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Elastic and inelastic electron scattering cross sections are given for ' ' Cr at momen-

tum transfers between 0.15 and 2.6 fm '. Ground state charge distributions are derived

from a combined analysis of these data and muonic atom data. Deduced values of the rms

charge radii are given. Comparison is made between the experimental charge distributions

and density dependent Hartree-Fock-Bogolyubov calculations. Inelastic scattering form fac-
tors for 2+, 4+, and 6+ states up to 4 MeV excitation are given along with shell model and

phenomenological model fits to those data, B(EL) values, multipole dependence of effective

charges, and other model parameters.

NUCLEAR REACTIONS Cr(e, e'), E=30—400 MeV. Measured
*

o.(E,8 ). Deduced ground state charge distributions compared to
. Hartree-Fock. Deduced inelastic form factors compared to shell model. .

I. INTRODUCTION

Our interest in the even isotopes ' ' Cr arises
from the considerable theoretical effort invested in
the study of level schemes and transition probabili-
ties for f-shell nuclei. ' We report here the results of
an elastic and inelastic electron scattering experi-
ment on the above isotopes. The inelastic studies
were carried out to an excitation energy of 4 MeV
and extend to the low lying 2+, 4+, and 6+ states
because these states are expected to be only modestly
impure shell model configurations and therefore cal-
culable. We investigate whether calculations based
on the seniority scheme, which consider only f7/2
recoupling configurations with mixing of seniority 2
and 4, are adequate to describe the data, or whether
contributions from more complicated configurations
such as 1f~2p are required. Furthermore,
enhancement of transition strengths over shell
model estimates depends strongly on the proximity
of configurations which can mix with the dominant

f7/2 amplitude to achieve the desired angular
momentum. We therefore expect this enhancement
to be a strong function of the transition multipolari-
ty. Because of the broad momentum transfer range
of the inelastic scattering data (0.9&q &2.6 fm ')
we are able to assess theory in more detail than
would be possible with. low momentum transfer ex-

periments, radiative decay experiments, or by com-
parison of experimental and theoretical level ener-
gies. The elastic scattering work was carried out
with a view towards understanding changes in the
charge distributions near a shell closure, in this case,
the neutron f7/p shell. There are p-mesic x-ray
data which indicate a shrinkage in the root mean
square (rms) radius of Cr with respect to Cr and

Cr. Hartree-Fock-Bogolyubov calculations of the
charge distributions for ' ' Cr using density-
dependent effective forces indicate differences in the
rms radii of isotope pairs (52—50 and 54—52)
which are significantly less than observed in the ls-
mesic x-ray work. Also, there is some indication
that there is a softness in these nuclei with respect to
deformation. The static quadrupole moments of the
first 2+ states make a transition from oblate to near
spherical and back to oblate in going from Cr to

Cr. Detailed mapping of the ground state and
transition charge distributions may help in under-
standing these phenomena.

II. EXPERIMENTAL EQUIPMENT
AND METHODS

The experiment was carried out at the 600 MeV
Saclay Accelerateur Lineaire de Saclay (ALS) linac
and at the 90 MeV NIKHEF [formerly Instituut
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voor Kernphysisch Onderzoek (IKO)] linac. All of
the inelastic data and the elastic data above q=0.8
fm ' were taken at the Saclay ALS using the 900
MeV/c magnetic spectrometer with a 512-channel
multiwire proportional counter focal plane array.
The beam current at both Saclay ALS and NIKHEF
was monitored with a torroidal ferrite core
transformer, Faraday cup, and electronic integrator.
Isotopically enriched Cr-oxide target material was
obtained from Oak Ridge National Laboratory and
electrolytically reduced to metal foil targets of 20 to
40 mg/cm. The targets had isotopic purities of
greater than 99% for the ' Cr target, 91.68% for the

Cr target, and 97.2% for the Cr target. Elastic
scattering data were taken at 200 and 400 MeV at
the Saclay ALS (0.8&q&2.6 fm '), and at NI-
KHEF between 30 and 85 MeV (0.15&q &0.84
fm '). There was a sufficient overlap in the q range
of data taken at the different lab-

oratories to ensure consistent normalizations of the
different data sets (Saclay ALS and NIKHEF). The
inelastic data were taken only at the Saclay ALS,
with an incident beam energy of 398.2 MeV, and for
scattering angles between 25' and 80'. The overall
momentum resolution for the Saclay ALS part of
the experiment was 4)&10, permitting relatively
clean extraction of cross sections. For this experi-
ment the targets were oriented in transmission
mode. The incident beam energy was determined to
+0.05% at the Saclay ALS and +0.15% at NI-
KHEF. Scattering angles were determined to
+0.05' and +0.08' at the Saclay ALS and NI-
KHEF, respectively.

III. RESULTS—ELASTIC SCATTERING

The measured elastic scattering cross sections are
given in Tables I—III. The NIKHEF data result
from measurements of the ' ' Cr elastic scatter-

TABLE I. ' Cr elastic scattering cross sections (mb). We use the following notation for uncertainties: 0.000(1)—2 cor-
responds to 0.000&(10 +0.001 &(10

E {MeV) I9 {deg) o. (5o) b,8 (deg) b,P (deg)

30
35
40
45
50
55
60
65
70
75
80
85
30
35
40
45
50
55
60
65
70
75
80
85

60

120

0.4270
0.2964
0.2165
0.1608
0.1208
0.9271
0.7089
0.5578
0.4355
0.3382
0.2702
0.2121
0.1296
0.8258
0.5284
0.3462
0.2215
0.1431
0.9039
0.5685
0.3455
0.2062
0.1188
0.6472

(28)+2
(20)+2
(20)+2
(13)+2
(10)+2
(70)+ 1

(50)+ 1

(42)+ 1

(33)+ 1

(25)+ 1

(23)+1
(17)+1

(09}+1

(70)+0
(42)+0
(29)+0
(16)+0
(14)+0
(81)—1

(48)—1

(30)—1

(19)—1

(10)—1

(54)—2

+0.0 +0.0

+0.3

k 1.15

+4.0

3S 0.1324 (24)+ 1 +0.3
38.05 0.656 (17)+0
41 0.3043 (80)+0
45 0.1122 (29)+0
50 0.2757 (69)—1 +0.4
55 0 588 (17)—2

60 0.1551 (43)—2 +0.4

E (MeV) 8 (deg) (&o) 68 (deg) hP (deg)

0 —2 +0.9 +2.965 0.1049 (3 )

70 0.1012 (33)—2
75 0.875 (30)—3
80 0.587 (19)—3
85.06 0.358 (12)—3
90 0.1909 (79)—3
95 0.871 (37)—4
38 0.6S8 (16)+0 +0.3 +0.3

401.6 +2.7

+4.0

398.2 35 0.453 (20)—2
37.5 0.322 (14)—2
40 0.2095 (92)—2
42.5 0.1044 (45}—2
45 0.448 (20)—3
47.5 0.1777 (78)—3
52.5 0.1046 (45)—4
55 0.487 (22) —5

57.5 0.669 (29)—5

60 0.830 (37)—5

62.5 0.647 (29)—5

65 0.540 (24)—5

70 0.1755 (78)—5

75 0.444 (76)—6
80 0.67 (25)—7

+0.9
+1.08

+2.7
+4.0

35 0.419 (18)—2 +0.9
40 0.2042 (89)—2
60 0.745 (49)—5

62.4 0.654 (29)—5

67.5 0.267 (18)-- 5

72.5 0.808 (55)—6 + 1.0
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TABLE II. '~Cr elastic scattering cross sections (mb). We use the following notation for uncertainties: 0.000(1)—2
corresponds to 0.000X 10 +0.001)& 10

E (MeV) 8 (deg) a (5o) 58 (deg) 6(() (deg) E (MeV) 8 (deg) 0. (5o) 68 (deg) hP (deg)

30
35
40
45
50
55
60
65
70
75
80
85
30
35
40
45
50
55
60
65
70
75
80
85

60

120

0.4260
0.2996
0.2175
0.1612
0.1219
0.9297
0.7199
0.5574
0.4380
0.3402
0.2716
0.2136
0.1289
0.8246
0.5287
0.3500
0.2253
0.1461
0.9225
0.5792
0.3515
0.2118
0.1202
0.6639

(37)+2
(27)+2
(20)+2
(16)+2
(11)+2
(85)+ 1

(72)+1
(56)+ 1

(42)+1
(30)+1
(30)+1
(21)+1
(11)+1
(87)+0
(52)+0
(35)+0
(26)+0
(15)+0
(98)—1

(56)—1

(39)—1

(22)—1

(11)—1

(76)—2

35 0.1317 (21)+ 1

38.05 0.662 (14)+0
41 0.3187 (69)+0
45 0.1188 (28)+0
50 0.2809 (64)—1

55 0.608 (14)—2
60 0.1588 (39)—2
65 0.1160 (32)—2

+0.0

+0.3

+0.4

+0.4
+0.9

+0.0

+0.3

+1.15

+4.0
+2.9

401.6

398.2

35 0.466 (13)—2
40 0.2302 (94)—2
47.5 0.1784 (70)—3
60 0.948 (47)—5
62.5 0.880 (34)—5
67.5 0.468 (19)—5

72.5 0.1188 (71)—5

77.5 0.228 (23)—6

+0.9

+1.0
+0.9

+1.0

35 0.540 (21)—2
37.5 0.384 (15)—2
40 0.2395 (94)—2
42.5 0.1248 (49)—2
47.5 0.2000 (79)—3
50 0.521 (21)—4
52.5 0.1154 (43)—5

55 0.643 (26)—5

57.5 0.912 (36)—5

60 0.1084 (43)—4
62.5 0.976 (39)—5

65 0.726 (30)—5

70 ' 0.2439 (96)—5

75 0.720 (75)—6
80 0.72 (12)—7

%0.9
+1.08

70 0.1177 (31)—2
75 0.985 (29)—3
80 0.654 (20)—3
85.06 0.442 (14)—3
90 0.2076 (69)—3
95 0.1133 (44)—3
38 0.666 (16)+0 +0.3 +0.3

+2.7

+4.0
2.7

+4.0

+2.7
+4.0

ing cross sections relative to ' C, which were nor-
malized to the recent analysis by Cardman et al. of
the combined NIKHEF, Stanford, and National
Bureau of Standards (NBS) elastic electron scatter-
ing data for ' C. The total uncertainties for the NI-
KHEF Cr data were obtained by adding the statisti-
cal part in quadrature with one half percent estimat-
ed systematic uncertainty. This latter part of the
uncertainty is an estimate based on uncertainty in
the '~C reference cross sections and possible target
nonuniformity and/or other instrumental effects.
The Saclay ALS 200, 398.2, and 401.6 MeV data are
absolute measurements, not referenced to ' C. The
efficiency of the counter system was established by
measuring the ' C cross section at low momentum
transfer. In the Saclay ALS 200 MeV data, uncer-
tainties were obtained by adding the statistical part

in quadrature with 2% estimated systematic uncer-

tainty. Similarly, uncertainties in the 398.2 and
401.6 MeV data sets were formed from a statistical
part and a 4%%uo estimated systematic uncertainty.
Some of this uncertainty may come from inhomo-

geneities in the targets. All of these data have been

adjusted to remove effects of the presence of other
isotopes. The angles b,8 and hP (Tables I—III) are
the spectrometer azimuthal and polar acceptance an-

gles. We have used a Fourier-Bessel expansion
method7 for the ground state charge distribution to
fit the present data. The calculated cross sections
needed in the fitting procedure were obtained with
the partial wave code HEiNEL. s The fitting pro-
cedure includes the effect of convoluting the true
angular dependence of the cross sections with the
finite spectrometer acceptance (both horizontal and
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TABLE III. '4Cr elastic scattering cross sections (mb). We use the following notation for uncertainties: 0.000(1)—2
corresponds to 0.000)& 10 '+0.001)& 10 '.

E (MeV) 8 (deg) o (5o) h8 (deg) hP (deg) E (MeV) 8 (deg) o (5o) h8 (deg) hP (deg)

30
35
40
45
50
55
60
65
70
75
80
85
30
35
40
45
50
55
60
65
70
75
80
85

60

120

0.4268
0.2965
0.2154
0.1599
0.1205
0.9193
0.7055
0.5507
0.4296
0.3337
0.2666
0.2082
0.1297
0.8156
0.5215
0.3428
0.2160
0.1404
0.8759
0.5462
0.3286
0.1960
0.1100
0.5968

(30)+2
(23)+2
(16)+2
(13)+2
(09)+2
(76)+1
(57)+ 1

(44)+ 1

(35)+1
(25)+1
(20)+1
(16)+1
(09)+1
(72)+0
(39)+0
{29)+0
(19)+0
(14)+0
(82)—1

(46)—1

(32)—1

(20)—1

(09)—1

(50)—2

+0.0

35 0.1275 {28)+1 +0.3
38.05 0.606 (15)+0
41 0.2981 (72)+0
45 0.1040 (26)+0
50 0.2524 (64)—1 +0.4
55 0.523 (13)—2
60 0.1458 (37)—2 . +0.4

%0.0

+0.3

+1.15

+4.0

401.6

398.2

65 0.1125 (33)—2 +0.9
70 0.1078 (31)—2
75 0.933 (29)—3
80 0.602 (18)—3
85.06 0.345 (12)—3
90 0.1939 (70)—3
95 0.856 (34)—4
38 0.612 (14)—4 +0.3

35 0.487 (20)—2
37.5 0.338 (13)—2
40 0.2200 (91)—2
42.5 0.1039 (43)—2
47.5 0.1541 (63)—3
52.5 0.895 (37)—5

55 0.569 (23)—5

57.5 0.750 (31)—5

60 0.981 (41)—5
62.5 0.700 (29)—5
65 0.504 (21)—5
70 0.1554 (63)—5

75 0.360 (38)—6
80 0.31 (15)—7

+0.9
+1.08

35 0.422 (17)—2 +0.9
40 0.1991 (83)—2
47.5 0.1413 (59)—3 +1.0
60 0.866 {36)—5 +0.9
62.4 0.670 (28)—5

67.5 0.2699 (96)—5 %1.0
72.5 0.708 (52)—6
77.4 0.41 (13)—7

+2.9

+0.3

+2.7

+4.0
+2.7

+4.0

k2.7
+4.0

vertical). For the Saclay ALS data, we did not take
into account the effect of folding in multiple scatter-
ing in the target. We found this to be of negligible
importance. The NIKHEF data have been correct-
ed for the effects of multiple scattering in the target
and for finite solid angle and, therefore, represent
measurements taken with zero solid angle
(h8=b, P=O} and zero target thickness. For com-
putational ease in the fitting procedure we converted
the NIKHEF data to an angular distribution at one
energy. The scattering angles for the converted an-
gular distribution were adjusted such that the effec-
tive momentum transfers were equal to those for the
actual data. (Effective momentum transfer is de-
fined as

3ZQ+
2kR eq

where R,q is the radius of the uniformly charged
sphere which yields the measured rms radius. ) The
conversion factors were iterated several times in or-
der to be consistent with the final resultant charge
distribution. The data sets for the different energies
were allowed free normalization factors which were
determined in a fit to the combined data. The ex-
perimental data points given in Tables I—III result
from dividing measured data points by the normali-
zations obtained in the fit. The normalization (N} is
defined by the relation

N =o (measured)/o (best fit) .
The form of the ground state charge distribution

is assumed to be a Fourier-Bessel expansion
max

p(r) = g a„jo(q„r), r (R
v=1

=0, r &R
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with a normalization defined by

4' J p(r)r dr =1

and where the q, are chosen such that q„R =vm.
The number of terms in the above expansion is
determined by the maximum momentum transfer in
the experiment (q,„). In principle one can extract a
nuclear charge distribution from (e,e) data given
measurements over all momentum transfers. In
practice one must deal with data over a finite q
range and therefore must resort to a model of the
nuclear charge distribution with a finite number of
degrees of freedom. Although the present data are
restricted to q,„&2.6 fm ', one expects on physi-
cal grounds that over a q range far beyond q,„ the
form factor data will be contained within an ex-
ponentially decreasing envelope. (See Borysowicz
and Hetherington and Dreher et al. 7 for further
discussion. ) To rule out nonphysical variations of
the predicted form factors (i.e., which exceed the ex-
ponential envelope) above q,„and following
Borysowicz and Hetherington we have appended
pseudodata in the form of upper limits to our mea-
sured data, extending these upper limits out to q=4
fm '. These pseudodata were derived by consider-
ing the envelope of all data to be given by the ex-
pression

F2(q) =Ae

where the constants (A) and (a) were fixed by a fit to
the diffraction maxima of the actual data. The
pseudodata were chosen as half of the envelope
values with 100% uncertainties. We did not make a
random selection of q values for these pseudodata,
but rather chose pseudodata at 5' intervals from 85'
to 145', corresponding to a q range of from 2.73 to
3.87 fm '. In addition to (e, e) data for these iso-
topes, there exist muonic atom data of Wohlfahrt
et al. These latter data represent measurement of
the 2p&&2-1s»2 muonic x-ray transition energies in

Cr. From these transition energies one derives
generalized Barrett moments of the nuclear charge
distribution, defined as

K= ~ I &ke —a r4~&2 f

and an equivalent nuclear charge radius (Rk) for a
uniform density spherical drop model of the nu-
cleus, where Rk is defined such that

Rk

gk —3Rk 3 rke ~ 'r2dr .
0

We have taken the Wohlfahrt et al. values for Rk
with the appropriate uncertainties, and converted
them to generalized moments. These moments were
then used in a combined analysis of (e,e') and muon-
ic data by the method of iterative, nonlinear, least
squares fitting. All the muonic results are summa-
rized in Table IV.

The largest uncertainty in the muonic data results
from uncertainty in the nuclear polarization (NP)
correction to the absolute transition energy. We
have adopted a +40% uncertainty in this correc-
tion. ' As can be seen in Table IV, the resultant un-
certainty in the generalized moment is many times
the statistical uncertainty.

Since we have data for a series of isotopes of
chromium, we have analyzed the data in two ways.
First, one isotope at a time, obtaining details of p(r),
and second, combined in pairs in order to extract the
difference in the charge distributions between iso-
topes. The statistical precision of the ratios between
(e,e) data for different isotope pairs is better than
the absolute cross section data because of the ab-
sence of many systematic effects. In Table V we
give NIKHEF data for the relative cross sections for

Cr/ Cr, Cr/ Cr, and Cr/ Cr with uncertain-
ties. The relative cross sections for all the Saclay
ALS data were estimated to be no better than simply
computing the ratio and uncertainties from results
given in Tables I—III, and were so derived. We do
not present these latter data separately. The differ-
ences in generalized Barrett moments for the several
pairs of isotopes considered are much better deter-
mined than the absolute moments, due to the fact
that the nuclear polarization corrections tend to can-
cel. For the present fits we have assumed that un-
certainties in the differences in moments are deter-

(fm)+

TABLE IV. Summary —muonic x-ray results.

gg NP Itotal (f k) +gy random gg NP gg total
k

"Cr
s2C

'4Cr

4.6947
4.6698
4.7278

0.0005
0.0004
0.0005

0.0036
0.0033
0.0036

0.0041
0.0037
0.0041

11.698
11.584
11.850

0.002
0.002
0.002

0.017
0.015
0.017

0.019
0.017
0.019

k (fm) +g(yak )ra"dom g(Qgk )NP $(Qgk )total (fmk)+$(gg )""' $(ggk)" $(ggk)

Cr —0.0249
"Cr 0.0580

'" ' Cr 0.0331

0.0006
0.0006
0.0007

0.0006
0.0006
0.0007

—0.1138
0.2658
0.1520

0.0029
0.0029
0.0033

0.0029
0.0029
0.0033
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TABLE V. Elastic scattering cross section ratios (R). We use the following notation for
uncertainties: 0.000(1)—2 corresponds to 0.000)& 10 +0.001)& 10 '.
E (MeV) 8 (deg) R(52/50) +(5R ) R(54/52) +(5R ) R(54/50) +(5R )

30
35
40
45
50
55
60
65
70
75
80
85
30
3S
40
45
50
55
60
65
70
75
80
85

60

120

0.9977
1.0108
1.0046
1.0025
1.0091
1.0028
1.0155
0.9993
1.0057
1.0059
1.0052
1.0071
0.9946
0.9985
1.0006
1.0110
1.0172
1.0210
1.0206
1.0188
1.0174
1.0272
1.0118
1.0258

(53)
(57)
(88)
(61)
(67)
(64)
(75)
(68)
(70)
(64)
(95)
(72)
(56)
(64)
(76)
(72)
(55)
(59)
(75)
(71)
(85)
(68)
(74)
(88)

1.0019
0.9896
0.9903
0.9919
0.9885
0.9888
0.9800
0.9880
0.9808
0.9809
0.9816
0.9747
1.0062
0.9891
0.9864
0.9794
0.9587
0.9610
0.9495
0.9430
0.9348
0.9254
0.9151
0.8989

(58)
(55)
(59)
(58)
(56)
(70)
(73)
(63)
(73)
(60)
(78)
(64)
(58)
(67)
(67)
(68)
(57)
(54)
(70)
(56)
(84)
(57)
(60)
(74)

0.9995
1.0003
0.9949
0.9944
0.9975
0.9916
0.9952
0.9873
0.9864
0.9867
0.9867
0.9816
1.0008
0.9876
0.9869
0.9902
0.9752
0.9811
0.9690
0.9608
0.9511
0.9505
0.9259
0.9221

(31)
(30)
(54)
(35)
(40)
(44)
(44)
(39)
(46)
(36)
(46)
(41)
(40)
(38)
(42)
(35)
(37)
(37)
(50)
(41)
(53)
(38)
(41)
(3S)

mined purely by the statistical precision of the mea-
surements.

The actual fitting routines are derived by minim-
izing

y2 (gexp gth)2

+ $ a);(y; Nko;)—2

(e,e')

where co;2i are the weight factors [(uncertainty) ],
y; are measured (e,e) cross sections, B'"p is the mea-
sured generalized Barrett moment, Nk are the nor-
malization factors for the different data sets, o; are
the theoretical (e,e) cross sections, and B'" is the
theoretical generalized Barrett moment. We proceed
by expanding cr; and B'" about some initial set of
charge distribution parameters a„' ' (derived from a
three parameter Fermi model):

max
(0)oi=&i + g

v=1

max
gth gO+

v=1

ha„,BET

Ba„

BB ha„,
a„

and then solving for the ha„'s using matrix inver-
sion techniques. By iteration we refine the initial

starting parameters until there is no change in the
values of a, within the desired accuracy. In the fit-
ting of ratio data we proceed in essentially the same
fashion. The observables which we are now at-
tempting to fit become the cross section ratios
oz+2/oz and the difference in Barrett moment for
the isotope pair

(&k[~ +2]—&k[~l) .

The above expansions become

™xl—l= ha„o'q, , oz Ba,

and

max

8k[A +2]—8k[A]= g b,a„.
v=i i)a~

The ratio and/or difference problem is linear in na-
ture and is solved in a single iteration for the differ-
ences in charge distribution parameters ha and the
incumbent error matrix. In order for either of these
procedures (the absolute parameter fit or the param-
eter difference fit) to work properly, one must con-
strain the parameters such that the overall charge of
the nucleus is maintained. This is done using the
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technique of Lagrange multipliers. Failure to use
this constraint can lead to a false minimum in g
and an incorrect error matrix.

We have made fits to both the electron scattering
data alone and to the combined electron scattering
and muonic atom data. Satisfactory combined fits
can be obtained, which we consider to be the best
fits. However, if we use only the electron scattering
data we find an rms radius consistently about 0.025
fm below the rms radius obtained from the com-
bined fits. The generalized moment determined by
the electron scattering data alone falls systematically
below the measured values extracted from Iu-mesic
atom data. Table VI summarizes the resultant
Fourier-Bessel coefficients for our best fits to the
separate isotope data. For these fits we have as-
sumed a cutoff radius R=9 fm and v,„=11. Our
value for R was chosen as intermediate between
values of 8 and 12 fm used in similar analyses for
' C and sPb, respectively. Sensitivity of p(r) to the
choice of R is discussed in Ref. 7. The value of v,„
was determined by the highest-q data (or pseudoda-
ta) used in the analysis: v,„=q,„Rle.. One can
see in Table VI that the last four Fourier-Bessel
coefficients (8,9,10,11) are very poorly determined
compared to the others, as one would expect from
the upper limit nature of the pseudodata which

largely determine these coefficients. Fits to the data
using v,„&11 were attempted, but failed to con-

verge. The normalization factors Xk determined in

the fits are given in Table VI. Table VI also shows
our determination of the rms radii and generalized
moments for each of the Cr isotopes under the
specified conditions —(e,e) data alone and (e,e) plus
p-atom data. Uncertainties in these quantities were

derived using the expression

r}f r}f
varf = g e„, ,

Gap BQ

where e„„ is the full variance-covariance or error
matrix. It is evident that p-mesic x-ray results are
powerful complements to (e,e) results in improving
the precision with which nuclear charge distribu-
tions are determined. For example, the normaliza-
tion factor for the NIKHEF data is determined to
about 0.25% with the Barrett moment and about
0.5% with just the electron data. In the Fourier-
Bessel expansion method, addition of the muonic
atom data improves only the determination of the
first two coefficients a I and a2, the statistical uncer-
tainty decreasing by a factor of 4 for a& and 2 for
az. These coefficients are determined by (or are
equivalent to) electron scattering data at q=0.3 and
0.6 fm ', respectively.

The Fourier-Bessel coefficients for the difference
charge distributions are summarized in Table VII.
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O

b

IO

-5
IO

-6
IO

10
0

I l I i

I 2
EFFECTIVE MOMENTUM TRANSFER (fIYI

' j

FIG. 1. Measured form factors (o/Z O.Mo«) for ' Cr.
The solid line is the best fit phase shift calculation from
which the charge distribution was derived. Muonic data
were used in determining this best fit. The symbols ~ and

~ represent two independent measurements which fall
within the symbol size, and correspondingly the symbol Q
represents three independent measurements.

The improved precision of both the electron scatter-
ing ratio data and the muonic atom difference data
leads to an improved determination of the difference

0,003

0.002

--- STATISTICAL UNCERTAINTY
NOT INCLUDING MUONIC-
ATOM DATA—HARTREE-FOCK {OECHARGE-
GOGNY)

O.OOI

I

4
Radius (fm)

FIG. 2. Charge distribution for Cr derived using the
Fourier-Bessel expansion technique. The solid lines

represent a combined analysis of (e,e') and muonic x-ray
data, the dashed line indicating the uncertainty in p(r) ob-

tained without the muonic x-ray data. The Hartree-Fock
calculation is shown by the dashed-dotted line.
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I I

(0) p( Cr)p( Cr)

I
I I

(b
p ( Cr)-p( Cr)

F
0

Al

h

a
O

p( Cr)-p( Cr)

4 6 8
Radius (fm)

FIG. 3. The difference charge distributions for (a)

Cr, (b) Cr, and (c) Cr derived using the

Fourier-Bessel expansion technique. The analysis in-

cludes both (e,e') and muonic atom data, The Hartree-

Fock calculations of the difference charge distributions

are indicated by dashed lines.

in coefficients. As with the data for each separate
isotope, the difference coefficients ha& and ha& are
the only coefficients which show an improved deter-
mination through the addition of the muonic data,
in this case by about a factor of 10 and 2, respective-
ly. In Table VII we also summarize our results for
the differences in rms radii and generalized mo-
ments for the isotope pairs considered.

Figure I shows the measured form factors for
Cr and the corresponding best fit. Figure 2 shows

our resultant charge distribution for Cr, and Fig. 3
shows the difference charge distributions: 52 —50,
54 —52, and 54—50. In obtaining difference distri-
butions data we did not employ pseudodata; howev-
er, we did constrain the coefficients determined
largely by the pseudodata (a9 ~o ~~} to be consistent
with results of the fit to the separate isotope data.
The uncertainty envelopes shown in Figs. 2 and 3
were computed using the full derived error matrix.
These error bands do not include separate estimates
made for systematic effects; i.e., such as folding in
differences between best fit p(r) using nominal sys-
tematic variables and best fit p(r} using the same set
of systematic variables except for one variable set to
its extreme possible value. By experience the largest
of these differences relates to overall normalization
effects such as target thickness or detection efficien-
cy. Since we did not experimentally determine this
overall normalization factor, we cannot make such
variations. Our experience with other data suggests
that uncertainties given here (which neglect such
variations} might be underestimated by as much as a
factor of 2. We also should point out that the error
bands indicated in Figs. 2 and 3 must be interpreted
as single-point distribution functions, and should in

TABLE VIII. Summary rms radii determination. All results in fm. FB represents a
Fourier-Bessel expansion result, while 2pF represents a two-parameter Fermi model fit to the

data. We use the following notation for uncertainties: 0.000(1)—2 corresponds to
0.000)(10 %0.001)(10

Data, analysis, or theory

rms [FB, (e,e')+muonic atom]
rms [FB, (e,e')]
rms [2pF, IKO (e,e')]
rms (DDHFB')

50C

3.662(4)
3.628(13)
3.638( 13)

3.602

52C

3.643(3)
3.622(14)
3.613(17)
3.603

54C

3.689(4)
3.679(12)
3.673(14)
3.625

hrms [FB, (e,e')+muonic atom]
hrms [FB, (e,e')]
hrms [2pF, IKO (e,e'))
hrms [Shevchenko (e,e') Ref. 12]
hrms (DDHFB')

52—50~Cr

—0.020(1)
—0.015(13)
—0.037(11)
—0.028(12)

0.002

54—52~Cr

0.045(1)
0.055(11)
0.065(9)

0.002

54—50~Cr

0.025(1)
0.034(8)
0.033(6)
0.068(12)
0.024

'Results of calculation by Decharge and Gogny performed using the formalism presented in
Ref. 3.
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no way be interpreted as envelopes of all possible
charge distribution profiles.

Table VIII summarizes the resultant rms radii
and radii differences obtained by the present au-

thors, by Lapikas" using a two-parameter Fermi
model with only the NIKHEF data normalized to
the ' C measurements of NIKHEF, and results of
measurements by Shevchenko et al. '

Our charge distributions have been compared
with Hartree-Fock-Bogolyubov calculations done by
Decharge and Gogny. These are shown in Figs. 2
and 3. For r & 3 fm there is considerably more oscil-
latory structure in the theoretical distribution for

Cr than indicated by the experimental charge dis-
tribution; cf. Fig. 2. Furthermore, the differences in
the charge distributions for the different isotope
pairs are not very well given by theory (cf. Fig. 3),
especially for r &2 fm. These failures of theory can
possibly be attributed to shortcomings in the theory
associated with deformations. The calculations were
done using a spherical rather than a deformed basis,
and nuclei in this region of atomic weight are
thought to be relatively soft to deformation. The
correct Hartree-Fock ground state should represent
an integration over a wide distribution of different
deformations. It therefore appears that more re-
fined calculations are called for in order to under-
stand the present resultant charge distributions on a
microscopic shell model level.

5OC

MANY LEVELS

5xiaVuxiZViriifixlliillli

4+
2g6

2'

'"Cr

24
5+

MANY LEVELS

2g6
2+
4+

p+

(426 )
2'.

0+

2

4+

2I

( 3 4 ) ~///////////////////////////////i

IV. RESULTS—INELASTIC SCATTERING

The scope of the present inelastic studies includes
measurement and analysis of form factors for 2+,
4+, and 6+ states below an excitation energy (co) of
4 MeV in each of the three isotopes. All measure-
ments of the inelastic scattering form factors were
made relative to the elastic scattering form factor
for the appropriate target. The relative measure-
ments were normalized using best fit elastic scatter-
ing cross sections for the various isotopes, taking
target composition into account. The first approxi-
mation theoretical interpretation of the present data
is in terms of the f7/2 seniority coupling scheme, in
which the low lying level structure is formed by
breaking a coupled pair of f7/2 protons and recou-
pling them to form 2+, 4+, and 6+ states. Because
of the nature of the pairing force the 0+ (ground
state), 2+, 4+, and 6+ states are separated in energy
by roughly equal amounts (6): 0+ (co =0),
2+(co =b ), 4+(co =26, ), and 6+(co =38,). In reality
the known level schemes for the Cr isotopes are
much more complicated than theory would predict
(see Fig. 4). In particular, there are more 2+ and 4+
states than in the simple seniority scheme. In each
of the isotopes studied here, there are two strongly

FIG. 4. Previously known level schemes for ' ' Cr.
The excitation energies given on the left are in MeV.

excited 4+ states. It has been suggested' that these
two states arise because of seniority mixing, i.e.,
seniority 2 and 4. For the electromagnetic one body
operator it is not possible to have transitions be-
tween the seniority 0 ground state and a seniority 4
excited state. What we see in our work are just the
seniority 2 components of the excited states. The
multiplicity of 2+ states which we observe probably
reflects similar mixing; however, in the case of 2+
states, the first excited state has significantly more
transition strength than any of the other 2+ states.
The presence of strongly excited 2+, 4+, and 6+
states at roughly the spacing given by the seniority
scheme, in each of the isotopes studied, indicates
that the seniority scheme is reasonable, but is modi-
fied significantly by other shell model configura-
tions and by coupling of these shells model states to
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&elastic

TABLE IX. 2+l state—Tassie model parameters.

~elastic

Isotope

50C

52C

54Cr

&tr ~&elastic

0.9086

0.9159

0.9744

(fm)

3.5741

~tr ~~elastic

0.9106

3.6070 0.9211

(fm)

2.2762

2.2256

3.5187 0.9282 2.2878

tr ~elastic

3.575

1.639

2.364

elastic

0.1968 —0.1135 2.319

0.2449 —0.1027 2.634

0.2898 —0.2793 2.168

933
1020230'
632
660+30'
949
850+30'

A/M (fm ') B(E2) e fm

'Coulomb excitation measurements —Towsley et al. (Ref. 4).

core excitations. In the present work we examine
the questions of configuration mixing and core po-
larization as they impact the radiative strength and

q dependence of transitions to low-lying states. One
should understand clearly that the calculated transi-
tion charges used in the present analysis were taken
to be the same in ' Cr as in Cr. No attempt was
made theoretically to include neutron contributions
to these transitions, so that wave function does not
have a proper isospin.

We have attempted to fit all data within the con-
text of the shell model, using a DWBA phase shift
code to generate theoretical cross sections from shell

model transition charges. For the first 2+ states
(2&+) the simple shell model f7/2~ f7/g transition is
not adequate to describe the data. For these states
we found that the Tassie model had sufficient free-
dom in form to fit the present data, provided a term
was added to the transition charge density to fit the
highest q data. Specifically we added a term

ap(r)-j, (gr), g=q-,„,
to the Tassie model transition charge (see below).
We interpret the near adequacy of the Tassie model
as a reflection of the collective nature of these states.
Table IX gives resultant Tassie model parameters re-

lp 2

0
'Oc 52C

IO
-3
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io-4— 10

lP-5 Ip

lP-6 IO

lQ7
20

I
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I

40
I

80
I

60 907050
e(deg )

FIG. 5. Form factors for the ' Cr 2+l and 22 states.
The solid curves are fits to the angular distributions using
the Tassie model (2l ) or shell model {2l ). (See text. )

60 802-0 4Q30 50 70 90
8(deg )

FIG. 6. Form factors for the Cr 2l and 24+ states.
The solid curves are fits to the angular distribution using
the Tassie model (2+l) or shell model (24 ). (See text. )
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OJ

N

IO

IO

IO-5

IQ

o 2, ~= 0.83 MeV

values with other measurements to be reasonably
good. However, because of the lack of this low-q
data we hesitate to give uncertainties for the
B(E2)'s. The effective charges (bare proton plus
core polarization charge) necessary to bring the shell
model prediction into agreement with our'measured
B(E2) values are 2.66e, 2.18e, and 2.68e for the 2&+

states in Cr, Cr, and Cr, respectively. In ob-
taining these values of e,rr we have assumed an os-
cillator parameter' b=1.90 fm. Clearly core polari-
zation is very important. The appreciably smaller
value of e,rf for Cr suggests that the neutron shell
closure at N=28 significantly reduces the E2 core
polarizability.

The transitions to the higher excitation energy 2+
states as well as the 4+ and 6+ states have been
analyzed using harmonic oscillator shell model tran-
sition charges. In order to make a comparison be-
tween experimental and theoretical cross sections it
is first necessary to fold in the effects of finite pro-
ton size and center-of-mass motion. This is done by
multiplying theoretical shell model form factors by
the product of the proton form factor fz(q) and the
harmonic oscillator recoil factor fR ..

908070603020 50
8(deg )

FIG. 7. Form factors for the ' Cr 2+I and 2+2 states.
The solid curves are fits to the angular distribution using
the Tassie model {2+~)or shell model (22 ). (See text. }

fz ——1/(1+q az /12)

and

fz exp(q b /4——A),

quired to fit the 2&+ state data, where the form of the
Tassie model is

where a&
——0.84 fm, b is the oscillator parameter,

and 3 is the atomic mass. The shell model transi-
tion charge for f7r2~f7/2 transitions (—:ff} in the
seniority scheme is

dpp(r)
Ptransition dI'

where

po(r)= 1+w-
c

'2

+Sj'2(gr),
C Ctr7 Z Zi 0 W Wii

[1+exp((r' —c')/z') j .

pff(0+~L+)=aPbf r exp (r/bf)—
where

af2f ——32/(21v 21m ),
aff =64' 3/(3Sv 77),

and

Also given in Table IX are our values for the
B(E2}'s. The corresponding fits to these data an
shown in Figs. S—7. Given the lack of low-q data
we consider the agreement of the present B(E2)

I

a =64/(63' 117r) .

For transition out of the f7&2 shell to the 2p3r2 shell,
the transition charge becomes

p~~(0+~L+)=agbf b~ r (1—( —,)r /b~ }exp( (b~ +bf )r l—2),

where

a~&~ ——8v 2/(7m ),
a f~ = —8V10/(21),

and as"—:0 (not allowed). We have separated out
the oscillator parameter for different orbitals (b~ and

I

bf } as an additional degree of freedom for fitting the
experimental data. We have used the fact that the
0+~6+ transition occurs predominantly within the

f shell to fit the f-shell oscillator parameter. Data
for the 0+~6~+ transition in Cr were fit with bf
free and with the overall normalization free. Data
for the 0+~6&+ transition in the other isotopes were
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bf (fm) eeff

50C

52Cr

54Cr

6)
6)
6+

6

1.90
1.90
1.90
2.22

0.44 y10'
0.143 X 10'
0.95 X10'
0.73 X10'

0.49e
0.89e
0.73e
1.71e

TABLE X. 6+ state transition charge parameters.

B(E6) e fm'

IO-3

IO
0

Q

5aC
2~, 6l 40= 3.I6 MeV

E; = 398.2 MeV

IO

IO

50c

0 2~ 6( (d= 3.I6 MeV

E; = 398.2 MeV

cv IQ-5

10

20
I

30
I

$0 50
8 (deg )

I

60
I

70
I

80 90

FIG. 8. Form factors for the ' Cr unresolved 23 and
6+~ states. The solid curve is a shell model calculation
with an oscillator parameter taken from a fit to the 6+I

state in ' Cr. (See text. )

not as precise as for the Cr data, so bf for ' Cr
was taken from Cr and the normalization was
made for the highest-q data where contributions
from the unresolved 2+ and 4+ states were expected
to be negligible. The data for the lowest excitation
energy 6+ states in ' Cr were reasonably well
described using the bf from Cr. In Cr we have
found what appears to be a second low excitation
energy 6+ state. Table X gives B(E6) values, bf,
and effective charges for the 0+~6&+ transitions in
each isotope and for the possible 0+~62+ transitions
in Cr. The present data and our fits to these data
are shown in Figs. 8—10. With the exception of the

Cr 0+~62+ transition, all the effective charges are
less than the proton charge. These effective charges
change substantially in going from Cr to Cr.
One might expect that for Cr, with a closed neu-
tron shell, the effective charge measured should re-
flect the proton effective charge only. Sagawa' re-

IO
hJ

b

IO

I

30
I

40
I l

20 50 TQ 90
8 (deg )

FIG. 9. Form factors for the ' Cr unresolved 23 and
6+& states. The solid curve is a shell model calculation for
the 6+~ state in which the oscillator parameter bf was ad-
justed to fit to these data. (See text. )

80

cently performed a core polarization calculation for
f7/2 shell 6 transitions and found little additional
transition charge coming from core polarization:
5e~ = —0.06e. Our result for Cr is roughly con-
sistent with this calculation, giving 6e~ due to core
polarization of —O. 1 le (not considering neutrons at
all). For the other isotopes studied, it appears that
neutrons play an important role, decreasing the ef-
fective charge required to fit the 6&+ state data from
0.89e in Cr to 0.49e and 0.73e for Cr and Cr,
respectively.

Our result for the effective charge of the 3.62
MeV 62+ state in Cr is greater than the Cr 6&+

state effective charge. We do not know how to in-
tepret this for lack of data on the higher excitation
energy 6+ states in ' Cr. In order to check the
multipolarity assignment we have also attempted to
fit the data for the 3.62 MeV state in Cr assuming
it is a 5 state rather than a 6+ state. The two fits,
5 and 6+, are both shown in Fig. 10. We cannot
tell which assignment is correct based on our data
alone. The absence of a 5 state in the literature
and any other Low lying negative parity states in the
isotopes studied here makes us favor the 6+ assign-
ment. For the sake of completeness we have fit the
3.62 MeV state using the shell model transition
charge for a ( 1f7/2~1g9/2) transition, and obtain a

B(E5)=0.325 && 10 e fm'
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IO-"—

54(~
0 2~4~6l QJ= 3.16 MeV

6p (51) QJ = 3.62 MeV

E = 398.2 MeV
IO 4—

50C

0 4', (d=1.88 MeV

0 4~ (d= 3.32 MeV

IO 5— IO-'—

CV

N

IO-6—

N
N

IO-6—

IO-' = 10 7—

807Q60403020

using an oscillator length parameter bf ——bg ——1.83
fm. Note that for a 6+ transition the oscillator
length parameter bf =2.23 fm. As became apparent
from fitting the 4+ state data, these rather large de-
viations of bf from "reasonable" values of b
(1.9—2.0 fm) are not totally inconsistent with varia-
tions in model parameters required to fit 2+ and 4+
state data in the other isotopes of Cr. Our prefer-
ence for the 6+ assignment of the Cr 3.62 MeV
state is therefore only a rather weak preference.

Analysis of the 4+ state data with the shell model
transition charge is not as straightforward as
analysis of the 6+ state data. There are two closely
spaced states with roughly equal transition strength,
not one state as the simple seniority scheme would
predict, in each isotope, and these states have dif-
ferent transition charges as evidenced by differences
in the form factors. (See Figs. 11—13.) We have at-
tempted to fit these data with a normalized linear
combination of (lf—+if) and (lf~2p) transition
amplitudes, using the same oscillator parameters for
both 4+ states. We begin by taking the lf-shell os-
cillator parameter bf from the 6~+ state data (see

50 9
e (deg)

FIG. 10. Form factors for the ' Cr unresolved 23, 42,
and 6+& states and for the ' Cr 6+2 (or possibly 5& ) state.
The solid lines are shell model calculations for the 6~ 2

states, and the dashed curve is a shell model calculation
assuming a 5 transition. (See text. )

20 30 4Q
I I

50 60
8 (deg)

7Q

Table X) and allowed the 2p shell oscillator parame-
ter b& to be free, along with the transition charge for
each state. Fitting first the 4&+ and 42+ state data for

Cr we find effective charges of 1.32e and 0.93e,
respectively, with normalized transition amplitudes
(if~if, lf—+2p) of (0.71, 0 71) and . (0 87, 0.49.),
respectively, and with b~=1.94 fm. The fact that
we can achieve a reasonably good fit to these data
(Fig. 12) using simple configuration mixing may be
fortuitous, because the effective charges for the two
transitions are different. One would expect that
since we have chosen the same basis states to
describe the two 4+ states, the effective charges (eeff)
as well should be the same and the two wave func-
tions orthogonal. If the 4~+ and 42+ state wave func-
tions were orthogonal then the above transition am-
plitudes, let us call them (a&, p() and (a2, p2),
should satisfy the relation a&az+P&Pq ——0, yet
clearly they do not. Allowing possible seniority
mixing, orthogonality and normalization relations
must be modified. Electron scattering does not ac-

FIG. 11. Form factors for the ' Cr 4~ and 4+2 states.
The solid curves are shell model calculations in which the
oscillator parameters for the 4~ and 42 states were chosen
to be the same in the f shell, and in the p shell; i.e.,
bf (4] '):bf (42 ) and bp {4] ):bp(42 ) The dashed curves
differ from the solid curves in that the p-shell oscillator
parameter was allowed to vary independently for the 4+~

and 42 states. (See text. )
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5aC

4I e 2.37 MeV
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FIG. 12. Form factors for the ' Cr 4+i and 42 states.
The solid curves are shell model calculations in which the
oscillator parameters for the 4+l and 4+2 states were chosen
to be the same, i.e., bf(4l ) =bf(42 ) and b~(4& )=b~(42 ).
The dashed curve differs from the solid curves in that the
p-shell oscillator parameter was allowed to vary indepen-
dently for the 4+1 and 42 states. The f-shell oscillator
parameter is the same as obtained in the 6+l state fit. (See
text. )
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FIG. 13. Form factors for the ' Cr 4+i and 4+2 states.
The solid curves are shell model calculations in which the
oscillator parameters for the 4~ and 4+2 states were chosen
to be the same in the f shell, and in the p shell; i.e.,
bf(4~ ) =bf(42 ) and b~(4~ ) =b~(42 ). (See text. )

cess the seniority 4 amplitudes of the 4~+2 state wave
functions. One can then construct a three-
component wave function which includes seniority 4
amplitudes in the final state:

It (41,2) 121,2(('( lf7/2 «72

+P1 2P ( 1f7/2 2P 3/2 )

+)'1,20(lf7/2' ft =4»

where the «I)'s are normalized shell model wave func-
tions, n is the seniority quantum number, and the
amplitudes a1 2, P1 2, and yt 2 are normalized and
satisfy the orthogonality condition. In order to re-
tain our fit to the 4&+2 state data, we must scale the
effective charge and transition amplitudes in such a
way as to preserve the product; i.e.,

and

e,«(41+)
41+. e,ff(4,+)X(0.71,0.71)~ X(0.71f„0.71f, )

42 . egff(42 ) X(0.87,0.49)~ X(0.87f2,0.49f2) .
e.ff(42+)

The effective charges become e,ff(41+2)/f1 2, with

f1 2 & 1, and the transition charge amplitudes for the
41+2 state are reduced by the factors f1 2. This latter

reduction allows us to add a seniority n=4 com-
ponent to the 4~+2 state wave functions with ampli-
tudes +(1 f1 )'/ and +(1 f2 )'/, re—spectively—
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TABLE XI. Model wave functions for 4i 2 states in ' ' '"Cr.

y bf (fm) b~ (fm) e,ff 8(E4) (e fm') Comments

50C

s2C

54C

4+ '0.404
0.459

.0.620
42 0.510

0.907

, 0.683
4) 0 583

0.699
~ 0.626
0.58
.0.583

4+, '0.505
. 0.874
0.81

.0.748
4+i 0.488

0.650
42+ 0.725

0.979

0.781 + 0.476
0.888
0.785
0.237 + 0.826
0.421
0.730
0.583 2 0.565
0.715
0.780

0.81
0.360 0.728
0.284 + 0.815
0.485

—0.58
0.346 0.566
0.570 + 0.661
0.760
0.150 + 0.672
0.203

1.88
1.88
1.88
1.88
1.88
1.88
1.90
1.90
1.90

1.90
1.90

2.10
2.10
2.10
2.10

1.99
1.99
2.34
1.99
1.99
1.79
1.94
1.94
2.10

1.94
1.94

2.14
2.14
2.14
2.14

1.07e
0.94e
1.12e
1.07e
0.60e
0.59e
1.60e
1.32e
1.47e

1.60e
0.93e

1.50e
1.13e
1.50e
1.11e

0.451 x 10'
0.451X 10'
0.666 x 10'
0. 192x 10
0.192x 10'
0. 172x 10'
0. 101x 10
0. 101x 10
0.116x 10'

0.482 x 10
0.482 x 10'

0.167X 10'
0.167x 10'
0.126X 10
0.126x 10

e

f (theory)

a,d Best fit, three-component model
b
e
f (theory)

a,d Best fit,
b
a,d Best fit,
b

three-component model

three-component model

a,d Best fit, three-component model
b
c
a,d Best fit, three-component model
b
c
a,d Best fit, three-component model
b

'Fit uses same bf and b~ for both 4~ and 42 states of the present data.
'Two component inodel fit to present data, bf and b~ the same for both 4~ and 42+.

'A best fit performed separately on the present 4+& and 42+ states; no regard to keeping bf and b~ the same for the two
states.

Only the relative phase of the two y components [y(4+&), y(4+&)] is established as negative.
'Based on radiative decay of the 6+& state to the 4~ 2 states (Ref. 13).
Only the magnitude of these amplitudes given in Ref. 16.

We then adjust fi and f2, maintaining the normali-
zation on lb(4i z) until the orthogonality condition is
also satisfied. For the Cr data, using fi ——0.825
and f2 ——0.580, we achieve a condition where the
wave functions f(4i+2) are orthogonal, normalized,
and the effective charges required to yield the
correct fits to the data for both states are the same:
e,rr=1.6e. The coefficients ai 2, Iji 2, and yi 2 are
given in Table XI. We give other results for such
model wave functions based on either theory or radi-
ative decay measurements. However, 2p3/2 configu-
rations were not considered in deriving wave func-
tions based on these latter measurements. The
present results require such configurations. The
wave functions resulting from the radiative decay
measurements were obtained from the branching ra-
tio for the decay of the 6~+ state to the 4~+2 states.
According to the seniority coupling scheme, the 6&+

state has pure n=2 seniority and can decay by emis-
sion of E2 radiation only to 4+ states with n=2
seniority. One can infer from the branching ratio
that the seniority must be mixed in the two 4+
states. Examining Table XI one can see that neither
the two-component wave function amplitudes of
Brown et al. ' nor the three-component theory of
Auerbach' is consistent with the present measure-

ments. We feel that the disagreement between the
(e,e') and y-decay model amplitudes for Cr may
reflect seniority mixing in the 6+ states, as well as in
the 4+ states.

The single most interesting aspect of the present
4i+2 data is the difference in shape of the two form
factors. We can simulate this difference with linear
combinations of the two transition charges (1f~ 1f)
and (lf~2p), the latter containing a node. Owing
to the presence of this node and to the relative phase
of the two components, a minor change in the am-
plitudes will dramatically change the small-r transi-
tion charge density, hence the high-q form factor.
In Fig. 10, we also show a fit to the 4~+ state in
which bz was allowed to vary, minimizing 7 for the
4i+ state ftt, with no regard to X for the 4&+ state fit.
Clearly, the fit to the high-q data can be improved
by relaxing the model somewhat; however, this pro-
cedure destroys the synthesizing aspect of the model
which made it interesting to begin with. For Cr
and Cr, we have made similar two- and three-
component fits to the combined 4~ and 42+ state
data. Here, however, we have allowed bf to be a
free parameter, not fixing it to the 6&+ state value
which was chosen more or less arbitrarily to be the
same as the Cr 6+ state value. For Cr the value
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of tpf found to describe the 4+ state data is essential-
ly the same as that used to describe the 6+~ state
data, 1.88 fm ( Cr) vs 1.90 ( Cr). For Cr we
found bf=2. 10 fm from the 4+ data. This value is
to be compared with bf ——1.90 fm used in describing
the 6~+ state data, and bf ——2.10 fm used in describ-
ing the 62+ state data. The fits are shown in Figs. 9
and 11. Note that the ' Cr 4z+ state data has been
obtained by subtracting the 6i+ state fit from the un-
resolved 23+-42+-6i+ complex of states. Following the
analysis used to generate Cr model wave functions,
we obtained effective charges and amplitudes for the
multicomponent wave functions describing the 4i+2

states of Cr and Cr. These are also given in
Table XI along with the Cr results discussed ear-
lier. In Table XI, we also give the two-component
wave function amplitudes (1f~lf) and (1f~2p),
and the effective charges, the oscillator parameters,
and the reduced transition probabilities B(EL) for
the various 4+ states which we studied. Included
here are best fits (labeled b) where bf and bz were
held to the same value for both the 4i+ and 42+

states. In certain instances we relaxed the require-
ment that bf and b& be the same for both states in
order to achieve a better fit. These fits are labeled
"c" in Table XI. One should note the substantial
differences in effective charges used to describe the
0+~4+ transition for the two- and three-
component model wave functions.

In Table XII, we give results of our analysis of
the other 2+ states for which we have data. All of
these states are weakly excited compared to the 2&+

states, and display form factors which differ signifi-
cantly from the 2i+ state form factors. These data
for the higher excitation energy 2+ states are
presented in Figs. 5—10. The 23+ states in each iso-
tope lay very close in excitation energy to the 6&+

states. Of these 23+ states only those in s Cr and
s~Cr were seen, and it is only because of the great

difference in q dependence of the unresolved 2+ and
6+ state form factors that we can even estimate the
23+ state strengths. We have not attempted to fit
these 23+ state data with shell model transition
charges simply because the data do not extend over
a large enough q range. Instead we have scaled the
2i+ state form factors to fit the 23+ data, and present
rough B(E2+i) values. We do not have sufficient
data on several other 2+ states which warrant a
more detailed analysis —and 22+ states in ' Cr and
the 2q+ state in Cr. We have attempted to fit these
data using the (if~if) and (1f~2p) shell model
transition charges given earlier. Our fits to these
data are shown in Figs. 5—7. The resultant model
parameters are given in Table XII. The 22+ state in

Cr was not seen in the present work, and the 23+

state in ' Cr was not resolvable from the 42 and 6i+

states.
As with the 2i+ state data and for lack of low-q

data, we have not given uncertainties in the other
measured B(E2) values. Neither have we given
uncertainties in B(E4) or B(E6) values. The
strength of the present measurements lies not in
determining reduced probabilities, but in sensitivity
to detailed radial dependence in the transition
charge density and wave functions.

V. DISCUSSION AND CONCLUSION

From the present elastic scattering data, which
cover a momentum transfer range from 0.15 to 2.6
fm ', we have derived ground state charge distribu-
tions for ' ' Cr. We have included I'-mesic x-ray
data in this analysis and are able to find a satisfacto-
ry combined fit, although the electron data alone
lead systematically to -0.025 fm smaller rms radii
than obtained in the combined analysis. We have
also obtained a determination of the difference
charge distributions, again in combination with JM-

TABLE XII. 22 3 4 state model parameters for ' ' ' Cr.

a y bf (fm) bp (fm) e,ff B(E2) (e fm ) Comment

"Cr 2+ 0.934 0.358
2+3 1

2.00
1.91

2.26 0.70
0.72

89

52Cr 2+3 1

24+ 0.715 0.699
234

1.91
1.90 2.37

0.34
2.37

16
112

15,107

'4Cr 2+2 0.865 0.502 1.73 2.59 1.06 26

'These B(E2) values are rough estimates based on scaling to the 2+~ state data. In extracting
e,ff we compared our B(E2) to the shell model value for B(E2) using the given value of bf.
'This is result of J. E. P. de Bie, IKO, thesis, 1975 (unpublished).
'In order to fit these data we found it neccesary to free the form of the polynomial in

pfp ~ (1—0.4r /bp ). Finally, we used (1—0.44r /bp ).
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mesic x-ray data. As far as we know from pub-
lished data, the present work is one of the most pre-
cise comparisons of electron scattering and muon
data, where (1) a strong overlap of momentum
transfers exists (muon data corresponding to low
q-0. 3—0.6 fm electron scattering data) and (2) an
extended momentum transfer range exists for deter-
mining details of p(r). For other nuclei' such com-
parisons have been made, but the low-q data have
large uncertainties (2% or more). The present low-q
data, even folding in the carbon reference cross sec-
tions, have uncertainties significantly below one per-
cent. We note, however, that low Fourier-Bessel
coefficients in the combined e fits are still largely
determined by the muon data. This effect means
that the normalization of the low-q electron data,
being free, will be adjusted to fit the constraints im-

posed by the muon data. In order to improve com-
parison between electron and muon probes of the
nuclear charge distribution, future work should con-
centrate on a precise determination of the electron
data normalizations. Comparison of the present
charge distributions with the Hartree-Fock-
Bogolyubov calculations of Decharge and Gogny us-

ing a spherical basis indicates that there are serious
problems with theory in the region r(2 fm. Im-
provements here may conceivably involve use of a
deformed set of basis states.

Inelastic scattering results for the 2+, 4+, and 6+
state have been obtained in the q range from 0.9 to
2.6 fm ' and interpreted in terms of shell model
transition charge densities. It is apparent that in or-
der to describe the 2+ and 4+ state data, significant
mixing of 1f7/p and 2p3/2 configurations is re-
quired. Core polarization is also required to
describe the strength of essentially all the states
studied. In Cr, where the f7/g neutron shell closes,
we view the 6~+ state transition as predominantly a
proton transition. The additional proton core polar-
ization charge required to describe this transition is
negative. The effect of adding or subtracting two
neutrons from Cr is to open up neutron degrees of
freedom which can either enhance or reduce the 6i+

transition strength. The present 6&+ state data indi-
cate that the latter is the case, which would naively
indicate a negative core polarization charge for the

valence neutron. The effective charge required in
the 4i 2 state transitions, if we view these as simple
seniority type shell model transitions, is between
1.1e and 1.6e. For the highly collective 2&+ state
transitions the effective charge exceeds 2e. This
multipole dependence of the core polarization
charge has been interpreted by Horikawa et al. ' us-

ing an analysis of the effective two-nucleon interac-
tion which requires the triplet-odd state component
of the residual interaction to be strongly attractive.
Most effective interactions are either repulsive or
zero in the triplet-odd state. Sagawa has shown that
the observed multipole dependence of the proton
core polarization charge can be explained using a
density dependent residual interaction, removing the
necessity for the attractive triplet-odd residual in-
teraction. These same calculations also produce a
relatively large positive polarization charge for neu-
trons. This is in contradiction to our present obser-
vation concerning the 6&+ state transition strength in

Cr and Cr. Since there is a reduction in the
strength of the 6i+ states in Cr with respect to

Cr, we have some indication for a negative effec-
tive charge for neutrons. Clearly there is a need
here for more detailed shell model calculations for
these nuclei —including the effects of valence neut-
ron, 1f 2p shell con-figuration mixing, and seniority
mixing. It would be extremely useful to have more
data on predominantly neutron transitions in order
to investigate the neutron core polarization charge.
As suggested by Horikawa et al. , the low-lying posi-
tive parity states in Ca would be a good case to
study since the proton d shell is closed for Ca. An
investigation of the current part of these positive
parity transitions by 180' electron scattering would
also be valuable to test the adequacy of any shell
model calculations for these states.
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