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The two-proton pickup reaction (' C, ' 0) on the even Mo isotopes was investigated at
E),b ——71 MeV. It was found that the ratio of the ground and first excited 0+ state cross
sections changes dramatically as neutrons are added to the N =50 shell. While the reaction
9 Mo(' C, ' 0)9 Zr populates the ground state three times more strongly than the first excit-
ed 0+ state, for the heaviest isotope Zr, the excited 0+ state has twice the population of
the ground state. Attempts to explain the cross section ratios by means of distorted-wave
Born approximation calculations, based on a complete Brody-Moshinsky decomposition of
the two-proton cluster and spherical shell model wave functions, were not successful.

NUCLEAR REACTIONS "'~Mo("C,"C)"'~Mo, E~.b ——71 MeV;
measured 0(8); elastic and inelastic scattering; ' ' ' " Mo('"C,

' 0) ' ' ' ' Zr reactions; optical model, DWBA calculations.

I. INTRODUCTION

Two-nucleon transfer reactions induced by light
ions have been used quite extensively to obtain spec-
troscopic information, especially for nuclei with
magic proton or neutron numbers. ' For example,
the two-neutron transfer reactions (p, t) and (t,p) on
the even Zr and Sn isotopes have given valuable in-

sight into the structure of excited 0+ states in these
nuclei. Two-proton stripping has so far been stud-
ied mainly by the ( He, n) reaction. This reaction
suffers however, especially at higher incident ener-

gies, from the poor energy resolution of the detected
neutrons. The two-proton pickup reaction (n, He)
has not been reported to our knowledge. The light-
est projectile which has been used for the two-
proton pickup reaction is Li and several reports
have been given for the ( Li, 8) reaction, mainly on
1p-shell nuclei. Recently this reaction was used
for a spectroscopic study of the isotopes ' Zr.
The cross sections for the ( Li, '8) reactions investi-
gated so far, however, are generally quite small. An
important motivation for this study was our desire
to see if the strong excitation of the excited 0+ state
at 1.59 MeV in Zr found in the ' Mo(d, Li) Zr
reaction would also be observed in the Mo(' C,
' 0) Zr reaction. Furthermore, we were interested
to see if distorted-wave Born approximation

(DW8A) calculations assuming a single-step cluster
transfer could account for the relative strengths of
the ground-state and the excited-state cross sections,
or if higher order processes have to be taken into
account.

II. EXPERIMENTAL DETAILS

TABLE I. Thickness and isotopic purity of the targets
used in these experiments. The targets were evaporated
onto 5 —10pg/cm C backings.

Target

Mo
'4Mo
"Mo
'MQ

'~Mo

Thickness
(pg/cm )

100
50

200
100
60

Isotopic purity
(%)

98.3
91.6
96.4
97.2
97.4

The experiments were performed at the Munich
MP tandem accelerator with a 71 MeV ' C + beam
obtained from a sputter source. The targets used
in the experiments and their thicknesses and enrich-
ments are summarized in Table I. The outgoing
particles were momentum analyzed in a
quadrupole-dipole-dipole-dipole (QDDD) magnetic
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spectrograph and detected in the focal plane by a
position-sensitive ~~ -E ionization chamber. FiguI'e
1 shows a two-dimensional && E-plot obtained for
the reaction ' C + Mo at 71 MeV incident ener-

gy. The magnetic field was set for the detection of
the (' C,' 0 +) reaction. As can be seen, even weak
channels can easily be separated. The energy reso-
lution obtained in these experiments at a solid angle
of 11A msr is between 100 and 200 keV and is
mainly determined by the target thickness. In most
cases, this resolution is sufficient to separate the
states of interest. The normalization of the cross
sections was achieved with a monitor detector posi-
tioned at 8=20'. Absolute cross sections were ob-
tained by a measurement of elastic scattering at for-
ward angles where the cross section is given by its
Rutherford value. For the calculation of the cross
sections the 6+, 7+, and 8+ charge states for the
outgoing ' 0 particles were taken into account.

III. EXPERIMENTAL RESULTS

A. Elastic and inelastic scattering

In order to obtain optical-model parameters for
' C, we measured elastic and inelastic scattering of
' C on Mo and ' Mo at 71 MeV incident energy.
The angular distributions are shown in Figs. 2 and
3. The solid lines are optical-model (elastic) and
DWBA (inelastic) calculations that are discussed in
Sec. IV.

B. The (' C, ' 0) reaction

Figure 4 shows energy spectra for the reactions
('4C, ' 0) on the even Mo isotopes and Fig. 5 gives
the observed differential cross sections at 81, ——30'
for the ground state, 02, and 2~ states of the corre-
sponding Zr isotopes. We observe that several
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FIG. 1. Two-dimensional ~-E plot for the system ' C+ Mo at 71 MeV incident energy and a scattering angle

ebb ——30'.
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FIG. 2. Angular distributions for elastic scattering of '~C on ~2Mo and ' Mo at 71 MeV incident energy. The solid
lines are optical model calculations with parameters given in Table II.

states are populated in the Mo(' C, ' 0) Zr reac-
tion, whereas in the reaction ' Mo(' C, ' 0) Zr
mainly the two 0+ states at 0.0 and 0.854 MeV ex-
citation energy are excited. Furthermore, the ratio
of the transition strengths between the ground state

and the first excited 0+ state in the even Zr isotopes
changes in going from Zr to sZr. In the

Mo(' C, ' 0) Zr reaction the ground state is popu-
lated three times more strongly than the excited 0+
state at 1.761 MeV excitation energy. The situation
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FIG. 3. Angular distributions for inelastic excitation of the 2 and 3 levels at E„=1.509 and 2.848 MeV, respec-
tively, in Mo, and for the excitation of the 2+ level (E„=0.535 MeV) in ' Mo. The solid lines are DWBA calcula-
tions with parameters given in Tables II and III.
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FIG. 5. Differential cross sections at B~,b——30' for
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ferent Zr isotopes.
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FIG. 4. Energy spectra for the reaction (' C, ' 0) on

the even Mo isotopes measured at 71 MeV incident en-

ergy and e&,b ——30'.

is reversed for the ' Mo(' C, ' 0) Zr reaction,
where the excited 0+ state at 0.8S4 MeV energy has
almost twice the transition strength of the ground
state. Similar observations have been made in the
(d, Li) reaction on the even Mo isotopes, where the
first excited 0+ state of 6Zr is strongly populated
in the ' Mo(d, Li} Zr reaction, while the ground
state transition dominates for Mo(d, Li) Zr. For

Zr we observe, in addition to the first two 0+
states, mainly 2+ and 3 states up to an excitation
energy of about 3 MeV. High spin states (6+,8+)
could not be identified.

Owing to the higher level density, only the lowest
states in Zr could be resolved in the Mo(' C,
' O)9 Zr reaction. In addition to the strong ground
state transition, the 2+ states at 0.935, 1.847, and
2.067 MeV could be identified. The transition
strength to the excited 0+ state at E =1.382, which
could not be completely resolved from the neighbor-

ing 4+ state, is quite weak. The small peak at
E~ =600 keV is due to the (' C, ' 0) ground state
transition on the target contaminant Mo.

The spectrum for the reaction 9 Mo(' C, '6 Q)9 Zr
is still dominated by the ground state transition,
while the excitation of the first excited 2+ state at
0.919 MeV is quite weak. The multiplet at E„&1.3
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FIG. 6. &ngular distributions for the excitation of the 0&+ (full circles) and 02+ (open circles) states in the reaction
'~Mo(' C, ' 0) ' Zr at 71 MeV bombarding energy. The curves are renormalized DWBA calculations as discussed in

Sec. IV.

MeV consists of the 0+, 4+, and 2+ states at 1.30,
1.469, and 1.672 MeV excitation energy, respective-

ly, which could not be completely resolved.
The energy spectrum for the reaction

Mo(' C,' 0) Zr is already dominated by the
strong transitions to the first two 0+ states at 0.0
and 1.59 MeV excitation energy, respectively. The
transitions to the 2+ and 3 states up to an excita-
tion energy of 2.3 MeV are smaller by factors of 4
to 10. The energy spectrum for this reaction is
similar to the one obtained in the Mo( Li, B) Zr
reaction of Ref. 5.

For the ' Mo(' C, ' 0) Zr reaction the strongest
transition excites the 0+ state at 0.854 MeV in

Zr. The transition to the 2+ state at 1.223 MeV
excitation energy is four times weaker than the
ground state transition. The strong population of
the excited 0+ state is unexpected because to date
the 0+ ground states have generally shown the larg-
est transition strengths in heavy-ion induced
transfer reactions.

Angular distributions for the excitation of 0+,
2+, and 3 states observed in the reactions

Mo(' C, ' 0) ' Zr are shown in Figs. 6 and 7.
They are bell shaped with a maximum of the distri-
bution at about 30' for Mo('4C, 'so)9oZr and about
35' for ' Mo(' C, ' 0) Zr. This shift is due to a
change in the ground state Q value, which decreases

by 6.9 MeV in going from Mo to ' Mo. The
solid lines are DWBA calculations and will be dis-
cussed in Sec. IV.

IV. DISCUSSION

A. Elastic and inelastic scattering

The optical-model analysis was performed with
the program PTOLEMY. The real and imaginary
Woods-Saxon well depths were held fixed during
the least-squares fitting procedure. The parameters
so obtained are summarized in Table II. Also in-
cluded are the ' 0 + Mo potential from Ref. 10
and a ' 0 + Zr potential from Ref. 11. The
principal difference between the ' C potentials for

Mo and ' Mo is in the radius and diffuseness
parameters for the imaginary potential. The
DWBA calculations for inelastic scattering were
also performed with the program PTOLEMY.

Coulomb and nuclear excitation with equal defor-
rnation lengths were taken into account for the cal-
culation of the form factor. The parameters used in
these calculations are surnrnarized in Table III. The
agreement between theory and experiment is quite
good.
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FIG. 7. Same as Fig. 5 except for excited 2+ and 3
states in Zr.

B. Two-proton pickup reaction

Calculations for the (' C, ' 0) reactions were
made following the procedure of Kammuri, Kubo,
and Une. ' In this method a Brody-Moshinsky

decomposition is used to express the wave function
of the transferred protons in terms of a relative
coordinate and a cluster coordinate. The overlaps
of the wave functions of the relative coordinate are
computed assuming harmonic-oscillator wave func-
tions, but bound-state wave functions corresponding
to Woods-Saxon potentials that reproduce the two-
proton separation energies are used for the cluster
coordinates. There are several of these wave func-
tions (with different orbital angular momentum and
numbers of nodes) at each vertex. Finite-range
DWBA calculations are done for all combinations
of the bound-state wave functions and the resulting
amplitudes are combined using the spectroscopic
amplitudes to be described later. Unless otherwise
stated, the finite-range DWBA calculations include
the Coulomb interaction and core-core correction
terms for the Coulomb and real part of the optical
potential. '

The method just described is intermediate in
computational difficulty between the traditional as-
sumption of transfer of a cluster with internal
quantum numbers n =1, I =S=0 and methods that
directly use the product of Woods-Saxon bound
states for the two protons. "' A more detailed
description of the method and a comparison with a
Woods-Saxon calculation is given in the Appendix.
The comparison shows that the approximate
method does not give correct ratios of (pi/q) and

(g9/2) cross sections.
In a first calculation we limited ourselves to a

shell-model space in which the protons occupied
2p»2 and 1g9/2 orbitals and the neutrons occupied
3s&&2 and 2d»2 orbitals. The matrix elements used
in these calculations were taken from fits to the
energy-level data. The p-p interaction was chosen to
be the "rates-fit" of Gloeckner et al. " and the
d5~2-s~~2 single-particle splitting was taken to be
0.839 MeV. ' This latter value was then combined
with the observed spectra of Sr and Y to obtain
as many of the (n n) and (n--p) matrix elements as

TABLE II. Optical model pa-rameters for elastic scattering of ' C on ' Mo at E~,b —71
MeV, ' 0 on Mo at 70.7 MeV, and ' 0 on Zr at 80 MeV. In all cases r~, ——1.2 fm. Ra-
dii are related to radius parameters by R=ro(A~' + AT' ').

System

'Mo+' C
100M + 14C

92Mo+ 16QII

92Zr + 160b

'Reference 10.
Reference 11.

—V
(MeV)

100.
100.
100.
100.

ro
(fm)

1.183
1.185
1.148
1.2285

a
(fm)

0.521
0.590
0.635
0.5155

—W
(MeV)

30.
30.
20.
30.

rIo
(fm)

1.065
1.305
1.245
1.2044

a;
(fm)

0.712
0.312
0.521
0.5155
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TABLE III. 8(EL) values and deformation lengths
for states in 92Mo and ' Mo used in the DWBA calcu-
lations.

Nucleus

Transition
energy
(MeV)

8(EL)
(e2b )

&c
(fm)

~N

(fm)

Mo
Mo
Mo

'Reference 24.
"Reference 25.
'Calculated from 5c.

1.509
0.535
2.848

0.113'
0.512
0 056'

0.63 0.63
1.28 1.28
0.80 0.&0

possible. Those that could not be determined from
experiments were calculated using the central
Schiffer- True interaction' with an oscillator
parameter v=0.213 fm [tI'j-exp( —vr /2)]. With
these values somewhat better agreement with exper-
iment for the excitation energies of the 0+ and 2+
states were obtained than if the Schiffer-True in-
teraction had been used for all matrix elements.

The resulting spectroscopic amplitudes are listed
in Table IV and the results of the corresponding
DWBA calculations are given in Table V. The
DWBA calculations were made with optical-
potential parameters obtained by linear interpola-
tion between the first two sets of parameters in
Table II. To allow the trends of the DWBA calcu-
lations to be more easily compared with the data,
the calculations have been normalized to the Zr
data by the amounts given in the table caption. The
angular distributions for ' Mo(' C, ' 0) Zr are
shown in Fig. 6. In the figure each curve has been
separately normalized to fit the data.

Both the data and the DWBA calculations exhi-
bit decreasing ground-state cross sections as the
mass of the target increases (see Table V). The de-
crease is due to the decrease of the ground state Q
value from 9.7 MeV for Zr to 2.9 MeV for Zr;
the optimum Q value is about 13 MeV. The pres-
ence of two valence neutrons in Zr results in both

the Zr(02 ) and Zr(2+) states having a large
neutron-excitation component since this is energeti-
cally favored. As a result the spectroscopic ampli-
tudes for two-proton transfer are reduced and the
cross sections drop from their value for Zr. The
data show the same behavior. For the heavier Mo
isotopes ' ' Mo the agreement with the DWBA
calculations gets worse. According to the shell-
model calculations it continues to be energetically
favorable to make Zr and Zr 02+ and 2+ states as
neutron excitations, and thus the predicted cross
sections remain small. Experimentally this is not
the case; the 02+ cross sections are sizable for both

Zr and Zr while the 2+ cross section for Zr is
larger than the theoretical prediction by a factor of
about 500.

In our model space, the neutrons in Zr and
Mo again form a closed shell. Thus, the Oq+ and

2+ states of Zr must be pure proton excitations.
This results in a substantial spectroscopic amplitude
for the 2+ state, in agreement with the experiment.
However, due to cancellations the 02+ spectroscopic
amplitudes are much smaller than is required by the
data.

The problem encountered in these shell model
calculations might be connected to the fact that in
this mass region the transition from spherical to de-
formed nuclear shapes occurs. While Zr and Mo
in their ground states can still be described as spher-
ical nuclei, the heavier isotopes ' Zr and ' Mo
have a rotational energy spectrum. ' The low-lying
0+ states in the Mo and Zr isotopes are attributed
to the coexistence of two different shapes, with the
excited 0+ states in ' Mo corresponding to the
deformed configuration which in ' Mo becomes
the ground state with a spherical 0+ state at 0.696
MeV. The fact that the two nuclei 'mMo and Zr
are in the transitional region complicates a quanti-
tative analysis. Recent Hartree-Fock-Bogoliubov
(HFB) calculations' have shown, however, that

Mo should have a deformed component in its
ground state. Calculations for Zr revealed that

TABLE IV. Spectroscopic amplitudes ftfr the Mo(' C, ' O)Zr reactions. See the text for
the parameters used in the shell-model calculations.

Zr(g. s.)
g9/2 )0 (2p i/2)o ( 1g9/2 )0

Zr(Oz )

(2p1/2)0

Zr(2+)
( 1g9/2 )2

90zr
92zr
94zr
96Zr

98Zr

1.091
1.053
1.059
1.061
1.192

—0.4&9
—0.549
—0.566
—0.553
—0.477

0.096
0.0083

—0.068
0.125
0.001

—0.653
—0.540
—0.251
—0.0005
—0.239

0.426
0.177
0.151
0.017
0.627
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TABLE V. Differential cross sections and cross-section ratios at e~,b——30' and E~,b ——71 MeV for (' C, ' 0) reactions
on the even Mo isotopes leading to the indicated states in Zr isotopes. The DWBA predictions were made with the
spectroscopic amplitudes of Table IV and have been renormalized by 62.9, 580, and 1390, respectively, for the g.s., 02+,

and 2+ cross sections; see text for further details.

Reaction

product

(g.s.)(pb/sr)
do

Expt. DWBA
dO

(0+& )(pb/sr)

Expt. DWBA

( 2+ )(pb/sr)
dQ
Expt. DWBA

d~(0,+)
do.(g.s. )

Expt. DWBA

d~(2+)
do.(g.s. )

Expt. DWBA

~zr
92Zr

94zr
96zr
"Zr

198 +30 198.
210 +30 164.
179 +20 124.
61 +10 90.
30.7+ 3 39.

57 + 3 57.
& 13 11.

59 + 10 0.2
47 +10 5.1
53.6+ 5 0.3

89 +12
28+3

8.3+ 3
19+9
7.8+ 2

89.
13.
6.4
0.04

25.

0.29
&0.062

0.33
0.77
1.75

0.29
0.068
0.002
0.057
0.008

0.45
0.135
0.046
0.31
0.25

0.45
0.082
0.052
0.0004
0.65

the ground state in Zr should be dominantly
spherical while the excited 0+ state at 0.854 MeV
has a complicated deformed structure. The strong
excitation of the excited 0+ state in the reaction

Mo(' C, ' 0) Zr might thus be due to the good
overlap between the deformed ' Mo ground state
and the 0+& state in Zr. Similar reasoning might
explain the strong excitation of the first excited 0+
state in the reaction ' Mo(d, Li)9 Zr (Ref. 6).

Thus shell model calculations can only describe
the trend of the cross sections in going from the
reaction Mo( C 0) Zr to Mo( C 0) Zr.
Even in these calculations the different normaliza-
tion constants for the ground state and the first ex-

cited 0+ and 2+ states are somewhat puzzling, espe-

cially since the two 0+ states should be closely re-
lated in their structure. In an attempt to under-
stand these discrepancies, shell model calculations
including a larger proton space (including Ig9/3,
2p&/2, 2p3/3 1f&/2, and 2ds/2 levels) have been per-
formed. Details of these calculations are given in
the Appendix; we find that although the additional
levels make sizable contributions, there is still a
large disagreement with the experimental results.

In a recent study of the ( Li, B) reaction leading
to states in ' Zr, Tickle et al. reported satisfacto-
ry agreement between their DWBA calculations and
data. We feel that this agreement must be fortui-
tous since their assumption that the relevant Mo
ground states may be described as pure

TABLE VI. Spectroscopic amplitudes for the indicated reactions. For each reaction successive lines give results for
various shell-model spaces as indicated by the components for which entries are given. The Schiffer-True interaction
was used in seniority-0 calculations for the 0+ states and in seniority-2 calculations for the 2+ states.

(1g9/z) (2p]/z) 2ps/22pi/2 (2ps/z) 1fs/22p]/2 1fs/22ps/2 (1fs/2) (2ds/2)

Mo(g.s.)~ Zr(g. s.) 1.043
1.094
1.068
1.123
1.127

—0.374
—0.487
—0.432
—0.522
—0.532

0.

0.
0.

—2.99

—0.347
—0.375

0.
0.
0.

0.
0.

—0.243
—0.288
—0.305 0.149

9 Mo(g. s)~9oZr(02+ ) 0.085
0.061
0.053
0.010

—0.00062

—0.838
—0.683
—0.782
—0.614
—0.584

0.

0.
0.

—0.234

—0.232
—0.239

0.
0.
0.

0.
0.

—0.093
—0.089
—0.090 0.043

Mo(g.s.)—+ Zr(2+) 0.281
0.389
0.327
0.427

0.
0.
0.
0.

—0.406

—0.341

—0.119

—0.111
—0.235
—0.187 —0.051

—0.066
—0.063

Zr(g. s)~ Mo(2+ ) 0.965
0.916

0.
0. —0.010 0.
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TABLE VII. DWBA cross sections for the indicated reactions. The spectroscopic amplitudes of Table VI were used
with the potentials described in the text. The cross sections and ratios are given for a c.m. scattering angle of 34.5.
For all but the first row, the cross sections were computed using all possible values of n, n', and S.

States used

o.(g.s.)
pb/sr

cr(0+ )

pb/sr

92M (14C 16O)90Z 90Zr(16O 14C)92Mo

o.(2+) o(0+)/o. (g.s.) o.(2+)/o. (g.s.) o.(g.s.) o.(2+) o(2+)/o. (g.s.)
pb/sr pb/sr pb/sr

1g9/2 2p~/2 n =n'=1, l=S=O
1g9/29 2p1/2

1g9/2 9 2p1/2 9 2p 3/2

lg9/2~2p1/2, lfs/2
1g9/2~ 2p1/2~ 2p 3/2» lf5/2

1g9/2, 2p 1/2~2p3/2, 1f5/2, 2ds/2
Experiment

'Reference 11.

0.29
2.78
4.32
3.32
5.29
6.77

198+30

0.26
0.122
0.242
0.105
0.189
0.237

57+3

0.0012
0.028
0.160
0.072
0.224

89+12

0.92
0.044
0.056
0.032
0.036
0.035
0.288

0.0042
0.010
0.042
0.022
0.042

0.45

0.160 0.076
1.44 1.53
2.27 1.40
1.73
2.79
3.58

220' 60'

0.47
1.06
0.62

0.27

(2p1/2)o (lg9/2)0 proton configuration is clearly an
oversimplification. Such a description gives frac-
tional fullness values in strong disagreement with
those found in ( He, d) experiments. ' Furthermore,
the assumption that the 02+ states of ' Zr are pure
proton excitations is also unwarranted.
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V. CONCLUSIONS APPENDIX

The two-proton pickup reaction (' C, ' 0) on the
even Mo isotopes shows dramatic effects in both
Zr(02+) and Zr(2+) production as neutrons are ad-
ded outside the N =50 shell. Some, but not all, of
the changes in the cross sections appear to be ex-
plainable by the changing possibility of describing
these two excited states of Zr as neutron excitations.
The Zr(02+) state is produced more strongly than
the Zr ground state; this is probably a result of the
collective nature of this state. In the Appendix, the
importance of a large proton shell-model space (in-
cluding at least lg9/2 2p1/2 2p3/2 1fs/2, and 2ds/2
levels) has been demonstrated for two-proton
transfer reactions in this mass region. Attempts to
make quantitative predictions of the cross section
ratios by means of DWBA calculations based on a
complete Brody-Moshinsky decomposition of the
two-proton cluster were not successful. A compar-
ison with the results of Ref. 11, which uses the
product of Woods-Saxon bound states, shows that
the Brody-Moshinsky decomposition is unreliable in
these reactions.
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Several different shell-model descriptions of Zr
and Mo were used for the Mo(' C, ' 0) Zr and

Zr(' 0,' C) Mo reactions; the latter has been
studied" at a bombarding energy of 80 MeV. In all
cases the 1V =50 neutron shell was considered to be
inert. The simplest description considers the Z =38
proton shell to be closed and allows the two or four
active protons to occupy the 1g9/2 and 2p~/2 orbi-
tals. In addition to this, we made computations
which avowed 2p3/2 and lfs/2 holes in the Z =38
shell and which also allowed protons to occupy the
2d5/2 orbital. In Table VI the spectroscopic ampli-
tudes for the various model spaces are given. The
residual two-body interaction was taken to be the
best-fit central Schiffer-True potential. ' Matrix
elements were calculated using harmonic-oscillator

—(1/2)vr 2
wave functions (-e "/ ' ) with v=0.213 fm
The single particle energies were adjusted to repro-

1 — 9+ 3—
duce the observed positions of the —,5— s+

, and —, (assumed to lie at 5 MeV excitation
energy) states of Y. The 0+~0+ spectroscopic
amplitudes were computed in a seniority zero basis
with all possible numbers of holes in the p3/2 and

ff /2 levels. For the 0+~2+ amplitudes the max-
imum seniority was two and at most two holes were
allowed in the 2+ levels.

The ' C ~' 0 vertex was described by treating
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' C as a superposition of (lpi/z)o aild (1p3/z)p
holes in ' 0 with spectroscopic amplitudes given by
the Cohen-Kurath wave functions:

S' (' C~' O)=0 914 (lp )

=0.405 ( lp3/z)o

The bound-state potential wells for all nuclei in this
paper had ro ——1.2 fm, a =0.65 fm. In computing
the overlaps of the wave functions of the relative
coordinate, oscillator constants of 0.572 and 0.462
fm ' were used for the projectile and target, respec-
tively.

Table VII shows our DWBA predictions using
the amplitudes of Table VI. The (' C,' 0) calcula-
tions were made using the first optical potential in
Table II, while the (' 0,' C) calculations were made
with the fourth potential. To allow comparison
with the results of Ref. 11, the latter calculations
were performed using only the nuclear part of the
projectile bound-state potential as the effective in-
teraction operator. Several features emerge from
these two tables.

(1) The simple 2pi/z, lg9/z description of the pro-
tons in Zr and 9 Mo is inadequate for these reac-
tions. The spectroscopic amplitudes involving

2P3/z, lf5/z, and 2d5/z particles are not negligible
for the 0+ to 0+ transitions and, in our calcula-
tions, all add coherently so that the cross sections
increase by approximately 100%%uo. As will be dis-

cussed, the DW BA method we have used does not
produce results in agreement with those of Ref. 11,
but we believe that this feature of the calculation is
correct. The fractional fullness values for the lg9/z,
2pi/z, 2P3/z and lf5/z orbitals of Zr and Mo
obtained from these calculations are in good agree-
ment with light-ion measurements

The additional shell-model levels are even more
important for the Zr 2+ state where the spectro-
scopic amplitude for [p3/z Xpi/z]z transfer is com-
parable to the (g9/z)z amplitude. This may be un-

derstood by examining the wave functions of the
two states involved

fz+( Zr) =A(P3/2)o (g9/2)2

+~lP3/2 +Pl/2]2(g9/2)o +
go+( Mo) =A'(P3/2)0 (P 1/2)o (g9/z)0

+~ (P3/z)0 (g9/2)O4+

where A, A ', and 8 ' are the large wave function
components and a is a small admixture. The spec-
troscopic amplitude for (g9/z) transfer is then

AB'/i/2=0. 389, whereas for tp3/z)&p»z] transfer
it is V 5A'a =—0.406. Thus the geometrical factor
(v 5 compared to I/i/2) makes this latter ampli-
tude, which connects small and large components,
comparable to the amplitude connecting large com-
ponents. On the other hand, for the
OZr(0+ )~ Mo(2+ ) transition, the [p3/z &(p»z ]

transfer connects a small component in the Zr g.s.
to a small component in the Mo excited state and
hence the admixed configurations have little effect.

(2) The often-made approximation that the two
protons are transferred in a cluster with internal
quantum numbers of only n = 1, l =S=0 is clearly
inadequate for these reactions. This approximation
is just the first term in a sum over the complete
Brody-Moshinsky decomposition of the wave func-
tions that has been done here. As can be seen from
the first two lines of Table VII, the remaining terms
completely change both the magnitudes and ratios
of the cross sections.

(3) The DWBA calculations for the (' C, ' 0) re-
actions fail to predict the experimental cross sec-
tions, despite the fairly large shell-model space used
here. It is well known that two-nucleon cluster
transfer calculations result in cross sections that are
too small by factors of about 100. However, we had
hoped that the ratios of the 9 Zr(0z) and Zr(2+)
cross sections to the Zr(g. s.) cross sections could be
reasonably predicted. As can be seen in Table VII,
these ratios are predicted to be a factor of about 10
smaller than the experimental values.

The large experimental value for the Zr(2+)
cross section is particularly puzzling. The observed
ratio to the ground-state cross section is larger than
the corresponding ratio for the Zr(' 0,' C) Mo
reaction. However, as can be seen in Table VI the
spectroscopic amplitude for (lg9/z)z transfer to

Mo(2+) is about 3.5 times that for Zr(2+).
Furthermore, the spin factors in DWBA calcula-
tions are such that, for the same potentials, bound-
state energies, and spectroscopic amplitudes, the
stripping cross section will be five times greater
than the pickup cross section. Thus, we would
naively expect the Mo(2+) cross section to be
some 50 times that of Zr(2+) and such a ratio can
be seen in the second line of Table VII. In our cal-
culations the remaining 2P3/z and 1f&/z amplitudes
increase the Zr(2+) cross section by a factor of 10,
leaving the cross section smaller than the Mo(2+)
cross section by a factor of 5.

A possible explanation for this discrepancy may
be that two-step processes make a very large contri-
bution to the pickup reaction. In Ref. 1 1 it was
found that two-step processes reduced o'(2+ )/o (g.s.)
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for Mo by a factor of 2.3. However, we find that
there is a very small (0.083) spectroscopic amplitude
for s'Nb(2 )~ Zr(2+), and thus we doubt that
two-step processes could make the required order of
magnitude change for Zr.

In an effort to understand our failure to correctly
predict the ratio a(02 )/tr(g. s.), we attempted to
reproduce the single-step results of Ref. 11 for the

Zr(' 0, ' C) Mo reaction. This calculation was

made using the more exact multipole decomposition
of the product of bound-state wave functions gen-

erated by a Woods-Saxon potential. We find that

the approximate method used here gives a reason-
able value of the (2p i/2)o component of the

Mo(g.s.) cross section, but that the (lg9/2)p com-
ponent is some 20 times larger than that found in
Ref. 11. Thus our cross section for the pickup reac-
tion to Zr(g. s.) is dominated by an overly-large

(lg9/2 ) transfer amplitude. However, as can be
seen in Tables IV and VI, the (1g9/z) spectroscopic
amplitude to Zr(02 ) is very small; thus the Zr(02 )

cross section is dominated by the (2pi/2) com-
ponent and the resulting o (02+ )/o. (g.s.) is too small.
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