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Local density approximation for the relativistic nucleon-nucleus potential
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We investigate the relativistic Hartree-Fock single-particle potential in the framework of
a local density approximation and of an improved local density approximation. In most
cases the latter yields a better agreement between theoretical and experimental results for
quantities which are characteristic of the nuclear surface. In the case of Cg, the energy
dependence of the ratio of the strengths of the scalar and vector components of the rela-
tivistic potential in the center-of-mass system is in good agreement with that determined by
the elastic scattering data analyses. In keeping with recent experimental evidence, the cal-
culated central part of the optical-model potential has a wine-bottle bottom shape at inter-
mediate energy. Both approximations provide a strong spin-orbit component.

NUCLEAR REACTIONS Improved local density approximation for

the relativistic Hartree-Fock single-particle potential in Ca.

I. INTRODUCTION

In the last decade, many attempts have been
made to derive a relativistic quantum field theory
which would describe properties of finite nuclei and
of nuclear matter. This renewed interest finds its
origin in the work of Miller and Green, who inves-

tigated ground state properties of doubly-magic
spherical nuclei, and of Walecka who developed a
simple mean-field approach for nuclear matter. In
particular, Miller and Green' have established that
a Hartree self consistent ap-proach, including the ex-

change of only two neutral mesons between nu-

cleons, namely the scalar meson o and the vector
meson co, yields a rather good agreement between
calculated and experimental values of binding ener-

gies and of the radial charge distributions. Corre-
spondingly, we have found that the Hartree approx-
imation also provides a good description for scatter-
ing states. To go one step further in the perturba-
tion theory, one has to include the Pock contribu-
tion in the average nucleon-nucleus potential. Mill-
er has shown that this average Hartree-Fock poten-
tial (U"") can always be made local, but is then
state dependent. For a spherical nucleus, symmetry
considerations imply that it is the sum of only four
Lorentz components whatever the nature of the ex-
changed mesons: a scalar (U, ), the fourth com-
ponent of a vector (U, ), a spatial component (U„),
and a tensor component (UT). The Hartree-Fock-
Dirac equation satisfied by the single-nucleon wave

function P( r;e) is then written

I ci p+y [m+U "(r)])P( r;e)

=(e+m)P( r;e) (1.1)

with

For simplicity, we have not indicated the state
dependence of the various components. Work is in

progress in order to estimate these components ex-

actly, but the self-consistent calculation appears
quite difficult. Therefore we have found it useful to
develop an intermediate step which amounts to cal-
culating the Lorentz components in the Hartree-
Fock mean field approximation for symmetric nu-

clear matter. Here, we use a local density approxi-
mation in order to obtain the values of the Hartree-
Fock potentials for a finite nucleus. In our investi-
gations, we only have included the exchange of the
mesons 0 and co. Previously, Arnold and Clark
had Used a local density approx1mation 1n older to
compare predictions of a relativistic Hartree model
with properties of the nonrelativistic optical model.

In this paper, we briefly recall the definition of
the usual local density approximation ' ' (Sec. II A)
and we exhibit why some properties of nuclei are
not well reproduced with this approximation (Sec.
IIB). In Sec. III we introduce an "improued" local
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density approximation which better reproduces the
surface properties of the nucleus. Section IV is de-
voted to numerical results. We first define the in-

put parameters used in our calculations (Sec. IV A).
In Sec. IV 8, we study the energy dependence of the
strengths of the scalar (U, ) and vector (U, ) com-
ponents of the single-particle potential. In Sec.
IVC, we investigate the radial shape of the central
part of the Schrodinger-equivalent potential at in-

termediate energy, and the energy dependence of its
volume integral and of its mean square radius. We
also show results for its spin-orbit component. Fi-
nally, Sec. V contains a brief summary.

II. LOCAL DENSITY APPROXIMATION

A. Definition

In Ref. 6, we have shown that in nuclear matter
the relativistic Hartree-Fock single-particle poten-
tial (1.2) reduces to the sum of only three well-

defined Lorentz components: a scalar, the fourth
component of a vector, and a spatial component

U" (kF, k )=U,""(kF,k)+y U, (kF, k)

+y U„"'(kF,k—) (2.1)

with (i=o,s),

U; (kF, k ) = U; (kF )+ U~ (kF,k),

U„""(kF,k ) = U, (kF, k) .

(2.2)

(2.3)

In Eqs. (2.1)—(2.3) we have indicated explicitly the
dependence of the fields upon the Fermi momen-
tum kF and upon the momentum k of the incident
nucleon. The upper indices H and I' refer to the
Hartree and Fock contributions, respectively. For
the sake of notational simplicity, we have omitted

I

+ [m+ U,""(k,,k)]',

(2.4)

the momentum dependence of each component of
the Hartree-Fock potential U " can be transformed
into a dependence upon the center-of-mass energy e

U; = U; "(kF,'e) (i =s,o, u) . (2 5)

In order to construct the average nucleon-nucleus
potential for a finite system, we introduce a local
density approximation (LDA). In its simplest form,
this approximation assumes that the components of
the relativistic potential U "at the distance I of the
nuclear center takes the same value as in a uniform
medium with a density equal to the local nuclear
density. This yields

U; "(r;e)=U; (kF(r);e) (i=s,o,u), (2.6)

where kF(r) is related to the empirical nuclear den-

sity distribution by

p(r) = kF'(r) .
3~2

(2.7)

The quantity U„" is smaller than U, "and U,
"

by one order of magnitude. Moreover, it practical-
ly does not influence the elastic scattering phase
shifts in a finite system; accordingly we shall
henceforth disregard it. Then the Dirac-Hartree-
Fock equation satisfied by the scattering wave func-
tion in the framework of the LDA reads

explicit reference to retardation effects. These have
been approximately included in the way described
in Ref. 6.

Using the energy-momentum relation

U„"(k,k )
[e+m —U,""(kF,k)] =k 1+—"

k

[ a.p+y [m+U, "(r;e)+y U,""(r;e)]]P(r;e)=(e+m)P( r;e) . (2.8)

A local density approximation developed in the
framework of the Hartree approximation leads to
an equation similar to Eq. (2.6) but without energy
dependence

I

calculated via a local density approximation defined
by Eqs. (2.7) and (2.9).

For a finite nucleus, the exact components of U
are written

U; (r)=U~ [kF(r)] (i=s,o) .

B. Weakness of the LDA

(2.9) .2
U;" (r) = J p;(r' )u;(

~

r —r '
~

)d r '

(i =s,o), (2. 10)

In this section, we exhibit what distinguishes the
exact Hartree potentials for finite nuclei from those

where the upper index FN refers to finite nucleus.
The quantities
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] —m~r
u, (r)= —r (e —e ),
u, (r)=r '(e " —e "),

(2.11a)

(2.11b)

denote the nucleon-nucleon interaction due to the
exchange of the meson cr and of the meson co,

respectively; m; (i= o,co) is the mass of the ex-

changed meson and A; refers to a cutoff momen-

tum. The nucleon distribution density and the
scalar density are denoted by p, (r)=p(r) and by

p, (r), respectively. Finally, g, (g, ) represents the
o (co) meson coupling constant.

In nuclear matter of constant density p, the po-
tentials (2.10) become r independent. We denote
them by U; . Onehas

.2

U; = p; f u;(r')dr' (i=s,o) .
4m

(2.12)

From these potentials, the LDA prescription (2.7)
and (2.9) gives the following approximation for the
potentials for a finite system:

.2

U; (r)= '
p;(r) f u;(r')dr '.

4m.
(2.13)

Equations (2.10) and (2.13) show that the potentials

U; (r) would be identical to the exact potentials
U;" (r) if and only if the interactions u;(r) had a

zero range. This condition is not fulfilled in prac-

tice. Therefore we can expect that the usual LDA

defined in Sec. II A will give a rather good approxi-

mation of the Hartree approximation in the inner

region of the nucleus, while it will lead to poorer re-

sults at the nuclear surface.

III. IMPROVED LOCAL DENSITY
APPROXIMATION

where the upper index "ILDA" refers to "improved
LDA." The constants C; are chosen in such a way

that U = U" in a uniform medium, namely

—1

C;= dr 'U; r' (3.2)

In the Hartree approximation, Eqs. (3.1) and

(2.10}are strictly equivalent. Indeed, we find, using

Eq. (2.13),

A possible way for improving the LDA defined

in Sec. II consists of including the effect of a range
in the expression of the relativistic potentials. '

This amounts to folding the various components
U;" (r) of the average nucleon-nucleus potential
calculated in the LDA by the corresponding
nucleon-nucleon interaction u;(r)

UILD+(r) C f d r ULD+(r )u (
~

r r
~

)

(3.1)

U,
" (r)= f dr 'u;(r')

2

f dr" p;(r") f dr'"u;(r'"} u;(~r —r" ~)

.2

f dr";(r")u;(
i
r —r"

~

)

=U;" (r) . (3.3)

We apply Eq. (3.1) to the case of the Hartree-Fock potentials. We recall that, in the Hartree-Fock approxi-
mation, the mesons o and co both contribute to U, "(r;e) and U, "(r;e). Therefore, using the nucleon-

nucleon interaction given by Eqs. (2.11), we write

U('" (r;e)=CJ f dr'U/ (r';e)
~

r —r'i '[exp( —mj i
r —r'~ ) —.exp( —Aj ~

r —r'~ )]

(i =s,o; j=o,co), (3.4)

with

—h rCJ= f drr '(e ' —e ')

AI mj l(AJ mj ) (j =o,co—) .

(3.5)

of the meson j to the approximate Hartree-Fock po-

tential U;""(r;e) defined by Eq. (2.6). The new

Hartree-Fock potentials for finite nuclei are then

written

UnILDA(r. e)+ UuILDA(r. e)

In Eq. (3.4), Ut" (r;e) represents the contribution (3.6)
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7.47 10.15

(MeV)

550

(MeV)

782.8

UHF( .
) UILDA(,

)

U HILDA( .
) + U HILDA( . )

TABLE I. Coupling strengths and masses of the

mesons 0 and cu used in our Hartree-Fock calculations

(cutoff energy A =A„=1530MeV).

g, ~/4m

We show results for the elastic scattering of a nu-

cleon by the nucleus Ca. We take the empirical
density distribution p(r) from Ref. 11.

In Fig. 1, we exhibit the radial shape of the rela-
tivistic Hartree-Fock component U,""(r;e)at @=50
MeV in the LDA (full curve) and in the improved
LDA (dotted curve). The latter approximation
mostly modifies the diffuseness of the potential. A
similar result is obtained for the scalar component
UHF

(3.7)
B. Energy dependence of the strengths of the scalar

and vector components of the Dirac potential

IV. NUMERICAL RESULTS

A. Input parameters

In order to calculate the Hartree-Fock potentials
defined by Eq. (2.6) or by Eqs. (3.4) —(3.7), we use

parameters that we have adjusted to reproduce the
empirical saturation point of nuclear matter, name-

ly, p, =0.17 nucleon/fm, average binding energy

per nucleon 8/A = —15.6 MeV. As
U" "=U;" in a uniform system, these parame-
ters are strictly identical for the LDA or for the im-

proved LDA. They are listed in Table I.

LDA

Recently, Arnold and collaborators have exhibit-
ed that the rendering of the experimental data of
elastic nucleon-nucleus scattering mainly deter-
mines the energy dependent ratio R(E) between the
strength of the vector and of the scalar components
of the single-particle potential

U, r;edr
R(~)=— (4.1)

U, re r

Moreover, it has appeared from the p- Ca (Ref. 12)
and the p- He (Ref. 13) elastic scattering data analy-
ses that this ratio R decreases linearly with increas-
ing laboratory energy T~. For a comparison with
the theoretical prediction, one should express the ra-
tio R as a function of the center-of-mass energy e.
The two quantities Tz and e are related by the fol-
lowing equation' ':

300- (e +2m@)' Am (T +2mT )'
e+(3 + l)m

(4.2))
200-

0

100-

r (fm}

FIG. 1. Radial shape of the Hartree-Fock component
U, "(r;e) for @=50 MeV, in the case of Ca. The full
curve corresponds to the LDA while the dotted curve
shows values of the potential in the improved LDA.

where A denotes the number of nucleons in the tar-

get. From this equation, we can see that the linear
dependence upon energy remains valid in the
center-of-mass system for a medium-weight nucleus
as Ca or for a heavy nucleus. However, for a light
nucleus such as He, the ratio 8 decreases more rap-
idly with increasing energy e than with increasing
energy T~.

The energy dependence of 8 implies that the two
components U, and U, of the single-particle poten-
tial depend also upon energy. This entails the intro-
duction of at least the Pock terms when these two
potentials are calculated in a microscopic approach.
In Fig. 2, we have represented by the full curve the
ratio R calculated in the Hartree-Fock approxima-
tion via the LDA defined by Eqs. (2.6) and (2.7). It
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0.85

~0Ca

isfies the following Schrodinger-type equation

2

+ U, (r;e) P&
—— "

(t &2Pl 2Pl
(4 4)

0.80-~ with the relativistic asymptotic momentum k„de-
fined by

0.75
k„=2m e+ e2 . (4.5)

0.70

——--- ILDA
———ph

100 200
c (MeV}

300

We have called the quantity U, (r;e) the
Schrodinger-equivalent potential since it yields the
same elastic scattering phase shifts as the original
Dirac potential. It is the sum of a central part

U, (r;s)=[U, (r;e) + U, (r;e)]
FIG. 2. Ratio R of the strengths of the vector and

scalar components versus energy in the case of "Ca.
The full line corresponds to a LDA prescription while
the dotted curve shows results for the improved LDA.
The das'hed curve comes from Ref. 12.

U, (r;e) U, (r;e—)
X l+

2fPl

+ U0(r;e)
Pl

(4.6)

is in semiquantitative agreement with the empirical
finding of Ref. 12 (dashed curve). The agreement is
improved when the Hartree-Fock potentials are cal-
culated in the improved LDA defined by Eqs.
(3.4) —(3.7). This is exhibited by the dotted curve in
Fig. 2. In both the LDA and the improved LDA,
the ratio R goes to a constant when e~ oo. This is
explained by the fact that the Pock contributions
tend towards zero when e becomes larger than
=300 MeV (Ref. 6). Consequently, for large e the
quantities U, and U, take their Hartree value and R
becomes independent upon energy. This discrepan-
cy with experimental evidence is not yet explained.
The introduction of heavier mesons might be useful.

and of a spin-orbit component

1 - l d—U„(r;e)o"L=- D(r;e )
2mrD(r;e) dr

with

(4.7)

D(r;e) =2m+a+ U, (r;e) U0(r;e) .— (4.8)

The quantities defined by Eqs. (4.6)—(4.8) can be
identified with the central and spin-orbit com-
ponents of the optical-model potential, respectively.
In Eqs. (4.3)—(4.8) we have dropped the upper in-

C. Schrodinger-equivalent potential 10

40Ca

Since experimental data are usually analyzed in
the framework of a nonrelativistic optical model, it
is useful to construct a "Schrodinger-equivalent po-
tential" which can be associated to the real part of
the optical-model potential. In the context of a
LDA, this average potential is obtained by eliminat-
ing the small components of the scattering wave
function in the Dirac equation (2.8). After some
manipulation one finds that the modified wave
function

P &
——[@+2m + U, (r;e) U, (r;e))—

(4.3)

where P & represents the large components of P, sat-

0I
X

-10-
170 MeV

-200

r (fm)

FIG. 3. Radial shape of the central part of the
optical-model potential for a=170 MeV in the case of

Ca. The full line shows the Schrodinger-equivalent po-
tential defined by Eq. (4.6), calculated in the LDA,
while the dotted curve corresponds to the improved
LDA. The dashed curve results from the empirical
analyses of Refs. 12 and 16.
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dex HF; we have also neglected the derivative terms
in Eq. (4.6), which are very small. Recent scatter-
ing data analyses' ' ' ' have shown that the cen-
tral part of the optical potential exhibits the striking
feature of being repulsive inside the nucleus while it
remains attractive at the nuclear surface at inter-
mediate energy. This "wine-bottle bottom shape"
had been predicted in the framework of the Hartree
approximation. ' In Fig. 3, we compare the shape
of the central part of the empirical optical potential
emerging from the p- Ca elastic scattering data
analyses at Tz ——180 MeV (dashed curve)' ' with
Schrodinger-equivalent potentials defined by Eq.
(4.6). The full line corresponds to Hartree-Fock po-
tentials U, (r;e) and U, (r;e) calculated via the LDA
[Eq. (2.6)] while the dotted curve refers to the im-

proved LDA [Eqs. (3 4) —(3.7)]. Both potentials
have been calculated for a=170 MeV which corre-
sponds to a laboratory energy of 180 MeV, as can
be found from Eq. (4.2). We note that the improved
LDA yields a better agreement with experiment,
mainly at the nuclear surface where the well is more
shallow.

The full curve in Fig. 4 of Ref. 8 represents the
volume integral per nucleon of the Schrodinger-
equivalent potential [Eq. (4.6)] of Ca with
Hartree-Pock potentials calculated in the local den-

sity approximation with effective parameters of
Table I. This approximation is in fair agreement
with the empirical values at low and at intermediate
energy. Since the improved LDA only modifies the
tail of the Hartree-Fock potentials (see Fig. 1), the
volume integral of U, calculated in this approxima-
tion takes roughly the same values than in the
LDA.

On the other hand, Fig. 4 shows that the mean
square radius (r (

~
U,

~

) ) takes values too small in
the LDA (full curve) while the agreement between
theory and experiment is significantly improved
when (r (

~
U,

~
)) is calculated in the improved

LDA (dotted curve).
The LDA and the improved LDA mainly take

their difference in the description of the nuclear
surface. Since the spin-orbit component is a surface
potential, it is interesting to compare the values ob-
tained for this quantity in the two approximations.
In Fig. 5, we have represented by the full curve the
spin-orbit potential U„(r;e) defined by Eqs. (4.7)
and (4.8) and calculated in the LDA. The dotted
curve corresponds to the improved LDA. The long
dashes show the average of the empirical spin-orbit
potentials found by van Oers. We note that the
two theoretical curves are in very good agreement
with the empirical one.

20 I

X

(U

N 10
V e mmaem I

) I DA 40
Ca

5
0

I

100 200 300

c (MeV)
FIG. 4. Energy dependence of the mean square ra-

dius (r (
~

U,
~
)) in the LDA (full line) and in the im-

proved LDA (dotted curve), in the case of Ca. The
empirical points come from Refs. 10 (squares), 19 (trian-
gle), and 15 (crosses and circle).

V. SUMMARY

Ca

-2—
X

———ph

r (fm)

FIG. 5. Spin-orbit potential U„(r;e) [Eqs.r (4.7) and
(4.8)] for ~Ca at a=50 MeV, in the LDA (full curve)
and in the improved LDA (dotted curve). The long
dashes show the average of the empirical spin-orbit po-
tentials found by van Oers (Ref. 20).

We have introduced an improved local density
approximation in order to evaluate the Hartree-
Fock single-nucleon potentials for finite nuclei from
those calculated in symmetric nuclear matter. This
approximation is "improved" in the sense that it is
a better approximation at the nuclear surface than
the LDA defined in Sec. II. Both the LDA and the
improved LDA reproduce well the shape and the
depth of the spin-orbit component of the optical po-
tential. In most cases, however, the improved LDA
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yields better agreement with empirical results than
the usual I.DA. In particular, we have shown that
the improved LDA makes more shallow the surface
pocket of the central part of the optical potential at
intermediate energy and increases the values of the
mean square radius (r (

~
U,

~
)). It also improves

the agreement between the calculated and empirical
values of the ratio R(e) defined by Eq. (4.1).
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