole states can be formed; the
dominant peak is expected to be mainly

TABLE IV. The five J7,T=2",1 one-particle, one-
hole states in °O.

Dominant Excitation energy
State configuration in %0
27 ].ds/zlpl/z_l 13 MeV
25 (not seen)
24 2s121p3 7" 19
24 1dsp1ps ™! 20
25 1ds1p3~" 23




1632 C.J. MARTOFF et al. 27

1ds,1p3,, 1. It is observed at nearly the same en-
ergy relative to '2C (g.s.) as it was in '%0 (19.5 vs
20.4 MeV), showing little effect due to the addition-
al quartet of p,, nucleons in %0. The addition of
an unpaired neutron to '’C (forming '*C) again
shifts the whole response upward (by 2.5 MeV), and
splits the main peak into a narrow doublet.

Adding a quartet of nucleons to '®0 (forming
20Ne) also leaves the dominant core excitations un-
changed but shifts the response to lower energies by
about 4 MeV. We identify the main peaks in the
ONe spectrum at (11.6, 12.1) MeV and near 16.4
MeV, with the structures at 13 and 20 MeV in '°0,
respectively. For the lower structure in 20Ne the lev-
el assignment is known; the upper one is made on
the basis of predictions.36 However, the detailed
configurations have not been published.

From the systematics of these shifts, the corre-
sponding states in °F should lie around 12 to 13
MeV and 20 MeV, and should further be split into
several levels ( =—;— to % are possible). This is
indeed the case, if the two 'O levels at 4.9 and 6.3
MeV (12.5 and 13.9 MeV in '°F) are tentatively as-
sociated with the 2| state, and the sharp step in
transition strength near 12 MeV (20 MeV in “F) is
associated with overlapping levels built on the 2
structure in !'°0. The spin-parity assignments for
lsnown levels of 1O in this region of excitation (-2:,

+7 at4.6and 5.1 MeV; 7 and 5 at 6.3 and 6.2
MeV) lend support to these interpretations.

Table V summarizes the experimental branching
ratios and the results of several calculations for the
(m~,7) transitions leading to M2 states built on 25
dspp3~Y) and 27 ds/py 1. Experimentally,
the 2; configuration remains pure, carrying about
the same strength for all the nuclides. The 2{ con-
figuration becomes weaker as nucleons are added to
160. The calculations of Knupfer’’ for 80 and
20Ne, and of Kissener et al.!? for the carbon isotopes

reproduce the observed pattern. The calculated
branching ratios are always about a factor of 2
larger than experiment. Most of the quenching is
due to two-particle two-hole admixtures in the
“closed shell” ground state of 0. Including these
admixtures in the calculations’"* reduces the
%red3iscted branching ratios by a factor of 0.6 for

0.

Speth et al.¥ recently connected the missing ex-
perimental strength for BM 2 values of the large 2~
states in '°O to the presence of p meson exchange in
the effective nucleon-nucleon potential. Although
we cannot quantitatively compare with the present
data, the same spin density matrix elements are in-
volved here, with a similar reduction of experimen-
tal transition strength with respect to theory.

The selectivity of the reaction, as demonstrated in
considerable existing data, show that the present
(77, y) results may be used as a guide to the location
of strong spin-flip excitations in, for example,
electron-scattering or (p,n) experiments. Such a pro-
cedure has proven useful already for 80.%

The behavior of the spin-isospin dipole resonance
may be compared with that of the E1 photoreso-
nance (isospin mode). The main features of the E 1
photoresonance in a shell model picture are account-
ed for by the schematic model of Brown and Boster-
1i.*' If only the single particle shell model potential
is considered, a number of transitions of a given
multipolarity may be available to valence nucleons.
If these transitions are degenerate in energy or near-
ly so, even a weak residual interaction among the
nucleons may profoundly change the distribution of
transition strength by strongly mixing the single
particle states involved.

Especially in light nuclei, the degeneracy of the
AL =1, AS=0 single particle states may be broken
by pairing forces, deviation from spherical symme-
try as in distorted nuclei, etc. In these cases the

TABLE V. Summary of major M2 strengths observed and calculated, for (7~,y) transitions near the '°O shell.

R,x107*
Configuration 2c Bc 150 130 3 ONe
exp. 18.3+0.6% 18.8+2.8 15.1+1.6° 18.1+2.2° 15.3+2.0
d5/2p3/2 -1 theory 34¢ 37d 37d 40¢
ratio 0.55 0.41 0.49 0.38
exp. 14.5+1.6° 12.3£1.6° 9.3+1.5 4.3+1.7
ds;pip”! theory 254 20¢ 114
ratio 0.58 0.61 0.40

#Reference 9.
bReference 6.
‘Reference 10.
dReference 37.
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photoresonance may appear broadened, split, or dis-
rupted entirely. This behavior is nicely shown in the
photoneutron data of Veysiere,*> comparing, for ex-
ample, 16,180 and !°F.

In the case of M 2-type transitions, the single par-
ticle states are split into two groups by the spin-orbit
coupling. Though in odd 4 nuclei like '°F the single
particle spectrum can be so spread out that no dis-
tinct resonance is formed, the strong spin-orbit split-
ting leaves the two broadened components of the
isovector M2 strength still v1s1ble, in many cases
(e.g., 1°0).

IV. SUMMARY

The (77,y) energy spectra and branching ratios
for 3C(z~,y) and PF(7~,7) have been measured. A
detailed comparison of *C(z~,7)"’Bl(g. 5., 3 B
decay, and *Cle,e’)3C(15.11 MeV, J"=5~ T=3)
shows that the Gamow-Teller operator accounts for
essentially the full (7—,y) rate.

(m~,y) transitions leading to excited states of °B
at 6.5, 7.6, and 10.2 MeV (analogs at 21.6, 22.7, and
25.3 MeV in !>C) have been compared to the
BCly,n) cross section. It has been shown that the
strength of the (77,¥) resonances, measured in ap-
propriate single particle units, is 0.6 umts in the
squared amplitude, while that of the T = part of
the E 1 photoresonance is about 1.5 W.u. Thls large
strength is evidence for the identification of the
(7~,7) resonances as analogs of the spin isospin
component of the 3C giant dipole resonance. This
interpretation is supported by shell model calcula-
tions, which point to the preferred excitation of ana-
logs of M2 states of the target nuclide. The excita-
tions are driven primarily by the operator [o X Y, 1%,
with the ds,p3,, ~! configuration being a prominent
feature of (7—,y) spectra from A=13 to 20. Cou-
pling of extra nucleons to this underlying core exci-
tation tends to shift and split levels, but leaves un-
changed the summed branching ratio. This is not
the case for the other major structure based on
ds,p1,2”", which becomes weaker and increasingly
fragmented, with more nucleons in the 2s-1d shell.
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APPENDIX

We use fi=c =1 except in expressions containing
e?/fic=~. Certain notations used in Egs. (1)—(4)
are defined below.

(1) The operator product of two irreducible tensor
operators T (rank k) and Q (rank /) is

[Tix Q"= 3 (kmy,Ilm;|Im ) Tign, Qim, -

my,my

The first quantity in the summation is a Clebsch-
Gordan coefficient.
(2) The isospin Clebsch-Gordan coefficients

(Tfo31m ' TiTi3>’}’

or S connect initial and final states in radiative
(m=0) or By (m ==1) decays. These must appear
explicitly if it is desired to always use the charge
changing matrix elements R;; and Ly;.

(3) The matrix elements R;; and L;; are many-
body matrix elements between the initial and final
nuclear states. In the impulse approximation, these
are each a sum over all particles in the nucleus of
the single particle operators given in their defini-
tions.

(4) Ej; is the excitation energy of a state (usually
observed in electroexcitation).

(5) j; is the spherical Bessel function of order /
and argument gr, with g the momentum transfer in
the reaction and r the radial coordinate of nucleons.

(6) m, is the proton mass, m, is the pion mass,
m is the nuclear mass, and k is the photon momen-
tum.

(7) Subscripts zero as in I'¥! indicate that extra-
polation to g=Eg has been performed in the
analysis of electroexcitation data.

(8) Radial matrix elements have been evaluated
assuming lp and/or 1d harmonic oscillator wave
functions

(a rlexp(—r2/2rg?),

with r, taken from electron scattering. For 3C,
ro=1.88110.053 has been used (Ref. 23).
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(9) fi, from Eq. (5) is the fraction of all pion cap-
tures occurring from the pionic orbital with quan-
tum numbers symbolized by /,. The total width of
such an orbital 1s is denoted by I';,.

(10) In the equations after Eq. (5), the coefficients
A,B,C,D are part of the (7y) interaction Hamiltoni-
an. The numerical values used have been those of
the “recommended” set from Ref. 1, with uncertain-
ties.

(11) The coefficients K,; appearing in the pion
capture transition operators come from the pionic
atom wave functions of the initial states:

(l'j'H[(IXYL]J”lj>=(—)1+L—_J%[1+(—)I,+I+L]

jGi+1)

K =2 Clsa;S/Z ’
S Cra=
= 21/_6 Copta™ -

The distortion factors C,; are discussed in Ref. 1,
and the values used here for 1*C and !°F, respective-
ly, were those for ?C and !0, given in Table V of
that work. The symbol a,, is the Bohr radius of the
ground state pionic atom.

(12) The formula which we have used for evaluat-
ing single particle matrix elements of spin-multipole
operators is given by Ohtsuka?®? (p. 66)

K,

172

(=Y YT (7172001 j'1/2) = (= HV2=IV T —1/201]j'1/2) for J=L +1,

X 1(— )I+l/2—](2J+1)1/2(

The operators for AJ"=2" transitions from -;—~ — % *

—1/2J11j'1/2)
(=Y IVIF1(j1/2J0]j'1/2)—(—

forJ=L,
Y H12=IY ] (j—1/201]j'1/2) for J =L —1.

are the following for the 2p pion capture

K, 2 172 . J2 9 . 2
M2 10=—% [;] l —dr o+ 5 | + 55Ky lB—;C] t+oX Y,
+ 3[Arj,—kjs(B+CO)t o X Y P
K, ve,, . .
Ma(2,3,1)=\/4—:7'l 5 (Ar_12+]]k(B+C))t+[0'XY1]2
+ T —64r(js+ —sjn)+ 2(C — 2B)kj3 ]t [o X Y3 ]

K
M,(3,3,1)=—L ([34r(3ia—j2)+7Bkj3 )t o X Y3 P +V3Dkjst H[ Y, T},

tHoXY3]?

—Arjy+kjs B [o X Y P+ {ipkﬁm P

Vidr

K 3 172
My(2,2,1)= ‘/:_l 35 | (ki 2C—B)i*[ox Y]

1
+ —= \/3 Arjz+3kj3 -

K
M,(3,2,1)= ‘/%le—‘/‘/_—i
M,(3,4,1)=—2(2)12( 2(Arj, + Bkj )t Ho X Y3 —

= m
and for the 1s capture

1s

Vir

M,(2,2,0)=

V3Djst Y51,

(—()24jut* [oX V1 P+(5) 24t Ho X V3

In the above expressions, the arguments of the Bessel functions are always kr.
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