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Fusion between heavy ions at sub-barrier energies
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The S factors for the capture process of the systems "0+'60, "0+' N, ' 0+'~C,
' N+ ' N, '"N+ ' C, "B+' C, and ' B+' C are calculated at sub-Coulomb barrier energies

in a model using an inverted parabola which joins smoothly onto the Coulomb potential be-

tween two heavy ions. The model does not have any discontinuous potential surface and

has proper asymptotic forms for the wave functions and has been successful in understand-

ing fusion cross sections at higher energies. The calculated energy dependence of the S fac-
tor follows in general the experimental trend and in many instances, the observed magni-

tudes can be reproduced remarkably well.

NUCLEAR REACTIONS Heavy-ion fusion; sub-barrier region; S fac-
tor calculations for 0+ 0, 60+' N, ' 0+' C, ' N+' N, ' N+' C

In recent papers, ' we have provided a formalism
for heavy-ion fusion as penetration through a para-
bolic barrier joining smoothly to the Coulomb in-

teraction. The formalism is valid for all energies
and avoids the discontinuous potential surface
present in the calculations of Avishai and Dethier
and Stancu. It would be natural to extend that for-
malism to study the fusion between two light heavy
ions at sub-barrier energies. The understanding of
fusion phenomenon at sub-barrier energies is of par-
ticular interest in astrophysics because of recently
proposed theories suggesting that such processes
might provide important insight into nucleosyn-
thesis of elements. In addition, the small Coulomb
barrier associated with light ions has made it possi-
ble to measure with great precision the fusion cross
sections at sub-Coulomb barrier energies. Hence, an
understanding of these data is likely to provide fur-
ther information about the reaction mechanism,
particularly for tracing the shape of the ion-ion po-
tential in the low-energy region.

Several theoretical investigations have already
attempted to calculate the S factor defined as

S=oIE exp(2~ri),

where O.f is the fusion cross section and g is the
Sommerfield parameter related to the wave number

k, reduced mass p, and charges Z~e and Z2e of the
two nuclei by

ri=pZ|Z2e /(fi k) .

E is the center of mass energy of the colliding iona.

oI is related to the penetrability function Tt(E) by

the equation

trf =(tr/k ) g (21 + 1)Tt(E)
I=O

(2)

Except for the potential of Michaud, which is of
the complex Woods-Saxon type with a Gaussian

repulsive core, most of the works describe fusion as
penetration through a one-dimensional real inverted

parabolic barrier. However, at the sub-Coulomb
barrier energies, the Coulomb interaction is likely to
play a big role in determining the penetrability
function because the energy is well below the barrier

height. As noted earlier, Avishai and Dethier and

Stancu attempted to incorporate penetration
through a Coulomb barrier by modifying the Hill-

Wheeler expression for transmission through a par-
abolic barrier. Their treatment, apart from having

validity in a limited energy range, results in having

ultimately a discontinuous potential.
Our treatment, ' apart from incorporating

Coulomb interaction properly and using a continu-
ous potential surface where the Coulomb potential
joins smoothly to an inverted parabola, uses proper
boundary condition and asymptotic forms of the
wave functions. The theory has been able to repro-

duce the gross part of the observed fusion cross sec-
tions for a number of systems at incident energies

above the barrier height. In this work, we extend
our earlier calculations to the sub-barrier energy re-
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gion and examine the extent to which the theory
can reproduce the magnitude and trend, such as the
energy dependence of the observed cross section.
Our purpose here is, therefore, not to provide a per-
fect fit to the data but to explore the extent of the
success and failure of the model of Ref. l.

To facilitate the discussion, we briefly outline the
barrier used in Ref. 1. It is given by
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where R, =r„(Ai' +32' ) is the distance between
the two ions when they are about to touch each oth-
er and A1 and A2 are their respective mass numbers.
Ace is the oscillator constant determining the curva-
ture of the parabola. V~ is determined from the
matching condition at r =R„and is given by

Vi = Vo+ +I (l + I ) ~(2VR. ') (4)

with

Vo , pro (R——„——Ro)+ZiZge /R„.

Thus R0 locates the s-wave barrier height V0. The
model has three free parameters, namely, %co, V0,
and R„(or r„). The probability of transmission,
Ti(E), is calculated by matching the logarithmic
derivative of the wave functions in the two regions
at r =R„. The wave function for r&R„ is ex-
pressed in terms of the regular and irregular
Coulomb functions, while for r &R„, the wave
function is taken to be a linear combination of para-
bolic cylinder functions. Details of the calculations
are given in Ref. 1.

In the following, we apply the above model to
calculate the S factor (in MeVb) for the reactions
16O+ 16' 160+14N 16()+ 12C 14N+ 14N

14N+12( 11g+12C a d 108+12C

action ' 0+' 0 as a test case for studying (a) the
effect of approximating the barrier by a pure para-
bola, and (b) the effect of discontinuity on the po-
tential surface which is present in the models of Av-
ishai and Dethier and Stancu. These are shown in
Fig. 1. The dashed curve in the figure represents
calculations using the parabolic potential model of
Glas and Mosel. The potential parameters are tak-
en from the work of Kolata et al. From the figure,
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FIG. 1. A comparison between the predicted and ex-
perimentally measured values of the S factor for the re-
actions ' 0+' 0 and ' 0+'"N. The data are taken
from Ref. 10 and are denoted by solid circles for
"0+' 0 and open circles for ' 0+ ' N. The solid lines,
the upper one for ' 0+' 0 and the lower one for'0+' N, are the results of the present work. The
dashed curve represents results obtained for ' 0+ ' 0 by
using a purely parabolic potential (Glas-Mosel model)
and the dashed-dotted curve shows the effect of in-
clusion of Coulomb interaction but with a discontinuity
in the potential {Avishai model) for the same reaction.

it is clear that the omission of the Coulomb interac-
tion in the sub-barrier region results not only in an
overestimation of the data in the low-energy region,
but also gives the wrong shape of the data. As not-
ed later, the reason for this is that a parabolic bar-
rier does not represent the true shape of the poten-
tial in the low-energy region. The dashed-dotted
curve represents calculations using the model and
parameters of Avishai but modifying it to incor-
porate the proper boundary condition and asymp-
totic forms of the wave functions, as outlined in
Ref. 1. From the figure, it is apparent that a
discontinuous potential would consistently over-
predict the data with the disagreement becoming
larger in the extremely low-energy region. Such
overpredictions have also been noted by Dethier and
Stancu. However, the reproduction of the correct
shape of the data in Avishai's model is a conse-
quence of the presence of the Coulomb interaction.
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TABLE I. Values of the parameters fico, Vp, and r„
used in the calculations. In the Glas-Mosel model, there

are two additional parameters. They are critical distance

8,=4.69 fm and critical potential V, = —10.0 MeV.

.Reaction fico (MeV) Vp (MeV) r„(fm) &p (fm)

16'+ 16O

Glas-Mosel
Avishai
16O+ 14N

16O+ 12C

'4N+' N
14N+ 12C

11B+12C

10B+12C

7.50
5.00
4.62
7.50
7.50
7.50
7.50
7.50
7.50

13.00
11.00
10.92
12.75
12.00
11.55
11.50
9.25
9.50

1.587

1.318
1.352
1.359
1.329
1.329
1.294

7.48
7.56
8.00
6.25
5.96
6.15
5.60
5.27
5.02

Similar behavior for the Glas-Mosel and Avishai
models is also noted for the reaction ' 0+' N,
though they are not shown in the figure. The solid
curves represent calculations, for both ' 0+ ' 0 and
' 0+' N reactions, using the model of Ref. 1 as
described by Eqs. (3a) and (3b). This model also
reproduces the correct shape, primarily because of
the inclusion of the Coulomb potential. The values
of the parameters are the same as those used in Ref.
1 for energies greater than the barrier height. We
note that it would be possible to obtain a better fit
to the data by slightly adjusting the values of the
parameters. However, we chose not to do so be-
cause that would have obscured the simple fact that
it is possible to approximately reproduce the shape
and magnitude of the data, both below and above
the barrier, by the same set of parameters. The
values of the parameters used in the calculations are
listed in Table I.

In Fig. 2, we present our calculations together
with the experimental data of Cujec and Barnes for
the reaction ' 0+' C. It is found that the calculat-
ed results are unable to predict the structures
present in the data in the energy region below 6.0
MeV. But above 6.0 MeV, the quality of agreement
is comparable to the optical model fit obtained by
using the potential of Michaud. Figure 3 shows
the comparison between our predicted results and
the experimental results of Stokstad et al. ' for the

' B+' C. Except for ' "B+' C, the calculated re-
sults in all other cases slightly overpredict the mea-
sured S factor at the lowest energies.

The tendency to overpredict the S factors, partic-
ularly for the reaction ' 0+' 0, at energies well
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FIG. 2. A comparison between the calculated (solid
line) values of the S factor with the data (solid circles)
of Cujec and Barnes (Ref. 5) for the reaction ' 0+ '2C.

below the Coulomb barrier is clearly a manifesta-
tion that the barrier used here is too thin near the
few MeV region. Since the exterior part of the po-
tential at those energies is primarily of the Coulomb

type, and has been incorporated properly, the prob-
lem lies in the use of a simple parabolic potential to
describe the inner part of the barrier. This is obvi-
ous if the parabolic potentials used here are com-
pared with the real part of the molecular potentials
used to describe the elastic scattering data of
0+ 60 and C+ C systems. ' Parabolas

used here are a good approximation to the shape
near the top of the barrier but fall off faster than
the actual potential in the interior region. Thus,
transmission probabilities calculated using parabolic
potentials determined from high energy data are
likely to be larger than those for the actual potential
at very low energies. At the lowest energies, one is
either to use slightly different parameters for the
parabolic potential or use the real part of the actual
potential itself with proper boundary conditions
described in Ref. 1.

As mentioned before, it is not difficult to fit any
individual set of data by changing the potential
parameters used to analyze the data at higher ener-
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FIG. 3. A comparison between the calculated (solid
lines) and experimental values (Ref. 10) of the S factor
for the reactions (a) ' N+' N, (b) ' N+' C, (c)
"8+"C, and (d) ' B+"C. The experimental values are
denoted by solid circles.

gies. By keeping %co fixed at 7.5 MeV, the model,
for a given set of nuclei, has used only two free
parameters, Vo and 8„,which are kept fixed at all
energies. Nevertheless, the model not only predicts
the energy dependence of the S factor correctly, but
also follows the data in many cases remarkably
well. The model, as already noted, ' is not suitable
to understand bumps or structures in the cross sec-
tions but is geared to explaining the smooth gross
features. An extension of the model to incorporate
resonant behavior would be necessary to explain the
observed structures, and is being formulated. '

In conclusion, we note that (l) fusion cross sec-
tion at low energies is mostly dominated by the tail
of the potential which is properly represented by
Coulomb interaction; (2) removal of discontinuity in
the potential results in a reduction in magnitude of
the calculated cross section thereby improving
agreement with the data; and (3) calculations in the
low-energy region are sensitive to the shape of the
potential, as can be seen from the slight overestima-
tion of the data in the extremely low-energy region.
Finally, we would like to point out that the low-
energy fusion data, particularly in the vicinity of
the Coulomb barrier, may be used as a useful guide
to probe the detail shape and interior of the ion-ion
potential.
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