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Lifetime of interference effects in collisional time-dependent Hartree-Fock dynamics
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A kinetic equation in operator form for the one body density matrix is derived by means

of a convenient truncation of the quantal Bogoliubov-Born-Green-Kirkwood-Yvon hierar-

chy. Using projection techniques in a procedure similar to the derivation of the master

equation, the evolution of the diagonal and the nondiagonal terms of the density matrix can
be disentangled. A quantal, non-Hermitian master equation for the diagonal part is ex-

tracted and it is seen that corrections to the collision frequency or to the relaxation time

arise as a consequence of the creation and destruction of incoherent events.

NUCLEAR REACTIONS Reduced one body density matrix, BBGKY
hierarchy, quantal kinetic equation, coupling between probabilistic and
interference matrix element, collision frequency and relaxation time,

dynamical quantal corrections.

I. INTRODUCTION

The kinetics of nuclear matter has become a field
of intensive research, especially in view'of the obser-
vation of the transport processes associated with a
wide set of nuclear phenomena. From the well-

known hydrodynamical modes of nuclei' to the sto-
chastic, Markovian events that induce a drift-plus-
diffusion behavior of the fragment energy or mass
distribution after a damped heavy ion collision,
one finds a broad range of situations that involve an
average motion of the nuclear fluid. Among the
various attempts to give a microscopic foundation
to the observed time evolution of the macroscopic
variables registered in a given experiment, the time
dependent Hartree-Fock (TDHF) model 7 has re-

ceived considerable attention.
The most severe criticisms of the TDHF method

point towards the independent-particle character of
the theory. It is well known that this model pro-
vides a nonlinear, self-consistent equation of motion
of either the single-particle (sp) wave function or
density matrix out of which a Slater determinant
for the N-body system is constructed. This feature
prevents any evaluation of effects linked to particle
correlations and it has been remarked that the
TDHF model underestimates the widths of the ex-
perimental distributions of macroscopic observ-

ables. ' ' The recognition of this limitation pushed
several researchers to search for corrections to the
mean-field approach that could include some
relevant many body correlations disregarded in the
independent particle model. Thus, the question ex-
amined earlier by Martin and Schwinger' and Ka-
danoff and Baym' has been revived in light of nu-

clear dynamics, and recent attempts to derive col-
lisional corrections to the TDHF model constitute a
fascinating chapter of current nuclear litera-
ture.

Within our scope, the contributions to this field
can be classifed in three groups. One of them
adheres to the Green's functions philosophy. ' ' In
this framework, a hierarchy of reduced Green's
functions for the many body Schrodinger equation
is derived, and a convenient truncation procedure
leads to a collisional TDHF equation ' ' similar to
the quantal Boltzmann equation for the kinetics of
dilute gases. Another approach relies on the
assumption of the existence of a relaxation time for
the one-body dynamics and incorporates an inho-
mogeneous term in the TDHF equation, responsible
for the shift towards equilibrium. The third
category stems from the master equation methods
introduced in heavy-ion dynamics by Norenberg
and collaborators. "' ' In this approach, one
projects the many-body Liou ville-von Neumann
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equation of motion (hereafter, we consider A'= 1),

lp~ =L~pN

with the Liouvillian

Lnr=[IIiv ]
and the Hamiltonian

(2)

H~ ——Hp+H )

(3)

The projection techniques incorporated by Naka-
jima and Zwanzig ' are used to extract an un-
correlated many body state po (a Slater determinant
of sp densities) and its counterpart p, =p —po. An
average of the reduced equation of motion for po
over N —1 particles gives rise to a collisional
TDHF equation similar to those obtained by the
above-mentioned authors.

In this work we present a derivation, rather
standard in kinetic theory, based on the quantal
Bogoliubov-Born-Green-Kirkwood- Yvon (BBGKY)
hierarchy for reduced distribution functions. This
formalism is practically identical to the ones em-

ployed in Refs. 20 and 23. However, our interest
here is to discuss in depth the peculiar kind of pro-
cess that one includes or disregards when going
from the completely reversible, exact Liouvillian
dynamics to a kinetic type of description, valid for
either weakly coupled or dilute systems. Further-
more, we extract a kinetic, i.e., a collisional TDHF
equation for the full one body density matrix, rather
than for its diagonal part. ' In this perspective,
employing the projection techniques, we examine
the coupling between interference and probabilistic
terms of the one body density and establish the
characteristic times for the evolution of three kinds
of processes. These can be identified as the free
flow of the probability, the creation of phase shifts
or the onset of incoherence brought in by the col-
lisions that tend to annihilate the probabilities, and
the destruction of the initial phase correlations
among sp amplitudes. This procedure is similar to
that employed by Prigogine, Balescu, and collabora-
tors to examine the passage from the reversible
(i.e., Liouvillian) to the irreversible (i.e., causal or
kinetic) motion.

In Sec. II, we present the derivation of the quan-
tal kinetic equation stemming from the equations of
motion for reduced distribution functions and the
classification of correlation patterns by Balescu (see,
for example, Ref. 32). Section III is devoted to set-
ting the spectral representation of the irreversible
ixluation of motion in the weakly interacting or di-
lute gas approximation. This amounts to obtaining
the matrix expression of the collision term and its
linearized version. The kinetics of the nondiagonal
one body density is examined in Sec. IV, with em-

phasis on the consequences of its coupling to the oc-
cupation probabilities of sp orbitals. An investiga-
tion of the relative weight of the different contribu-
tions to the collisional derivative is carried out in
Sec. V. It is seen that the effect of transitions from
coherent to incoherent situations, when averaged
over a large portion of the sp equilibrium spectrum,
is responsible for an increase of the collision rate,
close to equilibration. The summary and final dis-
cussion complete Sec. VI.

II. THE KINETIC EQUATION
FOR NUCLEAR MATTER

In the following, we take as a starting point the
equation of the BBGKY hierarchy, already a classic
in statistical mechanics (see Ref. 32, and references
therein). In matrix notation, it reads,

S
ips=Lsps+Trs+i+Li(i, S+1)ps+i (4)

where ps=—ps(1, 2, . . . ,S) denotes the reduced S-
body density operator,

Nt
Ps= (~ S)i s+1,. . ,NPN.Tf

Lq is a Liouvillian for S particles with one and two
body terms,

S S
Ls QLp(i)+ g Li(ij——),

i)j=1

and Trz indicates the trace over the variables of par-
ticle j. We recall that the set of coupled equations
(4) that range from S =1 to S =X, namely the com-
plete hierarchy, is exact and equivalent to the Liou-
ville equation (1) for the N-body system. In partic-
ular, the first two members of the hierarchy are

ipi(1) =La(1)pi(1)+Ti2L i(1 2)P2(1 2),
iP2(1,2) = [Lo(1)+La(2)+Li (1,2) ]p2(1,2)+Tr3[L i (1,3)+L i (2,3)]p&(1,2, 3) .

(7a)

(7b)
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A useful framework in which to disentangle these equations and profit from a view over the microscopic
structure of the clusters is provided by the decomposition in vacuum-and-correlation patterns. The former
will be defined as

ps
' ——IIs(1/2/ . IS)=gp, (i),

i.e., a vacuum of S particles is a physical state of coexistence in statistical independence. The correlation pat-

terns of S particles are associated to the difference ps —IIs(1/ /S) and, in turn, possess a detailed struc-

ture according to the various possibilities of clustering S particles. As an example, we write the first few re-

duced densities.

p (1,2)=P (1/2)II (1/2)+P (12)II (12)
(0) (e)=pz +p2

p3(1,2, 3)=P3(1/2/3)II3(1/2/3)+P3(1/23)II3(1/23)+P3(2/13)II3(2/13)

+P (3/12)II (3/12)+P (123)II (123)
(0) (c)=P3 +p3

(9a)

(9b)

The symbol P denotes antisymmetrization operations between the arguments and is assumed to conserve the
correlations on its right. It should be remarked that the bar between arguments is an indication of factoriza-

tion of left-and-right clusters.
A conspicuous analysis of the correlation patterns and their equations of motion extracted from the hierar-

chy can be found in Ref. 32. Far from entering into this subject in full, we will just work out in detail the vac-
uum and correlation components of Eq. (7b) and discuss the approximations needed to achieve a sensible trun-
cation of the hierarchy at this level.

It is a straightforward exercise to obtain the equations for p2
' and p2'. Indeed, using the definition (8) and

Eq. (7a), one easily gets

tp2 = [L'o( 1 ) +La(2)]pp

+Tr3P(1/2) IL& (1,3)[P2(1/3)II3(1/2/3)+P2(13)II3(2/13)]

+L, (2, 3)[P (2/3)II (1/2/3)+P (23)II (I/23)]] .

Subtracting (10) from (7b) one finds32

(10)

ip2" [Lo(1——)+Lo(2)+L i(1»)]pe

+Tr3I [L~(1,3)P3(1/23)+L ~(2,3)P3(1/23) —P2(1/2)L ~(2, 3)P2(23)]II3(1/23)

+[L,(1,3)P (2/13)+L, (2, 3)P (2/13) —P (1/2)L, (1,3)P (13)]II (2/13)

+[L) {1,3)+L ) (2, 3))[P3(3/12) II3(3/12)+P3(123)II3(123)]J

+L i (1,2)P(1/2) II2(1/2)

+Tr3 I [L & (1,3)+L & (2, 3)]P3(1/2/3) —P2(1/2)[L, (1,3)P2(1/3)+L, (2, 3)P2(2/3)] J II3(1/2/3) .
(11)

It is noticeable that the time evolution of p2" is governed by three contributions: (i) a homogeneous flow,

driven by the two particle I.iouvillian L2(1,2) [cf. Eq. (6)]; (ii) the propagation of three-body correlations, and

(iii) a source that concentrates the results of creating dynamical correlations upon the two and three body va-

cua. %e can write, symbolically,

tp2' L(21, )2p2+——9'3(1,2, )3p3 +zC(1, )2''+C3(1,2, 3)p3 {12)
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where 9'3, C2, and C3 are linear functionals of the interaction L &.

The general solution to this equation can be set as follows,
t

p2"(t) = Uq(1, 2, t)p2'(0) —i f dr Uq(1, 2,r) P3(1,2, 3)p3'(t r)—

—t f dr U2(1,2, r)[C2(1,2)pz '(t r)—+C3(1,2)p', '(t —r)], (13)

with the full two-body propagator,

U2(1,2, t) =exp[ —iL2(1,2)t ] .

The kinetic equation in its usual form (a closed
nonlinear equation for the evolution of p&) is ob-
tained upon replacement of (13) in (7a} when suit-
able approximations for the three-body correlation
patterns are performed. Since one could feel in-
clined to truncate the hierarchy at this level, it is
necessary to examine the conditions for the validity
of such an attempt.

A set of rather common simplifications at this

l

stage consists of the following: First, we assume
that either the initial two-body correlations p2'(0)
vanish or the propagator U2(1,2, t) decays with a
short lifetime, as compared to macroscopic, i.e., ob-
servation times. This would imply neglection of the
first term in Eq. (13) for the times under considera-
tion. The latter is a reasonable assumption when
one deals with short range particle-particle poten-
tials, since the propagator kernel is expected to de-
cay in an interval comparable to the duration of the
interaction. In addition, taking into account the
structure of p3'(t r) ind—icated in Eq. (9b), we ex-
press the second term in (13) as

t
t f d—r U2(1,2;r)%3(ly2y3)p3 (t r)

i f d—r U (1,2;r)H (1,2,3)[p,(1)p"(2,3)+p,(2)p"'(1,3)+p, (3)p"(1,2)+II (123)](, ,)

i d~—U2(1,2;r)&3{1,2,3)[p)(1)U2(2, 3;t—r)p2'{2,3;t =0) jp((2)U2(1, 3;t —r)p2"(1,3;t =0)

+p, (3)U (1,3;t —r)p"(1,3;t=0)+II (123;t —r)]+0(L,2) . (15)

The arguments invoked to disregard the initial correlations propagated up to time t allow us to discard as
well the integral in (15). This is true in view of the fact that Uz(r) acts as a short-range filter; thus, for the
small values of r left for integration, U2(t —r) p2'(0) approximately behaves as U2(t)p2'(0), a negligible factor
accompanying a finite integral. We are left with a two-body correlation density of the following appearance,

p2'(t)- i f dr —U2(1,2;r)[C2(1,2)p2 '(t r) +C(3—,I,2)3p3(t —r)]+0(L)') . (16)

For the macroscopic times under consideration,
p2" is entirely originated in a "living" source;
indeed, the processes it embodies are those identifi-
able as dynamical correlations, created upon an ear-
lier vacuum at time t —w and propagated up to time
t. This is explicitly displayed in (16) where we are
showing the lowest-order contribution as a function
of L

&
contained in C2 and C3. The type of analysis

performed in the preceding paragraphs can be easily
generalized and one can convince oneself that in the
higher order processes included in 0(L

& ), the effect
of propagation of the initial correlations is negligi-
ble. The result given in (16) is, in fact, a series in

L] that reflects its repeated action upon the two
and three body vacua.

It can be shown that Eq. (16) is a particular
version of a more general equation, that arises
whenever there exist two definite, different time
scales in the many body system, namely a micro-
scopic one governing individual scattering events in
the medium and a macroscopic one related to the
thermodynamic state (i.e., density) as well as to
some average of the two body interaction (i.e., the
transition probability or cross section}. If such a
separation exists, one speaks of an asymptotic or ki-
netic regime, in which any dynamical correlations
can be expressed as

=&0 (17)

where p'" and p' ' are vectors in I.iouville space and
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c represents the so-called creation superopera-
tor. Now, in our simplified approach leading
to Eq. (16), we have prepared ourselves for a pertur-
bation analysis. As we introduce p2' in (9a) and
this one in (7a), we find, up to the lowest order in

L&, the kinetic equation for weakly coupled quan-
tum systems,

p)(1)= i—LO(1)p)(1) —i TrzL ) (1,2)

Xp2 '(1,2)+ W(p)) .

Equation (7) contains the three characteristic modes
of evolution in a kinetic process: (i) free flow, (ii)
mean-field or Vlassov flow, and (iii) a collision term
that here reads

W(p))= —Tr2L)(1,2)J dv'U2(1, 2;r)[C2(1,2)p2 '(1,2;t r)+—C3(1,2,3)p3 '(1,2,3;t —r)] .

For our subsequent discussion it will be useful to decompose 8'(p)) as

W(p) ) = —I dr Tr2[)t)2(r) Up(1, 2; —t) II2(1/2) ]
—I dr Trq 3[)t)3(r)Uo(1,2, 3; —r)113(1/2/3)]

with the two and three body irreducible collision operators,

(19)

(20)

$2(r) =L ) (1,2) Ug(1, 2;r)L ) (1,2)P2(1/2),

)t);(r) =L) (1,2) U2(1,2;r)[L)(1,3)P3(1/2/3) —P2(1/2)L)(1, 3)P2(1/3)

+L) (2,3)P3(1/2/. 3)—P2(1/2)L ) (2,3)P2(2/3)],

(21a)

(21b)

while Uo stands for the unperturbed propagator
generated by Lo.

As already pointed out by several authors, ' ' '

the appearance of three body processes in the col-
lision kernel is a pure quantal effect that holds even
in the case of a dilute gas (Boltzmann system).
It must be traced to the existence of exchange corre-
lations among indistinguishable particles that allow
for nonvanishing three particle diagrams even in the
lowest, i.e., L& interaction order; these processes
are depicted in Fig. 1, making use of the graphical
language proposed by Prigogine and Balescu.
We note in passing that if one introduces the
mean-field Liouvillian

III. SPECTRAL REPRESENTATION
OF THE KINETIC EQUATION

(a)

TR2L (1,2)U (1,2,Z)LP 2)P (1 2)
0

2 W
(b)

—TR L(1,2&U (1 2 Z) TR [L(2,3)P3(11213)—

P(112)L (23)P(213)] P2 ) ' 2 30

The next task is to write Eq. (18) in a manageable
form that allows the examination of the time scales
of interest. We have found it useful to work in the

W( 1 ) =Lp( 1 ) +T12L ) ( 1 2)p) (2)

it corresponds precisely to the Hartree-Fock Hamil-
tonian (c)

:TR L(1,2)U (1,2, Z) TR [L(1,3)P(il2l3)-

P& il2) L (1,3) P2(1 13)]P2 &
' 2 30

W(1)= [A (1), ]

= [Ho(1)+Tr2V"(1,2)p)(2), ] . (23)

Equation (18) is thus of the type that has become
popular in theoretical nuclear physics as a "col-
lisional TDHF" equation and different versions are
available, according to the choice of the intermedi-
ate propagator Uz(1, 2;r) in the collision kernel. o'

FIG. 1. Typical diagrams of a kinetic equation, ac-
cording to Prigogine and Balescu. {a), {b), and {c) show
the contributions to the two- and three-body collision
operators. {a) The two body collision diagram is the only
one existing for classical diluted or weakly interacting
gases. {b) and {c)The three-body collision diagrams for
quantal gases, where the wiggly line indicates that an-

tisymmetrization of sp orbitals denoted as 1, 2, and 3 has
been carried out.
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Liouville representation making extensive use of
the following ingredients:

(a) Vectors in Liouville space are operators in
Hilbert space; a basis of the former is the set

I ~a)(a'~ j, where ~a), ~a'), are elements of a
basis of the latter.

(b) Operators in Liouville space are superopera-
tors in Hilbert space; those appearing in the current
developments are factorizable superoperators and
their combinations. In particular, the Liouvillian is

(24)

where I is the identity in Hilbert space and 8 is the
factorizability symbol that indicates the position of
the vector acted upon by L. Its spectral representa-
tion is

~ =X~Xp 1~~)&~'~'
I
~

I r5) &)"5'
I

(25a)

L g, fr H——p, p 5~ 5ss Hy—sy s 5 5',yS S

Uo(1 r) =ye
ap

(26)

withu p
—e —~p.

The remaining elements to be used hereafter are

(25b)

where we assume that Greek indices stand for a set
of sp labels. We note as well that if

~
a) is a time-

independent energy eigenbasis, the unperturbed sp
propagator is

P2( 1/2) = —,g ~
ai3 13a ) (aP—~,

ap

Pi(1/2/3) =,g ~
aPy ayP+Py—a Pay+ya—P yPa) (aP—y ~

1

3' apy

II2(1/2)= g paappp ~aP)(a'P'~,
aPa'P'

X P 'Ppp'Pyy' I &&) ) &~'&Y
I

apya'p'y'

(27)

(28)

(29)

(30)

The calculation of the collision kernel in Eq. (20), using (21), is straightforward, although lengthy; indica-
tions about details and methodology are given in Appendix A. The final result, after some suitable assump-
tions regarding the variation of the matrix elements of the interaction [see Appendix A from Eq. (A6) to
(A13)] can be cast into the appealing form

p ' iX~ pppp'+ X ~ Iyf tpyy'pl'(1 p ')(5pp' ppp') P 'ppp'(5yy' Pyy')(5ss' Pss') I
pp' py5

p'y's'

where the symbol 8' ~y encloses two interactions
and an energy form factor,

w.'I',&"=F(~,r) v".p„v",,, ,p . (32)

Equation (31) is the spectral representation of the
kinetic equation (18) under the simplifying hy-
pothesis of smooth behavior of the interaction ma-
trix elements with respect to the sp labels. The gen-
eral form of the collision kernel is given in Eqs.
(A6}—(AS), where we recognize the usual "gain-
minus-loss" pattern of irreversible evolution. This
is evident as one neglects the off-diagonal matrix
elements of pi in (31), in order to get the quantal
Boltzmann equation

Pa= i+~ aapp
pp

p

+X~ pysI PyPs(i P )(1 Pp)—
py5

Papp(1 P )(1 Ps) I (33)

Here 8'apyp is just the transition probability for
the sp scattering event (aP)~(y5) and the Pauli
principle is enforced by the initial (i.e., py, ps) and
the final (1 —pa, 1 —ps) sp occupation probabilities.
In this frame, Eq. (31) is an obvious generalization
of this intuitive description of balance, although ob-
tained from a complete reasoning that leads to it
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with a proper selection of the transition matrix ele-

ments.

P'a' P'a'
~ap =~ap (paa'&pyy'&pSS') . (38)

IV. THE KINETICS OF THE NONDIAGONAL
ONE BODY DENSITY

The passage from Eq. (31) to Eq. (33) is founded
on the hypothesis that off-diagonal matrix elements

p ~ are small in the vicinity of equilibrium. Indeed,
it can be proven on very general statistical argu-
ments that the final stage of kinetic evolution is in-
variant under collisions, i.e., W(pi, q) =0 and

lim paa (t)=t~ oo

1
—t e —~F its «

1+e
(34)

X
I
a&(P

I

e IP &(a
I

. (35)

We now try to write the collision term similarly
to the flow term in (31), namely,

aa'PP'

However, one is usually interested in dynamical
properties involving expectation values of observ-
ables. This indicates the convenience of knowing to
a better extent the range of validity of the diagonal
kinetic equation (33). It is thus important to exam-
ine the intrinsic time scales for the decay of both di-

agonal and off-diagonal components of pi towards
the asymptote (34). Towards this aim, we perform
upon Eq. (31}a projection analysis similar to that
leading to the general master equation. ' This is
rather easily done after linearization of the collision
term; the advantages of this procedure to achieve a
reasonable estimate of the time scales of interest
will become evident as we proceed. We have al-

ready observed that the reversible Aow in the gen-
eral equation (18) is driven by the self-consistent
Liouvillian whose spectral Liouville representation
ls

W= g (A p5p P'p 5 p)—
aPa'P'

pi ——( i&—+M)pi, (39)

where we see that the linearized kernel is related to
the width of the sp states, or, as usually stated in ki-
netic theory, the maximum finite eigenvalue of its
inverse W ' gives the relaxation time of the sp
density. Now, since diagonalization of the inverse
kernel M ' is usually a rather complicated numeri-
cal task, the standard estimate in kinetic and trans-
port theory consists of taking the numerical value
of the element M«(pieq) and making the assign-
ment

aa
%ra ~aa(pl eq} ' (40)

This evaluation gives a relaxation time for the sp
state a, out of which mean free paths and transport
coefficients can be extracted as function of the sp
observables listed in a. Typical calculations of the
mean free path for a single nucleon impinging upon
nuclear matter have been performed, as a function
of the nuclear energy, for different temperatures of
the environment. ' Another remark at this point
is that the eigenvalues of A" are precisely the sp
widths I a introduced in Appendix A to smooth
away the singularity of a distribution, except for an
unimportant factor of units.

It is convenient to split the sp Hilbert space in
two orthogonal subspaces, such that

It is evident that very near equilibration, when

Eq. (33) is valid, we have

Map —Map5aa'5pp&
P'a'

with A & a function of diagonal matrix elements of
p&. In general, we expect that approximation (36}
gives us some insight regarding the mutual influ-
ence of the probabilistic and interference parts of pl
during the motion. Especially, we would like to ex-
tract some characteristic time scale for the vanish-

ing of these sp interference processes.
In view of (36), the general kinetic equation (18)

takes the simple form

=A (pi)pl, (36) Pi =Pa+Pe (41)

with M a one-body superoperator of the form (35),

~(p, )= g ~.'p i &(nI ~le'&( 'i,
aa'PP'

(37)

Of course, the matrix elements A p~ depend
upon p&,

In the present approximation scheme, we have
M=A [p&(t)]. The diagonal and nondiagonal pro-
jections of the linearized kinetic equation provide
the coupled system,

PD =( t~+~)DDPD+(—t~+~)DNPN &

(42a)
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PN
——( —l &+M)NDPD+( —1 &+M)NNPN .

(42b)

This set of equations gives rise to a generalized,
non-Hermitian masterlike equation for pD, follow-

ing the usual procedure, we integrate Eq. (42b), get-

ting

pN(t) = UN(t)pN(0)

i f d—&UN(&)I(W+iW)NDPD[(t —&),
0

(43)

with the intrinsic propagator

UN(r) =TexpI i f—dr'(W+iM)(r') J, (44)

T being the time-ordering symbol.
Equation (43) is to be regarded as the description

of a class of sp correlations, namely those associated
with interference between sp states. Their existence
stems from two independent sources: The first
term in (43) describes the propagation and decay of
the initial phase correlations, while the second one
corresponds to those dynamical phase shifts pro-
duced during the time evolution of the whole sys-
tem. In the language of modern kinetic theory, s

we would say that these dynamic correlations are
"created" upon the "vacuum" pD [cf. Eq. (17)], ac-
cording to a non-Hermitian memory kernel. Re-
placement of Eq. (43) into (42a) yields the non-
Hermitian master equation,

PD(t) =( i&+A—)D(t)PD(t)
t—f dr( 1 &+4—)DN(t) UN(r)( 1 &—+M)ND(t r)PD(t —r)+ ( 1—&+PC—)DN(t) UN(t)pN (0) .

0

(45)

The first observation, as one glances at this for-
mula, is that the first term gives the linearized ver-
sion of the close-to-equilibrium, full-diagonal equa-
tion (33). The extra terms are corrections induced

by the coupling to the off-diagonal one-body densi-

ty. We are now in a condition to establish typical
frequencies and decay times for these added contri-
butions and compare them with those of the motion
near equilibration.

A second remark is convenient at this point.
Even though we are assuming that the current re-

gime is not extremely close to equilibrium, neither
is it too far from it; the core of the derivation of the
one-body kinetic equations resides in our belief of
the validity of a long-time description of the evolu-
tion. We feel entitled to write

abridged symbolical notation

~DD(pl ) ~DD(Peq+ ~pl )

=Ap]+Bp]

=W(P,q) +%(P,q)5P1

+@(P,q)5P1

(48)

Then, the evolution term M~~pa can be written

~DD(pl )PD ~ (P q)P q

+[~(p.q)+~(P.q)P.ql&PD

+0(&PD') . (49)

Now, since

P 1( t) =Pi,q+ &P( t) (46) ~(Peq ) ~DD (Peq )Peq

~(pl q)P1 q= (47)

with p~,q a thermal Fermi distribution given by Eq.
(34). As quoted above, it is invariant under particle
collisions, and its stationarity property

we have

=~(peq)peq =0
~

1
~DDpD ~pD ~

7 g)

(50)

(51)

defines the sp mean field eigenenergies in (34). One
can then realize that Eq. (45) is in fact an evolution
law for pl(t); let us analyze, for example, the linear-
ized kernel in the first term, A DD. A look at Eq.
(34) will convince the reader that it is essentially a
second-degree polynomial in p&. We have, in

defining in this way the time operator whose

highest noninfinite eigenvalue gives the relaxation
scale of the diagonal matrix elements, v;.

In this spirit, we hope that Eq. (45) corresponds
to a damped motion of the type
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5PD —lND—
+D

1
5pD+DPN(0) .

7D

(52)

where 5=(o. times the average level density) mea-
sures the number of sp states over which f& can
spread, keeping measurable values. This means that
one could expect

Here we are including in mD every oscillating
contribution, actually the one arising from the mean
field W plus those cross products in the integral
kernel. The second relaxation time appearing in
(52) can be traced to the real part of the memory
kernel,

00—I dr I WDN—(t) UN(r)WND(t r)—
0

+MDN(t)UN(r)MND(t r)j—
(53)

and D expresses the destruction of the initial phase
correlations. It must be kept in mind that every
coefficient in this equation of motion is indeed a
time-dependent, nonlinear one-body superoperator.

V. STUDY OF THE TYPICAL
TIME SCALES

~ND & ~DN ~ ~NN ~~DD (55)

Expression (55) tells us that the decay time of the
initial correlations, actually the largest bounded,
non-negative eigenvalue of ~N ———ANN

' is pro-
portional to rD/6 &rD This. means, for most times
of interest concerning the observation of the
motion, these initial phase shifts can be forgotten.

The situation is a bit different as we consider the
second relaxation time rD given by (53). In this ex-
pression we recognize that the propagator UN(r)
whose lifetime we have just analyzed leads the time
evolution of the integral kernel. The shortness of
this decay time (provided b » I) in comparison to t
justifies the replacement of the upper integration
limit of Eq. (45) by infinity. The ratio rD/rD can
be estimated as follows: Since the integrand is
nonzero for an interval ~ not larger than the lowest
eignevalue of ~N, we can represent the integral as

~av ++(~arvs~~ayvs) I Vayvs I
(54)

where n is the number of particles per unit volume
and the bar denotes a typical average value taken
over the summation indices y,5. It is not so simple
to estimate the remaining matrix elements; one
could, however, reason as follows. It can be as-
sumed that p~ is peaked at y=y' and spreads
around a narrow range o for yQy'. Then one
could expect that a sensible estimate for a summa-
tion of the type g .f(yy') would be b,g f(y),

The objective of this section is to establish the
characteristic time for the destruction of pND(0) and
the magnitude of the correction ~D. According to
Eqs. (43) and (44), the decay time for the initial
correlations is given by the off-diagonal linearized
kernel MNN. It is thus necessary to analyze this as
well as the remaining blocks into which we have
split the superoperator M, whose construction is
carried out in Appendix B [see Eqs. (33)]. In Eq.
(39) we have the full diagonal part Pi"DD, where we
recognize the transition probabilities at the site of
the weighting factors of the polynomial in pD.
Since p~(1, the leading contribution to A ~„corre-
sponds to linear terms with respect to these num-
bers. The order of magnitude, for pD-p~, would
be

DN(t)WND(t)+MDN(t)MND(t) I .

(56)

In the stationary regime the Hartree-Fock Hamil-
tonian becomes diagonal, thus

~DN(eq) ~ND(eq)

We neglect these reversible contributions to (56) and
obtain

D
VNWDN(t)MND(t) ~ (57)

thus,

tD ~DN~ND
~NN~DD

(5g)

We recall that the number 6 counts the sp states
y', with respect to a given y, for which p~ is
measurable and comparable to p&. Thus, 6 must be
a time dependent quantity reaching the value zero
as t—+ao. This result indicates that when one
writes the linearized kinetic equations for very-
close-to-equilibrium situations,
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tPD(t) ( t~DD+~DD+~DD)(eq)pD(t)

1 1i—&DD — — (eq)pt) (t),
&D

the extra contribution MDD can be important for
short times but negligible in the very-close-to-
equilibrium regime. Since relaxation times and the
associated transport coefficients are usually calcu-
lated introducing p,q

in the integrand for the loss
term of the collisional derivative, ' we conclude
that interference events do not intervene in these
calculations. However, they could be non-negligible
in earlier stages of the evolution.

The meaning of this extra frequency is worth be-

ing analyzed. It measures the number of processes
of a selected kind, per unit time, that provoke varia-
tions in the sp level occupation probability. These
processes correspond to the following sequence: A
transition takes place, carried along by the collision
kernel Mzz, whose effect is to break the coherence
to some extent. This kernel, acting upon a sp prob-
ability at time t —~, just induces some phase shift
between the two amplitudes, leaving the system en-

dowed with a correlation p~ of the dynamical type.
This correlation lasts a short time represented by ~~
and is destroyed by a second transition that restores
the coherence at a later time t. This image general-
izes that of sp correlations originated in two-body
interactions, like those created and destroyed by the
kernel A ~D. However, it is important to signal
that this effect conserves the basic scheme, consist-
ing in the creation and subsequent annihilation of
correlations, whatever their kind, as the motor of
kinetic evolution. In the present case, we see that
off-diagonal matrix elements of pi can be respon-
sible for an effect that modifies the rate of collisions
to an extent that, although unimportant in the vi-

cinity of equilibrium, could be perhaps significant
in the earliest motion.

VI. DISCUSSION

In this work we have derived a very general ki-
netic equation that fits into the scheme of collision-
al TDHF laws of motion for the reduced one body
density operator. This derivation has been per-
formed by means of a standard procedure in none-
quilibrium statistical mechanics. Starting from the
quantal BBGKY hierarchy and truncating it at the
lowest interaction order (i.e., L i ) one ends up with
the desired equation of evolution, where one can
recognize that processes such as propagation of ini-
tial correlations, collisions involving more than two

particles, and dynamical correlations among more
than three particles have been disregarded. This ki-
netic equation is more general than its ancestors
since it is an operational equation for the full one
body matrix, rather than for the diagonal one. This
generality allows a further disentangling treatment;
with a somehow obvious projection, one writes a
coupled system of equations for the diagonal and
off-diagonal components of pi. If the linearization
of the collision kernel has been carried in advance,
the resulting system is a first order one, and can be
rewritten as a generalized, non-Hermitian master

equation for pn.
This new equation of motion is driven by non-

linear (i.e., depending on pi) generators and exhibits
the three characteristic terms: (i) free flow of pD,
(ii) propagation and destruction of dynamical corre-
lations on phase shifts created upon an element of
the pD, and (iii) propagation of the initial incoherent
events p~(0). The analysis of the time dependence
of these terms rests on the hypothesis that at a
given time t, p~ (t) is concentrated near y=y' and

spreads around the diagonal matrix elements, 6 be-

ing a measure of the number of states yQy'over
which the magnitude of pi remains observable. One
can realize that b, must be a function of time;
indeed, it can be larger for t =0, according to the
preparation of the system, and tends to zero for the
t~ao. This fact gives rise to the following obser-

vations: On one hand, one finds that the decay time
for the initial correlations is shorter than the relaxa-
tion time of the diagonal density matrix by a factor

Since 6 is large near the origin of the t-axis,
one can rely on the fact that these initial phase
shifts are unobservable for any macroscopic time of
interest. On the other hand, the extra collisional

frequency or its inverse, the extra relaxation time
due to a dynamical process of creation-and-
annihilation of correlation, is not contemplated in

the usual diagonal kinetic equation. It intro-
duces a pure quantal effect that originates in the
possibility of the existence of correlations of a par-
ticular kind that do not possess a classical analog.

The numerical resolution of the equations
presented here poses a gigantic task, even more deli-

cate than the solution of the TDHF equations, with
or without collisions. Even though it is highly un-

likely that detailed calculations of the extra col-
lisional frequency can be performed for the time be-

ing, it would be desirable if, in the light of the argu-
ments here presented, estimates of its magnitude
were given in parallel to calculations of relaxation
times and transport coefficients of the nuclear fluid.
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that arises from the first term in (21b). We assume
in addition that the two-body propagator U2(1,2;r)
in the collision kernels (21) can be reasonably ap-
proximated by the free-particle one,

Up(1, 2;r) = Uo(1;7 ) Uo(2 r),

APPENDIX A. CONSTRUCTION OF THE
COLLISION MATRIX

We illustrate the kind of calculations carried out
in this work displaying the contribution to Eq. (20)

generated by the mean-field Liouvillian in equilibri-
um. This means the eigenfrequencies w ~ in (26)
are differences of eigenenergies of the static
Hartree-Fock Hamiltonian once equilibration has
been attained, i.e., as r +oo —Usin. g Eqs. (25) to (27)
we find, for example,

L ]( 1 2) Up(1 2'7 )L ]( 1 3)P3(1/2/3) Up( 1 2 3; —r)113(1/2/3)
pvo'r MNST

Z, L ( L t paa'pbb pcc'exp[ ( mn + pq wm'n' ~p''q' wrs )]
aPy5 ABC'

all labels

X
I
a(I)p(2) ) &X(l)5(2)

I
m(1)p(2) ) & m(I)p(»

I
~(I)&(3)&

X (C(1)D(3)
I
m'(1)p'(2)r'(3))" (m'(1)p'(2)r'(3)

I
a(1)b (2)c(3))

X (a'(1)b'(2)c'(3)
I
n'(l )q'(2)s'(3) ) (n'(1)q'(2)s'(3)

I
M(1)E(3))

x &&( I )T(3)
I
n(1)q(2) & & n (1)q(»

I p( I »(2) ) & a( I)«2)
I

. (Al)

We are showing the sp number arbitrarily assigned to each sp label in order to facilitate the bra-ket contrac-
tion. The superscript 2 indicates the antisymmetrization endorsed by P3(1/2/3). The time integral over the
right half of the real axis is

00 1
e ' 'dr=115 (w)=II5(w) —iP—

0 W
(A2)

with P the principal part. Thus this procedure allows us to write for the three body collision term in (20),

I dr +3(r)Uo(1,2, 3;—r)II3(1/2/3)

lap' 1qacl, paa'pbb'pcc' I P
all labels

X [II5 (wr&+wsb w« w—cc )5 ' —~5c x'5»'

X [5rg5s, ( CD
I
cb )"+5' 5s, (CD

I
ba )"+5rb5aq (CD

I
ac )"]

+ 5—(wra+ws~ wbb' wcc')5a'p5c'N5b'M5sv

X[5sg5rb(CD
I
ca) +5s„5r (CD

I
ah) +5rg5s, (CD

I
bc) ]J (A3)

We notice that the second term inside the outermost brackets is identical to the first under the following
redefinition of labels,
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y~, p~v, a'~b', and a~b .

Then, as we average over the coordinates of particles 2 and 3, we get the three body collision term

f dr Trz 3+3UO(1,2, 3, —r)113(1/2/3)

I
o'& &&'

I p- pbb p- II5 (~-sb+~~ ~- ~,.)
a11 labels

X(5„d5s, (CD
I
cb)"+5r„5s,(CD

I
ba)" +5rb5s„(CD I

ac)")

(A4)

y(1 pb'n'P+L b'yn'P)L a'c'pB
&pQ ap5y ABCD

(A5)

Some further tedious algebra with attention to cancellations and convenient renaming of labels from time to
time rewards one with the sight of the final expression,

II'(p)) =g I
a ) ( a'

I
(G l. )—

aa'

with the gain-and-loss balance weights,
'A A

nn' g Ipaa'Pbb'5cc'5dd'( I nb'dc Vd'c'ab5a'n'+ Vdc'n'b I a'b'dc5na )
abed

a'b'c'd'

Paa Pbb Pc'c 5d'd "'nb'd'c "d'c'abaca'n' Paa'Pbb'Pdd'Ucc' "a'b'dc "d'c'n'b5na 1

(A6)

(A7)

A 'A
Gnn' = g I Paa'Pbb'5cc'5dn5d'n'( ~b'a'n'c I nc'ba Va'b'n'c I nc'ba )

abed
a'b'c'd'

Paa'Pbb'Pcc'5dn5d'n'( "b'a'n'c " nc'ba "a b n c"n'c''ba')

A 'A
Paa'Pbb'Pdd'5cc'( ~b'a'cd ~nc'ba5d'n'+ I n'cb'a' ~bac d 5nd ) I'' (A8)

For simplicity, hereafter we absorb the 5 factors
in the interaction matrix, elements, i.e.,

~abed
115(e,+eb —e, —ed ) =

abed +~abed

I abed ~abed II5 (~ac ~bd )—. (A9) (Alo)

It should be noticed that, while the real part of
the 5 distribution is in charge of selecting energy-

conserving scattering events of strength V,bcd, its
imaginary part usually gives a vanishing contribu-
tion when the summation over sp labels is converted
into a sum over the transferred energy, among other
observables. This in fact happens since the term
under the sum or integral symbol is, in general, an
even function of the transferred energy.

Now, although expressions (A7) and (A8) are ex-

act, they are of limited utility in their general
fashion. A particularly interesting situation arises
under the following assumptions. First, let us

broaden the singular kernels, replacing them by
Lorentzian factors, namely,

~here

Nabcd 6a +Eb —~c— (Al 1)

I,bcd =I,+~b+~, +~d, (A12)

I'a being a sp width. Actually the Lorentzian fac-
tor appears as the real part of the integrated time
exponential in (Al) when the sp levels are described
via a complex frequency that reflects their finite
lifetime and can be introduced into the theory
through some convenient representation for the two
body propagator U2(1,2;r) other than the present
one (see, for example, Ref. 23). The broadened ker-
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nel (A10) filters the sp energies contributing to the
summations in (A7) and (A8) to within some nar-

row range. Thus, we further suppose that for each
selection of labels in these expressions, all terms
adding up contribute the same Lorentzian factor
that comes out as a form factor E(w, I ), with w the

energy transferred in the transition under considera-
tion. In these conditions it is reasonable to com-

plete. the picture with the assumption that the in-

teraction matrix elements vary smoothly, as func-
tions of the sp labels, within the given energy range.
This means, with some convenient reaccommoda-
tion of labels, we can write

APPENDIX B. LINEARIZATION
OF THE COLLISION MATRIX

The kinetic equation (31) is an evolution law for
the coefficient of

I
a &

(a'
I

in the operator equation
of motion (18). Our purpose is to write Eq. (18) as

Pi = I
—2~(pi)+~(pi) )pi (B1)

so that the coefficients of its spectral representation
build up the coupled system,

8'(p, )- Q I
a& (a'

I
I'(w, r) v".p,„v",, ,p

apy5
a'p'y'5'

Pa '=+I i&a +Ma Ipvv' (B2)

X Ip pss(1 —p )(&pp ppp )—
Ppp(&yy Pyy )(&s—s PM ) I .—

(A13)
I

We must write the kernel A in such a way that
(B2) represents Eq. (31). This can be done on in-
spection of Eqs. (A13) or (31);one readily finds

v'a' ] 1 1

~av ~vP v'P' g ~ave ( 2 Pyy'PS5' Paa'~yy'~SS'+ 2 Paa'Pyy'ASS'+ 2 P a'PaM'8yy')
ySy5

a'p'v'5'+ vy v'y' M ap» 2pss' pp' 2PM'Paa'~—pp 2pss'Ppp+— ,Paapppcss )
p5p'5'

a'p'y V+~vS~v'S' ~ ~apyv ( 2 Pyy'~pp' 2 Pyy'Paa'5pp' 3 Pyy'Ppp'+ 2 paa'ppp'5yy') (B3)

It is convenient to mark the significance of the
block superoperators appearing in Eqs. (42), namely

the diagonal-diagonal, diagonal-nondiagonal, etc.,
ones;

~»= X~-":l~&&vl
I
v&&~'I (B6)

(B7)
MDD= gM „la&(vl i8i Iv&(al,

v

~»= 2 ~":l~&&vl lv'&&~I
Mv'

(B4)

(B5)

Mv'

A trivial verification of (B3) is attained as one
calculates the matrix elements of 4"~D,

va 1 1 1~av= ~vPX ~avyS( 2 Pypa Pa+ 2 PaPy+ 2 PaPS)
y5

1 1 1 1+ tivyg IVaPvs( 2 Ps 2 PsPa TpsPP+ 2 PaPP)
p5

1 1 1

+bvSQ ~aPyv( 2Py 2PyPa YpyPP+ 2paPP) '

py

(B8)

It is now straightforward to verify that g, Wa„P„gives the diagonal Boltzmann equation written in for-
mula (33).
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