
PHYSICAL REVIE% C VOLUME 26, NUMBER 4 OCTOBER 1982

Prolate-oblate problem in Si: Angular-momentum projection
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The effect of angular momentum and parity projection on the energy and deformation of
the oblate and prolate minimum in 'Si has been studied. We discuss the approximations
resulting from variation without, before, and after projection for a number of standard
nucleon-nucleon interactions. We find that the intrinsic oblate and prolate minimum occur
in reversed energetical order for most forces. The effect of angular momentum projection
alone tends to resolve the discrepancy but this effect is reduced if the projected states are
allowed to vary.

NUCLEAR STRUCTURE Si; alpha-cluster model variation after
projection with finite-range forces. Calculated energies, quadrupole mo-

ments, rms radii.

I. INTRODUCTION

The coexistence of an oblate ground state and an
excited prolate minimum in Si has been a chal-
lenge for a large number of nuclear structure calcu-
lations using such diverse methods as Hartree-
Fock, ' ' Hartree-Fock-Bogoliubov, ' ' shell
model, ' ' SU(3), ' the Strutinsky correction,
generator coordinate, ' and alpha-cluster model
approaches.

Experimentally, the first three 0+ levelss~ in 2sSi

are the ground state with negative quadrupole mo-
ment, a 4.979 MeV level that has been attributed' to
a vibrational excitation in the oblate well, and the
6.691 MeV band head of a prolate band that has re-
cently been identified. ss While many theoretical
studies confirm the existence of two local minima
with prolate and oblate deformation, most calcula-
tions fail to reproduce the energy spacing of the
corresponding experimental levels. Although the
observed 6.691 MeV excitation of the prolate state
is quite large, the calculated prolate and oblate
minima tend to be almost degenerate in many cases
or occur even in reversed order.

The present paper deals with the effect of angular
momentum projection on the oblate and prolate
minimum in Si. Many previous calculations in

2sSi are for the intrinsic states only (Refs. 1, 3—6,
11—13, 16—19, 24, 25, and 28 —30), and do not
take into account states of good angular momen-
tum. It has been speculated that angular momen-
tum projection might remedy the unsatisfactory lev-

el sequence obtained for the intrinsic states. In fact,
an improvement has been found in some cases
(Refs. 8, 10, and 15), where angular momentum

projection was applied to the intrinsic minimum-

energy states (i.e., after variation). However, with
few exceptions, ' ' ' ' no attempt has been made to
study if the improvement obtained by angular
momentum projection (without further variation)
persists under the complete variation of the project-
ed states. For the Brink-Boeker 8& interaction, it
has been found ' that the relative effect of the pro-
jection in the oblate and prolate state of zsSi is re-
versed if the projected state is allowed to vary.

We have studied the results of angular momen-
tum projection in Si for a number of standard
nucleon-nucleon interactions and allowed for devia-
tions from axial symmetry in the intrinsic state. In
the following we present the results of the usual ap-
proximations, viz. , variation without, before, and
after projection, and discuss the improvement or
deterioration obtained from the consecutive approx-
imations.
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II. METHOD B. Hamiltonian

A. Intrinsic states

Throughout this paper Brink's alpha-cluster
model (ACM) wave functions are used as the in-

trinsic variational many-body states of the nucleus,
i.e., Slater determinants

I

4 ) of (in general
nonorthogonal) ls harmonic-oscillator single-
nucleon orbitals with quartet coupling that are cen-
tered around given positions RJ,

P;(x;)=(b/i/ir) ~ exp[ —(x;—R ) /2b2]g;

(2.1)

The calculations have been performed for a num-

ber of different finite-range forces of the Brink-
Boeker (B and C) and Volkov (V) soft-core type.
In any case the exact Coulomb energy and the com-
plete (one- and two-body) center-of-mass term have
been included.

The present computation of the matrix elements
of the intrinsic states follows standard methods.
We refer therefore, e.g., to Refs. 35 and 37 where
the explicit form of the matrix elements and more
details of ACM calculations are also given.

C. Parity and angular momentum projection

In Eq. (2.1) i labels the nucleons and j the alpha
centers, X; denotes the spin and isospin state of the
nucleon, and b is the oscillator width.

The choice of this type of variational many-body
state is motivated by the following reasons: Firstly,
no Lagrange constraint is needed to search for a lo-
cal energy minimum that is well enough separated
from the absolute minimum of the variational
space. This property is particularly useful for this
study as the ambiguities associated with the choice
of one or several constraints can be avoided.
Secondly, the numerical angular momentum projec-
tion of nonaxial intrinsic states is still practical al-

though explicit E projection and, therefore, a three-
fold rather than single quadrature, are required in
the Peierls- Yoccoz projection integral (cf. Sec. II C).

As the intrinsic state I4(x;,Ri, b)) of the 28-
particle system is determined by the cluster centers
Ri, ... ,R7 (and the oscillator constant b) any reflec-
tion or rotation 0' of the wave function can be
achieved by operating on the parameters RJ
(j=1,...,A/4) rather than the particle coordinates
x; (i=i, ...,A)

I
@( x;;Rj,b—))=

I @(x;; Rj,b)), — (2.2a)

I C(9Px;;R, ,b))=
I
C(x,.;W-'R, b)) . (2.2b)

and
(2.3)

This facilitates the numerical parity and angular-
momentum projection

I
@ (x(',Rj,b)) =

I
&&(x;;R,,b))+ I

@(x;;—R, ,b))

PxM I 4(x;;Ri,b)) = f dpsinpdxM(13) f da f dye' + r'
I ~'+(x;;~i(a)&q(p)SF'(y)RJ, b}) .

(2.4)

In the Peierls-Yoccoz integral (24) 9F denotes the
rotations through the Euler angles a, P, and y, and

d~~ is the reduced rotation function. The varia-
tional ACM states I@), however, are in general
nonaxial and require explicit E projections, and
therefore numerical integrations over all three Euler
angles (a,P, y).

D. Point symmetry restrictions

The general ACM state of Si has 16 variational
parameters, viz. , the 3/4=7 cluster positions R~
with three coordinates each plus the oscillator con-
stant b, minus the three center-of-mass coordinates,

and to the three Euler angles for the orientation of
the system. It is customary in ACM calculations to
restrict the variational space to those ACM states
that have a given point symmetry. This restriction
largely reduces the number of variational parame-
ters but it may lead to spurious results as we
showed earlier. ' ' In contrast to the usual pro-
cedure we have first performed an unrestricted 16-
parameter variation of the intrinsic state, and then
restricted the time-consuming variations after pari-
ty and angular momentum projection to the point
symmetries that result from the variation without
projection, i.e., D~s for the oblate and D&s for the
prolate state.



.26 PROLATE-OBLATE PROBLEM IN zsSi: ANGULAR-MOMENTUM. . . 1727

III. RESULTS

The following types of calculations have been
performed for a number of nucleon-nucleon forces:

( V): variation of the intrinsic state
~

4) without
projection;

(P+ V): parity projection P+ of the state
~
4);„

that results from the unprojected variation ( V);
(VP+): variation of the parity projected state

P+ ~e);
(P + V): parity P+ and angular momentum pro-

jection onto J=0 and E =0 for
~
4);„,the result

of (V);
(VP +): variation after projection onto parity

+ 1, angular momentum J=0 and E =0.

-155—

-160—

V

pQ'

VP

oblate prolate

In addition, projections onto (J"=2+, K =0) have
been performed for the intrinsic oblate and prolate
states, that result from the VP + calculation, in or-
der to determine the rotational constants of the ob-

late and prolate bands.
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A. Energy shifts and level spacings

Figure 1 shows the energy shifts in the prolate
and oblate minima that are associated with the
above consecutive approximations for the 8~ force
In any approximation we find two distinct local
minima. The intrinsic prolate state has almost good
parity. Therefore parity pmjection has almost no
effect on the energy but variation after parity pro-

jection leads to a sizable effect. The opposite ten-

dency occurs for the oblate minimum: While a con-
siderable decrease in energy results from the parity
projection of the intrinsic minimum, an additional
variation leaves this state essentially unaffected. As
a result, the variation after parity projection leads to
a further decrease of the prolate minimum over the
oblate one, and therefore an even larger discrepancy
between calculation and experiment. By far the
largest effect among all approximations is due to
the angular momentum projection. It lowers the
oblate Ininimum about three times as much as the
prolate minimum, and reverses the origina1 se-

quence of the prolate and oblate level, a result that
is in accord with the experimental level sequence.
A further variation of the parity and angular
momentum projected states, however, has the oppo-
site effect: The prolate minimum is lowered four
times as much as the oblate one. Among the con-
secutive approximations this is the largest of all re-
lative shifts in energy between the oblate and pro-

FIG. 1. Calculated oblate and prolate minima in Si
and the energy shifts resulting from variation before and
after parity and angular momentum projection for the B

&

force. The approximations are labeled as in the text. The
prolate and oblate minimum of each approximation are
connected by arbitrary curves.

late states, and the resulting minima are almost de-

generate.
We have studied the same approximations for all

Brink-Boeker (8&, ,84, C&,......, C4) and Volkov

( V~, .. ., Vs ) forces. Figure 2 shows the energy shifts
resulting from each approximation for the different
forces in the oblate [Fig. 2(a)] and prolate [Fig. 2(b)]
state. Apart from sizable fluctuations in the oblate

parity projection results P+ and VP+, the energy
shifts of the various approximations do not depend
very sensitively on the particular choice of the in-

teraction, and are qualitatively similar to the 8& re-
sults of Fig. 1. In particular, the combined effect of
parity and angular momentum projection, P +V
and VP +, falls, for all 16 forces, within 20% of
the average value. Correspondingly, the shift in the
excitation energy of the prolate minimum over the
oblate minimum due to the P +V and VP + ap-
proximation depends very little on the particular
force. This is plotted in Fig. 3. The curves result-
ing from the projection (P +V) and the variation
after projection ( VP +) are almost parallel to the in-

trinsic result (V) for all forces. This demonstrates
that the finding for the 8~ force in Fig. 1 is typical
for all forces: While angular-momentum projection
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FIG. 3. Calculated excitation energy of the prolate
minimum over the oblate minimum in "Si that result
from variation without projection (V), and variation be-
fore {P +V) and after (VP +) projection onto J =0+,
E =0 for the Brink-Boeker and Volkov forces.

vp'
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the only one that has already an oblate intrinsic
ground state. The Brink-Boeker forces have an in-

creasing strength of the odd state force within the
8t to 84 and Ct to C4 sets. The prolate-oblate
splitting seems to be correlated to this strength lead-

ing to the zig zag -pattern of Fig. 3. No simple rela-
tion exists, however, for the energy shift if the sets

8; and C; are compared with one another.

The total binding energy of the lowest calcul'ated
0+ state in Si is given in Fig. 4. As in many nu-

clear structure calculations in the sd shell, the
Brink-Boeker forces lead to a substantial underbind-

ing whereas the Volkov forces are close to the ex-

perimental value or tend to overbind.
The experimental data for Si indicate that both

the oblate and prolate band are rotational (Refs. 32,
33, 41, and 42). We have therefore determined the
rotational constants (E + E+)/J(J+1) tha—t fol-
low from the J =2+ projection of the state of
minimum 0+ energy. The energy differences,
E + —E +, are given in Fig. 5. The calculated ro-
tational constants, again, do not depend very sensi-

~ ~ m» yp+
~ ~ ~

/
~ ~

O+ii
~ ~ ~ ~

B, BP B3 B C, C2 C3 C V, V2 V V V Ve V Ve

FIG. 2. Energy shifts resulting from parity and angu-
lar momentum projection before and after variation in
the oblate [Fig. 2(a)] and prolate [Fig. 2(b)] cases for a
number of nucleon-nucleon interactions. The approxima-
tions are labeled as in Fig. 1.

alone leads to a substantial improvement, much of
the improvement is lost again in the full variation
after projection. The remaining energy shift in the
excitation of the prolate minimum due to variation
after angular momentum projection is 2.5 to 5.1

MeV relative to the excitation calculated for the in-
trinsic states which is in most cases not sufficient to
raise it above the oblate minimum. The only force
that leads to a result in the vicinity of the experi-
mental level spacing of 6.691 MeV is the Ct force,

W. BAUHOFP, H. SCHULTHEIS, AND R. SCHULTHEIS
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FIG. 4. The energy of the lowest calculated 0+ state in
'Si for the Brink-Boeker and Volkov forces. For com-

parison the experimental binding energy (Ref. 44) is also
given.
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8. Angular momentum of the intrinsic states

For the rotational band with axial symmetry (i.e.,
only K=0) the energy shift due to angular-
momentum projection (i.e., between the P+V and
the P V energy) can be estimated on the basis of0+

the intrinsic state
I
4) and the experimental rota-

tional constant. An expansion of
I
4) in terms of

angular momentum states
I
4oM ) yields

z —E~=(e III
I
e) —z~

I &oM I
'«oM —Eoo)

J~,N
(3.1)

and the'assumption of a rotational level spacing

EoM —Eoo =aJ(J+1) (3.2)

then leads to

tively on the choice of the nucleon-nucleon interac-
tion. All our calculations slightly overestimate the
experimental spacing of the prolate band, and un-
derestimate the oblate spacing by a factor of 2 in
accordance with most other calculations. In both
bands the spacing may be further reduced in a vari-
ation of the 2+ states after projection.

0 I I I I I I I I I I I I I

Bl 82 B3 Bt, CI Cp C3 Ci, V& V2 V3 Vt V5 V6 VP Vs

FIG. 5. Calculated energy differences E +—E + for
the oblate [Fig. 5(a)j and prolate [Fig. 5(b)] band in 'Si in
comparison with the experimental values. Here the 0+
energy is the variation-after-projection result, whereas the
2+ energy is determined by projecting the result of the
variation after 0+ projection onto 2+ without further
variation.

E Eoo ag —
I aoM ——

I
J(J+1)

J~,M

=a(a
I
J'I e), (3.3)

i.e., the energy shift E Eoo should be —small if the
intrinsic state has little admixture of J ~0 com-
ponents and therefore (4 I

J
I
4 ) =0 and vice ver-

sa. This qualitative statement should also be valid
if the intrinsic state is triaxial, but admixtures with
X+0 are small. This is the case in Si where the
next allowed K values are K=6 (prolate) and
IC =10 (oblate)

The calculated values of (4
I
J

I
4) are given in

Fig. 6 for the intrinsic prolate and oblate minimum
energy states. The figure indicates that the oblate
energy shift should be larger than the prolate one,
provided that the rotational constants a are of the
same order in both cases.

Following Ref. 5, a more quantitative estimate
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100

80

der of magnitude in the prolate case, the oblate en-

ergy shift is generally overestimated by a factor of
2. This corresponds to the discrepancies in the cal-
culated rotational constants that have been dis-
cussed in Sec. IIIA.

60— C. Deformations and densities

oblate

20—

prolate

I I I I I I I I I I I I

8, B B B C C C3 C4 1 V2 V3 V4 V5 V6 V7 Ve2 3 4 1 2 3 4

FIG. 6. Expectation value of the angular momentum

J in the intrinsic minimum energy state ~4). Large
values of (4&

~

J
~
4) should be associated with large en-

ergy shif
'

the 0+ projection, as discussed in the text.

30,

should be obtained by substituting the correspond-

ing experimen'mental values for u. A comparison wit
een thethe exact results (i.e., the energy shift between t e

P +V and P+V calculations) is given in Fig 7. .
%hile the approximation reproduces the force-
dependent variations in the exact curves, and the or-

Figures 8 and 9 show the calculated rms radii
and quadrupole moments. Generally the prolate
and oblate state have similar rms radii (see Fig. 8).
For all forces the projections onto good parity and
angular momentum and the variations after the pro-
jections leave the rms radius of the intrinsic calcula-
tion almost unchanged. It turns out that the experi-
mental charge radius of the ground state, ' '

R,=3.09 to 3.13 fm, is better approximated by
the Brink-Boeker forces than by the Volkov forces,
whereas the opposite is valid for the binding ener-

gies. Similar results have been found in many other
calculations.

The calculated quadrupole moments (Fig. 9) are
also quite insensitive to the various approximation
methods but much depend on the choice of the in-

teraction. %hile the experimental quadrupole mo-

ment of the oblate state ' ' is approximated
about equally we11 by the Brink-Boeker and the Vol-
kov forces, the latter substantially underestimate the
measured quadrupole moment of the prolate
state. 33,42

Figure 10 shows the calculated single-particle
densities

25—
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I

I

I
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~

+5(r —x;)
~
4)
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protate
e-
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-prolate
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8 B 8 C C C C V1 V2 V3 V4 5 6 7V V V V8) 82 3 4 1 2 3 4

o+ E+FIG. 7. Estimated and exact energy shifts E
due to angular momentum projection of the prolate and
oblate intrinsic minimum energy state. Follow' gFollowin Ref. 5,
the estimate ish

'
t

'
based on the calculated intrinsic

(4&
~

J2
~
4) values of Fig. 6 and the experimental rota-

tional constants of the prolate and oblate band.

I I I I I I I I I I I I I I0 I

BI 82 B3 B4 C1 C2 C3 C4 VI V2 V3 V4V V V V V

FIG. 8. Calculated rms radii of the prolate and oblate
in 'Si for the Brink-Boeker and Volkov forces.

Each radius corresponds to the VI'0+ expectation value
for the intrinsic state which minimizes the energy after
0+ projection. The results of the other approximations
almost coincide with the plotted values. Experimental
values (Refs. 17 and 43) for the charge rms radius of the
oblate ground state are close to 3.1 fm.
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IV. CONCLUSIONS
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FIG. 9. Same as Fig. 8 for the quadrupole moments.

The experimental values are taken from Re s.fs. 33 39, 40,
and 42.

oblate

prolate

of the prolate and oblate intrinsic state perpendicu-
lar to the symmetry axis. It is obvious that the ob-
late state has much more azimuthal structure than
the rolate one. This may qualitatively explain why
the oblate state is more affected by rotations,
thus by angular momentum projection, than the
prolate state.

According to this paper two minima with quad-
rupo e m1 moments of opposite sign coexist in i.

allThis is the outcome of all calculations for a
nucleon-nucleon forces studied, and in any approxi-
mation used. Apart from its very existence, the
problem of prolate versus oblate deformation o t e
calculated ground state of Si is ambiguous in two
respects. Which one of the two local minima is
lower in energy depends rather sensitively on t e
choice of the interaction, and on the treatment o
parity and angular momentum projection and varia-
tion. In contrast to the experimental data most cal-
culations tend to favor a prolate ground-state defor-
mation. This is true for all unprojected results ex-

cept for the CI force, and for 12 (two are degen-
erate) out of 16 results obtained by variation after
projection. The C& interaction is the only one that

. results in a sizable excitation (6.8 MeV) of the pro-
late minimum over the oblate minimum. Therefore

1 the C result is reasonably close to the mea-
+ in Si (atsured excitation of the prolate 0 state in i a

6.6914 MeV).
In general, projection after variation substantially

lowers the energy of the oblate state, and therefore
tends to decrease the discrepancy between experi-
ment and calculation that usually results from
unprojected calculations. However, y

~ ~

b a further re-
finement of the approximation, viz. , variation of the
projecte s a e, md t t much of the improvement is lost
again, and the disagreement between calculated and
experimental deformation increases.

Th' also be relevant for the existingis may a so
Hartree-Fock results. For the 8I force it has been
shown in Ref. 30 that alpha-cluster model and
Hartree-Fock calculations lead to rather similar
states in Si. Therefore much of the ambiguity as-
sociated with the projection will apply to Hartree-
Fock results as well. In particular, there are a num-

ber of Hartree-Pock calculations with variation be-

fore projection only, which reproduce the sign of
the experimental deformation. As the present re-

ithsuits for Si indicate, this may be at variance wi
the inclusion of the projection before variation, and
no definite conclusion about the agreement between
theory and experiment can be drawn unless the
time-consuming variation after angular momentum
projection has been performed.

FIG. 10. Single particle density of the prolate and ob-

late minimum in i or'S' f r the unprojected states and the

B& interaction. o p o. 8 th 1 ts are for a cut perpendicular to
the axis of maximum symmetry of the wave function.
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