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Two-body current contribution to M 1 transitions and moments in Cl and K
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We deduce evidence for the existence of a two-body current contribution to M1 transi-
tions and moments in nuclei, based on the application of shell model theory to experimental
data. A complete specification of a two-body M1 operator, within a shell-model configura-
tion, can be obtained by combining data from particle-particle and particle-hole nuclei. For
this purpose, new particle-hole relations are derived for M1 transitions. The method of
analysis is applied to the particle-hole pair 'SCl- K. The two-body current contributions

could be effects of either configuration mixing, or mesonic currents, or both.

NUCLEAR STRUCTURE Cl, ~K; shell model analysis of p and)
8 (M 1) to determine two-body M 1 operator.

I. INTRODUCTION

One of the simplest predictions of the j-j cou-
pling shell model is that the ground state magnetic
moments of odd-A nuclei with one particle or hole
outside a closed shell should be given by the
Schmidt moments. The prediction is a consequence
of the two assumptions of simple configurations
and of a one-body M1 operator, equal to that for
free nucleons. The qualitative agreement of experi-
mental single-particle moments with the Schmidt
moments is well known. The residual deviation of
the moments from the Schmidt values has been a
subject of theoretical and experimental investigation
for over thirty years. Both configurations mixing
and mesonic currents have been studied as possible
contributors to the known deviations. The subject
has been extensively reviewed recently. '

Most of the theoretical effort has concentrated on
the one-particle or one-hole moments, for which
there is very precise data with which to compare.
The theory is then expressed in terms of a modifica-
tion of the one-body magnetic moment operator
from its free value by the nuclear system; this can
be reexpressed as a change in the g factor. Howev-
er, the theories that predict these modifications in
one-body operators also predict the existence of
two-body M 1 operators, e.g., from "exchange
currents" in the nucleon-nucleon interaction li.e.,
mesons, etc.) or analogous model effects from con-
figurations. There has been almost no investigation
of the possible effects of the two-body M1 currents
directly in complex nuclei at low energy. Presum-
ably they would show up in the static magnetic mo-
ments and in M 1 transitions in nuclei with several

active nucleons. One exception is the special case of
threshold radiative capture, np —+dy, which has
been investigated from the point of view of mesic
current contributions by Riska and Brown.

The difficulty of working with complex nuclei is
clear: Transitions are not measured as accurately as
ground state moments, two-body effects are
presumably small compared to one-body effects,
and not all needed information may be measured,
for any one nuclear case, as we shall see. However,
in this paper we shall show that one can find two-

body effects in available nuclear M1 data, and even
extract some information about the explicit form of
the two-body M1 operator. We do not investigate
the, dynamical origin of the operator in the present
work.

We work in the context of the j-j coupling shell
model with cases for which that is a good first ap-
proximation. Suppose we take the experimental
magnetic moments of closed-shell plus one nucleon
to define the one-body M 1 operators: This includes
any effects induced by the nucleus on the single nu-

cleon in an effective one-body operator. We may
then calculate, within the shell model, the magnetic
moments and M 1 transitions for a relatively simple
nucleus, such as two nucleons outside a closed shell,
and compare to experimental data. In principle,
any deviations could be ascribed to some two-body
effective currents. However, we would not find this
procedure very reliable. Often the total effect is of
the order of magnitude of the experimental uncer-
tainty. In addition, we shall also not find all the
data we would like to have to pin down the residual
two-body effect, as we shall see further, below.

Therefore, we have devised a different approach
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which gives us more information by combining data
from different nuclei. In particular, we shall deal
with nuclei in the same shell model orbits, for
which we may use particle-hole relations. Consider
a proton orbit a, and a neutron orbit b; we use the
particle-particle nucleus (a, b) and the particle-hole
nucleus (a ', b) for information on two-body
currents. The one-body M 1 operators are defined
from the closed shell nuclei with an a or b particle,
or a hole. We consider a general two-body M1
operator acting on the proton and neutron in their
respective orbits. (Exchange currents require a pro-
ton and neutron, in lowest order. ) We derive a
particle-hole (p-h) relation between the matrix ele-
ments of this operator for the (a,b) nucleus, and the
(a ',b) nucleus. This is a generalization of the p-h
relations for spectral energies for such pairs of nu-

clei, originally derived by Pandya, and by Gold-
stein and Talmi. ' A similar relation for M 1 and
E2 transitions, comparing (a, b) and (a ', b ')
cases, was derived by Goode and West. The tech-
niques used here are standard tensorial operator
transformations in the shell model.

The p-h relation allows us to combine data for
M1 transitions and magnetic moments from both
the (a, b) and (a ', b) nuclei, having subtracted the
one-body effects. This allows us, in some cases, to
determine all the possible matrix elements of the
two-body Ml current operator within the shell-
model space.

The best example we have found for application
of this technique is the pair of nuclei Cl and K,
which is the pair for which the energy relations
(Pandya-Goldstein-Talmi) were first studied and
which work to high accuracy here. ' The orbits
are a =13/p (proton), b =f7/2, neutron, and are re-
latively pure (see, however, Goode' ). Both nuclei
then have a shell model spectrum of four levels,
with J=2, 3, 4, and 5, shown in Fig. 1 with experi-
mental energies. The allowed M 1 transitions are all
measured, as well as the ground state magnetic mo-
ments, and the first excited-state moment of K, as
indicated in the figure. There are therefore nine
M1 data with which to constrain the two-body
current: We shall see that this overdetermines it.

The paper is arranged as follows: In Sec. II we
study the one-body M1 operator, and try to con-
strain it from measured data. We then predict the
transitions and moments in Cl and K, and com-
pare with data. In Sec. III we introduce the two-
body M1 operator, and derive the required p-h rela-
tions among the matrix elements. In Sec. IV we
give numerical results for the matrix elements of
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FIG. l. Excitation energies, spins, parities, measured
M1 transitions, and measured magnetic moments (p) are
indicated for the lowest four levels of Cl and K.
These levels involve the shell-model orbits d3/2 {proton)
and f7/2 (neutron).

the two-body operator which emerges from the
analysis of Cl and K. Discussion follows in Sec.
V.

II. ONE-BODY TRANSITION OPERATOR

0(M 1)=0&+0»+ . (2.1)

where O~ is the one-body operator, O~q the two-

We are interested in magnetic moments and M1
transitions in nuclei. The operator on the nuclear
degrees of freedom which governs both quantities
will be denoted by 0(M1) or simply by 0. The
operator is an angular momentum tensor of rank
one and even parity. We consider the transitions
and moments in terms of matrix elements of
0(M1) between states of the j-j coupling shell
model. The operator in this case may depend on
the coordinates, spins, etc., of more than one nu-
cleon: That is, it may be a many-body operator.
This could come about simply because the j-j con-
figurations are not an exact description of the nu-
clear states; in this case we have configuration mix-
ing, expressed in terms of an effective transition
operator in the j-j space. Many-body operators
could also come from non-nucleon degrees of free-
dom, e.g., mesonic currents, in which case they
represent a "real" many-body effect. In either case,
we can represent the M 1 operator as a sum of terms
of definite particle rank
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body operator, and so on. In this section we consid-
er only 0&, 0» will be examined in Sec. III. We do
not explicitly consider higher rank in this paper.

We consider nuclei with j-j configurations given

by (a, b) and (a ', b); that is, a nucleus with two par-
ticles outside a closed shell (one proton, one neu-

tron) and a nucleus with one hole (proton) and one
particle (neutron) involving the same orbits as the
two-particle nucleus. These are particle-hole (p, h)

partners. The specific case of interest will be Cl,
(a,b) and K(a ',b).

For the (a, b) configuration the operator 0& can
be written (in units of the nuclear magneton) in the
form

p(a) =p(a '), (2.6c)

(ab;JI IOtI Iab;J')
[JJt]t/2( 1)b+t —a

X [ ( —1) W(aJaJ', b 1 )(a (a +1)[a])'/ g,

assuming that the operator is the one-body part
only, 0, .

The operator (2.2) will give matrix elements for
magnetic moments (diagonal) or M 1 transitions (off
diagonal) for both the (a,b) and (a ', b) nuclei by
direct use of Eqs. (2.3)—(2.6) and some simple
recoupling. The reduced matrix elements of 0~ can
be written

Ot=(g, J +gb Jb) . (2.2) +(—1) W(bJbJ', a l)(b (b +1)[b])gb],
J, and J b are the angular momentum operators for
the orbits a and b and g, and g~ are the respective g
factors. The operator (2.2) also applies to the (p, h)

case (a ', b). This can be seen as follows: We may
write the angular momentum operators in terms of
the spherical unit tensor operator of rank one in the
appropriate orbit

(2.3)

where U&~
' is the unit tensor operator and

[j]=2j + 1. The general one-body unit tensor
operator Uzz is defined such that the reduced ma-
trix element in one-body states is given by

&a
I I U,",

I
Ib & =~.Pbp . (2.4a)

We also introduce a unit tensor operator for holes,
such that the reduced matrix element in one-hole
states is

(a 'IIUpp (h)IIb ') =5,p5bp . (2.4b)

These tensor operators have the following (p, h)
transformation property"

Therefore, it follows that

U„' = U„'(h)

and

(2.5)

(2.6a)

(2.6b)

It follows that matrix elements of the one-body
operator (2.2) are unchanged by transforming the
particle in orbit a to a hole in the same orbit. This
is the well known result for magnetic moments:

(2.7)

where W are the standard Racah coefficients. Us-
ing (2.6) we also obtain the p-h relation

(a 'b;JIIOtIIa 'b;J')

= (ab;JI IOq
I
Iab;J') . (2.8)

The matrix elements are completely specified by the
two g factors, g, and gb Ther.e are three natural
choices of the g's to examine: (i) the Schmidt g fac-
tors, which are based on the free nucleon magnetic
moments; (ii) the g factors which give empirical
values of the magnetic moments of the neighboring
odd-A nuclei; and (iii) we could find the "best"
values of g, and gb by finding the experimental mo-
ments and transition in the (a,b) and (a ',b) nuclei,
e.g., by least squares fitting. Note that each of these
is, in a sense, empirical, but based on different data:
(i) free nucleons, (ii) odd-A nuclei, and (iii) the p-p
and p-h nuclei themselves.

The two nuclei we shall study are Cl and K,
for which a =nd3/2 and b =. vf7/2, The Schmidt
values' for these two orbits are given in the first
column (i) of Table I. For column (ii) we use the
magnetic moments of the neighboring odd-A nuclei.
These are, with their configurations, for Cl:

Cl(md3/2) and S(vfq/2); while for K the neigh-

bors are K(md3/p ') and 'Ca(vf7/p). Note that
the configurations of the neighbors of Cl refer to
the S closed shell, while those of K refer to the

Ca closed shell.
The g factors of the neighboring nuclei are ob-

tained from the experimental magnetic moments'
and are listed in column (ii) of Table I. The mag-
netic moment of S is not measured, although the
other three are available. Therefore we estimate the

g factor for S from other experimental data, using
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TABLE I. The g factors g, and gb for the single-

particle orbits nd3/g and vfqq2, respectively, obtained by
methods explained in the text.

TABLE II. Reduced matrix elements for moments

and M 1 transitions of "Cl, in units of the nuclear mag-
neton, pp.

Nucleus,
orbit Schmidt

{ii)
Odd-A

neighbors

(iii)
Least-square

fit
J; Jf

Experimental One body part
(Pp) (Pp)

Residual

(Pp)

38Cl. g

38Cl, g

40K. g

40K. g

0.08

—0.547

0.08

—0.547

0.456

(a) —0.287
(b) —0.456
(c) —0.747

0.261

—0.456

0.204

—0.615

0.201

—0.446

2 2 —5.61+0.002

3 2 —3.47+0.22

(i) —4.72
(iia) —3.61
(iib) —4.99
(iic) —7.38
(iii) —5.61

(i) —2.09
(iia) —2.49
(iib) —3.06
(iic) —4.03
(iii) —2.75

(i) —0.89
(iia) —2.00
(iib) —0.62

{iic) 1.77
(iii) -0.0

{i) —1.36
(iia) —0.98
{iib) —0.41

(iic) 0.56
(iii) —0.73

gs( S)=2'�( Ar) gb( 'C—a), (2.9a)

some theoretical considerations, which are ex-
plained further in the Appendix. We use the fol-
lowing three estimates: 4 3 —2.01+0.15

(i) —2.44
(iia) —2.88
(iib) —3.53
(iic) —4.66
(iii) —3.17

(i) 0.42
(iia) 0.86
(iib) 1.52
(iic) 2.65
(iii) 1.16

gb( S)=gb( 'Ca),

gs( S)= 4'( Cl) —4'( K)

+ —,gb("'Ca) .

(2.9b)

(2.9c)

4 5 3.39+0.29

(i) 2.12
(iia) 2.53
(iib) 3.09
(iic) 4.09
(iii) 2.78

(i) 1.25
(iia) 0.86
(iib) 0.29

(iic) —0.69
(iii) 0.60

Estimate (2.9b} is based simply on the assumption
that O=O~. The other two estimates are based on
theory introduced in the next section, and are de-

rived in the Appendix.
For the third column (iii) of Table I, we fit the g

factors g, and gb to the M I data and magnetic mo-
ments of Cl and K separately, as discussed
below. The measured information is indicated in
Fig. 1: the ground state moment and three M 1

transitions for Cl; for K we have, in addition,
the moment of the first excited state. Thus we ob-
tain g~ and gb for Cl from four data, and g, and

gb for K from five.
If the Ml operator were in fact only the one-

body operator of (2.2), then we would find that g,
and gb for Cl equaled the g, and g~ for K,
respectively. From Table I, we see that this equality
holds exactly only for (i) the Schmidt values, for
which the result is true by definition. However, for
(ii} and (iii) we do not find such equality. [Note,
however, g, ( Cl)=g, ( K) in column (iii).] The
differences are not small; this is evidence that the
assumption of a one-body operator for M I is not
vahd.

In Tables II and III we compare the reduced ma-
trix elements based on Eqs. (2.7), (2.8), and the g

factors of Table I, with the experimental transi-
tions'" and moments' for Cl and K, respective-
ly. For the moments we have the measured signs as
well as magnitudes. However, for the transitions,
only the absolute magnitudes can be extracted from
the data. We have taken the signs to agree with the
predictions of the Schmidt g factors (or the odd-A

neighbors, which agree). We show the experimental
uncertainties with the extracted reduced matrix ele-

ments in the first column: These are much smaller
for the moments than for the transitions.

In the second column we give the value of Eq.
(2.7) for the particular matrix element, for the three
choices of g, and gb of Table I. For Cl, we use
the three estimates (2.9a) —(c) for gb, given in Table
I, column (ii).

In the third columns of Tables II and III we
show the difference between the experimental values
and those obtained from Eq. (2.7) with the various
choices of g, and gb. We note that the residual
differences are, in general, small compared with the
experimental matrix elements themselves. The dif-
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TABLE III. Reduced matrix elements for moments
and Ml transitions of K in units of the nuclear mag-
neton, po.

J; Jf
Experimental

(Po)

One body part Residual

(Po) (po)

4 4 —4.35+3x 10
(i) —5.61 (i) 1.29

(ii) —4.19 {ii) —0.16
(iii) —4.25 (iii) —0.10

3 3 —3.94+9x10-'
(i) —4.98 (i) 1.06

(ii) -4.17 (ii) 0.23
{iii) —4.09 (iii) 0.14

3 4 2.71+9X 10-'
(i) 2.44 (i) 0.27

(ii) 2.77 (ii) —0.06

(iii) 2.51 (iii) 0.20

2 3 2 52+2x10
(i) 2.09 (i) 0.41

(ii) 2.40 (ii) 0.12
(iii) 2.17 (iii) 0.35

5 4 —1.69+10
(i) —2.12 (i) 0.44

(ii) —2.43 (ii) 0.74
(111) —2.19 (111) 0.50

III. TWO-BODY TRANSITION OPERATOR

We now examine the role of the two-body M1
transition operator 0». In principle, we could
determine all the two-body matrix elements of this
operator (up to signs) for j-shell orbits (a, b) from
the measured transitions and moments of the nu-
cleus with configuration (a, b). However, this exper-
imental information is never complete: Although
cases for which all transitions are measured exist,
usually only the ground state magnetic moment is

ferent values of the g factors clearly produce differ-
ences in the results in the third column: Least
squares fitting tends to give the smallest
remainders, but we note that K is much better fit
than is Cl. Even the least squares fit leaves a
bigger remainder than can be explained by the ex-
perimental uncertainties alone. The existence of the
nonzero differences in these tables gives us more
evidence that the M1 operator is not adequately
represented by 0&. In the next section we examine
the evidence for a two-body part: 0».

known (with rare exceptions: Some excited-state
moments are also measured). In the case of

Cl(d3/2, f7/2)y all three Ml transitions and the
ground state moment are known (see Fig. 1).

If we did, in fact, have all the experimental infor-
mation to determine 0» completely, we would then
want to see whether the total M 1 operator
0=0&+0» was adequate to explain M1 transi-
tions and moments in nuclei with more than two
particles, that is, whether one can neglect 0»& and
higher rank operators. For example, with
O=OI+0», we would be able to predict all the
transitions and moments of the p-h nucleus K,
given the complete information for the p-p nucleus

Cl. For this comparison, we would need the linear
algebraic relations between the p-p and p-h matrix
elements of OII. These will be derived shortly.

With the ability to connect the p-h matrix ele-
ments with the p-p matrix elements, we can over-
come the limitation of having incomplete data for
the p-p case alone. Consider the case of Cl and

K. For Cl we have four pieces of information,
as mentioned. For K we have five: three transi-
tions and two moments (again, see Fig. 1). For the

d3/2 f7/2 configuration, the operator OII(M 1 ) has
seven independent matrix elements, corresponding
to three transitions and four moments. Therefore,
we have more experimental information from Cl
and K than needed to determine 0». This leaves
us two pieces of information (2=9—7) to test for
operators of higher (many-body) rank. In addition,
we can predict the values of the unmeasured excited
state magnetic moments of Cl and K.

We therefore need a (p-h) relation for the matrix
elements of 0». It is useful to begin by writing the
operator in multipole form:

OII g Paabbl gh]' ( Uaa && Uib )',
gh

(3.1)

a b J
bb ~1/3 g (ab '~l Io» I

lab 'J') a b J'
JJ'

g h 1

(3.2)

wllcI'c U v=g 01' h Is tllc onc-body (a@b) 11111t

tensor operator defined in (2.4a), the bracket imply-
ing angular momentum coupling of two tensors to
rank 1, and the 13aabb are multiPole coefficients.
This form of expressing 0» is most easily obtained
using the second quantized notation for unit ten-
sors; see Ref. 8. The multipole coefficients are re-
lated to the two-body reduced matrix elements by
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where we use the unitary (bar) 9-j symbol (which is

equal to [g h J J']'i times the usual symmetric 9-j
symbol). (We drop the orbital labels a, b, on Qb
froin here on. ) This relation (3.2) may be inverted

to give

a b J
(ab;J[(O»iiab;J') =~3+gF" a b J' . (3.3)

g h 1

a b J
= v 3g( —1)s+'P'b a b J'

gh
g h 1

a b J
+v 3[a]P ' a b J'

0 1 1

(3.4)

Note that there are an equal number of P'" and ma-
trix elements: They contain the same information.
Thus (3.1) is the most general form for Oii within
the (a,b) shell model space.

If we take the matrix elements of Oii in Eq. (3.1)
between particle-hole states, and use the p-h rela-
tionship (2.5}, and standard recoupling methods, we
find

where the last term comes from the right-hand side
(rhs) of Eq. (2.5). The two equations (3.3) and (3.4)
show that both the p-p and p-h matrix elements of
0» may be expressed in terms of the same set of
multipole coefficients P ". We will use this relation
later for analysis of experimental data.

We may also combine (3.2) and (3.4) to obtain a
linear p-h relation among the reduced matrix ele-
ments themselves

b a E ahE
(a 'b;KiiO» ia 'b;K') = g( —1} +~(ab;JiiO»iiab;J') a b K' +v 3[a]P ' a b K'

JJ' JJ' 1 0 1 1

(3.5)

where we have used properties of the 9-j symbols. This relation can also be inverted to give the p-p matrix
elements in terms of the p-h matrix elements and P '.

In order to apply the p-h transformation (3.5) to transition (or moment) matrix elements, we must also in-
A A

elude the p-h transformation of the one-body part, given in Eq. (2.8},since 0(M 1)=Oi+Oii, by assumption.
We can, in fact, put the p-h transformation in a more compact form by reinterpreting the last term of Eq.
(3.5}as follows. First we note that

ahE 1/2

1)a b —A"+i—
0 1 1

W(bKbK', a 1) . (3.6)

Substituting this in the last term of (3.5), and adding the entire expression to that for the one-body part,
using (2.7) and (2.8), we obtain the p-h transformation of 0=Oi+ 0» in the form

(a 'b;KiiOi ia 'b;K') = [KK'j'i ( —) '+'I( —1)~W(aKaK';b 1)(a (a+1)[aj)'~ g,
'

+( —1) W(bKbK';a 1)(b(b+1)[b]) i
gb)

b a E
+g( —1) + (ab;JiiO»iiab;J') a b K' . ,

JJ' 1

(3.7)

3[a]
b(b+ l)[b]

' 1/2

F01

where we have introduced new g factors:

g,
' =g, (h), (3.8a)

(3.8b)

I

The g' factor for the b orbit has been modified to
include the last term of (3.5). This is the appropri-
ate g factor for a single neutron in the b orbit,
where the a orbit is now filled with protons. In the
original one-body equation (2.2},gb was defined for
an empty a orbit. The extra term, proportional to
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p ', is simply the extra contribution to the magnetic
moment of the filled-a-shell-plus-b-particle nucleus,
due to the 0» operator between a and b particles.
We can see this directly by calculating this magnet-
ic moment from the matrix element of 0». First
we write 0» in the form

O y ( 1)g+ 1Pgh[gh]1/2

gh

X(U„(h)X Ubb)'+(3[a])' 'p 'Ubb',

(3.9)

(ab; J~ ~On(exp)
~

ab;J')
= (ab;J~~0(exp)

~

ab;J')

and

—(ab; J/ /Oz
/
/ab; J'),

(a 'b;J~ ~On(exp)~~a 'b;J')

= (a 'b; J~~0(exp) ~a 'b;J')

—(a '
bJ//Oz/[ a 'b;J'),

(4.1a)

(4.1b)
where we use (3.1) and (2.5). Then we take the ma-
trix element for the filled a shell with one b particle,
and obtain

(a ',b;J =b~ ~0»~ ~a ',b;J =b) =(3[a])'/ P ' .

This corresponds exactly to the second term in

(3.8b) as stated [multiplied by the coefficient
(b(b+1)[b])'/, as in Eq. (2.3)].

Similarly, we must replace the particle g factor g,
by the hole g-factor g, (h), to correct for the filling
of the a shell. In general, g, (h)Qg„because of
two-body M1 operators among the a particles.
[This is not included in our On of Eq. (3.9).]

Therefore, when we analyze the transitions and
moments for the particle-hole nucleus (a ', b), we
shall take the g factors from the neighboring odd-A

nuclei (a ') and (b), with filled a shell. Thus, the
procedure used in Sec. II with regard to the one-

body operator, of using the nearest neighbor g fac-
tors, is actually justified for the present case of
O(M1) =Or+On.

IV. NUMERICAL RESULTS

We apply the preceding theoretical framework to
the analysis of all the measured M1 data for the
pp-ph pair, Cl and K. As discussed earlier, not
all magnetic moments are measured. We therefore
analyze the two nuclei simultaneously, using the p-h
relations of the previous section.

As mentioned in Sec. III, we have nine measured
M1 matrix elements for the two nuclei together,
which were given as reduced matrix elements in
Tables II and III. We take the difference between
each experimental entry and the one-body reduced
matrix element to define the experimental two-body
terms:

where the matrix elements of O~ are given by Eq.
(2.7), with g, and gb taken from the nearest odd-A

neighbors, as follows: Cl: g, from Cl, gs from
S; K: g,

' from K, g& from 'Ca. [See Eq. (3.8)
and following discussion. ] The values are taken
from Table I, column (ii).

Since we do not have a measured value of the
magnetic moment of S, as discussed in connection
with Table I, we have made use of the three dif-
ferent estimates for that value, given in that table,
and are labeled (a), (b), and (c).

We use the multipole form of 0&&, given in Eq.
(3.1), since it allows us to treat the two nuclei
symmetrically. The coefficients to be determined
are the P'" defined in Eq. (3.2). It can be shown us-

ing the symmetries of the 9-j symbols that there are
seven independent nonzero coeffficients for the
specific orbits d3/2 f7/2 which are relevant to Cl
and K, namely,

(g, h)=(0, 1);(1,0);(1,2);(2,1);(2,3);(3,2);(3,4) .

We determine these seven coefficients by making
a least-squares fit to the nine experimental numbers
of Eq. (4.1), using Eq. (3.3) for the Cl data and
Eq. (3.4) (having removed the second term, as ex-
plained in Sec. III) for the K data. The resulting
values of the P'" are displayed in Table IV for the
three choices of the S g factor.

We note that the results do depend on the choice
of the 7S g factor; in particular, the two P's, P '

and P', which are themselves intimately related to
these g factors, as shown, e.g., in Eq. (3.8). The
values of the Q" change monotonically with the
value of gb We note furth. er, that only in the last
column do we find P '&0. This came from the
determination of gb from Eq. (2.9c), which is fur-
ther explained in the Appendix. There we note that
P

' may be independently extracted from the least-
squares fit of the g, and gb, given in Table I, for
which we found P '=1.09. This [see (A9)] value
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(a) r.m. s. =0.161,

(b) r.m. s. =0.295,

(c) r.m. s. =0.569 .

(4 2)

For comparison, the quoted experimental error is
=0.164. From these numbers, it seems that (a) is
the best choice for the S moment.

agrees best with that of the third column of Table
IV.

On the other hand, using Eq. (2.9a) to determine

gb, we found p '= —0.55, as in Eq. (A5). This
agrees in sign with the value in the first column of
Table IV. Therefore, both choices of p ' or gb are
self-consistent (as to sign; we have not tried to force
equal values). However, the choice using (2.9a) has
an additional assumption with respect to that of
(2.9b), which is probably not warranted, namely,
that Ar has a weak-coupling ground state:
(d3&2)o f7&2, J= —,. For Eq. (2.9b) we only require

the shell assignments and 0=On+On. Therefore,
we could conclude that third choice for gb on Table
I is the best justified, and therefore, the values in
the third column of Table IV might be the best
determined.

In Tables V and VI we list the resulting two-body
reduced matrix elements for Cl and K, respec-
tively. These are compared to the experimental
values of Eq. (4.1), which were used to determine
the P'", and therefore, the theoretical values

displayed. Note that the resulting matrix elements

always agree in sign, and usually in order of magni-

tude, with the reduced experimental values, where
available. The root mean square (r.m.s.) deviation
between each theoretical case and the corresponding
reduced experimental value may be found (combin-

ing the four values for Cl and five values for K):

V. DISCUSSION

TABLE V. Reduced matrix elements of Oii for ' Cl
(magnetons), calculated from Eq. (3.3) using values of
P'b in Table IV.

Reduced
experimental

(a) —2.09
(b) —0.67
(c) 1.79

(a) —2.01
(b) —0.62
(c) 1.77

(a)-0.72
(b) —0.12
(c) 0.93

(a) —0.98
{b) —0.42
(c) 0.56

(a) —1.55
(b) —1.04
(c) —0.16

Comparison of Tables V and VI with Tables II
and III shows that inclusion of a two-body M1
operator 0&& improves the fit to experiment. By use
of the p-h theory, we have been able to determine
all the matrix elements of On within the d3~2 f7/2-
space. Thus, we predict values for the unmeasured
magnetic moments of excited states of Cl and OK.

Our least-squares procedure determines the best
values for On, depending, however, on an uncertain
estimate of the magnetic moment of S. The mul-

tipole coefficients of 0&& are given in Table IV.
Based on internal consistency, we found that (c)

probably represented the best estimate of the un-

known S g factor. However, based on the r.m.s.
values (4.2), we would conclude that (a) is the best
choice. The picture is consistent (with either

(a) (b) (c)

TABLE IV. Values of ebb obtained from least

square fitting with three choices of gq(' S), as explained
in text. (Magnetons. )

(a) 0.71
(b) 1.04
(c) 1.61

(a) 1.21
(b) 0.77
(c) 0.02

(a)
(b)

(c)

0.86
1.52
2.65

p01

p 10

p12

p21

p23

p32

p34

—1.83
—0.25

0.37
0.82

—1.85
—0.03

0.97

—1.02
—0.77

0.43
0.35

—1.29
0.04
0.88

0.36
—1.66

0.56
—0.46
—0.34

0.14
0.70

(a) —1.01
(b) —0.63
{c) 0.04

(a) —3.66
(b) —2.84
(c) —1.43

(a) —0.86
(b) —0.29
(c) 0.69
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TABLE VI. Reduced matrix elements of Oii for K,
calculated from Eq. (3.4) using values of g" in Table
IV.

Reduced experimental

{a) 4.36
(b) 3.34
(c) 1.59
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(a) —0.12
(b) —0.12
(c)—0.12

(a) 0.12
{b) 0.02
(c)—0.16

(a) 0.32
(b) 0.57
(c) 1.00

(a) —0.18
(b) —0.35
(-', - 0.63

(a) 0.55
(b) 0.63
(c) 0.76

(a) 2.41
{b) 0.63
(c) —2.45

—0.12

0.23

0.06

—0.16

0.74

APPENDIX

with

gb(n, ) =gb(0)+n, hg,

' 1/2

(Ala)

We explain the three methods of estimating the
unknown g factor for S, expressed in Eq. (2.9). If
the M 1 operator were strictly a one-body operator,
O(M1)=Oi, then (2.6c) would hold; for the d3/s
shell, this leads to the equality given in Eq. (2.9b).
For the other two we assume a one plus two-body
form, O(M 1)=Oi+0«, with Oi given by Eq. (2.2)
and On by (3.1), within the shell-model space.

First we generalize the result of Eq. (3.10), in
which we showed that the two-body contribution to
the magnetic moment for a single b particle (f7/2-
neutron, here) with a closed o shell (d3/2 protons) is
proportional to the coefficient P '. This gives a
connection to the g-factor relative to no a-shell par-
ticles, expressed in Eq. (3.8b). A similar result ob-
tains for any (even) number of a particles with total
angular momentum zero, namely:

choice) with the assumption that

O(M1)=Oi+On .

There may well be room for further terms of higher
particle rank; they should be smaller than either 0&
or O~q. We note the Oq alone gives a better picture
of K than of ssC1: This is not consistent with

only O&~ corrections. The higher-order terms can-
not be determined completely by the present sort of
empirical analysis.

We expect that 0&I must have its origin in either
or both configuration mixing and mesonic current
effects. The most general investigation of the ef-
fects of configuration mixing for Cl and ~K has
been given by Goode. ' Since he did not obtain sub-

stantial agreement with experiment, we may assume
that not all the contribution to O~q can be assigned
to configuration mixing. We might therefore ex-

pect that some of the remaining differences are due
to mesonic current effects. These are now being in-

vestigated.

3

b(b+1)[ab]
F01 (Alb)

gb(0) =2gb(2) —gb(4), (A3)

which is equivalent to Eq. (2.9a). From the mea-
sured magnetic moments, we find

gb("ca) = —0.4s6, (A4a)

as can be verified by a direct calculation of the re-
duced matrix element

((a"),b;J=b [[0 i'(a"),fi;J=fi ), (A2)

with Oii given in Eq. (3.1). The result gives that of
Eq. (3.10) for n, =[a]=2a+1. For the present
case of a =d3/2 we have the three cases n =0, S;
n =2, Ar; n =4, 'Ca; the last being the closed a-
shell case. If we assume that Ars, (J = —, ) can
be treated as a J=0 proton-pair plus f7/Q neutron,
then we may use the linear relation (Al) among the
three g factors to write
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gb("Ar}= —0.372,

and therefore

gb( S)=—0.287,

(A4b}

(A4c)

finding a value of gb(0) and bg in Eq. (Al) from
the n =1 and 3 cases. %e may extract

gb(0)=gb( S)

which appears in Table I as entry (a) for gb in Cl.
The numbers of Eq. (A4) with Eq. (Al) give a
predicted value of P ' of

P '= —0.55 . (A5)

The last estimate of gb( S) is also based on Eq.
(Al}, but with a different interpretation. In Sec. II
we found the best values of g, and gb for Cl and

K separately, by least squares fitting of Eqs. (2.7}
and (2.8} to the experimental transitions and mo-
ments. This procedure is equivalent to the follow-

ing: We assume that O(M1) has a one-body and
two-body part: Oi given by Eq. (2.2), and

O I ~3Pio( U' i y U, o) i

+v 3p '(& X Ubb')', (A6)

that is, by Eq. (3.1} with only P' and P ' nonzero.
Using Eq. (3.6), we can reinterpret the P ' term of
(A6) as an additional contribution to gb, similar to
that of Eq. (3.8b), which is linear in the number of a
particles: This is exactly given by Eq. (Al), with

n, =1 for Cl, and n, =3 for ~K. (A similar result
may be obtained for g„depending on P', but this
term is not of interest here, since nb=1 for both
cases. )

Now, fitting gb for Cl and K is equivalent to

from the resulting relation

(i7S)= —,g (isC1)——, (4oK), (A7a)

gb( S)=—0.747, (A8)

which was used in Table I (ii)-c. The equivalent
value of P ' is

P '=1.09. (A9)

using the values froin Table I, column (iii), for the
right-hand side. However, Eq. (Al) also applies to
'Ca, whose g factor is measured, and given in

(A4a). We could just as well use the following rela-
tion:

g ( S)=2g ( Cl) —2g ( K)+g ( 'Ca)

(A7b)

to determine the unmeasured S g factor. Since
these two results do not agree exactly numerically,
we have arbitrarily taken the average of (A7a) and

(A7b), namely,

gb( S)= —,gb( 'Cl) ——,gb( K) + —,gb( 'Ca),

(A7c)

which is Eq. (2.9c). Using the least fit values of gb,
from Table I (iii), and (A4a) for gb( 'Ca), we find
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