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Analytical expressions for the fusion barrier height and radius have been derived from a
four-parameter empirical fusion cross section formula for heavy ions. The fusion barrier param-

eters calculated, using these expressions, are in good agreement with the literature values.

NUCLEAR REACTIONS Fusion cross section excitation functions, fusion
barrier parameters.

In the last few years a vast amount of data of the
fusion cross sections for various interacting heavy-ion
systems as a function of bombarding energy have
been measured. Significant theoretical developments
have also taken place. A summary of the published
literature on this topic is available from Ref. 1. One
way of comparing the various model predictions (em-
pirical and theoretical) will be to calculate the fusion
barrier parameters and compare them amongst vari-
ous models. It is of great interest to obtain the prop-
erties of the fusion barriers from an analysis of
fusion reaction excitation functions. Recently we
have successfully described, 2 by an empirical four-
parameter formula, the fusion cross sections for pro-
jectiles ranging from 4He to 40Ar and for compound
systems with mass numbers between 24 and 242.
Using this empirical expression we have been able to
predict the maximum fusion cross section and the
energy at which the maximum occurs in agreement
with the experimental data. In the present work, we
have derived analytical expressions for the fusion
barrier height and radius starting from the above
mentioned empirical expression. A preliminary ac-
count of this work appears in Ref. 3.

We describe the fusion cross section for the in-
teracting nuclei (Zr, A r) and (Z~,A~), using an em-
pirical expression2

p = ~E+ b (in fm)

z =1.44ZTZ~ MeV fm .

E is the center of mass energy in MeV. Further,

b = (1.498+0.099)(Ar' '+A~'~3)

+ (1 538+0.581) fm

l 1/2

m = —(15.1+0.8)
Ap+Ap

+ (0.93 + 0.17) X10 2 fm/MeV

The parameters of expression (1) were obtained by
using a vast amount of fusion data and more details
of this work are given in Ref. 2.

Following Bass, 4 one can write the fusion cross sec-
tion by the classical expression

(7fus 10'Ir~ 1 m
V(R)

I

leading to
1

zo.r„,=10mp p
——(in mb)

d (E err„,)
dE

(2a) .
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and

V(R) =E-
10mR

(2b)

Here R (in fm) is the distance between the two in-
teracting nuclei and V(R) is the total potential for s
wave at R. The maximum of V as a function of R is
defined as the fusion barrier height ( Vs) and the
corresponding R is called as the barrier radius (Rs).
Bass4 has proposed a graphical method for determin-
ing the barrier parameters from fusion data. In the
present work we have provided analytical expressions
for R~ and Vq starting from the empirical expression
for fusion cross sections.

Using expressions (I) and (2) we get

C)
C)

03
CL

tXl

Q.'
I

g
lL

C)
CO

)C

El

)
I

g)

8—

-8

8

-8
10

FUSION BARRIER PARAMETERS

8—
0 0
0

0 0 0

p 00 0
0 0 R

0 0
0 00 0~ 0 0

0 00

000 0
s rIIIIiII

O-Vaz, Alexander, Sa&chlet
-8

8—

~ 4

0 4
0 8)

0rI 0
0 00

00 0
0 0+ pp00 0

pp 0
00 000

~ N Oe

~O ~ ~

~l

00
I IOI I I IIII I I I I I IIII

1000100
8
10 100 1000

~ ~

~0

~ —Birkelund, Tubbs, Huizenga.
De, Sperber

and

R =3p —2pb —mz (3)
Zp ZT ZP

E — z
V(R) =E-

R
(4)

FIG. 1. Percentage deviations of the barrier parameters

V& and R&, obtained from the present work from those, V&

and R&, predicted by Vaz et al. (Ref. 1) and Birkelund et al.
(Ref. 5) are shown for various ZTZp systems.

In expressions (3) and (4), p and R are functions of
E. Differentiating (4) with respect to E we get

dV 2m pE p —mz — 2 dR

dE R 10mR dE

Using Eq. (3) it can be shown that the first two terms
on the right hand side of Eq. (5) cancel each other.
Hence

dV 2 dRE
dE 10mR 3 dE

We can also write (6) as

d V 2E crfus

dR 10m R

(6)

(6a)

In order to find Vs, we set dV/dR, given by Eq. (6a),
equal to zero. The maximum occurs at E =Z/p and

the corresponding energy

b4 (bz+ 4mz) '~—'
B

2m
(7)

The corresponding barrier radius R~ is given as

Rs =2mz+ —+—(b +4mz)
2 2

Incidentally, the fusion cross section as represented
by expressions (I) and (2) becomes zero at the bar-
rier energy, which is consistent with the classical na-
ture of these expressions. However, expressions (3)
and (4) may still be valid at energies below Vs. As m

and b are determined as global parameters, expres-
sions (7) and (8) describe the barrier height and ra-
dius in an analytical form over the periodic table.

Using expressions (7) and (8) we calculated the
fusion barrier parameters V~ and R~ for a large
number of interacting systems. We have compared
our results with those of Birkelund et al. ,

' who have
successfully described the fusion data with a classical
trajectory model incorporating a long range friction
force, and also with those of Vaz et al. ,

' who have
fitted the fusion data by an empirical procedure in
which they obtain the transmission coefficients from
a Hill-Wheeler formula. Deviations of the literature
values, V& and R&, from our determination, V& and

R~, are plotted as a function of ZTZ& in Fig. 1.
From the figure it can be seen that our values agree
generally within +4% for the barrier height and
within +8% for the barrier radius when compared
with the values obtained from Refs. 1 and 5. As the
empirical barrier parameters found in these refer-
ences are in good agrecmcnt with the theoretical
model predictions, our results can also be taken to be
in accord with that of the theoretical models.

As the barrier parameters obtained by Vaz et al. '

for various individual systems were compared with

the predictions of our global empirical procedure, one
notices deviations occurring on either side of the
zero. However, as the values of Birkelund et al. ' are
based on the standard proximity nuclear potential
plus the Bondorf Coulomb potential, they are
smoothly varying over the periodic table. Our results
based on global parameters deviate from their values
systematically as one goes from lighter to heavier sys-
tems. Further, one notices more deviations in the
comparison of R& values. As the barrier is having a
rather broad maximum, the value for the barrier ra-
dius (Rs) is not determined that accurately. This ac-
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counts for the observed deviations in R~ values.
The familiar technique of fitting o-f„, data with an

expression of the type

VB
0 fus m'Rg I—

and getting R~ from the intercept and V~ from the
slope of the o.r„, vs 1/E plot, has several limitations,

as the results from this procedure strongly depend on
the range of energies over which the o-f„, data are fit-
ted. Our procedure avoids this problem, in view of
the functional form selected for fitting the a.f„,data.

To conclude, we feel that the simple analytical ex-
pressions defined in terms of universal parameters
are fairly successful in predicting the barrier heights
and radii for a large number of interacting heavy-ion
systems, and the predictions from this empirical pro-
cedure are consistent with those obtained from more
sophisticated techniques.
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