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Number conserving shell model for even Ca, Ti, Cr, and Fe isotopes
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The nuclear properties of the low lying states of even isotopes of Ca, Ti, Cr, and Fe are
calculated in the framework of the broken pair approximation. The broken pair approxi-
mation configuration space for an even number of identical valence nucleons includes all

the seniority (v) two components while for nonidentical (even-even) valence nucleons, it
contains all configurations with v(4 except v=-4 proton components and v=4 neutron

components. The calculations have been carried out with a Ca core using two different

sets of realistic interaction matrix elements: (i) the set reported by Kuo and Brown and

its modified version due to McGrory; and (ii) a set of Tabakin interaction matrix elements

which includes the second order Born term and core polarization effects. The effect of
the truncation of the valence space has been examined in detail. The calculated energy

spectra, quadrupole moments for the first 2+ states, and E2 transition rates, compare
well with the corresponding shell model results (wherever available) as well as with the
experiment.

NUCLEAR STRUCTURE Shell model, number conserving shell

model, broken pair approximation, energy spectra, E2 transition rates,

quadrupole moment, Ca, Ti, Cr, and Fe even isotopes.

I. INTRODUCTIGN

Right from the time the shell model (SM) was
established as the most basic model in nuclear
structure, the nuclei in the 2p 1f region hav-e been
the focus of attention for various theoretical inves-

tigations based on the practical assumption of a
Ca inert core within the domain of the shell

model. The complexities arising due to the large
number of valence particles outside the Ca core
have hindered most of such theoretical attempts.
Only very recently some calculations in the frame-
work of the projected Hartree-Fock (PHF), ' band
mixing, and the highly truncated shell model have
been reported for some of the nuclei in this region.
The earlier SM attempts have been confined either
to the f7/2 valence space only, or to the f7/2
space with a few configurations involving the p3&2
state. The most systematic SM analysis has been
carried out for Ca isotopes by McGrory et al. in

8l 52 53 5g
the valence space f7/2p3/2 f5/2pi/2 with

n3+n4 & 2. In another SM calculation for nuclei
with A &44, the E2 transition rates for Ca
and Ti have also been reported. Both these SM
calculations ' have used the original set of realistic
Kuo-Brown (KB) interaction matrix elements,

derived from the Hamada-Johnston potential, and
its modified version (KBM) obtained by changing
some of the original T =1 KB interaction matrix
elements. No such systematic shell model anlaysis
for other nuclei in this region has been reported so
far. Even the PHF and the band-mixing calcula-
tions using the KB and KBM interaction matrix
elements have been confined to some odd-odd and
even-odd (odd-even) nuclei in this region. There-
fore, it is unnecessary to stress the importance of a
systematic investigation for other nuclei in this re-
gion. To carry out the structure calculations for
these nuclei in practice is indeed a challenging task
considering the prohibitively large dimensions of
the configuration space involved. Therefore, as a
first step in this direction, we have carried out sys-
tematic calculations for the even isotopes of Ca, Ti,
Cr, and Fe within the framework of the number
conserving shell model, viz. , the broken pair ap-
proximation (BPA). ' lt has been shown that
the BPA has all the advantages and none of the
drawbacks of the quasiparticle theory. In addition,
the BPA has a one-to-one correspondence at every
step with the shell model. In this sense, the BPA
is an approximation to the shell model and an im-
provement over the number projected quasiparticle
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method.
The SPA starts with the assumption that the

ground state for p pairs of identical nucleons is
built up by p times repeated application on the par-
ticle vacuum of a distributed pair operator Cg .
The coeAicients of distribution appearing in Cy are
determined by minimizing the Hamiltonian with
respect to the assumed ground state. This form of
the approximate ground state, first proposed by
Mottelson, "has the same structure as that of the
number projected (2p-particle component) BCS
state. In contrast to the 8CS method, the BPA
ground state parameters (occupancy/nonoccupancy
probabilities) are determiried through a minimiza-
tion procedure after the projection rather than be-

fore. The BPA model space for a system having
an even number of identical nucleons is then con-
structed through the replacement of one of the dis-
tributed pair operators Cy in the assumed approxi-
mate ground state by an arbitrary two particle con-
figuration [A (aha)]. This is termed as one-
BPA. In the successive approximations two or
more Cf operators in the approximate ground state
are replaced by an equal number of A operators.
It is to be noted that when all the Cg operators are
replaced by an equal number of 3 operators, the
full shell model Hilbert space is obtained. This
procedure, guided by the strong pairing nature of
the two body interaction, is analogous to the
seniority truncation scheme. The only diA'erence is
that in BPA the pair operators [A (aaoo)] of the
seniority truncation scheme are replaced by the dis-
tributed pair operator Cy . This, in fact, is respon-
sible for the large reduction in the shell model Hil-
bert space achieved by the BPA. For even-even

nuclei having both types of nucleon in the valence
shells (i.e., the nonidentical case), the BPA basis
states in the first approximatioon are obtained from
the product of one-BPA proton and one-BPA neu-

tron states treating proton and neutron operators as

independent. These BPA basis states, in general,
are not orthogonal and therefore an orthonormal
set of states is to be constructed before setting up
the Hamiltonian matrices. In the case of one-SPA,
which is analogous to seniority two (v & 2) trunca-
tion, the number of orthonormal SPA states is
equal to the number of two-particle shell model
configurations. This implies that the maximum
dimensionality in the case of one-BPA is equal to
that of the two particle (identical) shell model

problem, in contrast to the large dimensionality en-

countered in the seniority two truncation scheme.
Moreover, this dimensionality in the BPA is in-

dependent of the actual number of valence particles
under consideration. For the nonidentical case, the
number of independent BPA states is always the
same as that of the four-particle (i.e., 2 proton +
2 neutron) shell model irrespective of the number
of valence nucleons.

This practical aspect of the BPA can be better
appreciated after having a look at Table I. This
table lists the maximum dimensionalities of the en-

ergy matrices for various states encountered in the
BPA in the full p fspace as -well as in f7/2 p3/2
space, The SM dimensionalities for 6, 8, and 12
valence particles ( T = 1 only)' are also included in
this table to demonstrate the nontractable nature of
the shell model calculations.

We have carried out the BPA calculations for
even isotopes of Ca, Ti, Cr, and Fe, assuming Ca
as the inert core. In addition to the original set of
Kuo- Brown matrix elements and its modified ver-

sion, another appropriate set of Tabakin interaction
matrix elements (TB) and its modified version
TBM (the modification is similar to that used for
obtaining KBM) have also been used in the present
calculations. First, the BPA calculations for even

Ca isotopes (i.e., the identical nucleon case) are

performed in the full p fspace. The re-sults com-

pare very well with the SM results and both

TABLE I. The dimensionalities of the shell model and the BPA Hamiltonian matrices for
the valence nucleon number N (E =4, 6, 8, and 12) in the full and the truncated f I/ space. -

BPA
6a

Shell model ( T = 1 only)
8a 12'

158
596
655
423

20
62
72
53

15 14
6338
8026
6606

17 437
77 907

106 132
98 092

671 159
3 067 868
4461 696
4 984 885

'Full f-p space.

f7/2 p3/2 space
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reproduce the observed systematics reasonably well.
The BPA calculations are then repeated in the
truncated space consisting of f7/2 and p3/2 states.
The effective interaction matrix elements for the
truncated space calculation are obtained thorough
the projection method' ' which incorporates the
effects of the valence space truncation. An excel-
lent agreement observed between the results of the
full and the corresponding truncated space calcula-
tions encourages us to perform further calculations
in the truncated space only. This aspect is particu-
larly useful for the nonidentical nucleon case where
further reduction in the BPA configuration space is
highly desirable from the computational point of
view (cf. columns 2 and 3 of Table I). Therefore,
the energy spectra and the electromagnetic transi-
tion rates for Ti, Cr, and Fe isotopes (i.e., the
nonidentical nucleon case) are calculated in the
truncated space alone. The BPA results reproduce
reasonably well the observed level systematics and
the transition rates. The SM results are available
only for Ti; the BPA results for this nucleus are
in good agreement with these SM results. The en-

ergy spectra and the electromagnetic transition
rates for N =28 isotones (the identical nucleon
case) have also been examined with respect to the

Ca core using an appropriate set of interaction
matrix elements. The results indicate the impor-
tance of neutron excitations, especially for the high
lying states.

The BPA formalism is briefly sketched in Sec.
II. The details of the calculation and the results
are presented and discussed in Sec. III. Section IV
contains the concluding remarks.

II. BROKEN PAIR APPROXIMATION
FORMALISM

A. Basis states

with v, +u, =II and

a b
A (abJM)=g ~ M c cP.

a,P

(2.1)

The BPA assumes that the ground state Po for p
pairs of identical particles is obtained by repeated
(p times) application of a distributed pair operator
Ct on the particle vacuum, i.e.,

P

P, ~C~t
~
0) = g ' —A'(oaoo)

~
0)

Q~ 2

,' ~
o) =—, g .' " ct

~
0)a

Here "a"denotes a set of quantum numbers
(n, lj,m) required to specify a single particle state
while the letter "a" represents only n, l,j quantum
numbers. c (c) is a single particle fermion creation
(annihilation) operator and a =(2j, + 1)'

The ground state parameters u (v) are obtained

by minimizing the Hamiltonian, i.e.,

&00 I WO&

(2.2)

It is to be noted that the structure of the approxi-
mate BPA ground state (2.1) is identical to that of
the 2p-particle component of the BCS state. In
fact, these two states become identical when the
ground state parameters u (v) are replaced by the
corresponding BCS quantities U( V), i.e., nonoccu-
pation (occupation) probabilities. It has been
shown that the projected BCS state has about
99~o overlap with the seniority zero shell model
ground state. Furthermore, the differences in the
occupation probabilities obtained by the exact and
approximate minimization of the (u~/u, ) coefII-
cients have been reported' to be small. This im-
plies that the approximate BPA ground state is
indeed very close to the true ground state and that
the replacement of u (u) by U( V) is a good approx-
imation.

The BPA basis states are constructed by replac-
ing one Ct operator in the ground state P by an
arbitrary two particle creation operator A (abJM).
Therefore, the BPA basis states in this approxima-
tion (i.e., one-BPA) are given as

~
%(abJM)) =A (abJM)~~,

~

0) . (2 3)

The approximate ground state (2.1) is a linear com-
bination of the states (2.3) with J=0. Therefore, it
is sufficient to work with an orthonormal set of
states constructed from the states (2.3). The
number of independent one-BPA states is equal to
that of two particle SM states and furthermore,
this number in one-BPA remains unaltered ir-
respective of the actual number of valence nucleons
present.

In the successive approximations the BPA basis
states can be constructed by replacing more Cg
operators by an equal number of A operators.

The states (2.3), in general, are not orthogonal
and therefore need to be orthogonalized before us-

ing them for setting up the Hamiltonian matrices.
The orthogonalization procedure requires the
knowledge of the overlaps between the BPA states.
The procedure for evaluating these overlaps is
given in detail in Ref. 9.
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For the nonidentical nucleon case, the ground
state for even-even nuclei, having both types of nu-
cleons in the valence shells, is expressed as a prod-
uct of a proton paired (p pairs) state r~ ~0& and a
neutron paired (n pairs) state r„~ 0&, i.e.,

I
00&=[r,'@ r.'l l

o& . (2.4}

The state (2.4} is valid especially for the cases
where the valence protons and neutrons fi11 dif-
ferent major shells. The basis space is constructed
by coupling proton and neutron wave functions,
after proper replacement of a proton (and a neu-

tron) distributed pair operator by a corresponding
two particle creation operator A (ahJM). The re-
placement of operator Cy is done in accordance
with the procedure outlined for the identical nu-

cleon system.
The BPA basis states in this case are then expli-

citly written as

$(a)apJ ,b)b2J„;JM)

~[~~ ~A (a&a2J~) 8 r„ iA (blb2J, ))M l0&

(2.5)

where a's represent protons, b's represent neutrons,
and the symbols m. and g are used for distinct iden-
tification of the proton and neutron systems,
respectively.

For seniority zero, the state (2.4) is a particular
linear combination of the states (2.5}. Moreover,
for J =0 (or J„=O), the states (2.5) are not
orthogona1. Therefore, it is sufficient to consider
only the states (2.5) for constructing an orthonor-
mal set of basis states following a procedure similar
to that already described for the identical nucleon
system. It is clear that the states (2.5) contain all
the low seniority (v=0,2,4) components of the shell
model wave functions except the v=4 proton com-
ponents and the v=4 neutron components. Fur-
ther, for the case of four valence particles (i.e., two
protons and two neutrons), the states (2.5) become
identical to the corresponding exact shell model
states. Therefore, for such cases, both the BPA
and the exact shell model calculations carried out
with the same input information will produce
identical results.

The most important feature of the present BPA
formulation [cf. (2.5)] is that whatever the number
of valence (even-even) nulceons is, the maximum
dimensionality of the BPA Hamiltonian matrices is
equal to the exact shell model dimensionality of a
four-nucleon case (i.e., corresponding to 2 protons
and 2 neutrons). This great reduction in the size of

Hamiltonian matrices makes them tractable for nu-
merical computation on the available modern com-
puters and, therefore, paves the way for studying
most of the nuclei for which the shell model calcu-
lations are just not feasible.

B. Matrix elements of Hamiltonian

The shell model Hamiltonian H for spherical nu-
clei can be written as

with

H =Ho+H (2.6)

Ho = g E~C~C~, (2.7)

and

H;„,= —, g (aP
~

V
~
y5&,„c"cpcscr .

aPy5

(2.8)

Evaluation of the matrix elements of the Hamil-
tonian in BPA is greatly simplified if the Hamil-
tonian is rewritten in such a form that all the an-
nihilation operators appear on the left and all the
creation operators appear on the right. This can be
achieved by using the anticommutation property of
the fermion operators and treating the neutron and
the proton operators as independent.

The Hamiltonian in its final form can be ex-
pressed as

H =Hpp+H~~+Hp~ . (2.9)

The proton-proton part (Hzp) of the Hamiltonian
consists of:

with Opp
——1, c c, and AA, respectively.

The expressions (2.10) with different O~z can be
calculated by coupling the annihilation operator(s)
c(A) to the BPA state on the bra side and the
creation operator(s) c (A ) to the BPA state on the
ket side, resulting in new BPA states corresponding
to 2p +1 (2p +2) particles both on bra and ket
sides. Thus, the problem of evaluating the matrix
elements of H reduces to the evaluation of the
overlaps between the BPA states. The final expres-

(i) an operator free term (i.e., a constant);
(ii) a term with an operator of the form c~c;
(iii) a term with an operator of the form AA

In the calculation of the matrix elements of Hpp
between the BPA states, one is required to evaluate

&01 '-iA(~iud J~M~)IOp~l" (ni~2J~~~)rp-i 10&

(2.10)
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sion for the matrix element of H involves these
overlaps, the particle-particle matrix elements (G
functions) and hole-particle matrix elements (Ii

functions), and some geometrical factors. The
one-BPA which will be referred to as "the BPA,"
the expression for the matrix element of H, can be
further simplified and is given in Ref. 9.

Similarly, the matrix element of H~N can easily
be evaluated. In fact, the final expression for this
case will be the same as that for H~~ with proton
(neutron) suffixes replaced by neutron (proton) suf-

fixes.
The Hp~ part of the Hamiltonian in the rewrit-

ten form consists of a constant HzN' and terms

Hp~ Hpg and Hp& involving the following
operators:

(i) only proton operators: c c;
(ii) only neutron operators: chic &',

(iii) mixed operators: c c cz cz, respectively.

The constant Hz&' contributes only to the diagonal
matrix element. Since the proton and neutron
operators are independent, the matrix element of
the HpN' involving only the single particle proton
operator can be evaluated follow'ing the procedure
adopted for the one body part of H&&. The expres-
sion for the Hzz' part is the same as that of Hp~'
with all the proton (neutron) suffixes replaced by
the neutron (proton) suffixes. For the case of HpN,
where the mixed operators are invloved, the matrix
element between the BPA states factors out as a
product of

and

(0
l rp, A(aIa2 J M+)

l
c c lAt(aia2J M )r~ i l

0)

(0
l r„,A(b,'b2 J„Mq )

l c„c„lA (bib2J„M„)r„ i l
0) .

These two terms of the product can be reduced to
an overlap between the BPA proton states with

(2p+ 1) particles and between the BPA neutron
states with (2n +1) particles. The final expression
for the matrix elements of Hzz between the BPA
states is lengthy and therefore will not be presented
here.

C. Electromagnetic transition rates and moments

The electromagnetic reduced transition probabili-
ties and the static moments are simply related to

the quantity

(2.11)

in which
l
JM ) and J'M') are the pertinent nu-

clear states, which in the present formalism are
linear combinations of the BPA basis states (2.3).
In order to simplify the evaluation of the reduced

A,
matrix elements (defined as in Ref. 16) of 0&, it is
expressed in a form in which the particle annihila-

tion operators appear on the left and the particle
creation operators appear on the right. For A,+0,
the reduced matrix elements between the BPA
states (2.3) can be written as

(&p bA (a i a2 J')—
l
lo

l lA (aia2J)r~ b )

= g &allo'lla') X( 1)' ' J—W(JJ'a-a', Aj)
a, a'

X(0l [[c, S A (aia2J')]1] rz br& b[c, I@ A (aia2J)]jl0) . (2.12)

Since Eq. (2.12) involves the overlaps between the
BPA states, the reduced matrix elements of the
electromagnetic transition operator can be evaluat-

ed following a procedure similar to that used for
the Hamiltonian matrices. The final expression for
the reduced matrix elements, suitable for numerical

computation, is given in Ref. 9.

For the nonidentical case, the BPA wave func-
tion can be expressed as a linear combination of
the states

l
4(aia2J, bib2J&, JM) with the expan-

sion coeAicients obtained by diagonalizing the BPA
energy matrices. The calculation of the elec-
tromagnetic transition rates, etc., will thus involve
the evaluation of the reduced matrix elements



25 NUMBER CONSERVING SHELL MODEL FOR EVEN Ca, Ti, . . . 635

(e(a Ia~J', b Ib2Jg, J')~~O ~~e(aIa2J, bIb2J„;J)) . (2.13)

The electromagnetic transition operator 0& is a
one body operator and at a time it can affect either
a proton state or a neutron state. Therefore, the
proton (or neutron) part can be factored out which
can be expressed as an overlap between the BPA
states for protons (or neutrons).

Thus the proton part of the reduced matrix ele-
ments between the BPA states for nonidentical case
can be expressed in terms of the reduced matrix
elements between the proton BPA states together
with an overlap between the neutron BPA states
and some geometrical factors. An identical pro-
cedure can be followed for the evaluation of the
neutron part of the operator. In fact, the expres-
sion for the neutron part will be the same as that
for the proton part with all the proton suffixes

p (n) replaced by the corresponding neutron suffixes

n (p). This makes the formulation comparatively
easier.

It is to be stressed that the BPA technique, dis-

cussed above for evaluating the matrix elements of
various operators, is quite general and therefore
can be used for the calculation of various physical
quantities like spectroscopic amplitudes (for one-

and two-nucleon transfer reactions), P-decay matrix
elements, etc. The final expression for the matrix
elements of such physical operators, in BPA, can
always be reduced to a form involving overlaps
between the BPA states which is ideally suitable
for numerical computation.

III. CALCULATIONS, RESULTS,
AND DISCUSSION

Explicit calculations have been performed for the
even isotopes of Ca, Ti, Cr, and Fe. The single

particle level energies (SPE) and the two body ma-

trix elements relevant to the valence space under
consideration form an essential part of the input
data. In the present calculation, two sets of SP en-

ergies have been tried along with the following sets
of the realistic interaction matrix elements:

(i) the original Kuo-Brown set of two body in-
teraction matrix elements, with respect to the Ca
core, obtained from the free nucleon-nucleon
Hamada-Johnston' potential. This set has also
been used frequently in earlier structure calcula-
tions. McGrory et al. , in order to improve the
overall agreement in their SM calculations for

Ca, have modified soine of the T =1 original
KB matrix elements by the least squares fitting
procedure. The modifications introduced in the
(f7/2j J T = 1

~

V
~ f7/2JJ T = 1 ) matrix elements

are (a) —0.3 MeV for j =f7/2 + 0.3 MeV for

j =p3/2 (both for J=0 and 2); and (b) +. 0.25
MeV for j =pI/2, f5/z for all permitted J. This
modified set of KB matrix elements has also been
used in the present calculation.

(ii) the set of Tabakin interaction matrix ele-
ments, ' appropriate to this region, derived from
the nonlocal separable potential of Tabakin. ' In
this set the second order Born term, which has
been show+ to be important by Kerman and Pal,
has been included in the second order perturbation
theory using the plane wave intermediate states
and an angle averaged Pauli operator. In order to
make this second order Born term independent of
the center of mass radial node quantum number,
an averaging procedure similar to that of Clement
and Baranger ' has been adopted. In addition, the
core contributions with 3p-1h intermediate states
are also incorporated in the perturbation theory.
For this purpose, the following five hole states and
nine particle states are considered:

1p3/2

(—20.0)

Valence:

High lying:

1p 1/2

( —20.0)

&f7/2

( —5.0)
1g9/2
(3.5)

Hole states (energy in

1d5/2

(—10.0)
Particle states (energy

2p3/2 .

(0.0)
2d 5/2

(10.0)

MeV)

2$1/2 '

( —10.0)
in MeV)

1f5/2

(0.78)
1g7/2
(10.0)

1d3/2

(—10.0)

2p]/2
(1.08)
3$ ]/2
(10.0)

2d 3/2

(10.0)
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This set of Tabakin interaction matrix elements ob-
tained here is denoted by TB and its modified ver-
sion by TBM (modifications in the selected T = 1

matrix elements identical to those used for obtain-
ing KBM from KB). Both TB and TBM have
been used in the present work. We performed the
BPA calculations for Ca with respect to the

Ca inert core, using the Tabakin interaction ma-
trix elements, with the experimental as well as
with the Kuo-Brown SPE. .The results reveal that
the spectra obtained by using two sets of SPE are
quite close, indicating thereby that either set can be
used in the calculation with almost the same de-

gree of reliability. Therefore, in order to maintain
consistency in the calculations and to facilitate the
comparison with the available shell model calcula-
tions, we use the Kuo-Brown SPE throughout in
the present investigation.

As most of the earlier shell model calculations in
the 2p-If region have been carried out in highly
truncated space(s), or only a restricted number of
the p-f configurations have been included in the
model space, therefore the BPA calculations in

similar spaces have also been carried out using the
appropriately renormalized two body matrix ele-
ments obtained by the projection method. ' '

The labels used to designate the results of our
calculations in various spaces, using diA'erent eAec-
tive interactions, are summarized in Table II. The
labels used to identify the shell model results of
Mcorory et al. for Ca isotopes, often referred to
in the present work, are also included in the same
table. All experimental values will be designated

by the label expt. It is observed that the BPA
results obtained with the Tabakin interaction ma-
trix elements are very similar to those obtained
with the corresponding Kuo-Brown interaction ma-

trix elements. In other words, the TB, TBT I, and
MTB sets of results are very c1ose to those of KB,
KBT I, and MKB, respectively. Therefore, we
present and discuss only the BPA results obtained
by using the Tabakin interaction matrix elements;
however, all the remarks made for these results do
apply to the corresponding sets of results of the
Kuo-Brown interaction matrix elements.

The lowest three BPA energy values for each of
the positive-parity, even-spin states (0+,2+,4+,6+ )

are presented in various figures. The correspond-
ing shell model levels as well as the observed levels
are also shown in these figures for comparison. If
an excited state does not appear even once in the
low lying spectra, its position is numerically indi-
cated in the level diagrams, above the break shown
in the usual energy scale. Since the first excited
state in the observed spectrum of Ca appears at
3.83 MeV and all the other states lie above 4.0
MeV, we have extended the energy scale (Fig. 4) to
6.0 MeV for this isotope.

In the various figures the results are presented in
a form in which the calculated 2+ level is made to
coincide with the observed 2+ state (i.e., by intro-
ducing an appropriate "shift" in the calculated 1ev-

els). This shift is numerically indicated in the
ground state in all the level diagrams (see e.g.,
Figs. 1 —5 for Ca isotopes). Similar scaling has
also been used by Bhatt and McGrory.

A. Energy spectra

1. Calcium isotopes

The BPA results for Ca isotopes are plotted in
Figs. 1 —5. We do not intend to remark on every
aspect of the calculated results for each of the lev-

TABLE II. The labels used to designate the results of the BPA calculations performed in
different spaces using different interaction matrix elements along with the labels used for
designating the shell model (SM) results for Ca isotopes of Ref. 4.

Interaction

Full space

SP orbits:

f7/2P 3/2f 5/2P 1 /2

BPA SM

Truncated
space I

f?/2P 3/2

BPA

Truncated
space II

f7/2
BPA

Tabakin
Kuo-Brown

Modified (T=1)
Tabakin

Modified (T =1)
Kuo Brown

TB
KB

MTB

MKB

MG (fp)

MG (fp')

TBT I
KBT I

MTBT I

TBT II
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42Co

(586)O(532)p+(5.60)py(549)p, (5.26) p+ (5 26)

4'Ca

(486) 0 (540) 0 (446)
0

+—2

30-

Ol

X
LU

2.0-
-0

-2

4
2 -2

-4

+
2 — 2

30-

Ol

X
LLI

2.0

(2)
2'

I4)

0

3+
0

%2t

2 -2'

4'
0

6' 2
4

4

-2

4t
0'.
|2+

1.0-
(0 0) ~ (-0 03) + (-0 02)

EX PT MG(fp) MG (tp')
0 0, 0

(ref.23)

(P.P) . ( ~ 0.03) . ( ~ 0 03), (' 0 03)
0 0 0 0

MTB TB T BT-I T BT-Ii

els; instead we prefer to leave the results to speak
for themselves. It is observed that the low lying
states in the full fpspace are mo-stly in good
agreement with the corresponding shell model
[MG (fp)] as well as with the experimental (expt)
levels. The first excited 0+ and the second excited
2+ states for Ca and Ca are not reproduced by
the BPA. These states are also not reproduced by
the shell model calculations. In fact, these states
have been attributed ' to core excited configura-
tions not included in the fpspace. The -use of the
modified matrix elements does improve the results
slightly for Ca and Ca. For Ca the low lying
states do appear in our calculation as well as in the
shell model calculation of McGrory et al. [MG

FIG. 1. The experimental (expt), the shell model, and
the BPA energy spectra for Ca plotted by matching
the calculated 2& state with the experimental 2i state.
The resulting shift is numerically indicated in the
parentheses just above the ground state in each spec-
trum. Any first excited state not appearirig up to 4
MeV is also indicated numerically above the broken
scale. The labels representing various calculated spectra
are explained in Table II. Asterisk is used for showing
core-excited states in the experimental spectrum.

1.0-
(Oo) . (-0.04) 0, (-0.08), (- L68) ~ (-O1 8) 0. (-O03' 0. (-O.«)
EXPT MG(tP) MG(tP') MTB TB TBT-I TBT-II

(ref.24)

FIG. 3. The experimental, the shell model, and the
BPA energy spectra with shift for Ca. For details see
caption for Fig. 1.

(fp)]. This may be due to the fact that the Taba-
kin and the Kuo-Brown matrix elements may not
account for the f7/2 shell closure. However, the
modifications in the interaction matrix elements,
which presumably take care of this f7/2 shell clo-
sure in the shell model [Mg (fp')], help to push up
the calculated levels significantly. Our results
MTB and MKB, too, show a similar trend. The
BPA results for Ca are not as satisfactory as for
the other isotopes of Ca. Even the corresponding
shell model calculations exhibit a trend similar to
ours.

It is found that most of low lying states are well
reproduced even in the truricated space calculations
except for the TBT II levels of Ca which are
slightly pushed down. This is not surprising be-
cause the only valence shell (f7/2) in the TBT II
space is nearing closure.

The present analysis of Ca isotopes therefore re-
veals that the BPA results are very similar to the
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FIG. 2. The experimental (expt), the shell model, and
the BPA energy spectra with shift for ~Ca. For details
see caption for Fig. 1.

FIG. 4. The experimental (expt), the shell model, and
the BPA energy spectra with shift for " Ca. For details
see caption for Fig. 1.
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is further revealed that the projection method suc-
cessfully incorporates the effects of space trunca-
tion through the renormalization of the interaction
matrix elements. Therefore, the calculations in the
truncated space can be performed with confidence

by using the renormalized matrix elements ob-
tained by the projection method.

2. %=28 Isotones

—2') 0- 2' 2 2' 2'

~ ~(50) 0
f'0 2

0 057 0 (0 55) 0
EXPT M G(f p) M G(fp'! MTB TB

l ret. 26}

(-022) 0,
TBT-I

FIG. 5. The experimental, the shell model, and the
BPA energy spectra with shift for ' Ca. For details see

caption for Fig. 1.

corresponding shell model results and that both
reproduce the experimental trends equally well.
This demonstrates that the BPA, which in cornpar-
ison to the conventional shell model, requires much
less labor in practice (due to a great reduction in
dimensionalities of the Hamiltonian matrices), can
be considered a reliable, successful, and practical
approximation to the shell model in this region. It

The main intention behind the present analysis
of the E =28 isotones ( Ti, Cr, Fe) in the
framework of the BPA is to exhibit the shell clo-
sure effects at X =28 and to study the usefulness of

Ca as an inert core in the fpshell. -

Energy spectra of Ti, Cr, and Fe. The BPA
calculations are carried out for Ti, Cr, and Fe
assuming Ca as an inert core. All the four
valence proton orbitals f7/2 p3/g f5/2 and p)/,
are considered in the model space. The relevant
Kuo-Brown SPE of these orbitals, used in the cal-
culation, are listed below. An appropriate set of
the T =1 two body matrix elements with respect to
the Ca core obtained' from the nonlocal separ-
able potential of Tabakin' is employed in the cal-
culation.

Proton orbital:
Kuo-Brown SPE (MeV):

f7/2

0.0
p3r2
4.4

fS/2

6.9
P l /2

5.9

SOT;

(5,64), (9.24)

(p')

52C

(8 43) p. ( 7.22)

3.0—

4)
X
UJ

2.0-

;6)' 2'.
6+

;2')
C4

0

C
~

2'
~2.'6'

—2

The BPA results (TB) and the corresponding ex-
perimental values (expt) are presented in Fig. 6.

These results clearly indicate that the first excit-
ed state for each spin (2+,4+,6+ ) is reproduced
reasonably well, while the other excited states lie

I

very high compared to the experiment. Figure 6
shows that few levels around 3 MeV appearing in
the observed spectra (expt) of Cr and Fe are not
reproduced by the BPA calculation. This indicates
that only the proton excitations considered in the
BPA calculation are not sufficient to explain the
observed spectra of these isotones. The neutron ex-
citations, neglected by the assumption of a Ca in-
ert core, seem to play an important role, and there-
fore these should be included in the calculation for
an accurate description of the nuclear properties in
this region.

B. E2 transitions and quadrupole moments

( 0.0 )

EXPT

(ref. 26)

(+0.23 ) 0.
TB

(00)p(010) ~ (pp)(p. p3)
EXPT T (3 EXPT TB

{ref. 28} (ref 29)

FIG. 6. The experimental (expt) and the BPA energy
spectra with shift for N =28 isotones in the full fp-
space w.r.t. Ca core.

Calcium isotopes

The calculated 8(E2) values for Ca isotopes are
presented in Table III. The labels TB and TBT I
correspond to the results in full and truncated
spaces, respectively. The Q& values are plotted in



25 NUMBER CONSERVING SHELL MODEL FOR EVEN Ca, Ti, . . . 639

TABLE III. The calculated, the shell model (SM), and the experimental (expt) B(E2:J;~JI)for even Ca isotopes.

Nucleus
Transition

TB'
8(E2) (e2fm4)

TBT I' expt Reference'

42C
Zi ~Os,
4i~Zj

- A+

27.4
28.3
15.4

27. 1

26.6
15.3

26
27
14

81.5 + 3.0
57.5 + 4.5
6.44+ 0.19

30
30
30

Ca
Zi —+Og,
4i Zi

6+

47.9
2.6

0.7

45.3
1.5

0.4

42
20

100 +6
75 +15

160 +60
41.2 + 3.6
50 +12

30
31
31
30
31

46C
Zi —+Og,

4i~Zi
6+

58.2
2.1

3.4

52.3
4.6
5.0

35.1 +3.6

5.34+ 0.28

30

30

"Ca

"Ca

22~Os,

Zi ~s. .

64.0

59.3

'e„"'=1.Oe.

Reference 5, e„' =1.0e.
'Reference to experimental data.

.Fig. 7. The corresponding experimental values,
wherever available, are also included in the tables.
References to the experimental data are also indi-
cated there.

The shell model 8 (E2) values for the elec-
tromagnetic transitions in Ca isotopes have been

reported by McGrory only for ' Ca. These are
also included in Table III for comparison, in the
column labeled SM. Although the shell model
wave functions for heavier isotopes of Ca are avail-

able, the transition rates, etc., for these isotopes
have not been reported so far.

Table III shows that most of the calculated (TB
and TBT I) 8(E2) values for Ca isotopes are in

15

10-

good agreement with the corresponding SM values,
and both reproduce the experimental trend reason-
ably well. A proper choice of neutron effective
charge ( —1.5e) will lead to an overall good agree-
ment with the experiment.

The calculated 8 (E2:2t~Os, ) values for all the
Ca isotopes with e„' =1.0e are plotted (TB) in Fig.
8 along with the experimental values. Just to have
an idea as to how the agreement can be improved

by choosing the proper nucleon effective charge,
the TBT I results obtained in the truncated space
calculation are plotted (Fig. 8) with e„' =1.5e
(TBT I") along with the corresponding results with
e„' = 1.0e (TBT Ia).

It is revealed in Fig. 8 that the TB and TBT I'
curves, corresponding to the same effective charge
1.0e, are very similar. The calculated
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150—

100—

+p
50-

4J

tn
0

tt — ~X—0

I I I I

42 44C 46C 48(- 50(-o

EXPT
x TE) (en=1 0e)eff
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FIG. 7. The quadrupole moment i Q& ) of the first
1

excited 2+ state for even calcium isotopes.

FIG. 8. The B(E2:Zi-+0&, ) for even calcium iso-

topes.



Y. K. GAMBHIR, S. HA@, AND J. K. SURI 25

8(E2:Z~~s, ) values for Ca are found to be
very close to the corresponding experimental
points, while there is a considerable deviation in
the case of Ca. This particular difference may be
due to the near shell closure effects.

The quadrupole moments of the 2& state and the
8 (E2) values for the transition Zj ~0s, for the
lighter isotopes of Ca are close to the correspond-
ing SM values and can reproduce the experimental
values reasonably well with a proper choice of the
effective charge. For the transitions involving the
higher excited states, the calculated values are
smaller as compared to the experiment. This is ex-
pected to be due to the neglect of the collective ef-

fects and to the use of the restricted space.

2. X =28 isotones

The 8 (E2) values for the transitions Zj —+0, ,
4&~Z&, and 6j .-~& values for Ti, Cr, and 4Fe

are tabulated in Table IV. The 8(E2:Z&~0s, )

values for all the three isotones are plotted in Fig.
9. The calculated and observed Q& values are

i

shown in Fig. 10. All the calculated results are
presented by using a single effective proton charge
e~' =1.5e.

Inspection of Table IV reveals that the experi-
mental 8(E2) values are well reproduced (within a
factor of 2), except for 4~ ~Zj and 6& —+4& transi-
tions in Cr. These departures may be attributed
to the core excitations not included in the calcula-
tion. Figure 9 demonstrates that the observed vari-
ation of the 8 (E2:Zj~0s, ) with the mass number

is indeed well reproduced by the calculation.
The BPA results for these N =28 isotones reflect

that (i) the neutron excitation from the f7/2 orbit,
(ii) the collective excitations, and (iii) the v) 4 and
higher excited configurations, not included in the
BPA calculation, are important and should be tak-
en into account for a better description of the nu-
clear properties for these nuclei.

C. Energy spectra of even isotopes
of Ti, Cr, and Fe

Shell model calculations with realistic interac-
tions have not been reported so far for the fpshell-
nuclei having both types of valence nucleons, ex-
cept that for Ti (Refs. 5, 23, and 27) using the
Kuo-Brown and the modified Kuo-Brown interac-
tion matrix elements. An obvious reason appears
to be due to the practical difficulties encountered in
handling the prohibitively large Hamiltonian ma-
trices. Some calculations for E-28 nuclei have
recently been attempted ' in the framework of
the phenomenological shell model by considering
either a pure f7/2 model space or by allowing a re-
stricted number of excitations from the f7/2 orbit
to the p3/2 orbit, but no consistent picture has so
far emerged from these analyses.

The BPA calculations for a11 these isotopes can
be performed in the full fpspace as th-e maximum
dimensionality of the energy matrices encountered
in the present calculations corresponds to that of
the shell model for Ti. However, encouraged by
the success of the projection method which ade-
quately incorporates the effects of the space trunca-

TABLE IV. The experimental and the calculated B(E2:J;~Jy) for N =28 isotones (with

respect to Ca core).

Nucleus
Transition

J;—+Jg

B(E2)(e fm )

TB' expt Reference

2+, ~g,
+1~~1

' 61 -~l

S8
59
30

66+ 8

60 +12
34.2+ 1.2

30, 33
30
30

Zj —+Og,

&i~2i
6+

86
0.76
0.18

132 + 6
79 +17
59.5+ 3.4

34
35

30, 35

54Fe
Zj —+Og,

&i &i
6+ A+

81
36
20

108 +10
78 +16
40 + 0.5

36
30, 35
30, 35

Reference to experimental data.
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FIG. 11. The experimental (expt) and the GBPA en-

ergy spectra with shift for ~ Ti. For details see cap-
tion for Fig. 1.

tion as shown in the case of Ca isotopes, we, as a
first step, perform the BPA calculations in the
truncated space(s) only.

The Tabakin interaction matrix elements with
respect to the Ca core are appropriately renor-
malized for each of the truncated spaces I
(f»i —p3&i) and II (f7~&) by the projection
method to take into account the effects of the space
truncation. The renormalized matrix elements thus
obtained are then used in the BPA calculations.
The Kuo-Brown SPE used in the present calcula-
tion are the same as those used for Ca isotopes.

The calculated excitation energies for 0+, 2+,
4+, and 6+ states for all the isotopes under con-
sideration are shown in Figs. 11—14.

In order to analyze the effects of modification in
the interaction matrix elements on the calculated
spectra, the GBPA calculations are repeated for
S=26 and N =28 nuclei using the modified and
then renormalized (by the projection method to in-
clude the space truncation effects) set of Tabakin
matrix elements. The results obtained by using

these modified matrix elements are also included
(labeled MTBT I) in the respective figures.

1. Titanium isotopes

The calculated and observed excitation energies
for ' ' ' Ti are shown in Figs. 11 and 12. In-
spection of Fig. 11 reveals that the low lying states
of Ti, in comparison with the experiment, are
well reproduced by the BPA in spite of the fact
that the BPA calculations are carried out in the
truncated space(s). Furthermore, our results com-

pare equally well with the corresponding SM
results ' obtained in the full fpspace using -the
Kuo-Brown interaction matrix elements.

The experiment levels of Ti quoted by Bhatt

48(. 50';
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FIG. 10. The Q+ for N =28 isotones w r t ~'Ca. . .

I

core. expt corresponds to Ref. 33 for Ti and Ref. 23 for
Cr.

FIG. 12. The experimental and the GBPA energy
spectra with shift for 4" Zi. For details see caption for
Fig. 1.
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FIG. 13. The experimental and the GBPA energy spectra with shift for even Cr isotopes. For details see caption for
Fig. 1.

and Mcorory are due to Rapaport et al." who
identify the state observed at 1.90 MeV as a 0+
state. Later experiments of Baer et al. have
shown that the state observed at 1.89 MeV (corre-
sponding to the 1.90 MeV 0+ state of Rapaport
et (21. ) is a 2+ state and not a 0+ state. Howev-

er, neither the shell model nor the BPA has been
able to reproduce this state. Bhatt and McGrory,
considering this state as an observed 0+ state, in-

terpret it as a deformed state obtained from the ad-

mixture of an excited 0+ state of Ca (which is
assumed to be the core) with the ground state of

Ti. Along similar lines, the 2+ state observed at
1.89 MeV may be interpreted as a deformed state
obtained by the admixture of a core ( Ca) excited
2+ state with the ground state of Ti. This inter-
pretation seems to be quite reasonable if one recalls
that such core excited deformed states are present
even in the observed spectra of Ca and Ca.

Results in only f7/2 space (TBT II) are satisfac-
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FIG. 14. The experimental and the GBPA energy
for Fig. 1.
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spectra with shift for even Fe isotopes. For details see caption
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tory for the first even-parity spin states. This indi-
cates that for explaining the full spectrum, at least
the excitations from f7/p to pi~i should be includ-
ed in the calculation.

The calculated energy levels of ' ' Ti shown
in Figs. 11—13 along with the corresponding ob-
served levels exhibit a similar trend, as is shown by
the levels of Ti. The first excited 0+ states ob-
served at 2.61 MeV Ti and 3.0 MeV for " Ti not
reproduced by the calculation perhaps are the de-
formed core ( Ca) excited 0+ states built on the
ground states of Ti and Ti, respectively. For

Ti some additional levels near 3 MeV, which do
not have any experimental correspondence, do ap-
pear in the TBT I spectrum. For this isotope, be-

ing a shell closure nucleus, we have repeated the
BPA calculations in the truncated space I using
the modified matrix elements. This improves the
results in the sense that the additional levels which

appear in the TBT I spectrum as mentioned above
now disappear from the calculated spectrum. This
is quite clear from the MTBT I spectrum shown in
Fig. 12. Furthermore, the comparison of TBT I
and MTBT I spectra (Fig. 12) with the TB spec-
trum of Ti (Fig. 6) clearly shows the importance
of the neutron excitations not considered in the
BPA calculation ( Ti) where Ca is assumed to be
an inert core.

apparent from Fig. 13 that the shift in both the
TBT I and the MTBT I spectra is of the same or-
der ( —1.7 MeV), which is significantly large.
Clearly, the changes in the calculated spectrum
caused by using the modified matrix elements can-
not be regarded as an improvement in the results.
Therefore, it appears that for this (N =26) nucleus
in particular, the neglected configurations are im-

portant.
The excitation energies of Cr, shown in Fig.

13, reveal that the BPA results (both TBT I and
MTBT I) have been able to reproduce only the
qualitative trend of the observed (expt) spectrum.
The calculated levels in TBT I around 3 MeV,
although not having one to one correspondence
with the experimental levels, do exhibit a similar
pattern as is observed in the experiment. This pat-
tern is absent in the MTBT I spectrum.

For the case of Cr, almost all the low lying
levels (TBT I) shown in Fig. 13 have a good
correspondence with the experimental levels. The
calculated splitting between 4i and Zz is small as
compared to the experimental splitting; otherwise
the calculated spectrum is quite satisfactory. Cor-
responding to two unassigned levels around 3 MeV
in the observed spectrum, we obtain a 6+ and a 0+
state.

2. Chromium isotopes

The calculated and experimental excitation ener-

gies for ' ' Cr are plotted in Fig. 13. For Cr
isotopes there are four valence protons and more
than four valence neutrons distributed in the fp-
shell. This means that the seniority four configura-
tions of protons as well as of neutrons, not includ-
ed in the present calculations, may play an impor-
tant role. Similar remarks hold for Fe isotopes.
Therefore, one may not expect good results for all
the levels of these isotopes, especially for the case
of Cr and Fe, where the excitations of the six
valence neutrons will be considerably affected by
near shell closure effects of f7&i neutron orbit.
[These effects are indeed reflected in the calculated
spectrum (TBT I) of Cr and Fe shown in Figs.
13 and 14, respectively]. Therefore, on an average
we intend to investigate the qualitative trends only.

It is revealed in Fig. 13 that the low lying states
4+ (1.88 MeV), 2+ (2.92 MeV), and 6+ (3.16 MeV)
observed in the experimental spectrum of Cr are
absent in the calculated spectrum (TBT I). A simi-
lar observation holds for the results MTBT I. It is

3. Iron isotopes

The calculated and observed energies for these
isotopes are shown in Fig. 14. The comparison of
the calculated and observed spectra of Fe shows a
similar trend as that of Cr. Both these nuclei
have N =26. A similar trend is shown by the
MTBT I results of Fe.

For the case of Fe, keeping in mind the effects
of the shell closure for E =28 nuclei, the TBT I
levels of this isotope shown in Fig. 14 are in

reasonably good agreement with experiment. The
states appearing around 3 MeV in the observed
spectrum are absent in TBT I. These states may
correspond to the configurations not included in
the present calculation. The MTBT I results do
not further improve the agreement.

Inspection of the results for Fe (Fig. 14) reveals
that almost all the calculated levels have a close
resemblance with the corresponding observed levels
and the relative excitation energies are very well
reproduced.

To summarize the above results we state that the
BPA has been able to reproduce the low lying ex-
perimental spectrum of even Ti isotopes reasonably
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TABLE V. The BPA, the shell model, and the experimental B(E2:J;—+Jy) for even Ti isotopes. R~ (R„) represents
the individual proton (neutron) contribution.

Nucleus
Transition

J;—+J) Rp' R"
B(E2) (e fm4)

TBT I' SM' expt Reference

Z1 ~g,

41~Zj

10.54

16.08

18.24

10.62

16.00

18.24

179

160

116

162

139

120 +30
117 +25
157 +22
252 +75
280 +60
157 +22

44
35
30

30, 35
44, 35
30, 35

4'Ti

21-+Og,

&i Z1

6+

—11.82

17.07
17.42

—10.28

13.90
16.29

157

173
138

160 +34
171 + 8
209 +12
214 +20
217 +17
177 +20
150 +80

24, 45
34
35
33
46

35, 46
35, 46

Z1-+Og,

4j -+21
- A+

11.97

17.18
—17.29

10.49

13.22
—16.58

162

169
139

151 +18
142 + 8
138 +12
140 +28
146 +24
35 +22
53+5

36
35
33
45
25
35

30, 35

Z1 ~g,

+1~Z1
A+

—11.97

17.17
—16.92

—9.82

12.05
—12.56

154

159
111

66+ 8
48+4
49+ 8
63+6
60 +12

34.2+ 1.2

30, 33, 35
47

36, 48
34

30, 35
30, 35

CII
ez ——e.

b effe„=e.
'e~' =1.5e and e„' =1.0e.
Reference to experimental data.

'Reference 27.

well. For the even isotopes of Cr and Fe, the BPA
results do exhibit the observed trend, even the low

lying spectra of Cr and Fe are in good agree-
ment with the experiment. Considering the fact
that no systematic microscopic calculations for
these nuclei have been reported so far, the results
of the BPA calculation without any adjustable
parameter, presented here can be considered to be
satisfactory. However, certain departures from the
experimental trends are observed for nuclei having
N =26 or 28. This reflects the importance of the
shell closure effects. The results with the use of
modified matrix elements do not further improve
the calculated trends. This shows that to incor-
porate the shell closure effects, the modification of

the matrix elements is not a solution. In addition,
the Tabakin interaction matrix elements as they
are, may not be most suitable in reproducing the
experimental data quantitatively. The collective
excitations and the higher seniority configurations,
neglected in the present calculation, seem to be im-
portant especially for the nuclei with large (N )4)
number of valence particles of each type.

D. E2 transition and quadrupole moments
for even Ti, Cr, and Fe isotopes

The individual proton and neutron contributions
to the reduced transition matrix elements with
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TABLE VI. The BPA and the experimental quadrupole moment (Q+) of the first excited
"2

2+ state for even Ti isotopes.

Nucleus Qp'

Q& (efm2)
1

Q
b TBT I' expt Reference

Tl
4'Ti

—0.80
—1.38

—1.56

—1.24

—0.80
—1.09

—1.04

—0.01

—7.60
—11.98

—12.79

—7.02

—19 +10
—21+6
—13.5+ 8.8
—15+8
—22+8
-2+ 9

8+16

32
34
49
32
33
32
34

a ett

b efFe„=e.
'e~ =1.5e and e„' =1.0e.
Reference to experimental data.

e~' =e and e„' =e are given in Tables V, VII, and

IX, and are labeled R~ and R„, respectively. Simi-

larly, the proton and the neutron contributions (Qz
and Q„) to Q& are also presented in Tables VI,

1

VIII, and X. However, the results with a single

neutron effective charge 1.0e and a single proton
effective charge 1.Se, labeled TBT I, are also in-

cluded in the respective tables along with the cor-

TABLE VII. The BPA and the experimental B(E2:J;~Jf)for even Cr isotopes. Rz (R„) represent the individual

proton (neutron) contribution.

Nucleus
Transition

J;~Jf Rp' R b
B(E2) (e fm )

TBT I' expt Reference

Zj ~s,

4i Zj
6+

-11.98

—13.76
—7.96

—12.32

—14.26
—8.17

183

135
31

208 +23
204 +34
213 +12
227 +20
229 +12
160 +20
130 +30

46, 50—52
34
35
30
46

35, 46
35, 46

52Cr

54C

Zj ~s

4j- Zj

Zj ~os,
4j ~Zj
6j =~j

12.24

—15.95

—9.89

9.07
—11.63

11.64

12.08

1.04

—11.61

12.56
—17.99

17.77

185

137
139
95

132 + 6
96+ 4

119 + 7
115 + 7
113 +10
79 +17
83 +17

59.5+ 3.4

200 +14

34
47
52
35

36, 53
35
30

30, 35

32

a ett
e~ =e.

b eff
II

'e~' =1.5e and e„' =1.0e.
Reference to experimental data.
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TABLE VIII. The BPA and the experimental quadrupole moment {Q+)of the first excit-
e

ed 2+ state for even Cr isotopes.

Q& (e fm')
j

Nu deus Qi' Q
b TBT I' expt Referenced

50Cr
52C

34Cr

—1.53
—1.21
—0.15

—1.43
0.04
1.72

—14.10
—6.70

5.62

—30+ 9
—8+15

—11+13

32
32
32

ae~"'=e.
b eA

eq =e.
'e~' = 1.5e and e„' = 1.0e.
dReference to experimental data.

responding observed (expt) values.
The shell model 8 (E2}values have been report-

ed only for Ti by Bhatt and McGrory and are
included in Table V in the column labeled SM for
comparison. In all these tables the 8(E2) values

are given in units of e fm and the Q values in
21

units of efm .
It is observed from Table V that the proton and

the neutron contributions (Rz and 8„) to the E2
transition have the same sign and are almost of the
same order. It is further revealed in the same table
that the overall agreement between the calculated
(TBT I) and the observed 8(E2}values is quite

good. For Ti the calculated values TBT I are
quite close to the corresponding shell model values.
It is to be noted that for Ti the BPA is identical
to the shell model. Therefore, the close agreement
obtained as mentioned above indicates that the Ta-
bakin interaction is equally successful in reproduc-
ing the B(E2) values. All the calculated 8(E2)
values for Ti are very close to the corresponding
experimental values. The 8 (E2:2i~os, ) for Ti
is very well reproduced, while for the remaining
transitions in Ti as well as in Ti, the 8(E2)
values are found to be larger than the correspond-
ing experimental values by a factor ranging from

TABLE IX. The BPA, the shell model, and the experimental B(E2:J;~Jf)for even Fe isotopes. R~ (R„) represents
the individual proton (neutron) contribution.

Nucleus
Transition

J;~Jf Rp'
B(E2) (e fm )

R„ TBT I' expt Referenced

52F
Zj ~s, ,
4i &i

—11.90
12.48

—9.49

—11.89
12.46

—9.51

177
108
43

'4Fe

Zi ~s,

4J ~Zj

—12.14

10.81

—12.08

—3.56

11.65

184

59

108+10
122

102+ 4
78+16

& 147
40+ 0.5

36
48
47

30, 35
48

30, 35

S6Fe
Zj —+Og,

4j ~Zj
6j—=~j

8.98
—11.77
—12.47

12.56
—17.91
—17.94

135
140
103

194+ 4 32

a eII

b effe„=e.
'ez' ——1.Se and e„=1.0e.
Reference to experimental data.
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TABLE X. The BPA and the experimental quadrupole moment (Q+) of the first excited
1

2+ state for even Fe isotopes.

Nucleus Qp'

Q~ (e fm2)
1

Q
b TBT I' expt Reference"

52F

54Fe

56Fe

—1.40
—0.83

0.18

—1.40
0.08
1.77

—13.26
—4.41

7.71 —24+3 32

a

b eA'
e~ =e.

'e~' =1.5e and e„'"=1.0e.
Reference to experimental data.

-2—3. As these nuclei have 26 and 28 neutrons,
respectively, these deviations might be due to the
shell closure efFects. Recalling that the 8(E2)
values for all the transitions in Ti with respect to
the Ca core presented earlier in Table IV, are in
fair agreement with the experiment, the compar-
ison of the BPA result (TBT I) for Ti with
respect to the Ca core (Table V) and the BPA
result (TB) with respect to the Ca core (Table IV)
helps in realizing the effects of f7/2 shell closure.
The variation of 8 (E2:Zi~a, ) with mass
number for Ti isotopes is in fair agreement with
the experiment. However, for Ti the calculated
value is larger by a factor of 3. The shell closure
effects may be responsible for this departure as
mentioned earlier. The experimental trend of the
variation of Q& with the mass number for these

1

isotopes is well reproduced.
The results for the Cr isotopes are given in

Tables VII and VIII. Table VII reveals that the
proton and the neutron contributions (Rp and R„)
are of the same order for all the transitions in Cr
isotopes except for the transition 4i —+Zi in 52Cr.

This implies that the nuetron contributions are sig-
nificant.

The trend of the variation of 8 (E2:Zi —+0&, )

with the mass number for Cr isotopes is reasonably
close to the corresponding experimental values.
For Cr isotopes the calculated and the observed

Q& values are listed in Table VIII. Considering
1

the large uncertainties observed in the experimental
data for these isotopes, it is diAicult to ascertain
the quality of agreement between the calculated
and observed values.

The 8 (E2) values for Fe isotopes are presented
in Table IX. The calculated values are in fairly
good agreement with available observed values ex-
cept for the transition 4i —+Zi. This departure is

due to the smaller values of Rz and E.„,indicating
that there are cancellation effects within the proton
(neutron) contributions. The variation of the
8 (E2:Zi +0~, ) w—ith the mass number for the Fe
isotopes though different from experiment, is simi-
lar to the one for Cr isotopes. Similarly, the Q&

1

values for Fe isotopes exhibit a trend resembling
that for the Cr isotopes.

We summarize the results for Ti, Cr, and Fe iso-
topes by stating that the overall agreement between
the calculated and observed 8(E2) as well as Q&

1

values is fairly good. Same departures from the
experiment have been found only in few cases
where either the individual proton (Rp) and/or
neutron (R„) contributions are small, or the nuclei
have X =26 or 28 for which the shell closure ef-

fects are important. The BPA results are also in

good agreement with the corresponding shell model
results which are available only for Ti. The vari-
ation of the calculated 8(E2:Zi-+0&, ) with the
mass number; for the isotopes of Ti, Cr, and Fe,
exhibits almost the same trend i.e., the
8 (E2:Zi~s, ) value initially increases with the
mass number, attains a maximum, and then starts
decreasing with a further increase in the mass
number. Although, for Cr and Fe isotopes, the
calculation does not reproduce the observed trend,
the calculated values are reasonably close to the
correspanding observed values.

In general, the wave functions obtained from the
BPA energy calculations are able to reproduce
reasonably well most of the observed E2 transi-
tions and the quadrupole moments of the first ex-
cited 2+ state.

IV. CONCLUSIONS

A close agreement between the BPA and the
available shell model results clearly demonstrates
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the validity of the BPA as a reasonable approxima-
tion to the seniority (or exact) shell model in this
region. This in turn suggests that the BPA which
involves small dimensions ( (4 particle shell

model), can be applied in practice to almost all the
cases and therefore, it can be regarded as a viable
alternative to the seniority (or exact) shell model.

It is shown that the projection method employed
here successfully incorporates the effects of trunca-
tion of the valence levels through the renormaliza-
tion of the two body interaction matrix elements.
This indicates that the many body effects, intro-
duced due to the truncation of valence levels, are
small, especially for a small number of valence nu-

cleons compared to the total occupancy of the
truncated valence space. Therefore, these renor-
malized matrix elements can be employed with
confidence for the nuclear structure calculation in
the truncated space(s).

The Tabakin interaction matrix element, used in
the present analysis, have been able to reproduce
the available shell model results for Ca isotopes
and for Ti. In addition, the general observed
trends are well predicted by the use of these matrix
elements. Our results demonstrate an overall good
agreement with the experiment. The maximum
differences arise for the nuclei having N =26 or 28.

These may be attributed to the f7/2 shell closure
effects not included appropriately in the calculated
Tabakin as well as in the Kuo-Brown interaction
matrix elements. The modification in the T =1
matrix element proposed by McGrory et al. does
not seem to help in further improving the results.
The problem still remains for obtaining the correct
set of matrix elements for this region incorporating
the proper shell closure effects.

It is felt that in order to further improve the
quantitative agreement with the experiment for the
higher states of the 2p If she-ll nuclei, the calcula-
tion should be extended to take into account the
collective excitations (core excitations) and the
higher seniority configurations not included in the
present calculation.
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