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Overlaps and matrix elements of one- and two-body operators are calculated in a space
spanned by multiphonons of different types taking the Pauli principle properly into ac-
count. Two methods are developed: a generalized Wick’s theorem dealing with new con-
tractions and recursion formulas well suited for numerical applications.
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theorem. Recursion formulas for calculation of overlaps and matrix ele-
ments of one- and two-body operators. Illustrative examples.

I. INTRODUCTION

In atomic nuclei, many excited states show a vi-
brational nature. To explain the properties of these
states, phenomenological bosons or “microscopic”
quasibosons were first introduced. With these inter-
mediate quantities, assumed to be pure bosons, ma-
trix elements of the Hamiltonian and of electromag-
netic transition operators are easily calculated with
the help of the Wick’s theorem for bosons that leads
to harmonic features. However, the observation of
anharmonicities in the nuclear vibrations demon-
strates the importance of the Pauli principle in
building higher excited states.

One way to solve the problem would be to start
with many quasiparticle excitations. The corre-
sponding Fock space would then be tremendously
large and the Wick’s theorem for fermions rapidly
inapplicable. To take advantage of the collective
nature of the vibrational states it appears to be
better to introduce new entities: the phonons Q;,
which are defined as a superposition of two quasi-
particles :

of=1 3z, alal, (1.1)
m,v
where (Z;),,=—(Z;),, is chosen to be an anti-
symmetric matrix, and @, creation operators of fer-
mions (quasiparticles). These phonons are no longer
considered as bosons since their commutation rules
are now

[01,0}]1=—+tr(Z,Z,)+ 3(Z,Z,),,aba, .
®,v
(1.2)

Among the theories developed to deal with the
problem of anharmonicities, the following two are
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of special interest:

(a) The boson expansion (BE) techniques1 aim to
return to pure bosons by expanding fermion pairs
like a,‘: aI, and a,a, in terms of pure bosons. The
matrix elements of H (or of other operators) are
then again easy to calculate. But one is faced with
difficulties concerning the convergence of the ex-
pansion. Furthermore, the Pauli principle is only
approximatively taken into account and some spuri-
ous states may appear (see Ref. 3).

(b) The multiphonon method (MPM), where the
phonons (1.1) are piled up, takes the Pauli principle
fully into account. This method has been developed
previously? for one type of phonon, compared to bo-
son expansions’ and checked in a simple model*
where an exact solution can be obtained. The main
problem in this method is the calculation of the ex-
act norms of the multiphonon states and of the ma-
trix elements of H in the subspace spanned by these
states. Simple recursion formulas’® were obtained
which allowed easy numerical evaluation of the ma-
trix elements.

The aim of this paper is to extend the MPM to
cases where phonons of different types are involved.
Two methods are given. In Sec. II we formulate a
Wick’s theorem for phonons where we define “new
contractions.” In Sec. III we generalize the ap-
proach with recursion formulas. Illustrative exam-
ples are given in Sec. IV where the two approaches
are compared. Finally, conclusions are drawn in
the last section.

II. A WICK’S THEOREM
FOR PHONONS

We first write the commutation rules of the pho-
non operator QT defined in (1.1) with pairs of fer-
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mion operators

[avan*]=Z;w+ 2 (kaa{ap._‘ pAaIav) ’
A
(2.1
[2je, 0= 3 Zaala] .
A

From these relations one deduces the double com-
mutator

[[01,0}1.0}1= 3 (242,Z,), a0} .
By
According to the antisymmetry of the Z matrices
one has
(Z4Z)\Z))yy=—(2,2,Z4)yy,

which allows us to write

[[01,011.0}1=1 3 (2,2,2,+2,2,2,),,ala} .
uny
2.2)

This double commutator behaves like a new phonon
(1.1), labeled Q;; 4 of which the antisymmetric ma-
trix Z is given by

21;2,4=ZZZIZ4+Z4ZIZZ . (2.3)

(Note that for further convenience we have put even
indices to creation operators and odd ones to an-
nihilation operators.) With the choice (1.1) the
quasiparticle vacuum | ) is also the phonon vacu-
um.

We now calculate explicitly the overlaps for
states with one, two, and three phonons. For one
phonon we have

(20D =([01,0})=—3(Z,Z,) . (4
We define a “contraction of two operators”
Cl0:011=(2:0}) . 2.5)
For two phonons, we obtain explicitly
(0:0:010})=(0;0}[0,,0{D)
+(0;01[0:,011)
+(031[01,011.011)
and using (2.2) and (2.5) we get
(2:0:0}00) = clos0}1cle,0]]
+C[2:011C10,0]]
+C[Q:01541 .
If we define a “contraction of four operators”
C10:0,0]0}1=C[0:01,.4] 2.6)
we obtain
(2:0,0101)= 3 cloe'Icieo
+Cl@:0,00011, @7

where the summation runs over all different possi-
ble products of contractions of two operators.

For three phonons the successive commutations
of Q, with all creation operators lead to

(050,0:010100) = (0;0,0301101,0{1) + (050,050!10:,011) + (0s0,0l0![0,,011)
+4(050;01[101,051,011) +(050,01[10.,011,0 1)

+(050;01[10:,031,011) .

Using relations (2.2) —(2.7) and setting
C[Qs0:0:0}0l0l1= 3 C10:0:0% 01221

i<j
for the “contraction of six operators,” we get
P

(2.8)

(2.9)

(050:0,0l0l0}) = c10,0}1c10;0]1c10s0!1+ 10,0} IcI2: 0! 1c1050] ]
+cl0:0}1c19;0!1c10s0l1+cl@,0]1c10;0}1cI 05011
+€[0:0}1C10;0}1c1050]1+ClQ,0}1C10:2]1C1050} ]
+C10:031C1050:01081+C[2,0]1¢[050:0}0]1+ €10, 0} 1c1050:010]]
+C[00]1¢1050,01081+c10:0}1c10:0,0]0! 1+ Cl0;0!1C1050,0}0] ]
+C1050}1¢12:0,01081+cl0s0}1c10,0, 00} 1+ Clos0! 1c10:0,0]0]]

+C[050;0,0}0]011.

(2.10)



2642 B. SILVESTRE-BRAC AND R. PIEPENBRING 26

This relation can be summarized by

(050:,0:050l00) =S creeticreeticiee 1+ 3 creoticioee’e 1+ cl0s0:0:050l0!1,

where the summations still run over all different
possible products of contractions.

Equations (2.5), (2.7), and (2.11) give the explicit
form of a generalized Wick’s theorem for 1, 2, and
3 phonons. The “new contractions of 2, 4, and 6
operators” are defined, respectively, by (2.5), (2.6),
and (2.9).

We note that if the Q’s would have been boson
operators only the first term of Egs. (2.5), (2.7), and
(2.11) would have appeared. All the other terms are
due to the fact that the Pauli principle is properly
taken into account in considering phonons of the

type (1.1).
|

(2.11)

|

The generalized Wick’s theorem for phonons can
now be formulated in the following way: The over-
lap of a state built on p different creation operators

|olol--- ol

with a state built on p different annihilation opera-
tors

(Q1Q3 " Qg1

is the sum of all different products of possible con-
tractions; the contraction of 2p operators being de-
fined from the contractions of (2p —2) operators by

ClQ2p-1Q2p 3" 00,01 - - Q;p]= > ClQ2p_1Q5p—3""" 00"+ QTQVJlr;zi,zj] , (2.12)

i<j

where Q’r <o Q’r is'a sequence of (p —2) operators QT where QL and Q;r j are missing.
Equations (2.5), (2.7), and (2.11) show that the theorem is true for 1, 2, and 3 phonons. The proof of the
generalized theorem will be made by induction. But first, it is necessary to know how to calculate the in-

volved contractions.

Let us look for the first contractions. From Egs. (2.4) and (2.5) one has

Cl0,0}]1=—tr(Z,Z,) .
Further, from Egs. (2.3), (2.5), and (2.6) we get
C[Q:0:01051=C10:01.4]

= — [t Z,Z,Z3Z4) +t0(Z, Z4Z52Z,)] , (2.13)

where we have used the property that under a trace one can perform a cyclic permutation.

In a similar way Egs. (2.3), (2.9), and (2.13) lead to

C[050:0:050100 1= — 1 t1(Z,2,Z,Z,ZZ) +t1(Z,Z, Z5Z(Z5sZ4)+t(Z Z4Z3 Z6Z s Z,)

S RAVAVAVAYAY AV AR R AVAVAY AV AY AV VR o \VAVAY AV AVAY AY)

+tr(ZIZ6Z5Z4Z322)+tr(ZIZ4Z5Z6Z3ZZ)+tr(21222526Z3Z4)

+tr(leﬁz5ZZZ3Z4)+tr(ZIZ4Z5ZZZ3Z6)+tr(212225242326)} .

(2.14)

If P is one of the p! permutations of the even indices 2,4,6, . . ., 2p and R, is one of the (p —1)! permutations

of the odd indices 3,5, . ..,
defined in recursion formula (2.12)

Cpy=ClQyp_1 - 030,010} - - 01,1

2p — 1, we can give the recipe to calculate explicitly the contraction of 2p operators

=33 t(Z1Zp2yZR (3 Zp4) " * " ZR,2p—11ZP(2p)) - (2.15)

PR,

Equations (2.4), (2.13), and (2.14) show that this recipe works for p=1, 2, and 3. Let us prove it by induc-

tion.
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In relation (2.15), the index 1 plays a peculiar role and we prefer to write this equation in a way where all
odd indices are treated on an equal footing. Therefore, we introduce the p! permutations R of the odd indices
1,3,..., 2p —1 and consider

S= I t(Zr1yZp)Zr(3)" " ZR(23p -1 ZP(2p) - (2.16)
PR

Using the property that under a trace one can always perform a cyclic permutation one can for each permu-
tation R bring the matrix Z,=Zz5;_1) in front of the product. Since there are p odd indices, it is then easy
to see that

S=p 3 tMZ\ZpyZg 3" " * ZR 2p—1YZP(23p) -
PR,

Hence the contraction of 2p operators also writes
1
ClQyp_1 " 0:0,0}0! - - Q;p]=_5 2t Zr1yZp2yZr(3)" " ZR2p—11ZP(2p)) - (2.17)
PR

From (2.17) we see that one can choose any of the Z; to play the particular role attributed previously to Z;.
The proof of the recipe is now made by induction.
By definition, we have

Cp42=ClQ2p+1Q2p 1" " 0:0,001 - Q;pQIp+2]
= 3 Cl00p+1Qs 1+ 0:030) - 03,01, 1201051 (2.18)

i<j

In the term being summed, Q;QI cee Q;I,Q;p 4+2 is a sequence of QT where Q ;ri and Q;rj are missing.
We apply the recipe for 2p contractions, bearing in mind that the matrix related to QI,Z,.’ZJ. is

Zl;Zi,Zj=ZZiZIZZj+ZZjZIZZi

and yield successively

Coprr=—7 3 3 tZr,3ZprZry(5)" " Zpp+2ZR,2p+ 12152125 (2.19)
i<iPR,
=—33 3 (tMZ1Z5Zr (3Zpy2) " "~ Zpy2p+2ZR,2p +1Z2))
i<jP‘-jR1
+(Z1ZyZr 3 Zpy2) " Zpyop+2ZR,2p +1/Z2)} (2.20)
=—3333 t(Z1ZZr 32y " " " Zpyop+2ZR,02p+122) 5 2.21)
R, i Py

where R, now labels one of the p! permutations of the odd indices 3,5, ...,2p +1 and P;; one of the (p —1)!
permutations of the even indices 2,4, . . ., 2p +2 where 2i and 2j are missing. In Eq. (2.19) we have applied
the recipe for a contraction of 2p operators where Z plays the predominant role, in Eq. (2.20) we have brought
Z, in front of the products, and in Eq. (2.21) we have suppressed the restriction i <j. Finally, we note that
2,.’ j 2 P, represents simply the summation over all permutations P of the even indices 2,4, . . ., 2p +2 so that

the searched contraction C,, ,, writes
Copi2=—7 2 DZ1ZpyZr,3)" " * Zr,2p +1ZpP02p +2)) » (2.22)
R, P
which achieves the proof of the recipe.
We would like to add here the following comments:

The summation in (2.15) contains p!(p —1)! terms. This number can be reduced by a factor of 2 since, ac-
cording to the antisymmetry properties of matrices Z, one has

t(Z,\Z, - Zzp_122p)=tr(22p22p_l <o ZhZy) .
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Despite this reduction one sees that this number increases quite rapidly with p, which leads to an obvious limi-
tation of practical applications of the generalized Wick’s theorem. We emphasize, however, the fact that this
limitation is far beyond that one had had by direct use of the Wick’s theorem for fermions.

We also emphasize the fact that Eq. (2.17) simply translates the commutation properties of the products of
the creation or annihilation operators of phonons, namely

ClQrp—1n""" Or(»Qr Qb2 - - Q;(Zp)]=C[Q2p—l .- 0;0,010] - -- Q;p]

for every P and R, which were not at all evident from the original definition (2.12).
Let us now come back to the proof of the generalized Wick’s theorem. Here too, we proceed by induction.
We first reformulate the theorem for 2p operators in a more mathematical way. We introduce the partitions

{pI’PZ’- .. 9pk}

of the integer p so that

p=p1+p2+ " +Dk >

where

P1<p2<p3< " Pk -

The Wick’s theorem for p can be written

(Qyp_1°" 0:0,0%0} - sz>= > 2 ClQrap,-1n " " Or»Qr(1Qh2) - Or2p,)]

{p1sPys- - - Pk} PR

- 1 ...of
XCIQr2p,+2p,—1)" " " CR(2p, +1)CP(2p, +2) * * * CP(2p, +2p)]

X ClQrap-1) """ QR 29, +11@P2p —2p, 420" " CP2p] >

(2.23)

where the sum over the permutations P of even and R of odd indices runs over all formally different contrac-
tions.
We assume that the theorem is true for p and calculate (as we have done for the first values of p)

+1
(Opsr @:0100 -+ 0y 12) =3 CLOIOLNsps1 -~ Q30 -+ Q1)

i=1

+ 3 (0pi1- QsQJin,sz;r e Q;p+2) . (2.24)
i<j
In the first sum, Q; s Q;p+2 is a product of QT where Q;,- is missing and, in the second sum, where QL and
Q,; are missing.

In these two terms, respectively referred to as A and B, overlaps of p operators arise for which one can ap-
ply the Wick’s theorem. We shall show that any product of contractions corresponding to a given partition of
(p + 1) will appear once, and only once, in terms either A or B.

Since term A necessarily contains a product of at least two contractions it is obvious that the total contrac-
tion Cy, , arises necessarily from part B, with total contraction of the 2p operators involved.

Cop4+2=C[Q2p 41" 0;0,0}0] - - Q;p+2]
=3 ClQxp41 " QBQI;Zi,ZjQ; e Q;p+2] .

i<j
I
Here, Q; sen Q;p 4+2 is a sequence where Q;,- and and only once, in (2.24).
Q,; are missing which is coherent with our defini- Let us now consider the partitions of p +1 where

tion (2.12). That way showed C,,, arises once, p1=1. Among these there are those where Q, ap-
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pears in a contraction of two operators C[Q,QL]
and those where Q; does not appear in such a con-
traction. Products of contractions containing the
factor C[Q1Q2,] cannot arise from B terms, since
according to the presence of index 1 in Q'{,z,,zj the
lowest possible contraction is

C[Q2k+1Qw{;2i,2j]=C[Q2k+1Q1Q;riQ;j] .

We consider a general product of contractions con-
taining a factor Q,Q;',, e.g.,

clo,ehicro--- o'
C[QQT]C[QQT] (2.25)

The product of contractions in the factor
of C [Q1Q2,] appears in a given partition of integer
p- It is evident that the term (2.25) appears in part
A of (2.24) fori =1

ClOi1QN N Qs 11+ 0:0) - 0L, 10) . 220

Q; s Q;,,H is a product where QL is missing.
Furthermore, its unicity is ensured since a given
product of contractions in a given partition of p ap-
pears once, and only once, in the product of con-
tractions obtained by applying the chk’s theorem
for p phonons in the factor of C [Q,Qz,] in Eq.
(2.26). With the terms of type (2.25) we exhaust
part A of (2.24).

Let us now look for a product of contractions
corresponding to a given partition of (p +1) where
Q) does not appear in a contraction of two opera-
tors, but in contraction C of, say, 2p; operators,
which we can always relabel with indices

P(2),P(4)- - P(2p);

R(1)=1,R(3) - R(2p;—1) .

The factor F of this contraction corresponds to a
given partition of (p +1—p;) where the operators
are labeled by the “complementary” indices, i.e., all
indices different from those involved in (2.27).

Let us look for such a term among the contribu-

(2.27)

(sz_l e Q3Q1T11Q;Q1 T

i=l1

where in the product Q; ce Q;'I,,Ql{,- is missing.

We note that
[T11,Q 3

behaves like a new phonon

Q21— 2 2 (Z )uvauav ’

Q;p)= i <Q2p—1 e

tion of sum B, where we apply the Wick’s theorem
for p and the definition (2.12), thereby ensuring the
existence and the unicity of each product of con-
tractions corresponding to each partition.

The sought contraction C, involving Q,, will ap-
pear once and only once in the set of all different
contractlons of 2p;—2 operators where one of the
Q has been replaced by Q, :2i,2j> Where the odd in-
dices are R(3),R (5),. R(2p,—1) and where the
even ones are

P(2),P(4),.

P(2m)= ., PQ2n)=j,...,P(2p;)

with m <n <p;. Its factor F, will appear too, and
only once, among the products of contractions in-
volving the partitions of (p +1—p;) and the comple-
mentary indices, thereby proving the theorem. At
this point, we would like to emphasize that in the
application of (2.23) one must first formally write
all terms of the sum considering all phonons as dif-
ferent and do the regroupings and simplifications
due to the appearance of identical and/or orthogo-
nal phonons afterwards. (This procedure is, in fact,
similar to that used in the application of the usual
Wick’s theorem for fermions.)

We need now to show that this Wick’s theorem
also allows us to calculate in a rather easy way the
matrix elements of any operator T containing one
and two body parts. As usual we express T in terms
of normal ordered quasiparticles.

T=Tw+T11+Ton+Ten+T3+Txn,

where the indices ij of Tj; indicate the number of
creation and annihilation quasiparticle operators.
The part Ty leads simply to an overlap matrix.
The contribution of

Tll = 2(!11 ),wa}:av
nv

can be brought to the application of the new Wick’s
theorem after one commutation. Indeed

00Ty, 04101 --- 0}, ,

where
(Zj' ),w=(tZ,~ _Zit)p,v .

It is evident that the T,y and 74 can be treated
directly, while 7T3; needs one commutation similarly
to T'y;. Finally T, needs, as can be seen from Eq.
(2.1), two commutations.
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III. RECURSION FORMULAS

In this section we analyze the previous problem
in a completely different way. First of all, we
rewrite the basic states

olol--- o} 1)
by grouping together all phonons of the same kind;
this is especially suited when the phonons are of

some collective nature as will be assumed hereafter.
This is always possible since

kl
Nk, ko klskyky, ... k) =(0Q,"

with
+ =k ks +

ky+kyt - K=p.

Kk
2 1
0,70

[o/,0f1=0.
The same thing is made for the bra vector

(1 Qp—1°- 030 .

There are r dlfferent types of phonons appearing in
both 010} - - sz and @y, -+ Q3Q;. They are
denoted once for all}Z after a relabeling of the in-
dices, QI,QZ, .. Thus, the previous problem
is now fully equlvalent to the calculation of the
quantity

k
0! (3.1

Some of the k; (or k;) may be zero if the i phonon is absent from the ket (or bra) state but present in the bra

(or ket) state.
To calculate (3.1) another quantity
k.
kr )= ( Qr

Ak ks, .. K skkg,

is needed. The index (20) means that it appears in
the calculation of matrix elements of T.

The indices p,v refer to the quasiparticle excita-
tions a;a,, and parameters ki,k,,...,k, (and
kl,kz 2L ,’) stand for the number of phonons
Ql,Q R Q, in the ket (bra) vector. In order to
clear up the formulas as much as possible the index
(20) and the parameters k; are omitted hereafter ex-
cept when some confusion may arise. In particular,
in writing the equations, we indicate only the
parameters k; submitted to some changes. Since the
phonons are made of two quasiparticle excitations it
is obvious from (3.2) that

Ak k. ..k kK, k) =0
if

ki+ky+ - +kiFk +ko+ 0 k41,

(3.3

A (20) A (20)

—i—1

JE=(0r - OF410i10,,alal 10

'QlllQ

k k,
Qz Q11 Ta T 1 ;2”'Q: ) (3.2)

The quantity N is related to the quantity 4 ,‘ﬁ? ) by
means of the phonon definition.

N(kysky) =5 3 (Zy )y A X (kisky—1)  (3.4)
ny

for every n. In the following, it will be convenient
to consider 4, as the matrix elements of a matrix
A. Hence Eq. (3.4) can be written in a more com-
pact form

N (kysky) = — 5te[ Z, Ak 5k, —1)]

(3.5)

for every n.

Starting from (3.2) we move al:a:f to the left by
introducing the commutator [Q,,a)}a:f ] with each
type of phonon; finally the last term contains the

Tt o -
bra | a,a, which vanishes.

A recursion formula for J}; " is obtained by commuting [Q,,,a,,a,,] with Q,

(i—1)
Tav=Ji' "KL

Thus
.
Ayy= oy (3.6)
n=1i=0
with

k k
..oy, (3.7)
(3.8)
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and with
k! k-2 ki 4k k,
Ki=([Qu[Qunalallle,” - 0" -’00l (3.9)
T
where i (i k41
[Qm[QmaLai]] ’ i=p p B P +1
which commutes with all Q;, has been moved to the one finds
left to act directly on the bra  |. Hence, K}}, is in-
dependent of i. From Eq. (3.8) J}, can easily be . | & %
calculated A= || Vit |, |Kin|- GID
n=1
Jm' _ i n0 i nn
w= |0 Juv + 1 Ky, (3.10)
Moving the operator [Q,,,a;a:r,] in the definition of
where J ;;3 to the left until it acts on the bra ( | leads to
i
p r kr:'_l '

Jio = Ky, +Ly 3.12)
are the usual binomial coefficients. Performing the w nlzz,, 1 ,-§0 ‘W # (
summation over i [in (3.6)] and using relations ith
(3.10) and wit

|
k! k-1 k=1 K4 k,
KZ:'I=<0|[Qn”[Qma;ai]]Qr’ '“Qn'n Qn '”Qll 'I Qr IO> ’ (3.13)
k' k' =1 Ky k, '
L,=(0|[Qmalalle,” - Q" -0 - @l7]0).
Inserting (3.12) in (3.11) one gets
r o |kn . r ks r r ky | lkp ,
Auv= 2 1 Lp,v+ 2 KZ':"*‘ 2 2 1 1 KZ’:, . (3.14)
n=1 n=1 n=1n"=n+1
It remains to calculate the quantities K and L.
Using Eq. (2.1) one deduces
[ [Qn.apal]]= S L2 Zo o+ Zo) o Zo i et (3.15)
w,
and then
Lpy=(Z,)yN(ky —1;ky) , (3.16)
KM = 3 [ Zy)u/ Zn)yu +(Z)y Za )y M oy (K 5Ky — 1y — 1)
pv
Thus 4,,, can be written in matrix notation
r (kn S " (20) '
A Ky kpsknskn) =3 | | [Ny —1kn)Zy+ 3,2 | 5 |Zpd ™ knsky —2)Z,
n=1 n=1
g (e | (R (20) , '
+3 3 1 1 |[Za4 (kp,kyi;kn — L ky —1)Z,
n=1n"=n+1
+Z, ANk ki Ky — Lk, —1)Z,] . (3.17)

In order to simplify the formulas we define reduced quantities .#" and .#?®) by dividing the quantities N
and 4?” defined in (3.1) and (3.2) by
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kilky! - - kMkiky - kL
Furthermore, we gather the two last terms of (3.17) in one. Then Egs. (3.4) and (3.17) become
KV Ky 3k )= — 5 tr] Zy ot P ky 5ky — 1)] (3.18)
for every n.
r
dtzm(kr’nkr’l’;krnkr]’): z /(k; - l;kn )Zn
n=1
+ "21_' 2 [an(zm(kmkn’;k;n - l’k;x’ -1 )Zn’+zn’d<20>(kmkn';kr't - lykr’:' - I)Z,,] .
L
. (3.19)
The second term in (3.19) reflects the effect of the Pauli principle; if n =n' then
o Nk kpsky —1,ky —1)
must be understood as
o k3 —2) .

Basically the two previous equations are coupled recursion relations: The recursion acts on the total number
p +p’' of phonons; they are coupled since .#?” is a function of .#" and .#" is a function of «#‘*”. Once the
matrix «‘?? is calculated, the matrix elements of the T, part of any operator T are easily determined. De-
fining in a similar way as in (3.2) the matrix 4!

., , k! Ky k! ki ik ky
A (KYKY . k5K kg, k) =40 - 0270 'ala,0] '@ T 0l ) (3.20)
|

and using Eq. (2.1) one gets LWk sk, )= — i (Z, sk —1)] .

n=1
r

AUk == 3 || 4D 5k —1Z,] . (3.23)
"= (3.21) The formalism concerning matrix elements for

one body operators and for overlap matrices has

Introducing again the reduced quantity ‘' by di- been developed in detail. The same philosophy is
viding A" by the product of all the factorials followed and the same techniques are used for the
ki k; yields computation of matrix elements for two body

operators T4, T3, and T,,. The derivation is
much more involved since in that case we need to

r
AD(L" o Y 20077 o __ .
o Whensky)=— 3, [ knsky —1)Z, ] commute four phonon operators Q with a'a’a’a’

"=t to get something which commutes with Q.
(3.22) Nevertheless, the demonstration is straightforward,
_ although lengthy; here only the basic relations are
If, instead of using [a'e, Q7] we use [Q,a'a], we quoted.
get an equivalent formulation Let us define the quantity

k! k' k] kr
(Q'---Ql'aTa*a;aTQI QT )
(40) (7.7 ', _ r u“v (4 r
A o ks .k k. k)= PRI S . (3.24)

It vanishes if
ki+ - +kyF£ki+ -k, +2.

If (ﬁ#vm is any permutation on the indices u,v,p,0, the symmetry properties of alaf,a;al hold also for
A e More precisely one has
nvpo
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(40) 2 ,40)
gl,wpady,vpo'=(—l) d'wpa ’ (3.25)
where (—1)” is the signature of the permutation. To evaluate «#‘**’ we need the following commutators:
(n
[Qn,s[Cn 1,az,,oz,,ar“,al,]] =E ”v;,,,z +terms a'a+terms a'alaa , (3.26)
with
(n "2) 1 »
=% 2 —1) gpvpa[(znl )pv(an )po'] ’ (3.27)
2
T
as the first commutator. Directly from Eq. (3.27) one can check that
In fact, the summation in (3.27) contains only six (nn,) o yy)
different terms [owing to the antisymmetry for the 4 }WpoEpvpa =(=D7Eyps (3.28)
Z matrices, to each permutation there corresponds (nn,) (nlnz :

212! permutations coming from a transposition in '@"1"2EWP¢' =E,

the indices of (Z,)) and (Z,) whxch give the same
result; this remark explains the < factor in (3.27)].

The second commutator

_
[Q,,s,[Q,,z,[Q,,l,a,,avapao]]]— ZFuv},fﬂ'Va,/au +terms a'aaa (3.29)
with
Fuwity=—14 2 3 VP, Pupel Za il Za w2 o] (3.30
nynyny uypo

The summation in (3.30) contains only 36 different terms due to the fact that the transposition po in (Z, ) and
the triple transposition (n,n,)(uv)(u'v’) give the same result. One can also check that

(n nyny) (n nyns)
2 3 P 273
Y uwu’*’—( 1) FﬂVpcﬂ'V ’

(n nyny) (nn,n,)
273 17273
g’n,nzn:,F;wpa u'v =L pvpo,u'v -

7
(3.31)

The third commutator

(nynynyn
[Qn4 [Qn3,[Qn2:[inaapavapao]]]]— 2 Gyvpazp’v':)a'aa' Ay dyy (3.32)
uvp'o'

with

(nynyn3n,)

Grponivye = 2 (=17 Pouol(Zn )yl Zo Do Zo Yo Z o]

= 2 '@nlnzn3n4[(znl);m’(zn2 )vv’(Zn3 )pp'(zn4)aa'] ’ (3.33)

which has the following properties:

(nynynyn,)

_ (nynynyn,)
pvpopvp'e’ =

4
2 uvpoG =176 pypo,pvpor 5

(3.34)
(nynynsn,) (nynyn3ny)

gn1n2n3n4Gpvpa,u’v'p’a’ = Gpvpa,p vp'o' *

The recursion formula for «#“?’ now reads

(nyny)

LK K sk, zm(kl,...,k,;k;,...,k;,l—l,...,k,',z—l,...,k,)E,w,,,,

nxnz
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(n n2n3 (20) .. ' ' ' ' ’
o 2 DFuvpopv ke, .. kyk seenkn =Lk =Lk — 1K)
3! n1n2n3yv
1 (nynynyn,)
+Z 2 2 Gﬂvpa,yvpa
© mynynyn, p'v'p'c’
X PO ok k, ik} k, —1 k, —1 k. — k! — k)
uvpa'\Ris e oo s Ry, MR ) co Pny ] +s By co Py csPRp /.
(3.35)

In this relation, as in the equivalent one (3.19), if I (I =1,.

must be understood as k&,

,—1. To calculate the elements <, ,,
the overlap matrix .4~ for p +p’—2, the one body matrix d}ﬁf’) for p +p’

..,4) phonons n; are identical the parameters k, ,—1
40) for a total number p +p' phonons, one nwds
—3,and dif,?)a itself for p +p’'—4.

The matrix elements of T3; and T, of the two body operator are obtained from .“? by the following

equations:
(0¥ - @Malalala ol
L KKk k)= o, Qla v Q an 0,
pvpo 5. ERAY BLAg ¢} s Rr k,l' kr!kl! kr'
=33 Zalowl ypor ks - kisky, k=LK (3.36)
n o
k! ky y
LB K )= Q‘ @l 1 0)
r k,!kll sk
= (Z)opl DMK, . KKy k=1, Ky
n
1
7nznzg Zn)o\Zn, )opr +(Zn, g Zn, Joo']
X.zzijﬁf},’,,(k’l,...,k,’;k,,...,k,,l—l,...,k,,z—l,. k),
(3.37)

with the same convention on the parameters as in
(3.19) in the case of identical phonons.
The introduction of reduced quantities is useful

to write the various equations in a more compact
and elegant way. It is equivalent to say that instead

of working with basis states

k
for
-0, |0> ’
we use “reduced” states’
kr )
-0, |
[k k)= koo k! ’

the reduced quantites are now the matrix elements

T
in this reduced basis. Starting from

A410,0,...,0;0,0,...,0)=1

all the recursion formulas given above allow us to
calculate overlap matrices and matrix elements for
one and two body operators concerning any general
multiphonon state |k, ...k, ).

IV. ILLUSTRATIVE EXAMPLES

The two methods presented in the previous sec-
tions represent two different ways for computing
matrix elements in a multiphonon basis. They both
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take care of the Pauli principle rigorously and give,
of course, the same results if no approximation is
made. The question now arises as to which one is
more suited for a given problem. Even if some pho-
nons are identical the generalized Wick’s technique
requires performing the treatment as if they were all
different, grouping together all identical contrac-
tions afterwards. Furthermore, the number of con-
tractions up to a given order increases more or less
exponentially with the phonon number. These few
remarks explain why, according to us, the Wick’s
theorem is useful in the case where the multiphonon
basis contains few phonons, all of different types.
On the contrary, the recursion formulas ought to be
used if the basis contains several phonons of the
same type. The case of a great number of different
phonons is difficult independently of the adopted
method. From a numerical viewpoint, there are
also differences between the two methods. In the
Wick’s formalism, the algorithm necessary to code
all the system of contractions is not very easy but
each matrix element of a given order can be com-
puted separately. On the other hand, the use of re-
cursion formulas allows a more elegant numerical
formulation but requires the computation of several
matrix elements at the same time. In practical
cases, one often checks the stability of the results
when increasing the basis. The matrix elements of
order p — 1 are then necessary also when one goes to
further order p. The recursion formulas ought to be
very well suited for such practical problems.
Furthermore, with the contraction technique, since
each matrix element is calculated separately, the
computing time should be rather long but storage
considerations are of minor importance whereas the
contrary holds for a treatment based on recursion
formulas.

Let us now examine two examples which illus-
trate the use of both methods; in order to keep a
maximum of simplicity we focus our attention on
overlaps only.

In the first example, only one type of collective
phonon is considered and is denoted by Q’L. The
multiphonon basis is thus the set of vectors

o™
{ |k>=?|0),k=l,...,N} .

The overlap matrix is simply the norm matrix
N =Nkk)=(k |k) . 4.1)

The recursion technique is used in that case and we
write .« instead of «7(k,k —1). The basic equa-
tions (3.18) and (3.19) are expressed here by

kA o=—5tlZ}], 4.2)
Ay =LZNy 1\ VY2 A _\Z . (4.3)

It is possible to “decouple” these equations and to
express everything in terms of the reduced norm .+
more precisely

k
=3 N [ZP!, 4.4)
i=1

k
kN v=—5 3 Ni_tr[Z7]. 4.5
i=1

Starting from .#,=1, Eq. (4.5) allows a very easy
numerical evaluation of .#%. On the other hand,
the replacement in (4.5) of 4% _; by its developed
form in terms of tr(Z?™) would give the final ex-
pression obtained by use of the Wick’s theorem; this
expression is not simple at all and one sees in this
special case the power of the recursion formulas.
Applications of this example were investigated in
detail for quadrupole phonons both in an exactly
solvable model* and in more realistic situations.’

The second example deals with the coupling of
an octupole K"=0" phonon Q7 and a quadrupole
K™=0" phonon Qg, a problem of basic importance
in the actinide region where the first octupole state
lies very low in energy. Here we give only the over-
laps for both K™=0% and K™=0" states up to
third phonons by using the Wick’s theorem. The
phonons Q and Q are assumed to be orthonormal-
ized thus

ClQoQ)1=—1tr(Z D=1,
Cl0:0}1=—5t(Z)=1, 4.6)
C[Q0211=ClQ,0)1=—5tr(Z,Z))=0.

Besides (4.6) we need the following contractions:

C[Q0Q0Q0011=—tr(Z,Y
C[Q00001011=—11(Z,2,20Z))
clg,0.0lel1=-u(z",
C[210:,0{0]1=~tr(Z?Z,),
C[Q0Q020Q3QiQ0 1= —61r(Z°) , @)
C[0:0:0:0l0011=—6t(Z,°Z,2,2,)
C[Q0Q000Q10 01 1= —611(Z°Z,20Z) ,
C[0:0:00001011=—21r(Z,Z,2Z,Z,%)
—4tr(Z2Z,Y
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C1Q:1000,010001 1= —211(2,22,2,Z) Concerning K"=0;L stat&? there are six Tbasic
—4tr(Z4Z 2 states, I%al?ely 1) Qol)s Q02 1), le 1) QO3 1
o0&t and Q¢Q1%|). Application of the generalized
C[0:0:0:0!0l0]1=—6tr(Z,%) . Wick’s theorem leads to
|
(] )=t1,

(200 =Cl0o0{1=1,
(00’08 ) =2C[QoQ} P+ C[Q000000) 1=2—r(Z,*) ,
(Q%01?)=2C[00Q] P+C[Q000010] 1= —tr(Z,2,2,2)),
(0,%0*)=2[0,0{1P+C[0,0,0l0]1=2—tr(Z,%, (4.8)
(00’01 ) =6C[Q0Q} P+9C[200{1C1 200230} 1+ C1Q: 00000 0 01

=6—9tr(Zy*)—61tr(Z,°) ,

(0o°elo!?) = 6C10,051C1002 1 1P +3C 12005 11002001011
+6C[Q00]1C10:0025011+C10000000501011
=—3tZyZ,ZoZ,)—6t1(Z’Z1ZyZ,) ,

(0:°0,0801?) =2c[0,0}1c10,0] P+4clgo0! 1C10, 0} 1C10,01 1+ Cclos0)1C1 0,0, 01011
+2C[0,0}1c10,0:05011+2c10,0{1C[0,0,0]01]
+4c[0,011c10,000%011+Cl0,0,00,0{0101]

=2—tr(ZY)—4tr(Z?Z 2) —2t1(ZyZ 2 Z( Z %) —411(Z,*Z %) .
For the K™=0" states there are four basis states, namely 01 | ), 0301 |), 0%201 1), 0P| ), and

(@:01)=clo,0l1=1,
(0,0,0f01)=cl10.0!1c10:011+Cl0.01c10,081+Cl0,0.08011
=1-tr(Zy*Z,?),

(0,00°0801) =2C[000i FC0:011+4C10,0]1C10:001C1 2001+ 10, 0] 1C1 2020 0J0s1  ©49)
+2C[0,011C[2,0,00051+2¢[0,051c[0,0,01011
+4C[0,081C10:0,00011+C[0:00:0,0}0}01]
=2—tr(Zo*")—4tr(Zy°Z,%)—2t1(Z2Z 2’ Z, ) —4tr(Z*Z P

(@’efely=6cio,0l1clo,0iP+3cl0:011C10:0,:0i0]]
+6c[0,001c10:2:00]1+C[0.:0,0,00l011

=—3tr(ZyZ,ZyZ,)—6t(Z,3ZZ,Z,) ,
(0, 0M)y=6c10,01P+9c10,2]1c12,0:0]011+Cl0:0:0:0l010]]
=6—9tr(Z,*)—6tr(Z,°) .



26 MULTIPHONON THEORY: GENERALIZED WICK’S THEOREM . .. 2653

It is worthwhile noting that some matrix ele-
ments for K™=0" states are obtained from contrac-
tions of lower order involving K =0~ states (and
conversely). The study of the coupling between 0~
and O% bands is in progress and more detailed
analysis is postponed until future publications.

V. CONCLUSIONS

To properly treat the problem of multiphonon
states of different types we have developed two
methods which allow us to properly take into ac-
count the Pauli principle, thereby being much better
than the different available boson expansion tech-
niques.

The first method appears to be a generalization of
the Wick’s theorem for phonons. It seems especial-
ly suited for studying matrix elements of multipho-
nons states with a few phonons of many different
types.

The second one, which is a recursion formulation

of the same problem, is more easily handled in the
case of numerous phonons of the same type or when
only a few types of phonons are involved.

These two methods are complementary, the first
one is formally more compact and elegant, the
second one more useful for realistic numerical cal-
culations.

Several applications are possible within this for-
malism: coupling of different vibrational states in
deformed nuclei, coupling between collective and
noncollective excitations, elimination of the spuri-
ous states due to nonconservation of particle num-
ber, etc.

In difficult realistic cases where the limitations of
these methods may be rapidly reached it is possible
to combine the multiphonon method for matrix ele-
ments involving few phonons with boson expansion
techniques as shown in Ref. 3.

The authors would like to acknowledge fruitful
discussion with Dr. Z. Szymanski.
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