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Fusion-excitation-function analyses with a dynamic model
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Sixteen heavy ion induced fusion excitation functions are analyzed using Swiatecki's new

dynamic model. The systems selected span a target-projectile range between "C+ ' N to' Kr+ Bi. The effective threshold and extra energy parameters were held at the values
deduced by Swiatecki from Pb induced reactions, in order to display systematic scaling
behavior with target and projectile mass and angular momentum. Agreement between ex-

perimental results and model predictions seem excellent for most systems investigated. A
tendency to go from a rolling to sliding friction mode is noted as one goes to lighter sys-
tems. There is also some indication that the threshold parameter may decrease for lighter
systems.

NUCLEAR REACTIONS Heavy ion fusion excitation functions, com-
pared with predictions of new dynamic fusion model of Swiatecki.

I. INTRODUCTION

Fusion excitation functions are generally charac-
terized by a region which gives a linear relationship
when plotted versus e, '. This region has been
used to deduce values of internuclear potentials at
an effective fusion radius, as well as the value of the
radius. '

Beyond some energy, this linear O.f„„,„vs e ' re-
lationship ceases to describe the data. Early at-
tempts to describe this aspect of the fusion excita-
tion functions involved one dimensional potential
models consisting of the Coulomb, nuclear, and
centrifugal potentials for the two approaching ions,
both assumed to remain spherical. The question
of fusion was related to the existence or disappear-
ance of a relative minimum or "pocket" in the one
dimensional potential. Modifications involving a
dissipative parameter have also been introduced into
such analyses. An informative review article has
been written for analyses of this type.

A new and different approach to the question has
appeared, a new dynamic reaction model due to
Swiatecki. ' The new model has been formulated
as a schematic model intended to use the minimum
degrees of freedom and simple inertial treatments in
order to illustrate the mechanisms expected in
binary collision processes, in a model permitting
closed form solutions of many of the relevant equa-
tions of motion.

The new model differs from the "pocket" models
in several very basic aspects. One of these is that a
conditional saddle point is defined which considers
the entrance channel asymmetry, but which also

contains a neck degree of freedom. (Analyses of
fusion excitation functions have indicated the im-
portance of a neck in that fusion radii are consistent
with substantial surface overlap between the in-
teracting nuclei. ) Secondly, the question of fusion is
given a geometric and dynamic treatment in the
new approach, as opposed to the question of the ex-
istence of a pocket in a one dimensional potential.
Specifically, the question is raised as to whether the
contact configuration of the interacting ions lies in-
side or outside the conditional saddle shape; i.e., the
compactness of the contact configuration is com-
pared with the compactness of the conditional sad-
dle point.

Many different reaction mechanisms may be
described by different trajectories which are global-
ly described in this new dynamic model. In the
present work analyses are performed with respect to
one model prediction, that of a required "extra
push" for fusion when the contact configuration is
less compact than the conditional saddle point con-
figuration. (The extra push is an additional radial
injection energy to push the contact configuration
to a shape which is more compact than a condition-
al saddle shape. ) This results in deviations of the
predicted fusion excitation functions from the linear
relationship versus e ', and these deviations may be
compared with experimental results.

%'e wi11 present results of analyses of fusion exci-
tation functions for systems from ' C+ ' N to

Kr+ Bi in order to probe for mass dependent
deviations of the formulation from the data. Re-
sults of this type should be helpful in guiding more
precise calculations, which we understand are in
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progress. " The new dynamic reaction model
should have far reaching consequences in interpret-
ing many phenomena which have been observed,
but not yet adequately understood in heavy ion re-
actions. Some of these will be discussed in Sec. IV.

In Sec. II, a brief description of the new model as
it pertains to the prediction of fusion excitation
functions is presented. Comparisons with data
comprise Sec. III. Discussions and conclusions

comprise Sec. IV.

II. FUSION EXCITATION FUNCTIONS
AND THE NEW DYNAMIC MODEL

Reaction paths are first determined by a condi-
tional saddle point in the mode under discussion. If
the contact configuration lies inside the conditional
saddle, then there is no inhibition to fusion. The
fusion excitation function may then be described by
the usual semiclassical formulation

where A ~, A2, Z~, Z2 represents target and projec-
tile mass and charge. This disruptive parameter
may be seen to represent the ratio of Coulomb dis-
ruptive to surface attractive forces. It reduces to
Z /A, the familiar fissility parameter, for sym-
metric systems.

In order to scale the conditional saddle point
value for angular momentum, a first order correc-
tion was suggested by Swiatecki by which the ratio
of centrifugal to surface forces is added to (2),

(Z /A), ff„, (Z /A)off+(L/L—c—h)'

where L is the angular momentum and

(3)

o(e) =frR (1—Vg„,/e),

where e is the center of mass energy, and R and V~„,
the radii and potential energies at the contact radii,
respectively.

The conditional saddle point is defined for the
frozen target-projectile mass asymmetry of the en-
trance channel (which nonetheless includes some de-

gree of neck formation). The location of the condi-
tional saddle point is made (for headon collisions)
using Bass's parameter,

(Z'/A), «=4Z, Z, /[A, '/'A, '".(A, '/'+A, '")],

bE=K[(Z /A), ff1,1 —(Z /A)~ff1h, ]
if (Z /A), ff„,&33,

where

1/3A 1/3(A 1/3+A 1/3)2

A, +A,
2/3 ' 2

32 3 8

2025 m' Ae

(6b)

The constant a is to be determined either empirical-
ly or from theoretical considerations. We will use
the value a =12 deduced empirically in Ref. 10.

Swiatecki has provided a closed form equation
for the fusion cross section when (6b) applies,

mR
cr(E) = E

'2
C)C2+ —,

'

C

C) +Vg —e2

C

1/2

(931 MeV/c ), ro the nuclear constant, and f the
fraction of the total angular momentum responsible
for the radial centrifugal force. For rolling motion
of two spheres, f= —,; for sliding motion, f=1;and

for rigidly sticking spheres,

, (1+A2/A1)

Az/A1

[I+(A3/A1) / ]
X

[1+(A,/A ' ']'
The model predicts that an extra radial injection en-

ergy bE is required to push the contact configura-
tion inside the conditional saddle when it is outside.
The contact shape is predicted to lie outside the
conditional saddle point shape when the value
(Z A)~ff1O1 of (3) exceeds some critical threshold
value. The value 33+1 has been deduced as a value
for the critical threshold by fitting a set of fusion
excitation functions for reactions of Pb ions with
targets from Mg (Refs. 10 and 12) to Ni. The
value found empirically may be justified from "first
principles. "'

The form predicted for the extra injection energy
is given by Swiatecki as

[(Z'/A). fno1 & (Z'/A). ffa =33]

(6a)

emr A A (A ' +A '
)

2f A)+32
(4)

1

Ci C2+—
2

In (4), e is the unit of charge, m the nucleon mass
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where

errthrerrtot
—(Z /A)errthr (9)

3 Kr + 165 H
62 67

(Z /A) = 07
36 r + 209 B84

83
(Z /A) )) =44.6

and

v SC 8f'
er0A'2 2

1 2
(10)

We have used E .q. (8) in evaluatin
ion residue andd '"' '"t

f io . V 1

M
po ga ues of f corresin, stic ing motion h

h of M1 1

r 8
were adequatel des
an s were taken from

ercept analyses f
om slope and in-

es 0 cT(e) vs E'
~t'o f V Al

d' h
d' S I 0

III. COMPARISONS OF CALC

EXCI'TATION FUN
IMENTAL FUSION

NCTIONS

Fusion is defined within Swiate 0 e s re-

p p

ld
d f ' 1'k'on i e products. In

either type of cross section ma paty e ut pat

cle
p d th

ces)sddl oi t. D
in rip 'nciple be excluded f

eep inelastic rea
u rom the f

n ambiguity ma
ec-

11y measured cross se
guity increases a

ross sections; this ambi-

creases. It w'll b
s as target- ro'ec '

i e noted for
p j tile asymmetry de-

presented.
or some of the data sets

The cocompartsons of E . (

d F'
q. 8) wi

cit
in igs. 1 —8. Most

~ fci ns are shown wit
ever, some are versu '. a

were measured b
e versus e '. The dat

view paper of Birkelund e

he original dath
' '

a sources are r
in igs. 1, 6, 7, and 8

ure captions. '
re erenced in the fig-

Inallfi u so tfigures the results of t
y a solid curve In

'
r in-

duced reactions of Ho
1

y

extra push pred'
i points are c

e ictions of Eq. (8). W or
consistent with th

e note that for

600—

(~

Jg
I

-J
I

'I „
I

I—

E

400—

200—

ly

jL
030.002 0.0

such heav s sy systems, the (Z /A) of
th t' 1 th ho ld values. For r

2-8 he centri ugal con
(3) i d 1 f'e core (Z/A) efftotal

2400—
36 Kr+

2000

36Kr +86

1600

E 1200

800

400

0» & I & s t I t & & I

130 170 210 250 290 160

~c.m (MeV)

I, I

240 320 400

FIG. 2. EEvaporation res'idue excitatio
'65

d' ' fE

om the sticking limit for t
f h

perimental result s are rom Ref
o t e entrance charm 1.ne s. Ex-

e s. and 17.

0 i I i I i I I

0.002 0.003 0.0.004

V

Fusion limits deduced fr
' ' '

ie
84

209Bi'd f o fm e s. 14and15. T
an

t di tio of th

values of c
sen predictions of E .

corresponding to
1 Th

0

rves are predictions of one

(Z /A

odl o d
'

o e in Ref. 8. T
contributio

h rrows on data
icat-

limits to cross s tec ions.
a a points represent upper



468 M. BLANN AND D. AKERS 26

2000—

1600

1200

E

SOO

400

t I I I

'60
I i i i I

100 140 180 120 160 200

e, (Mev)

160 200 240

FIG. 3. Fusion excitation functions for Cl induced reactions of Ni, " Sn, and ' 'Pr. Data are from Refs. 1, 2, 4,
and 18. Triangles represent evaporation residue cross sections. Circles represent the sum of fissionlike plus evaporation
residue cross sections. Contamination of deep-inelastic products is probable for the "Cl+ 'Ni system. Calculated results
are as in Fig. 2; the thin solid curve represents Eq. (8) with the rolling motion value for f.

exceeds the critical threshold value of 33. [The
(Z /A), ff values are indicated in each figure. ]

A larger set of heavy system data was presented
in Ref. 12, for which the excitation function shapes
predicted by Eq. (8) have excellent agreement with
the data. It may be seen in Fig. I, as was shown
more clearly in Ref. 12, that the one dimensional

pocket model predictions are inconsistent with ex-
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FIG. 4. Fusion excitation functions for reactions of
' 0, Ar, and "Ni as indicated. For ' 0+ Ca the trian-
gles represent evaporation residue yields in Ref. 19; very
small upper limits to fission were reported. For

Ar+' Ag (Ref. 16) the circles are ER yields and
squares are sums of ER plus an estimated unfolding of a
symmetric fission contribution. Circles for "Ni+ Ni
represent ER yields from Ref. 20; no significant fission-
like yields were reported. Calculated results are as in
Figs. 2 and 3.

perimental results for very heavy systems.
In Fig. 2 comparisons are made between Eq. (8)

and experimental evaporation residue cross sections.
Since the fissionlike component is ambiguous for
these systems due to the near symmetry in the en-
trance channels, only the lower limits to the fusion
cross sections can be compared.

A better data set is shown in Fig. 3. Of the three
systems shown, the Ni + Cl data have uncertain
admixtures of deep inelastic yields in the fissionlike
products. For these data the fusion excitation func-
tion lies somewhere between the ER and ER+ fis-
sionlike yields. For the " Sn and ' 'Pr targets
fusion results should be represented by the sums of
ER plus fissionlike yields shown. The agreement
with Eq. (8) is very good for values off between the
sticking and rolling limits.

In Fig. 4, there is some question as to whether the
highest energy (214 MeV ' 0) ER point for
' 0+ Ca is compound nucleus in nature. The fis-
sionlike yields for this system are very small ( & 100
mb) so that the ER yields should represent the
fusion cross sections adequately. Yet compound
nuclei should be limited by fission at a lower angu-
lar momentum than is indicated by the reported ER
cross section at 214 MeV. Results for this system
seem consistent with Eq. (8) with f between sliding
and rolling values; the highest energy point follows
a different slope than, e.g., the Ar+ ' Ag system.
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FIG. 5. Fusion excitation functions for S and 'Cl induced reactions. Data are from Refs. 3, 4, and 21 —23. All data
points represent ER cross sections. Calculated results are as in Figs. 2 and 3.

For the Ar+ ' Ag system of Fig. 3, the au-
thors attempted to unfold the fissionlike yields from
the deep inelastic yields. The fusion cross sections
shown should therefore be valid within the error
bars shown. Equation (8) reproduces the experi-
mental results very well using "j" for rolling
motion. For the Ni + Ni excitation function the
evaporation residue results extend high enough in
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FIG. 6. Fusion excitation function for "0+"Al. Ex-
perimental ER cross sections are from Refs. 22 —26. The
dashed-dotted curve is the result of a one-dimensional
pocket model calculation as reported in Ref. 8. Other
curves are as in Figs. 2 and 3.

energy to show an incompatibility with Eq. (8) for
sliding motion. The ER cross sections represent the
fusion cross sections for this system.

In Fig. 5 the evaporation residue excitation func-
tions are consistent with Eq. (8) for sliding motion.
The question of fissionlike yields which would in-

crease fusion cross section over ER results is open,
although in general significant fissionlike yields
have not been observed for such light systems.

In Fig. 6 the ER yields should represent the
fusion yields. Equation (8) gives good agreement
with the data when sliding motion is assumed.

In Figs. 7 and 8 the sliding motion limit is pre-
ferred, but it also appears that a critical threshold
value less than 33 is required to fit the data.

IV. DISCUSSION AND CONCLUSIONS

For the heaviest systems presented, the threshold
requirement for the extra push for fusion results
primarily from the Coulomb contribution to the
disruptive parameter of Eq. (3). For these systems
the fusion excitation functions seem to be repro-
duced well when motion between rolling and stick-
ing is assumed for the system at contact. Progress-
ing to lighter systems, where the major disruptive
parameter contribution to the extra push require-
ment comes from the centrifugal component, the
data seem to be reproduced by a calculation requir-
ing rolling motion. Finally, for the lightest system
presented, ' C+' N, a lower value of (Z /A)effgh,
may also be required.

The range of target/projectile masses covered in
Figs. 1 —8 is indeed impressive when considering
that the model itself is schematic in nature, employ-
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FIG. 7. Fusion excitation functions for ' C+ 'Al.
Experimental ER cross sections are from Refs. 27 —29.
The dashed-dotted curve is a one dimensional pocket
model result from Ref. 8. Other curves are as in Figs. 2
and 3.

ing the bare minimum in degrees of freedom and
parameters which would be required to reproduce
the main features of the reactions. Yet while liquid
drop parametrizations with the associated sharp
surfaces were used in the formulation, the data sets
of Figs. 1 —8 go from systems which are mostly sa-
turation density nuclear matter, to systems where a
majority of nucleons are in the surface. The disrup-
tive parameter was used to scale systems from those
for which it was mostly Coulomb, to those for
which it was mostly centrifugal. For the lighter
systems, the mechanism of entrance channel break-
up for light heavy ions may complicate further the
question of the validity of the data for testing the
model.

The broad success of the new dynamic model
shown in Figs. 1 —8 gives strong testimony to the
value of its basic underlying assumptions. This
provides a great incentive to pursue the concepts

FIG. 8. Fusion excitation functions for ' C+ ' N. Ex-
perimental ER yields are from Refs. 30—34. Curves are
as defined in Figs. 2, 3, and 7.

with calculations of a more detailed nature. We

note that the first order method of scaling angular

momentum effects as if they were Coulomb effects
should not be valid over the broad ranges encoun-

tered in the analyses of this work; Coulomb and

centrifugal effects are expected to influence saddle

point shapes somewhat differently. Additionally

the surface diffuseness will affect the moment of in-

ertia and radial force components versus the sharp

surface values of the present schematic model, and

should lead to considerably different scaling for the

light systems which exceed the fusion threshold

value only at high angular moments. It will also be

these lighter systems which may show the larger

changes due to finite range effects ' when more

rigorous calculations are performed. Therefore in-

teresting extensions of this model may be expected

to include a more precise treatment of the angular
momentum scaling. The manner in which the

(Z /A ) ff gh and a parameters may be expected to
change with mass should also be investigated fur-

ther, as has been recommended by Swiatecki.
We note that the simple pocket model prescrip-

tion appears to work better for the data in Figs.
6—8 than Swiatecki's new dynamic model. Our
opinion is that there is nothing to be gained by
dwelling on this circumstance based on a physically
incorrect and oversimplified model. This opinion is
in part supported by the failure of the pocket model
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to fit the high Z data, as well as by obvious physical
deficiencies of this approach. We rather feel that
the failure of the new dynamic model as shown in
Figs. 6—8 should help to improve the model
through considerations of the type discussed above.

The new dynamic model has already proven of
value in suggesting "best" reactions and energies for
synthesizing heavy elements. It makes several in-

teresting predictions with respect to reaction
mechanisms and barriers to fusion and compound
nucleus formation. An exciting possibility for the
future involves the fact that absolute time depen-
dences are predicted for different trajectories of the
reaction surface. This may permit calculations as
to the spectral distributions and multiplicities of

light particles emitted between the contact configu-
ration and passage inside the true compound saddle
point. In analogy to the quasifission mechanism,
we should come to appreciate quasievaporation as a
dissipative mechanism in this regime. Perhaps such
a mechanism will provide a key to observations not
yet understood in terms of existing mechanisms.
We are quite optimistic that the new dynamics will

play a very broad role, and indeed provide a footing
for understanding a broad range of heavy ion reac-
tion phenomena.

The authors appreciate enlightening discussions
with Dr. W. J. Swiatecki.
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