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The energy dependence of the optical model parameters for low energy, 0—50 MeV,
pions was determined by a compromise fit to pionic atoms, m+ elastic scattering, and m+

absorption measurements.

NUCLEAR REACTIONS Pion-nucleus optical potential, elastic
scattering and absorption 0—50 MeV on various targets.

I. INTRODUCTION

Recent measurements' of the nuclear absorption
cross sections for low energy pions, together with
previous measurements of elastic scattering give,
for the first time, the opportunity of making an
optical model analysis of low energy pion nucleus

scattering which can be more directly compared
with similar analyses of pionic atom data.

II. OPTICAL POTENTIAL

The optical potential used in this analysis is of
the form used previously. 2' In standard notation

2toU= 4n' pib(r)—+p2B(r) —V V+ 2 (1—pi '}V c(r)+ —,{1 p2 ')V C(r—}
1+ AL (r)

4m.

3

plus the Coulomb term. Here

and

b (1')=bpp{r) —6P i Sp

L &r) =pi 'c(r)+p2 'C(r),

c(r) =cpp(r) e~i5p, —

B(r)=Bpp (r) E+jp5p, —

C(r) =Cpp (r) eCip5p, —

where p is the nucleon density normalized to A,
and 5p is the neutron-proton density difference.
Capitalized parameters B and C indicate terms
arising from true pion absorption, while lower case
parameters b and c denote terms arising from sin-

gle nucleon scattering. Isoscalar and isovector
terms are distinguished by the subscripts zero and

one, respectively. The isovector terms Bj and C~

are taken to be zero unless otherwise noted. The
Lorenz-Lorenz-Ericson-Ericson (LLEE) parameter
is denoted by A, . Explicit kinematic factors are

pi ——(1+@)/(I+a/3),

pp ——(1+—,e)/( I+ —,e/A),

@=co/m,

and the terms in V p, V p . It should be em-
phasized that this form of the potential is taken
from theoretical considerations, 4 and has too many
parameters to be determined from fits to experi-
mental data alone. Its advantage is that is
separates the reactive content of the optical poten-
tial into a part (ImB, ImC) coming from true ab-
sorption, which is the entire reactive content for
pionic atoms, and a part (Imb, Imc) due to inelas-
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III. ABSORPTION IOOO

The absorption measurements of Ref. 1 now

make it possible to independently test the absorp-
tion content of these parameter sets. The absorp-
tion cross section is calculated from the relation

o„,= &X
~
ImV, b, ~X&,

2K

where X indicates distorted waves in the complete
optical potential and

ImU, b, ———4np~lmB(r)

+4~p2 'ImV C(r)f .(r)V,

where

f(r) = . 1+ ReL (r)
4m',

3

Ioo—

IOOO—

IOO—

~gg sS

ii/
7T+r

27/
l

I i I

48'
I

I 1 I ) I

t I ~ I i I )

s I i I s

ImL (r)
3

The justification for the use of relation (2) to cal-
culate a partial cross section is given in Ref. 2.
Let us point out that it is always possible to make
such an analysis. The reactive part of the optical
potential gives the reaction cross section O.z which

is the sum of the partial cross sections o.q„ for in-

elastic scattering, and o., for pion absorption,

a =Oqe+Oa

The reactive part of the optical potential can al-

ways be divided in a corresponding way, into the
separate contribution of the two channels. The
only question that arises is in the interpretation of
the resulting parameters, and their connection to
microscopic calculations.

The calculated cross sections are compared with
the experimental results of Ref. 1 in Fig. 2. Here
the open circles are for ~ absorption and the
closed circles are measurements of ~+ absorption.
The results for parameter set C are given by solid
lines (m.+) or dashed lines (m ). Calculations with
parameter set 3 (extrapolated from pionic atom
analysis) are given by the dashed-dotted lines (m ).
The two parameter sets straddle the experimental
results.

To get a fix on the absorption parameters and
their variation with energy, we took parameter set
2, and varied ImB, ImC in Eq. (2) to fit the meas-
ured absorption cross section for each element at
each energy, keeping the other parameters con-
stant. As it is only possible to determine one num-

IOOO—

IOO
20 40 60 20 40 60

E {MeV)

FIG. 2. Absorption calculations with sets C {solid
line for ~+, long dash for ~ ) and 3 {dashed-dotted line
for m+, short dashes for ~ ) defined in Ref. 3. The
data are from Ref. 1, with solid circles for m+ and open
circles for m . The error bars include the stated 20%
normalization uncertainty, with the cross bars indicating
the size of purely statistical uncertainties.

ber this way, we kept the ratio Im8/ImC fixed at
its pionic atom value. This seemed reasonable as
there is no reason to expect any rapid energy varia-
tion in this energy range.

Figure 3 shows the results of this analysis on the
absorption of 23 MeV m+, 37 MeV ~+-, and 52
MeV ~+—on a variety of elements, where m+ are
solid markers and a are open markers. Also
plotted at zero energy are the values obtained
from pionic atoms, an average over light and medi-
um weight nuclei. The plots for ImB are neces-
sarily identical to those for ImC from the conven-
tion used in fitting. The dotted horizontal curve is
simply the pionic atom value put in to aid the eye.
The solid curves are the theoretical calculations of
Riska and collaborators (parameter set C). The
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TABLE I. Values oof the average p-wave absorption

ImC& the isovector component.

FIG. 3. Values of the abso isorption parameters required
o it t e data of Ref. 1, using the method des 'b d

'
escri e in

The point at zero energy is the pionic atom
(m ) value determined in Ref. 3. The symbols use
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as a horizontal short dashed 1' hine at t e pionic atom
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IV. ELASTIC SCATTERING

We now return to elastic scattering using the
new information on tt"e absorptive parameters. As
there is considerable scatter

'
thin ese va ues, we use

as a bench mark pionic atom values, which are
close to the mean, and in the absence of n

scatterin
'
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Energy (MeV) Projectile

0(m-atom)
23
37
52

ImCO

0.93
0.90+0.1

0.73+0.1
0.78+0.1

ImCl

2.3+0.9
1.6+1.1

To make a m
th b

a more precise comparison t k
sorption parameter Imco from Table I, i.e.

83% of its ionic ap
'

tom value, with a correspond-
o a e, ie

ing value for ImBo and vari d th 1'e e sing e nucleon
parameters Rebo, Reco to get a best fit to the elas-
tic scattering data of Refs. 6 and 7. The values
o tained were —0.063 fm and 0.70 f
set D. T

rn parametere,'. T-e other parameters were left as in
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made little difference. We could get a good fit to
the elastic scattering only by reducing the reactive
part of the optical potential, either by reducing
ImCO by 60% keeping ImBO/ImCO fixed at the
pionic atom value (parameter sets E), or by reduc-

ing the quasielastic reactive parameters Imb, Imc
by 60%, keeping the ratio Imb/Imc fixed and the
absorption at 83% of pionic atoms (parameter sets

F). The partial cross sections obtained (for A, =1.4)
together with the fit to elastic scattering expressed
as X /point are given in Table II.

The sets E and F which give best fits to the elas-
tic scattering give nearly the same reaction cross
sections. Set D, with fixed reactive parameters
which do not give as good a fit to elastic scatter-
ing, leads to larger reaction cross sections. The
above results are typical and hold for a wide range
of the parameter A, . We infer that they are not too
dependent on the precise form of the optical poten-
tial used, provided it is a local potential of the
Kisslinger type. The elastic scattering measures
the reactive content of the optical potential as ex-

pressed in the reaction cross section.

10 =
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FIG. 4. Elastic scattering of 50 MeV m+ compared
to some of the data from Ref. 6. The curves show the
best fit results with varying amounts of absorption in

the reactive part of the optical potential. The values

used are 60/o (solid curve, also set E), 100% (dashed-

dotted curve), and 140%%uo (dashed curve) of the pionic
atom parameters.

parameter set A. To check that the results were
not sensitive to the particular choice of the LLEE
parameter A,, we repeated the calculation for
several other values of A,, making corresponding
adjustments to ImCo to keep the absorption cross
section constant. This then represented the best
compromise between fitting the elastic and the
measured absorption cross sections, without alter-
ing the quasielastic parameters Imb, Imc. Howev-

er, the elastic fit was unsatisfactory
(X /point=2. 6). Repeating the calculations for

Pb using an isovector component ImC~ ——ImCo

A choice between these sets depends on what
evidence there is for the magnitude of quasielastic
cross sections. The theoretical estimates used in
parameter sets D and E come from phase shifts
corrected for the Pauli principle using the Fermi
gas model. A check on these estimates was per-
formed for 50 MeV m.+ scattering from Ca, using
a DWIA calculation summing up the contribution
from collective modes. This gave o(n, vr') =64 m. b..
Adding charge exchange gives an estimate oq, -85
mb, in rough agreement with the estimates in
Table II. Experimental evidence is scanty. Bowles
et a/. have measured the charge exchange cross
section for 50 MeV m+ on ' 0 as 21+3 mb, from
which they infer a quasielastic cross section of
-68 mb. Also, Amann et al. ' have measured
o(rr, n') for 67 Me.V n+on ' C as 73.+25 mb,
which extrapolates to 49+17 mb for 50 MeV m. +

on ' C, or crq, -67+20 mb, allowing for charge ex-
change. These are estimates only, but clearly indi-
cate a quasielastic cross section of 50—60 mb for
50 MeV m. + on ' 0, rather than the 30 mb as given

by parameter set F. We therefore adopt set E as
the most reasonable compromise at the moment,
pending further information.



25 NUCLEAR ABSORPTION OF LOW ENERGY PIONS AND THE. . . 957

TABLE II. Partial cross sections in mb for 50 MeV m+ scattering, corresponding to the various parameter sets
described in the text and the average g /point for the fit to elastic scattering.

Parameter
set X /pt

16O

CTa 0qe

Ca 208Pb

CTa qe

D
E
F
K1
E2

2.6
1.8
2.1

2.2
1.6

173
148
158
164
191

124
95

129

49
53
30

364
327
342
363
401

260
211
278

104
116
64

966
901
935
861
911

721
615
783

245
286
151

VI. RESULTS

Table III gives the calculated absorption and re-
action cross sections for this parameter set, com-
pared with the measured absorption cross sections.
The predicted absorption cross sections from set E
are about 20%%uo too low for n+, and .about 10% too
low for n . However, the measured absorption
cross sections for m+ are uncomfortably close to
the reaction cross sections o~ (calc) deduced from
the fit to elastic scattering. Also, if the absorptive
parameters are increased at the expense of the reac-
tive part of the quasielastic parameters, as in going
from set E to set F, the m absorption cross sec-
tions increase much more rapidly than the m+ ab-
sorption cross sections, and trying to improve

agreement with the m+ leads to poorer agreement
with the n. cross sections. As the normalization
uncertainties in the absorption measurements are
stated to be -20%%uo, parameter set E and the re-
sults of Table III would seem to be an acceptable
compromise. These give quasielastic cross sections
about half the absorption cross sections at 50 MeV,
for both m+ and n . The measured absorption
cross sections quoted in Table III are quite closely
proportional to A for both m+ and m. . The
calculated values have approximately the same
dependence for m.+, but vary somewhat more ra-
pidly for ~

Table IV gives parameter set E at 50 MeV, the
corresponding potential for pionic atoms and the
potential interpolated at 25 MeV. The values of

TABLE III. Reaction and absorption cross sections at 50 MeV calculated from parameter
set E together with the measured absorption cross sections from Ref. 1, at 52 MeV. The ra-
tio of calculation to experiment gives the size of the systematic differences that can be seen
in Fig. 5.

O.q(calc) 0.,(calc) 0.,(expt) u, (calc)/o, (exp)

Al
T1

"Cu
120Sn

Au

263
427
509
783
938

168
278
329
520
627

220+15
395+25
490+25
664+25
945+60

0.76
0.70
0.67
0.78
0.66

Al
4'Ti
63Cu
'20Sn

'"Au

414
757

1001
1797
2769

271
503
664

1204
1871

307+20
637+20
758+20

1130+30
1781+40

0.88
0.79
0.88
1.06
1.05
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sorption, particularly in the low energy region, but
the systematic errors, and the lack of ~ elastic
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titatively. The parameters of Table IV indicate
that the absorptive parameters decrease with ener-

gy in this range, while the quasielastic reactive part
increases.
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VII. DISCUSSION

The values of the absorption parameters dis-

cussed here depend on the other parameters of the
potential, in particular on the LLEE parameter k.
We have shown that the arguments are indepen-
dent of A, over the range A, -1—2. The question
arises whether the results can be cast in a more in-

variant form. The extent to which complicated
potentials of the form (l) can be replaced by a sim-

ple 4-parameter equivalent Kisslinger potential

1 97~

I I I I I I t

20 40 60

I 20S

I i I i I ),
20 40 60

E„(Mev)

2' U= 4m b,rrp(r—)+4m c,ff Vp(y) V

—4m'c, rr P'2p(y)2' (4)

FIG. 5. Absorption cross sections from Ref. 1, plot-
ted with the same conventions used in Fig. 2. Here the
calculations use parameter set E, with m+ given by the
solid line and m by the dashed line.

the reactive parameters of parameter set I' at 50
MeV are also given, in brackets, in Table IV, for
comparison. For pionic atoms set E is the same as
parameter set A of Ref. 3. For other energies the
parameters were inferred by linear interpolation,
except for the quasielastic reactive parts Imb, Imc
which were calculated. The resultant calculated
absorption cross sections are plotted, compared to
the experimental results of Ref. 1, in Fig. 5, and
the calculated elastic scattering is compared with

experiment for 30, 40, and 50 MeV m+ scattering
in Fig. 6. It should be noted that we only show
the data from Refs. 6 and 7, although data from
other targets was included in the fit. Discrepan-
cies among the data are the principle reason for
the disagreements between calculation and experi-

has been discussed by many authors, particularly
by Seki" and collaborators. For pionic atoms, this
can be done over a wide region of parameter space,
making it possible to reduce many analyses to a
common form. We reduced the optical potential
to the form (4) following the prescription of Ref.
3. This is not particularly accurate, so we repeated
the m.-atom analysis and the 50 MeV m. + elastic
scattering analysis with a potential of the form (4).
In the ~+ scattering analysis the fit was con-
strained by demanding only small variations in the
s and p wave parameters separately from their
pionic atom values. The result is the parameter set

E& shown in Table V for m. atoms and for 50
MeV m+ elastic scattering. The reaction cross sec-
tion at 50 MeV predicted by this fit is given in
Table II. The values in Table V show that the
reactive parameters of the optical potential are ap-
proximately constant with energy in region 0—50
MeV. Comparing with parameter set E in Table
IV, this indicates that the decrease in absorption
parameters is compensated by the increase in the
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F&G. 6. Elastic m+ scattering data from Refs. 6 and 7 compared to the calculations using parameter set E. The po-

tential parameter set used here is the same as the one used ln Flg. 5, provldlng a systematic analysis consistent with the
scattering and pionic atom data.

quasielastic reactive part. Significant changes in
the total reactive content of the optical potential
with energy in this range come not from the varia-
tion of the parameters but from the p-wave V pV
term which behaves like k, increasing by a factor
-3 in going from 20 to 50 MeV.

Much better fits to elastic scattering have been

obtained by other groups by free variation of
parameters as a function of energy and nucleus,
without using the constraints imposed by pionic
atom data. A recent example is an analysis by
Amann et al. ,

' mostly on ' C data, using a 4-
parameter potential of the form (4) but without the
last term coming from kinematics (angle transfor-

TABLE IV. Parameter set E, used in the calculations shown in Figs. 5 and 6, at 0, 25,
and 50 MeV. For comparison, the reactive parameters for set F at 50 MeV are given in
brackets.

bp (fm)
b1 (fm)
cp (fm3)

cl (fm3)

Sp (fm4)

Cp (fm )

~-atom
—0.046
—0.13
0.66
0.43
1.4

0.007+0.19i
0.29+0.93i

25 MeV
—0.053+0.002i
—0.13—0.001i
0.68+0.007i
0.44+0.004i

1.4
—0.006+0.16i

0.32+0.74i

50 MeV
—0.061+0.006i
—0.13—0.002i
0.70+0.028i
0.46+0.013i

1.4
—0.02+0.11i
0.36+0.54i

(0.004i)
( —0.001i)
(0.017i)
(0.008i)

(0.16i)
(0.77i)
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TABLE V. Four parameter potential sets corresponding to Eq. (4). E& is given at zero (m

atom) and 50 MeV, and obeys the constraints that all parameters vary slowly between 0 and
50 MeV. E2 is an unconstrained fi.t for m+ at 50 MeV.

E) (50 MeV) E2 (50 MeV)

—0.045+0.015i
0.51 +0.034i

—0.068+0.017i
0.55 +0.038i

—0.069+0.006i
0.56 +0.091i

mation). Their fit put most of the reactive
strength into the p-wave term, Imed~, which
remained approximately constant in the energy
range 30—60 MeV, while the s-wave parameter
Imb, ff decreased with energy, and in fact became
negative. We found a similar effect in an uncon-
strained four parameter analysis using the full
equation (4), obtaining set Ei at 50 MeV, which
has a large value for Imccff and a very small, but
positive, value for Imb, tt Yoo.and Landau' have
shown that this difference between a small but po-
sitive and a negative Imb, ~~ can be understood, at
least qualitatively, as a purely kinematical effect.
Another way of including the angle transforma-
tion, instead of the third term in equation (3), is
the replacement

which causes Imb, ~~ to decrease with energy and
eventually change sign. Thus the negative value of
Imbo found by Amman et al. ' is a result of impli-
citly including this kinematic term in their s-wave
parameters.

Note that for parameter set E2, which is not
constrained by smooth variation from pionic atoin
parameters, a sizable increase in 0.

& is obtained for
light but not for heavy nuclei. It is therefore pos-
sible that, in the general fit, if we allowed the s-
wave absorption parameter to decrease markedly,
and the p-wave absorption parameter to increase
with energy, it would be possible to accommodate
both larger quasielastic and absorption cross sec-
tions to the elastic scattering for light and medium
weight nuclei. The reason we did not do so is thai
in fitting m. deuteron absorption, no such effect is
observed. On the other hand, the absorption
parameters of Ref. 5 do not agree either in abso-
lute magnitude or energy variation with any of the
fitted sets.

VIII. CONCLUSION

We have fit most low energy pion data with an
optical potential that has four parameters fitted at
zero energy, smoothly connected to three parame-
ters fitted at 50 MeV, with all other parameters
taken from theoretical calculations. The m+ elastic
scattering data are fitted rather well with different
data sets tending to bracket the calculations. The
energy dependence of the absorption data is well
described with the resulting parameters, but there
is a systematic normalization difference. The few
data on quasielastic scattering, from light nuclei,
are consistant with the fit.

In fitting elastic scattering we have always aver-
aged over elements and over different data sets.
This global approach averages over any deficiencies
of the optical model as well as the normalization
and other systematic uncertainties in the data. The
parameter values determined do, however, reflect
certain biases used to overcome the incompleteness
of existing data. Specifically we chose the pionic
atom (ir ) and 50 MeV a+elastic sca.ttering as the
fiducial points for defining the reaction cross sec-
tion, since these appear to be the best determined
data at present. This reaction cross section was
used as the basis for deriding the division between
quasielastic and absorption cross sections. Howev-
er, the reaction cross section is not determined
uniquely this way. As Table II shows, the reaction
cross section, as a function of A, is sensitive to the
form of the potential, in particular to the division
of the absorption parameters between s and p wave
parts. Also, Coulomb effects are very important in
this energy region, and are amplified by the
velocity-dependent p-wave term of the optical po-
tential. The difference between n.+ and m.

scattering could be quite sensitive to changes in the
potential, such as adding the gauge terms proposed
by Ericson. ' It would be more logical to connect
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m scattering smoothly to pionic atom parameters.
It is very important to measure the reaction cross
sections as well as m elastic scattering to reduce
these ambiguities. We used the argument that the
measured cross section for m+ absorption was un-

comfortably close to the o.z inferred from elastic
scattering to justify a 20/o normalization of the
measured absorption. Independent measurements
of o.~ and o.«would determine whether this is ac-
ceptable or not, particularly for heavy elements,
where crz seems less dependent on the form of the
potential. Because of the compromises that had to
be made, it was impossible to say anything about
the isovector component of absorption. Absorption
measurements on a series of isotopes could elim-

inate systematic errors in both experiment and
analysis, and give a better prospect of identifying
this component. The present analysis indicates
that the absorptive parameters show a slow de-
crease with energy in this energy range 0—50
MeV, instead of the mild increase expected on the
basis of simple microscopic calculations. This
threshold behavior must change at some point, as a
resonant behavior is expected for these parameters,
so that continuing this analysis to higher energies
would be of considerable interest. However, if the
parameters in the optical potential are to be com-
pared with microscopic predictions, it is not possi-
ble to calculate absorption cross sections from for-
mula (2) except at low energies. In general it is

necessary to use the optical model parameters as
the input to a transport calculation in order to
determine partial cross sections. This has been
dealt with in an optical model context by Masutani
and Yazaki. ' Thus at higher energies the reaction
cross section O.z is the only one which can be
directly compared with the predictions of the opti-
cal potential.

In conclusion, we have shown how a global
analysis can fit existing data and point towards im-

portant areas for further study. The particular
compromise fit adopted here is not strongly pre-
ferred, but indicates the general behavior of the
parameters. It remains to be seen whether the
behavior of the absorption parameters can be ex-

plained in a microscopic model, and what informa-
tion can be gleaned from n and o~ measure-
ments.
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