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We study the weak proton-induced muon production reaction using the impulse ap-
proximation. The process is studied below threshold for real pion production assuming a
' C target. The theoretical predictions for muon angular distributions are given for the
ground state, low-lying excited states, and the energetically available nuclear continuum.
The process is a very rare event using presently available beam intensities. We argue that
corrections to the impulse approximation are expected to be important and indicate how
to use partial conservation of axial vector current and experimental (p, m) results to obtain
more reliable estimates. The reaction can be a rich additional source of information re-

garding the relationship between the many-body pion source current and the space and
time components of the nuclear axial current. Even with the conjectured substantial in-

crease over the impulse approximation, the subthreshold counting rate seems too low for
detailed experimental investigation at this time. A simple exploratory experiment starting
above pion threshold and working downward in energy is suggested.

NUCLEAR REACTIONS ' C(p,p+v)' C, Ez-148 MeV, calculated

0(8) and o ~ impulse approximation, PCAC extensions.

I. INTRODUCTION

In the past few years there has been increasing
interest in the connection between the nuclear
many-body axial-vector current, isobar and pionic
degrees of freedom, and rescattering in the nu-

cleus. ' The purpose of the present paper is to il-
lustrate how proton-induced muon production
could contribute to the general study of the many-
body hadronic weak currents, and to estimate the
cross section of this relatively rare event in the im-
pulse approximation. We also discuss how to go
beyond the impulse approximation, making the
connection between nuclear pion production (p, m )

processes to obtain the hadronic weak axial vector
current required in muon production. Since medi-
um energy large momentum transfer pion and pho-
toproduction processes are only partially under-
stood, one could also argue that eventually muon
production could contribute to the better under-
standing of these processes. Given the present

seeming complexity of the situation regarding the
role of pionic and isobar degrees of freedom in
various processes, additional sources of informa-
tion (to be sure possessing their own intrinsic un-

certainties) should be useful to explore.
The basic weak process we consider is

p +zA —+zA +'+@++v .

This process might be studied, initially, below
threshold for real pion production so that decay
muons from this strong interaction do not swamp
the observed counts. Thus, to study muon produc-
tion experimentally requires an intense beam of
—100—140 MeV protons (after consideration of
center-of-mass and binding effects) as are becom-
ing available at intermediate energy facilities such
as the Indiana University Cyclotron Facility
(IUCF). The basic production reaction is a weak
interaction (inverse muon capture), thus considera-
tions involving the weak vector and axial vector
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currents in the nucleus are relevant. Moreover,
since the process delivers high momentum transfer
& 400 MeV/c to the nucleus (while requiring infor-
mation regarding the weak hadronic current at low
momentum transfer q (100 MeV/c and qo=m&),
two nucleon mechanisms (TNM) such as virtual in-

termediate isobars as in pion production and high

q photoabsorption must eventually be considered.
To a large extent the same diagrams included for
the renormalization of gz and discussing exchange
currents in electromagnetic processes are also
relevant for the discussion of TNM for threshold
pion production and muon production. In this in-

troductory study we concentrate on the impulse
terms and use experimental data on (p, m) to esti-
mate the order of magnitude of multinucleon pro-
cesses.

In the next section we present the basic formulas
needed to calculate muon production using the im-

pulse approximation and a limiting "model" appli-
cation of partial conservation of the axial vector
current of (PCAC). The actual calculations are for
muon production on ' C leading to bound states of
' C and low lying single neutron states in the con-
tinuum. For actual experiments, nuclei in the Pe,
Ni region are preferred to avoid contamination due
to pions produced and decaying into muons from
materials in the beam line, etc., with lower thres-
hold than ' C.

In Sec. III the results of the calculations in car-
bon are given and discussed. The importance of
using realistic single particle orbitals for calculat-
ing high momentum transfer processes is em-

phasized. We note the sensitivity of the results to
such uncertainties is significantly diminished in

pion production when a two nucleon mechanism is
adopted. Adopting a carbon target thickness of
150 mg/cm and a 148 MeV, 10 (uA proton beam
results in a relatively rare total muon production
counting rate of —1 count/decade. However, an
estimate based on a simple application of PCAC
and use of pion production data suggests that the
actual counting rate could be more than an order
of magnitude larger.

Finally, in Sec. IV we summarize and discuss
our impulse approximation results. A more in-
volved calculation, including the TNM is motivat-
ed. Such estimates should follow a quantitatively
successful calculation of (p, n.). The study of
(p, (M ) which is forbidden in the impulse approxi-
mation, analogous to (p, m ) in pion production,
would play an important role in establishing the
importance of a two nucleon mechanism.

II. MUON PRODUCTION FORMULAS

where Kf, k„, and k„denote the final nuclear tar-
get, neutrino, and muon momenta, respectively, in
the laboratory. The S matrix operator is obtained
from the weak Hamiltonian density via

S = i f—d xH~(x),
where

(4)

and

g x——Ji((hadronic)+ j~(leptonic) .

The leptonic current is related to the leptonic
field operators in the usual V-A theory

J~ '(x) =4,(x)lr~(1 rs)IP—.(x),
where the field operators are defined in Ref. 3.
The hadronic weak current is complicated by the
strong interaction and is given, in general, by

J~ '(x)=g. (x)l +(rx++~~~.q'++sq~

++~ rsr~+I'p rsq~+I'mrs~~. q"lg, (x)

(q—:four momentum transfer) . (7
The weak hadronic current is evaluated at low

momentum transfer in sub-pion-threshold muon
production, and so for this initial estimate we re-
tain the dominant vector (Fi) and axial vector (I'„)
terms. In the impulse approximation the values of
F~ and Eq are taken as the free nucleon values.
Because nonrelativistic final neutron wave func-
tions will be used, it is necessary to make a nonre-
lativistic reduction of the weak hadronic current.
The results for the vector current are

A =0 Jyp =F$5g
N p

(8a)

A,WO Jv~i„i = — (kp+kn)z5s s2M

iF)
+ &s„((r& q 4&s

In the impulse approximation the muon produc-
tion reaction, Eq. (1), can be calculated using the
usual current-current interaction for weak process-
es. The cross section, for an unpolarized incident
proton leading to a particular final state, is given

by

d k
do= —, g fdKf d~k~~(f~S~i)~

spins
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while for the axial vector current

~=0 Jwo = — Xs [c7.(kp+kn)1Xs

~%0 Jai. =~a&s„(&k)&s

(9a)

(9b)

the expression for the cross section. Note we
detect only the final muon, thus we wish
d oldQ„dE„. Using

d kq kp
——dkqdQq, dkp —— "dEpP' P k

(12)

where the 7 are the hadronic spin functions and
the k„p denote the single nucleon momentum
Note since the (impulse) axial vector current time
component contains a k/M reduction it is quite
small for events involving initial and final bound
nucleons. We shall see later that as one goes away
from the impulse approximation, the time com-
ponent becomes relatively much more important.
Of course even in the impulse approximation velo-
city terms can be important for —150 MeV in-
cident nucleons.

We assume an initial nonrelativistic hadronic
state

k' '

~
' +I R..M. -i+I

P

(10)(&'—=&iab
—~c.m. »

where v ge' "
p

' is the incident medium energy
proton relative coordinate wave function with ab-
sorption reduction factor v g. It has been observed
that in the energy region 130—200 MeV the main
effect of the proton optical potential is to cause a
slight decrease in the available flux with only small
momentum dispersion effects. For our actual nu-
merical calculations for a 148 MeV proton on ' C
we use (=O.S5. (See later discussion. ) In Eq.
(10), Pr denotes the original A particle intrinsic

i K,-. R
ground state wave function, while e ' ' is the
initial A +1 center-of-mass wave function with K;
measured in the laboratory system. The final non-
relativistic hadronic state, assuming a single lsj
coupled neutron bound outside a closed shell tar-
get, is given by

$ 9$

(13)

where

Is I'
Wgg

——
vol time

62
(2n. ) (2m. ) 5(EJ —E;)

Ep 2Q)v

x5(PJ —P;)l 1 *JxJ' . (14)

The l operators contain the traces over the lepton
operators. The J's contain the hadronic operators
and are defined below. We rewrite Eq. (14) in the
form

Ep kpm p

dQpdEq 8
I kp I

(2ir)i

d kFx g I d k„5(Et E)—
$ Jzn v

X5(Py P; ) ii—JiJ',

one obtains from Eq. (2), carrying out integrations
over R, ~ and t

d 0' 1 d kF Ep
d kv EpkpI( ~

I kt &
= I „,e' " "

NNtj (K)
(2n. ) i g

K I R —iE~g
XQTe e (1 la)

where

where

IN' (r )= d «' ' (2ir) p (lib)'g 'g

Art, ,(&')= Q (&,& —,s
Ij„j )

Sznlzn

+~s „PNl„l „.(r')
(1 lc)

Now we combine the expressions above to obtain

where+ —=y~k . We have used a computer pro-
gram cNETA to evaluate the lepton traces and have
checked the results by hand. The hadron contribu-
tions J~J are more tedious to compute but can be
obtained from J '". For vector
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Ji, =Fi g@g (KF —kF/(3 +1))(1„1,„—,SF I Jjzn), (A, =O), time,
12n

(17a)

QA, QQ'„&I (KF —k /(3+1)}(/„/,„—,SF!jj,„),
Ix.

+v 12 g g p~g (KF kF—I(2+1))(—1)' 'z(/„/, „—,s, !gj,„)2m,

1

1

!X ( la& laz! li, ) q, (A, = 1,2, 3, }, space .
Sz CX1 Sp

(17b)

For axial vector,

~18
gCu (KF kF/—(3+1))

I „s a)a2

1 1

1
1 2 2

X (/„/, „—,s, !jj,„)(—1)' 'z ( la, la2! 00) Q~, (A, =O), time,
Sz Ri SF 2

(17c)

=~6F~ g Nki, „«F—kF/( + })(—)'" '
( ~ *.2 *la.)

Iznsz

1

12 2

(A, =1,2,3), space,—Sz A, Spy
(17d)

5(Ef+co„+Eq E()5 (KF+k +kq——kF ) . (18)

All of the quantities appearing in Eq. (18) are
defined in the laboratory system. We use nonrela-

Here q = kF —KF and Q =—KF + (A —1/A + 1)kF
with kF (KF ) the initial (final) proton (A + 1 target)
laboratory momentum. We note that momentum
conservation requires kz+ k +KF——kp and k&
and k„are relatively small (see next section), thus

! q! (100 MeV/c, while ! Q! )400 MeV/c.
Therefore we are using the weak hadronic form
factors Fi and Fq, etc , at low .momentum transfer
where, in the free case, they are relatively well
known. On the other hand the nuclear wave func-
tion P(E) is being evaluated at momentum
transfers significantly above the Fermi momentum
which means that uncertainties in the single parti-
cle orbitals and the possibility of two step process-
es are factors.

The delta functions which determine energy and
momentum conservation are given by

I

tivistic kinematics for the energy-momentum rela-
tionship of the final nuclear target, all other parti-
cles are treated relativistically. More specifically

SCF2
EF ——M~~'+1 +E,„+

2M' +1

E; =Mg+E „„„,
co„=!k„!,
E„=&m„2+k„2.

As a result of the initial conditions and because
of the detection of the final muon with assumption
of a definite given final state of the nucleus, the

2unknowns are k, co„, KF, and KF /2M&+1. The
energy conservation delta function is used to elim-
inate co

SCF2
co„=A—,3 =Mg+Ep —Ep

2M' +1
—Mj;,—E,„. (20)
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The three dimensional momentum delta function
is used to eliminate KF in terms of kr, k&, and k, .
Squaring yields

KF KF——(kp, k„,k„)

K,'=8 —2 A— 8
2M&+ i co„

included. In the case of the Tz' -150 MeV pro-
ton, the most important effect is a general reduc-
tion of the cross section due to absorption (the real
part of the optical potential is near zero in this re-

gion). In their studies of (y,p) reactions, I.onder-

gan and Nixon have assumed modified plane
waves of the form v ge'~ ", where

p'= Qp ~+2„(V+ i W) . (23)

(21)

V= Vo
—(r —R)/a+e

(22}

the parameters R =1.31 A ' F and a =0.5 F have
been utilized. The well depth Vo is determined by
fixing the binding energy of the orbital under con-
sideration by using experimental energy levels.
The spin-orbit potential is chosen to give a 1p&/2-

1p3/2 splitting of 6 MeV.
For positive energy single neutron orbitals a

Saxon-Woods single particle potential with the
same parameters given above was utilized. In this
case, the well depth is chosen as 55 MeV and the
positive energy eigenvalue is determined by numer-
ically solving the Schrodinger equation. We have
ensured that low energy resonant / values included
as bound state wave functions have not been in-
cluded in the continuum contribution. For the
continuum calculation an extra J dk„/(2m ) fac-
tor should be included in Eq. (13). The continuum
low energy neutron is treated nonrelativistically.
The procedure for normalizing the continuum
functions and carrying out the resulting numerical
calculations is given in Ref. 6.

In obtaining the formulas for muon production
contained in this section we have assumed plane
waves for the initial proton and final muon wave
functions. Fortunately, in the energy region of in-
terest the main effects of distortion can be easily

where 8=—(kz —k„). From Egs. (18) and (21) it
can be seen that both Er and Kz are functions of
the direction of the neutrino momentum direction.
In the actual calculations we numerically carry out
the integration over the neutrino direction and use
the appropriate Kz and Ez for the given neutrino
direction grid point. The parameters adopted for
the ' C muon production calculation include
m =938.2796 MeV, m =105.659 MeV,
6 =(1.023/m )&&10 Fq ——1.21. For the genera-
tion of the final bound state neutron wave function
a Saxon-Woods single particle potential was adopt-
ed. Assuming a central potential of the form

where

XF( in, 1,2—ik„r sin 8/2), (24)

aX a (a + 1)X
b 1! b(b+1)2!

and

ZZ' cn=
137 u

+ 0 ~ ~ (25a)

(25b)

In the region where the production rate is non-
negligible, the muon momentum, k&, varies from
30 to 90 MeV/c. For ' C, Z =6 and the radius of
the nuclear matter distribution has rm, „-3fm.
Thus we obtain E-1 in the region of interest.
(Note

[(106)'+X'k 'c']'"
nkvd r & 6/137r, „ &0.1.

and, in the next section, we find the production

By comparing the distorted waves generated
from phenomenological optical potentials to those
obtained via the modified plane waves they have
obtained, near 150 MeV (=0.55 with only very
minor modifications in the phase k ~p, since the
main effects of absorption are already contained in

Thus, in the following, we adopt the overall re-
normalization factor 0.55 due to incident proton
absorption. The extra complexity of more realistic
proton distorted waves is expected to have a minor
effect on total muon production rates [as in the
case of large momentum transfer, medium energy

(y,p} processes].
The main effect in muon wave function distor-

tion arises from the Coulomb potential felt by the
muon. For positively (negatively) changed muons,
this results in a reduction (enhancement) in the
muon wave function in the region of the nucleus.
An accurate quantitative estimate of this effect can
be obtained by studying the general solution for the
muon wave function, given by

u = I (1+in)e ~"~~~ e'



996 D. L. %KISS AND G. E. %ALKER

cross section is forward peaked. ) The appropriate
renormalization factor, for the approximation
adopted here, i.e., I' =1 is obtained from

2
2nm

e 2/i 7l

~c
i k ~ r

e
(26)

where, as examples, P=(0.437, 0.713, 0.790) for
k& ——(20, SO, 80 MeV/c), respectively. The theoret-
ical cross sections reported in Sec. III have been
obtained including the renormalization factor gPk

in the calculations.
There has been considerable discussion' regard-

ing the connection between the nuclear axial
current and the many body system pionic proper-
ties. By using the PCAC relation between the nu-
clear axial current and the nuclear pion field
operator, i.e.,

M(qo, q =0)= f dVj (qp, x), (31)

cess under consideration.
For a process where the three-momentum

transfer delivered to the nucleus is small but
qo-m&, such as the high nuclear final state excita-
tion region of muon capture, Bernabeu et al. have
used PCAC to go beyond the impulse approxima-
tion. In this case one can relate the time com-
ponent of the axial vector current to the transition
pion field matrix element in momentum space,
M(qp, q=O), via

m M(qo, q =0)
Ao(qo q =0)= if— ,', . (3())

Now the question arises as to what should be used
for M(qo). We note

8"A„(x)=f m P(x), (27) (32a)

A(q)= g Florio;+f-
2m ring

(1+a)q(o; q)
X

(1+a)q +m~

allowing one to define effective axial vector,
(Fz ),rr, and induced pseudoscalar coupling con-
stants, (Fz),rr, where

(F~ ).rr =r)F~

(28)

q +Pt1

(Fp ),rr=Fprl(1+a)
(1+a)q +m

(29b)

The renormalization factors g and a arise from
pion rescattering in the medium. In more realistic
models many effects contribute to q and a such as
the finite range of the pion-nucleon interaction,
short range and long range (Pauli) nucleon-nucleon
correlations, intermediate p meson production, and
surface effects. Thus there is significant model
dependence as to whether the effective coupling
constants are enhanced or suppressed, depending
on the region of the nucleus dominating the pro-

(f~ is the charged pion decay constant f =0.94
m ), one can, depending on the four momentum
transfer region where A„ is required and a model
for the nuclear pion field, go considerably beyond
the impulse approximation for A&. For example,
in the region qp-O, such as in nuclear P decay, for
infinite nuclear matter

and

j(qo x)= f e ' 'j (xo, x) . (32b)

The quantity j(x) defines the total pion source
and, due to pion rescattering in the medium, in
general will be a many-body operator in the target
nucleon space. Since q is assumed to be very
small, only the s-wave terms in the pion source
current, (31), contribute.

One must be very careful in constructing models
for evaluating the transition matrix element, M,
since even for small q, the momentum transferred
to the nucleus is very large for proton induced
muon production. Thus, as mentioned earlier, one
expects the two-nucleon operator parts of j to be
important.

For muon production significant contributions
arise from the kinematic region qp-m&,

~ q ~

(80
MeV/c. By working just above muon production
threshold, one can essentially work in the region

qo =m&
~ q ~

-0. Of course, in this region, the al-
ready rare event is further reduced in cross section.
However, for illustrative purposes we shall briefly
consider this region.

In order to clarify the steps involved in using
PCAC and going beyond the impulse approxima-
tion for muon production we shall first consider
only single nucleon contributions to the source
current, j. Thus we write for the transition matrix
in Eq. (30)

2

(f ~Ap~l')= —l (f ~j ~i)
~p (772~ 1?Ip )

(33)
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and, for j,we take

grj ~i V +CVp .0. .
v'2M'

This yields

(f ~j (x)~i)=(2m) ~e

(34) 2 f
(o C.kp ) (40a)

which, using the Goldberger-Treiman relation

Fz f (g——„/V 2MF~, can be rewritten in the form

where from using PCAC for the target current, in
the limit k =k„+k„=0,and A~ao, we obtain

XP'„(,; (K) ~ o"QX, , (35) Cm
Fg(o"kp )

mp(mn —mp )
(40b)

where

Q =KF—kp +Ckp —k +Ckp, (36a)

K =KF—kp+ kp
——Kf—,(36b)

If one chooses a model in which
C =m~/M& ——,, the so-called Galilean invariant

form for the pion production operator, then one
obtains from Eqs. (39b) and (40b)

and
J0(PCAC)

3J,(impulse)
(41)

k~+ k„=k~= kp —Kf .

Note that since k&+ k,=k =0 is assumed, that
kp-Kf and, thus, Kf —kz/A +1 is, as before, a
momentum transfer of several hundred MeV/c.
The s wave piece of the pion production operator
is included in the term Ckz, which, for an incident
proton of 148 MeV and C =—m /mp is -80
MeV/c. Substituting Eq. (31) into (29) allows one
to write

(36c)

(f ~A0 i~)=( 2m) e f " J
where

(37)

grJo= ltnlfj, (K) ~ o Q~ pv'2M'

2lmg 1r

m~(m mn~ )
2 2

(38)

J0 ——— o (kp+k„)
2M'

2A
k

2M' A +1

Fz
(cr kp)

(39a)

(39b)

(for kp =k„+k„+KF and k„+k„=0),

This expression should be compared with the ear-
lier expressions obtained for A using the impulse
approximation. For example, in the impulse ap-
proximation the operator appearing in the time
component of the axial vector current has the form
[see Eq. 9(a)]

thus yielding a predicted order of magnitude
enhancement in the cross section for muon produc-
tion from this term alone. One is accustomed to
the time component of the axial vector current be-

ing small. In fact, as mentioned earlier, for muon
production it is not negligible even in the impulse
approximation because the incident nucleon
momentum is appreciable [(see Eq. (17)]. It is in-

teresting that the application of PCAC above
further enhances the role of the time component of
the axial vector current in muon production.

The question of the validity of using a single nu-

cleon model forj in describing the high momen-
tum transfer muon production process is directly
related to the validity of using a single nucleon j
to describe threshold pion production. In fact,
there does not currently exist a satisfactory theory
of threshold pion production; however, theoretical
investigations have demonstrated the relative im-
portance of a two nucleon mechanism. ' In order
to obtain a crude estimate of the present
calculation's validity for the magnitude of total
muon production cross sections, it is necessary to
compare plane wave (PW) single-nucleon mechan-
ism pion production calculations with experimental
data. Previous P% theoretical estimates "have
demonstrated that (a) there is considerable sensi-
tivity to bound state wave function parameters,
and (b) the predicted angular distributions are not
satisfactory when compared with experiment (espe-
cially at large angles). Nevertheless, the predicted
total cross sections appear to be in agreement with
experiment (for the Saxon-Woods parameters
adopted herein) to within an order of magnitude
near T~ =185 MeV. For example, at 185 MeV,
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Ao(qo, x)= i [—qo P(qo, x)+cr(x)
qo

—Q(x)P(qo, x)],

A(qo, x)=f [—VP(qo, x)+X(x)

+a(x)VP(qo, x)] . (42b)

The terms appearing in Eq. (42) arise from first us-

ing the axial locality assumption to equate the
non-pion pole contributions to the time (space)
component of the axial vector to the local s wave

(p wave) part of the pion source current. The
source current is then written as a single nucleon
vertex

j=0.(x)—V X(x),
swave pvrave

plus a rescattering contribution in the medium
described by a nonlocal optical potential

2m V=Q(x) —V a(x)V .
swave pwave

The important result of separating the s and p
wave contributions into the time and space corn-

(42d)

Keating and %ills find that in a plane wave model
and using a Galilean invariant (i.e., S and P wave
production terms are present) single nucleon pro-
duction operator, the predicted pion production to-
tal cross section to the ground state of ' C is
-20%%uo below the observed rate. Of course, the si-
tuation could be somewhat different right at and
below threshold. However, this result suggests that
the main renormalization, assuming a single nu-

cleon mechanism, for the total rate may be the ef-
fect coming from using PCAC as already indicat-
ed. Use of a more realistic two nucleon mechan-
ism should result in less sensitivity to distorted
wave and bound state parameters and allow two
particle-one hole final states to be reached. Such
states contain a major part of the cross section
near threshold. ' This can result in a further signi-
ficant enhancement of the total cross section.

The next step in obtaining a more realistic esti-
mate of the muon production rate is to generalize
the discussion above to q, qo@0, and to go beyond
the simple model for j given above (by using
threshold pion production experimental results).
We briefly discuss how this might proceed. Previ-
ous investigations assuming PCAC and axial lo-
cality have obtained the following results for the
time and space components of the axial vector
current

ponents allows one, for example, to relate the time
component of the axial vector current in the many
body medium to s wave pion production experi-
mental information —even when q is nonzero. Of
course, the validity of the extra assumption con-
cerning axial locality, while perhaps reasonable at
low q, remains to be experimentally investigated.
In principle, other processes such as neutrino in-

duced muon production, large nuclear energy exci-
tation muon capture, and radiative muon capture
are potential sources of information about the axial
time component and, more generally, the assump-
tion of axial locality.

The original arguments motivating the axial-
locality assumption noted that there would be con-
cern if the hypothesis were used in situations
where one was sensitive to two nucleon correla-
tions, etc. (i.e., a sensitivity to the short range scale
in the nucleus). Presumably this would naturally
exclude processes where the axial current is re-

quired at a three-momentum transfer significantly
above the Fermi momentum and/or the initial and
final nuclear states differ by the quantum numbers
of two or more nucleons. In the case of the muon
production process under consideration, there is the
complicating feature that although one requires the
axial vector current at low q ( «kz) the momen-
tum transfer to the nucleus is quite large
( & 3/2KF) so that a two nucleon process may be
favored. Of course a theoretical calculation of the
two nucleon mechanism in large. energy loss weak
interactions is required. Such investigations are
underway. Note the reliability of the two-nucleon
mechanism calculations can be tested by first suc-
cessfully predicting threshold pion production.
This appears to be a challenging hurdle. %e dis-
cuss proposed further research associated with this
point in Sec. IV.

III. RESULTS

Using Eq. (15) and the subsequent relations, Eqs.
(16)—(21) and procedures described in the previous
section we have calculated muon production cross
sections for (T&,b ——148 Mev) protons incident on
' C. The expression and numerical values associat-
ed with the muon and proton wave function renor-
malizations and final neutron single particle poten-
tial are given in Sec. II. For the purpose of these
estimates we adopt the simple structure model,
where ' C consists of closed ls&~2 and lp3~2 shells
and the states of ' C consist of the closed core plus
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a valence neutron in an orbital having the quantum
numbers of the state under consideration. Typical
angular distributions are shown in Fig. 1 for a
bound 1d5/2 state. The general forward peaking of
the cross section and the behavior of the cross sec-
tion as a function of muon momentum is similar
for all the bound states. The differential cross sec-
tion associated with k„=60 MeV/c (T~~,b =21
MeV) is predicted to be the largest in magnitude at
angles (90'. This characteristic is also shared
with muon production leading to other bound
states. The relative size of the predicted cross sec-
tions for bound 1p~/2, 2s~/2, and 1d5/2 states are
shown in Fig. 2 for k& ——60 MeV/c using both har-
monic oscillator (ho) and Saxon-Woods single par-
ticle orbitals. Since there is a node in the momen-
tum space single particle Saxon-Woods wave func-
tion in the region 475 —600 eV/c (not present for
ho orbitals) it is not always true that such wave

functions give a bigger cross section than the ho
orbitals yield at large momentum transfer. We
note there is considerable state and single particle-
orbital dependence in the magnitude of the predict-

ed cross sections. This is associated with the con-
siderable dependence of the cross section on high
momentum components in the single particle wave
functions. Such sensitivity naturally occurs in a
one step mechanism involving large momentum
transfer and is expected to be significantly reduced
when more realistic multistep mechanisms are in-

cluded.
The impulse approximation predicted cross sec-

tions are quite low for individual states and partic-
ular values of the muon momentum. Thus in the
following, we sum over the available muon energy.
In Fig. 3 we present the summed-muon-energy an-

gular distributions for the three (assumed) single
particle bound states and the impulse total bound
contribution.

The energy integrated cross sections shown in

Fig. 3 retain the forward peaking seen earlier for
particular energies (see Figs. 1 and 2). In addition
the less bound states (with higher single particle
energy) contribute much more to the total cross
section than the 1@~/2 ground state. Artificially
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FIG. 1. Angular distributions for proton-induced

muon production on "C leading to the lowest — state

of "C for different muon final momenta. A Saxon-
Woods 1d5/2 single nucleon orbital and the simple im-

pulse approximation have been utilized. The incident

energy of the proton is taken to be 148 MeV.
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FIG. 2. Same reaction as Fig. 1, but here the angular
distributions associated with the lowest

2
and the g.s.

(2 ) of "C are shown for a final muon momentum of
60 MeV/c. We compare the results associated with us-

ing harmonic oscillator (ho) or Saxon-Woods (SW) orbi-
tals for the valence neutron.
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formed in 148 MeV proton induced muon production
from "C. Saxon-Woods orbitals and the impulse ap-
proximation were adopted. The sum of the three angu-
lar distributions do T/dO as well as the angle integrated
total bound state contribution (do ~/dQ) are also in-

dicated.

binding the 1f7/2 and ld3/2 states would result in
the prediction that these states dominate the total
capture rate. If these two states are included more
carefully in the continuum calculation their
predicted contribution is greatly decreased (see
below). The ld»2 state contribution contributes
=80%%uo to the total (da/dQT) single particle
bound state contribution. After angle integrating
the total energy-integrated bound state cross sec-
tion one obtains a prediction for the total bound
state capture rate of 6.5&10 cm .

To obtain the total capture rate, the continuum
contribution must be included. %e show in Figs.
4(a) and 4(b) the excitation energy dependence of
the two largest contributions to the continuum pro-
duction cross section. The peaks in the muon
(momentum and angle integrated) continuum cross
sections are associated with excitation energies,
where the given continuum wave function has its
greatest probability in the nuclear well (near a posi-
tive energy resonance). The excitation energy-
integrated continuum cross section for the com-
bined ld3/2+ lf7/2 continuum single particle func-

FIG. 4. The angle integrated and muon-energy in-

tegrated cross sections for (a) the continuum d3/2 neu-
tron partial wave and (b) the continuum f7/2 neutron
partial wave are shown as a function of nuclear excita-
tion energy. A Saxon-Woods well has been assumed.
Details of the continuum calculation are given in the
text. The reaction is the same as in Fig. 1.

number/sec=
' (T)I,3.76

(43)

cr=total cross section (mb),

tions is 0.8X10 " cm . The total continuum cal-
culated cross section in the impulse approximation
is 1.2)&10 cm . Combining this result with the
earlier determined bound state cross section yields
a total (summed angle, energy, and nuclear state)
cross section of 7.7&10 cm . To obtain the to-
tal continuum calculation we have calculated,
through l =6, the individual partial wave contribu-
tions. (The I =5 and I =6 contributions are more
than three orders of magnitude smaller than the
dominant ld3/2 continuum contributions. ) The nu-
clear excitation energy region included in the cal-
culations goes from neutron threshold to approxi-
mately 24 MeV where energy and momentum con-
servation constraints impose an upper bound.
Note that the single nucleon continuum contribu-
tion while non-negligible is not dominant. Includ-
ing higher partial waves and artificially binding the
resulting positive energy eigenstates would lead to
a substantial overestimate of the impulse cross sec-
tion because of the sensitivity to the higher partial
wave single particle orbital high momentum com-
ponents.

In order to obtain an estimate of the impulse ap-
proximation total counting rate we use the rela-
tionship
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T=target thickness (pg/cm ),
I—=beam current (nA),

A—:atomic weight of target nucleus .

Although one may expect significant enhance-
ment in beam currents in the future, it is useful to
obtain a lower bound on the counting rate to be ex-
pected using presently available experimental
parameters and the impulse approximation theoret-
ical prediction. Thus we assume a ' C target
thickness T=150 mg/cm, beam current I of 10
JMA, and a cross section, o-, of 10 ~ cm2=10
mb. Using Eq. (43) this results in ——, && 10
counts/sec or —1 count/decade. A two orders of
magnitude enhancement of the counting rate which
might be reasonable from the discussion in Sec. II
would result in —1 count/month.

IV. DISCUSSION

We have studied the weak process

p +,A ~,(A +1)+p++v using the impulse ap-
proximation, the usual V-A theory of weak interac-
tions, and a simple single particle shell model for
the required nuclear structure. In the specific ex-
ample chosen (148 MeV protons incident on ' C),
the total cross section for all energetically available
single particle bound and continuum states is
7.7)&10 cm . This yields a counting rate too
low to be practical with existing experimental
parameters. However, we suggest that the reaction
is quite interesting and that the simple impulse ap-
proximation provides a lower bound for the count-
ing rate with the total actual rate being perhaps
one to two orders of magnitude greater. We ela-
borate on these points in the discussion below.

We remarked earlier that there are two momenta
of interest in the problem, (1) the momentum
transfer at which the intrinsic nuclear-transition
density (form factor) is evaluated, and (2) the
four-momentum (q,qo) values for which one re-
quires the nuclear vector and axial vector weak
current. Since a medium energy proton, just below
threshold for producing real pions, is incident on
the nucleus, the initial nucleon momentum is sub-
stantial. Most of the initial energy of the nucleon
goes into making the muon mass. The small
amount of energy remaining is most efficiently
used up in final total nuclear target recoil. Thus
the muon and neutrino possess little momentum

(q & qo-m&) and the weak axial and vector

currents are to be evaluated at low three momen-

tum transfer but at an energy transfer much higher
than realized in beta decay or in the main contri-
butions to muon capture. The momentum transfer
at which the nuclear transition density is evaluated
has a value of approximately twice the fermi
momentum. These simple kinematic considera-
tions result in the following:

(1) The impulse approximation results are very
sensitive to uncertainties in the high momentum
components of required nuclear wave functions.

(2) The time component of the axial vector
current plays a relatively more important role than
in usual muon capture or beta decay.

(3) Just as in the high nuclear energy excitation
part of muon capture one does not expect the im-
pulse approximation result for the fourth com-
ponent of the axial vector current to be reliable for
qo —m&. Following Ericson and co-workers we
show that a simple application of PCAC results in
an order of magnitude increase in the predicted
counting rate (associated with fourth component of
the axial vector current) even when a one nucleon
mechanism is assumed for the related subthreshold
pion production transition operator.

(4) Independent of the expected failure of the
impulse approximation discussed in (3) the high
momentum transfer delivered to the nucleus should
result in the relative importance of "two step"
nonimpulse processes involving two nucleons.
Thus one expects the strong excitation of particu-
lar two particle-one states in ' C. Such states [3.68
(—, ), 6.86 ( —, ), and 9.50 ( —, ) MeV] are strongly
seen' in threshold pion production from ' C. In9+
fact, the total cross section to the —, state is
greater than any of the single particle state cross
sections (for pion production) and thus inclusion of
the two nucleon mechanism allowing excitation of
such states should further significantly enhance the
muon production counting rate.

The same kinematic related problems discussed
above are also present for intermediate energy (p, y)
and (p, m) reactions. These reactions are intimately
related to (p,p) via conserved vector current (CVC)
and PCAC, respectively. The (p,p, ) reaction con-
tains information on the validity of the assump-
tions of axial locality and, potentially the impor-
tance of transverse contributions to the axial vector
current. Whether the process will become experi-
mentally practical to study in the nea~ future is
not clear.

Perhaps a -relatively simple initial experiment
would involve measuring the muon counting rate



D. L. WEISS AND G. E. WALKER 25

associated with a (p, tr) experiment. One could
start initially a few MeV above threshold (where
the muons come from real pions decaying in flight}
and lower the proton energy until one is below real
pion production threshold. Although the results of
the present impulse approximation calculation indi-
cate the total rate below threshold would be prohi-
bitively low with present experimental parameters,
it is desirable to have this easily obtainable experi-

mental check, especially in view of the potential
importance of, and present lack of information re-

garding, two nucleon mechanisms near pion pro-
duction threshold.
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