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The pion-nucleus optical potential is extended to include terms describing the effect of
pion annihilation on pn and pp/nn pairs with accompanying possibility of spin flip. An

isobar model is generalized and fit to pion production data in all charge channels, and

then the strengths for different spin-isospin absorption channels are projected out as a
function of energy.

NUCLEAR REACTIONS Pion annihilation, absorption, function of
energy, isospin, spin, optical potential.

I. INTRODUCTION

Since the pion is a boson it can be annihilated in
a nucleus and convert its mass into energy. By re-
moving particles from the elastic channel and
sometimes emitting back into it, annihilation influ-

ences both the absorption and the dispersion of
pions by nuclei —the first process contributing to
the imaginary part of the optical potential, the
second process contributing to the real part. While
it has been known for quite some time that annihi-
lation is the dominant contributor to the imaginary
part of the potential near zero energy, ' the re-
cent experiments of Johnson et al. made it clear
that annihilation is also of major importance at
low energies, while the experiments of Belotti
et al. and Navon et al. have proven its impor-
tance at intermediate energies.

Formally, one cannot add in the annihilation
channel to a multiple scattering theory without ac-
counting for the role of annihilation in generating
both the pion-nucleon (AN) force [Figs. 1(a) and

(b)] and the nucleon-nucleon (NN) force [Fig. 1(c)].
Although this problem has not yet been solved for
nuclei (except formally, as by Mizutani and Kol-
tun9), a variety of studies of the simplier trNN sys-
tem have shown that the elastic scattering ampli-
tude can be separated into a piece "MS," which
has multiple scattering but no annihilation, and
another piece, "ABS,"which contains all the an-
nihilation contributions (plus some MS):
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FIG. l. Scattering: (a) and (b) mX, (c) XX, (d) m-NX
via absorption or double m.N scattering.
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In most of the works of Ref. 9 the condition neces-
sary to avoid double counting in T is that the
m.X P~~ interaction not contain the nucleon pole
term [Fig. 1(a)], since this is the origin for absorp-
tion. Although belated, these developments are ac-
tually the theoretical basis for earlier phenomeno-
logical studies such as those by Brueckner, Thou-
less, and Beder. '

In contrast to the md system where the annihila-

tion makes a minor contribution to the total cross
section, it can be the dominating process in the +-
nucleus system. In this case, Mizutani and Kol-
tun, Rinat, and Kowalski et al. have emphasized
that a separation such as Eq. (1) may hold for the
AT matri.x and after further approximation for

the optical potential. This would provide the
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theoretical basis for adding an absorption term to
the optical potential as done originally by Ericson
and Ericson, and recently updated. ""A key as-
sumption of this model, which is still without firm
theoretical basis, is that energy-momentum conser-
vation biases pion annihilation towards occurring
on two nucleons within the nucleus, and conse-
quently it is represented by an optical potential
proportional to the nuclear density squared. The
imaginary "rho-squared" terms describe S-wave

(Bo) and P-wave (Co) ~NN absorption, and the
real terms describe dispersion
(m NN ~NN ~m NN):

2
IrABS( )

4 tr'4

2p~~

X [Bop (r) +CoV p.(r) V ]

More recently, Landau and Thomas' have intro-
duced a p-space version of (2) which incorporates
the finite range of the mNN interaction [via g (p) ]
and can be extended to higher partial waves:

V (k', k;E)= —4ir[2p„g(2~) ] 'A(A —I)

go Q go Q gi Q gi Q k, k
go'(QE } g i'(QE)

gz(Q )g2(Q)+ Do(E)
~ kg P2(cos8k k ) + ~ ~ p~( k' —k ).

g2'(QE)
(3)

Here, Q is the pion momentum in the irNN c.m.
and p is the Fourier transform of the isoscalar
density squared. In general, V with phenom-
enological values of Bo and Co is crucial in fitting
pionic widths and shift, ' and in reproducing the
30—50 MeV scattering. '"

As shown by Ericson and Ericson ' and oth-
ers, ' somewhat more than half of the phenomeno-
logical value of ImBO can be accounted for by us-
ing the experimental m.d—+pp cross section and the
optical theorem (for the contribution to the elastic
amplitude due to absorption). More recent works
have estimated the strength of the p terms via
field theoretic models. Miller' investigated the
importance of absorption on one nucleon and found
& 10% effects at SO MeV. Hachenberg et al. '

used an eA'ective Lagrangian field theory and claim
that S wave absorption is sensitive to the long
range part of the NN force (the final 2 N's should
be a P state which vanishes at r =0). Their result
is of the right order of magnitude (within -30%%uo),

but also very sensitive to the assumed oA'-shell

behavior of the mN t matrix (a m scattering on one
nucleon preceeds its absorption on the other).

In related and more extensive work, the Michi-
gan State Group' has used the phenomenological,
zero-range Hamiltonian of Hamilton and Wood-
ruA; and Koltun and Reitan to calculate the
threshold value and energy dependence of both the

real and imaginary parts of Bo and Co by treating
them as terms in the second order optical potential.
Here the NX force is treated carefully, p and ~ ex-
changes are included, and the model is successfully
tested on the ~d—+pp problem before the quasideu-
terons are inserted into the nuclear environment.
By using a Fermi gas model for the nucleon-
nucleon wave function, and inserting form factors
at the vertices to provide high momentum cutoffs,
the latest, more "accurate" work of Chai and Ris-
ka determined 0.20 p & ImBo & 0.27 p (vs 0.42

p for the phenomenological value) and
ImCo-0. 043p 6 (vs 0.036—0.07@ as phenomeno-
logical values and vs O. lp as found in the earlier
work of Ko and Riska). Here p, =m, the pion
mass. The real parts, which derive from a princi-
pal value integral, are very sensitive to the short
range XN correlation and appear to be less reliable.
Likewise, the energy dependence of ImCO, while
resonant in shape, is obtained only after imposing
the condition that ImC & 0; probably it is only reli-
able at the lower energies.

Hofmann'" and Oset and Weise'" have also cal-
culated absorption via the modificiation of the iso-
bar hole theory —at the microscopic level —arising
from absorptive eA'ects on the 6 within nuclei. Of
particular interest is their finding that up to -50
MeV the 2p-2h excitations have similar behavior to
the p terms in the optical potentia1.
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FIG. 2 Schematic representation of isobar model for
NN~m. NN showing formation of the isobar and the two
body interactions included.

In the work presented here we lay the ground
work for an extension of the rho-squared potential
Eqs. (2) and (3) to a wider class of nuclei. Expli-
citly, we update and extend Mandelstam's isobar
model of pion production in NN collisions, ' ' to
obtain the spin, isospin, and energy dependence of
8, C, and D. The basis of the model, summarized
in Fig. 2, is a pion being produced via the decay of
a P33 resonant state formed from one of the in-
cident nucleons. After the decay the final state

NN and 7TÃ interactions are included.
We find that even with energy-independent pro-

duction matrix elements this model is capable of
producing excellent fits to the latest total cross sec-
tion data in all charge channels from threshold to
T~=400 MeV (TP-1.2 GeV). By projecting out
the channel dependence of the absorption ampli-
tude, we obtain the energy, spin, and isospin
dependences needed in a general optical potential.
At present we are applying these results in a study
of pion interactions with the three nucleon system.

A limitation in most models of nuclear absorp-
tion is the insertion of the two nucleon mechanism
into the many body medium. We use the same
procedure adapted by Ref. 2, which essentially as-
sumes the absorption amplitude is of zero range
and that the XX short range correlation function is
similar in all nuclei. Furthermore, we do not ad-
dress the question of the size of the real parts of
the annihilation parameters, or if a more detailed
dependence on the nuclear structure than p is
derivable. These are important concerns since they
question the validity of all two nucleon absorption
mechanisms, and of our phenomenological model.
For example„a recent letter by Riska and Sarafi-
an states that the nuclear medium produces large
effects on the pion propagator and the 7TNX vertex
which —even after a strong cancellation —still pro-
duce a factor of 2 increase in the threshold, s-wave
absorption strength for infinite nuclear matter.
Possibly, after a more realistic model is developed,

TABLE I.. Decomposition of the low partial wave pion production states in terms of the initial nucleons (col. 1), the
intermediate hN state (col. 2), or the final (NN, ~) state {col. 3). Column 3 is also decomposed into the isospin of the
initial and final two nucleons.

NN
Initial
state

(~N, N)
Final
state

(NN, 77)

Final
state

2S+ ]L
J%

J=J +J~+J„
[L(AN), L(bN)s] ~

S =Sg+S~

[' +'L(NN), , l(n, NN)]g.
J =JN+JN

I =1~0[o&o, o'&o(d)] +Ol

S,+, 3D, +
1S

3p

3p

3g

(AS2) +
(~Pl )

(~P, ), , (~P2),
(4Pl ), , (~P2),
(EP2)

('Dlp)p

( Dlp)2

( PlP )0

(3S s)„('P p)
('P,p)2

( P0s)p

( P2S )2

( S0$ )0 ( Pip)0

P0, 1,2P )1

{P1,2P)2

('P2p)3

( S0P )1
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it would also be valuable to deduce its spin, isos-

pin, and energy dependence.
For the above reasons we think the relative size

and energy dependence of the terms we calculate
are more interesting than their absolute magni-
tudes. In Sec. II we describe the model and
present our fits to the total cross sections. In Sec.
III we rdate the production amplitude to the opti-
cal potential parameters and determine their energy
dependence. In Sec. III C we compare our results
with those of some other recent works.

—,(2Sq+1) Pq
o(n+d. ~pp) =

(2Sd+1)(2S +1)p

X o(pp~m. +d )

=(2P~ /3p )o(pp~m+d), .

—,(2 Sr+I) Pp
o (n+np~. pp )=

(2S~+1)(2S„+1)(2S+1)p '

II. MODEL FOR PION PRODUCTION
AND ABSORPTION CROSS SECTIONS

&& cr(pp~m+np )-

The conservation of angular momentum, parity,
and isospin, combined with the generalized Pauli
principle, constrain pion production to specific
eigenchannels. For the energies under considera-
tion, the important eigenchannels are given in
Table I as states of the initial NN system (column

1), as states of the final (mN, N) system (column 2),
or as states of the equivalent (NN, m ) system
(column 3). There are nine possible NN states
leading to a nucleon in an S- or P-wave state rela-
tive to the 5 (S- and P-wave "production" in
Mandelstam's terminology), and with the pion in

an s- or p-wave state relative to the two nucleons.
As found a number of times, ' the 'D3 (NN)
channel (S-wave production) dominates absorption
at low energies (-50 MeV) since this is the only
channel in which the 6 and other X is in a relative
5 state.

Isospin conservation relates 11 possible reactions
to four independent isospin cross sections:

o(pp~n+d ) =o(n. n~~ d )=2o(pn~md).
=cr ]0(d)—:o r,

o(pp~n+np) =o(nn~mpn ) =2o(pn~n. opn )

~10++11=0~~

o(pp~m pp) =cr(nn~n nn)=o~~ —=o~,0 0

1cr(np~w+nn)=o(np~m pp)= —,(o))+oo)),
0 1

cT(np~'lr np) =
~ (o )0+0'p)).

We note in (4) and (5) that there are different am-

plitudes if the np pair is bound as a deuteron (y) or
free (a). The corresponding absorption cross sec-
tons are related via the principle of detailed bal-

. ance; e.g., after spin summation,

=(P~ /2p )o(pp~m. +np),

2
0 Ppo(~ pp pp)=, o(pp ~ pp»

P~
4

cr(m+nn~np) =(2P& /p„)cr(np~m+nn ).

(10)

(12)

The mX interaction part of Fig. 2 derives from
the elastic scattering amplitude with the Chew-
Low formula used for the mX phase-shift:

e' sin5

q 4 f
4 f 3 p

ri)(1 cur) ——
q —i—

3 p

2

(13)

where r =0.518m~ ' represents the P33 effective
range, f is taken as 0.08, co is the pion's total
energy, and the extra q factor in the denominator
arises from the removal of one of the mX vertices
from the elastic amplitude. The independent
kinematic variables for the reaction are either the
pion momentum Q and the final NN relative
momentum P (see Fig. 2), or the individual
nucleon's momenta q = —P —Q/2 and
P= p —Q/2.

The expressions for the production amplitudes
depend upon the degree of integration over the mo-
menta of the final state nucleons. As Mandelstam
shows in his Eqs. (4.20)—(4.25), it is possible to
separate the model's dependence on the angle 0 be-
tween the produced pion and the incident nucleon,
and then integrate over all other variables. In this

way, as we do in the next section, the conventional
I. D ——0, 1, 2 absorption amplitudes are obtained.

Since the ~ moves out of the interaction region
faster than the nucleons, and the NN force has a
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longer range than the mN one, it is assumed that
the NN interaction continues after the mN interac-
tion has ceased. We then "correct" for the (S
wave) final state NN interaction by multiplying the
S wave part of the elementary production ampli-

tude by Q(P), the increase in the probability of
finding two nucleons at their hard core radius
caused by the attractive part of the appropriate NN
interaction:

Q(P)+1=

2 1/2—Ps + z
1'oc +iP c( 1 roP—& + , ro —c)+a+bP

c(1 roP—s+ , ro c)—
(14)

Here, ro is the effective range of the attractive part of the NN potential, Ps QmE——s, a and b are related to
the scattering length and effective range, and c =P +Pz .

Although the diagram in Fig. 2 appears simple, there is a number of kinematic integrations and spin-
isospin-angular momentum decompositions needed to obtain the cross sections. For example, if we start
with an initial Pp state, there will be one amplitude for S state ( b with respect to N) m production —the Dz
eigenchannel, and five possible P state amplitudes (if we ignore NN F states and conserve parity). These
match the transitions indicated in Table I, and in that notation the P state amplitudes are bJg —bo] 6]] & i2,
bzi, bzz. Some typical production amplitudes FJ, with all but the Q and 8 dependence integrated numerical-

ly, are given in terms of these parameters by

Foz(Q ~) =&'Ioi(Q ~»

Fio(Q ~)=—„ I boi I
'I'io

Fio(g t)) =—„ I boi
I

'IIi

F i i(g ~}= -,
I
b I 1 I

zI'».

Fiz(g ~}=—„ I bzi I
'I'iz

F'ii(g ())= ~i I bii+~5b&z
I

I'io+ 36 I
"ii+~ 5biz

I
I'ii+ 54o I

~bii+v 5blz I'I'iz(g ()}

Fiz(g, ~)= „, I

—bzi+3bzz I'Iii+ 3, l»i+bzz I'Ii»

(16a)

(16b}

(17a)

(17b)

(19)

where the superscript (s, t) indicates singlet or triplet outgoing nucleons. The integrals I's contain the Q and

g dependence of the amplitudes, the final state NN interaction [Eq. (14)], phase space factors S(Q) [Eq.
(20)], the Chew-Low factors f (q) [Eq. (13)], and integrations over angles; they are given explicitly by

Mandelstam's Eqs. (4.9)—(4.13) except for our more accurate phase space factor:

m+T/2 E„(P)[T+2m —0—E„(P)]P Q

vr 0 [(m+T/2) —m ]' (T+2m Q)P+ z
—[2E„(P)—T—2m+A]gcos8

(20)

and with an extra Ps/4 for a deuteron final state.
The formulas for the cross sections are now

o. ..(O,Q)=g , (F'+F' g , ( —Fs +F' },—— (21)

(O, g) =Q 9 (F~+F~+ 9 (F~ F~ )—
a

(22)

with this same form for a deuteron in the final
state but with different values of the I's and only
triplet NN states contributing. The primes in Eqs.
(21) and (22) denote production from the inter-

I

changed nucleon.
In the present version of the model, the imposi-

tion of unitarity amounts to the inclusion of the
mNN final state interaction via multiple, on-
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T= E
1+imK5(.E/ E;—)

(23a)

energy-shell pion production and annihilation. We
thus consider Fig. 2 as the lowest order E matrix
and calculate T via

Spuller and Measday's fit, o(pp~m+d)
—+0.247', and Dunaitsev and Prokoshkin's fit,
tr(pp~a pp)~0 03. 2 ri, for the n pp and m+.np
channels (ri =Q~/m~). We obtained +2=2.3/de-
gree of freedom and the values

~

a
~

=0.0132,
~
b,

~

=0.1236,
If the nucleon-nucleon elastic interaction in chan-
nel a is characterized by the phase shift 5, the
new amplitudes T are given in terms of the E by

/bb /'=0. 0002, /b, /'=0. 4662,

[ b, (
'=0.9735.

(26}

i5E e cos5
TQ

1+pe cos5~
(23b)

Here, p=cr/[(2J+1)4n. /Q ] is the ratio of un-

corrected total cross section (for this channel) to
maximum possible total cross section. In our cal-
culation we took 5 from the recent compilation of
XX phases by Bystricky et al., and found Eq.
(24} to be an especially important correlation in the
pp~m+d channel.

In order to simplify his final analysis, Mandel-
stam assumed production with deuteron forma-
tion is just a function of one S wave amplitude "a"
and two P wave amplitudes:

The value for b, is close to Mandelstam's value
and is determined mainly by the large pp —+m+np
cross section. The fits obtained to the experimental
production data are displayed in Figs. 3—5. The
dashed curves show the corresponding pion absorp-
tion cross sections, with the divergent threshold
behavior of m.+dip.

III. CONNECTION WITH THE OPTICAL
POTENTIAL

A. The ~NN —+NN~NN amplitude

The optical theorem (4n/Q) ImF. "(0')=o'" tells
us that part of the mNN elastic scattering ampli-

b, =(v 5b, i+bi2)/W6

=boi =(—b21+b22)/~2 s

bb ——( —bii+v 5bi2}/v 6

=(b2i+b22)/V 2

(24a)

(24b)

I 00
)00 ~m a a I ~ ~ s

I

s I s s
s

a I ~ s s ~ I s s s a I
I

I
s s ~ s

I
s

s I as ~ s I
s

2 t'~ 3
Q~ /m~c

4

T" ' (Mey)
200 300 400 500 600 700

The S-state production amplitude was fixed at

~

a
~

=0.030 via o(pp~m+d ) near threshold, bb

was found to be =0 via the angular dependence of
pi production, and b,

~

=0.134 was found from
the reaction pp~v+pn at 660 MeV.

We have treated the five parameters a, b„bb,
b, =boi, and dd ( the coupling between the nnp.
and md final state) as adjustable and fit the reac-
tions

E

b

io—
/

Total Cross Sections

r

pnm+

PP~ 'PP~
de+

(25a}

(25b)

(25c)

for proton kinetic energies less than 1 GeV. The
data were taken from the compilation of Bystricky
and Lehar~s with 20, 24, and 24 points for (25a),
(25b) and (25c), respectively. In our final search

all of the data were fit simultaneously. Since 4
dominance is not accurate at very low energies, the
low energy (S wave) cross sections were included in

our results via phenomenological fits. We used

lO'

P I I I I I I I I I I I I I

400 600 800 I 000 I 200 )400 1600
TLAB ( Mey)

P

FIG. 3. Theoretical cross section for single pion pro-
duction pp —+m+d (solid curve), and absorption m+0 —+pp
(dashed curve). Tz' is the laboratory energy of the pro-
ton beam for production, T" is the laboratory energy of
the pion beam for absorption, and Q'™is the pion
momentum in the m-NN center of mass. The data are
from Refs. 25 —27.
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FIG. 4. Same as Fig. 3, but now for the reactions
pp~m+np (free) and m+np —+pp.

tude must arise from the absorption process since
the latter contributes to o'", i.e.,

i~A»«') -=1~(~NN~NN) I'
~"'(~NN NN)

4n.
(27)

F(nNNmNN) =5(r ) rg)f~~~(Q', Q), —(29)

Since our model contains the contribution of each
eigenchannel to o'"(nNN~NN), by making a 1:1
correspondence between the terms in F and 0'", we
determine the eigenchannel decomposition of
F(nNNmNN).

To place the ~NNmNN process in the nuclear
medium, we first assume that the short ranged
nucleon-nucleon correlation present in F effectively
will be included by using the isobar model which
fits the NN~mNN data. Next we note that E can
be expressed as the expectation value between pion
and deuteron states of the pion-two nucleon opera-
tor F;

F(mNNmNN) = (Pg, Q'
I
F

I Qd, Q). (28)

%e next assume that F can be written as an opera-
tor of zero range in the two nucleons's coordi-
nates",

lo 2"

I I I I I I I I I I I I I

400 600 800 I 000 I 200 I400 I 600
T'A' (Mav)

P

FIG. 5. Same as Fig. 3, but now for the reactions

pp~~ pp~pp.

and then are able to make the identifications

F(~NN~NN) =
I p~(0) I

'f~~N(Q' Q»

Q)
Qo'"(n D~NN )

4n
I Pg(0)!

(30)

(31)

The above two assumptions are thus equivalent to
assuming that nuclear pion absorption is propor-
tional to deuteron absorption, and to including in f
(in some "effective ", phenomenological way) NN
correlations and the various NN ( and nNN) chan-.
nels present in o(md~NN). However, this in-

clusion is indirect, and Eqs. (28)—(31) should be
replaced by a more fundamental theory —such as
those in Ref. 9—in which the nucleon-nucleon in-
teraction is treated in a more elementary manner
and then extended to include nuclear medium ef-

fects. Yet both extensions may be needed simul-

taneously. For example, while the deuteron D state
is important for absorption on free deuterium,
(since this state contains high relative momentum

components) it may be less important for nuclear
absorption after the high momentum components
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introduced by the short ranged XX correlations are
included.

If we now assume that the pion-nucleus "true"
absorption process is affected only weakly by the

nuclear environment we can identify the on-shell,
forward scattering Imf zz with the (true absorp-
tion) amplitude which multiplies the rho-squared
terms in the optical potential, Eq. (3):

Imf~~(Q, Q)=lm[B(Q) C(Q)Q +D(Q)Q + ]=Im[f, (Q' Q)+f~(Q'. Q)+ ]&

=1 +
4=—Im[B+Ck'. k+Dk P2(cosokk )+. . . ]k,

y
(32)

Here, 8, C, D, . . . contain spin and isospin dependences still to be specified, and the y factor and relation of
of Q ta k is given by Eqs. (52)—(58). If we express the B and C parameters in term of absorption on nn, pp,
or pn pairs, the aptical potential, Eq. (3), generalizes to

V~ (k', k;E)= —4n[2p~q(2n. ) ] '[ U~Bs+ U~Bsk'. k]

U~as 4N(N———1) 'C ' (Qg)p„(k' —k)5 ++ZN'C '
(Q@)ppp„(k' k)—

rin pn
(33a)

r

+ Z(Z —1) '

C
' (QE)P~2(k' —k)5

. .pp

go, 1(Q')go, 1(Q)

go, 1(QE) (33b)

where each density p;(r) is normalized to ane, and
our isobar model for the 8's and C's includes ab-
sorption on the interchanged pair. If the nucleus
had p~ =p„=p and Z =N =2/2, the Bo af Eq. (3)
would be related to the above 8's by

r

1

80
A 18Pn+ A 1

ann

—~pn +~nn ~ (34)

i.e., the usual quasideuteron model of absorption
supplemented by a correction (B„„)for absorption
on like pairs.

In Eq. (31) the deuteron wave function at the
origin pd(0) enters as an overall normalization fac-
tor. Since this is a difficult quantity to determine
with certainty, we have more confidence in the en-

ergy dependence and relative sizes of 8, C, and D
than in their absolute magnitudes. Furthermore, in
applying Eq. (32), we assume Eq. (31) is valid—
with the same value of

~
P~(0)

~

—for absorption
on any NN pair. This assumption, which is
equivalent to assuming the relative wave function
for any pair of nucleons in a nucleus is similar for
small r, also introduces some uncertainty into the
present calculation.

The above identification depends upon a relative-
ly weak coupling of the absorptive and elastic
channels in the mls% and pion-nucleus systems.
Although Afnan and Blankleider have shown
that there is weak coupling in the mNN system, an-
nihilation is relatively stronger in the nucleus, '
and a number of current studies on the coupling of
the channels are now underway. In our case, we
again expect the relative sizes and energy depen-
dences to be more reliable than the absolute magni-
tudes.

To proceed, we write f ~~ as a sum over the al-
lowed eigenchannel amplitudes P~ with explicit
projection operators P:

f~xx I'1, I+I'L„JI'I I'j 13JI'(S,T) . (35)
LJ

Since we use an isobar model, only total isospin
I =1 states are allowed (Ia+I~ ——2, 1; yet

Ijv +I& 0, 1 so I= 1 overl——aps). When the com-

plete form for these projection operators are insert-
ed in Eg. (35), a stunning variety of combinations
of t1, t2, T= t1+ t2, I, o. c1r S2, L, anpd's

occur. To simplify the problem, we have examined
only those terms which may contribute to pion
scattering from a spin —, nucleus. The m.NN s-
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f, =Bo+Bl &1 ~2+B2T1 rz

+B3(o 1 irz)(rl'rz), (36}

where the explicit formulas for the 8's in terms of

wave amplitude, which accepts contributions from
S and P wave NN states, has the form

the P's are given in Appendix A. The p wave am-

plitude is more complicated and its evaluation re-

quires careful consideration of the allowed parity
and symmetry of the states. We remove some of
the complications by forming a weighted average
of the probabilities for each total angular momen-
tum state of the nucleons. fz then has the form

fI =Q Q'I Co+ C1 ~1'~2+ Cz+ 1 ~2+ C3(~1 +2)(r 1 ~2)

+ [C4+C51rl +2+C6r1 ~2+C7(+1 1T2)( rl rz)]S L

+ [C8+C9~1 +2+Clorl rz+Cll(&1 &2)(rl'T2)](S L) j, (37)

where the expressions for the C's are also in Appendix A. The d wave amplitude has the same form as Eq.
(37), except with Q.Q' replaced by Q Pz(cos8), and the C's replaced by D's (see Appendix A).

We next remove the isospin operators from these amplitudes by evaluating them for pion absorption on
the different possible two nucleon pairs. Since the NN wave function must be antisymmetric under space-
spin-isospin interchange, the isospin states possible are related to the angular momentum states possible and
we get different answers when the two nucleons are in relative S or P state. If we let A, be the probability for
the two (absorbing) nucleons to be in a P state (1—A, for S state), the m.NN amplitudes take the forms for
~ pmpn (ir+nn mpn):

f, =[Bo+Bz 3(B1+—B3 )](1—A, },

f =Q2P1(cos8)IA[C0+Cl+Cz+C3+(C4+C5+C6+C7)S. L+(C8+C9+Clp+Cll)(S L)'1

+(1—A)[C0 —3CI +Cz —3C3 +(C4 —3C5 +C6 —3C7 }S'L

+ «8 —3C9+ Clo —3C11}(SL}']j

(38)

(39)

fD ——Q Pz(cos8)(1 —A, ) IDp+Dz —3(D1+D3)+[D4+D6 3(D5+D7)]—S L

+ [Ds+Dio —3(D9+D» }](SL}'j

and for ~+npmpp (ir npmnn ):

f& =(Bp 2B2 3B3)(1 A )

fl, =Q Pl(cos8)IA[C0+3C3+(C4+3C7)S L+(C8+3C11)(S L) ]

(41)

+ ( 1 —A )[Cl'1 —2C2 —3C3 + (C4 —2C6 —3C7 )S'L+ (C8 —2C lp
—3C11 )(S L) ] j, (42)

fD ——Q Pz(cos8)(1 —A, }[Do—2D2 —3D, +(D4 —2D6 —3D7)S.L+(Ds —2D,0 —3D» )(S.L) ]. (43)

In the final calculation of the absorption strengths, the relative probability of finding two nucleons in a P
state (A, ) and the distribution of the nuclear spin S(—:—,} depend upon the detailed structure of the nucleus in

which the NN pair is embedded.
Next we decompose each (S L) term into central, spin-flip (of two nucleons), and double spin-flip (of one

nucleon) terms. We drop the double spin-flip terms, since they are of the same order as the ignored terms in
the second order optical potential. Our final expressions for the mNNmNN amplitu. de in terms of the P's
and A, are then, for mppmpn (n..+nnmpn },

f, =Ppi'(01)(1 —A, ),

fp=Aj 6pol(11)+ 5pll(11)+ 3pzl(11)+[—lzPol(11) lopll(11)]S LjQ Pl(cos8),

(44)

(45)
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fd =SPz, '(01)(1—A, )Q Pz(cos8),

and, for m+n. pmpp (zr pnmnn ),

fg = —,(I—~)[3P'i'i'(10) +Po'i'(01}l

fp
——Q Pi (cos8)( 8 Pz", (10)(1—A, )+A [ 4 PI'i (00)+ ~ Po'i (11)+—

io P", ,'( 1 I }+Pz", (11)]

+ S LI —Pz", (10)(1—A) —)i[—i6 i8o'i'( 1 1)+ ~ P'ii'(l l)]]),

(47)

(48)

fz ——Q Pz(cos8) [SPzi'(01)+ —,PPi'(10)+ —,Pzi'(10}—S L[—,Pii'(10}+—,Pzi'(10)]J.
4

(49)

We determine the P parameters by eliminating the channels not present in the isobar model, and then
matching to the corresponding term in the isobar model. The three reactions examined were ppm (zr+np,
m. pp, n+D) which we label (a,P, y). The results of this step are given in Appendix B. To undertake the
second step, we solved for the ImP s in terms of appropriately weighted contributions to the reaction cross
sections. In addition, we averaged the free and bound rip channels into a single effective one. Thus, as is
evident in Figs. 3—5, at low energy the XX absorption in nuclei is mainly on D s, whereas at higher energy
it passes over to free np pairs. Our final results for the 13ql '(S, T)'s in terms of the isobar model's corre-
sponding contribution to the total cross section follow from Eq. (31):

/
pd(0)

/

Im

f P(o)(01 ) i

P'i i'( Io)
Po'i'( I I )

O'i'i'(00)

P'i'i'( I I )

P~i'( Io)
Pz'i'( 1 1 )

)3'i'i'( I o)
P(2)(01 )

~Pz& (10)&

(2o + 2 o'p)0](01)

( 3 o ++@)]](10)

27(
3

o. + 2op)0](11)
12(o- )]](00)

3(—cr +—o.p)]](11)

5 ( 3
o ++y)2]( 10)

+
5(

3
0 +o'y)]](10)

(2o. +—o.p)2](01)

~ 3(—o. +ay)2](10) ~

(Soa)

(50b)

(50c)

(50d)

(soe)

(50f)

(50g)

(50h)

(50i)

(50j)

We used a Hulthen wave function for the deuteron,
with parameters (a,b) =(0.232, 1.202) fm '. This
produces

~
P~(0)

~

=0.0641 fm, a density
-30% lower than that of the nucleons in the sur-
face of carbon, or -60%%uo lower than at the center
of carbon.

B. Numerical results

In Fig. 6 we present our numerical result for the
imaginary part of the s wave (L,NN =0) ampli-
tudes ImB (zr pp~pn~zr pp) and ImB
(m+ "pn "happ), and the full p wave amplitude

Q ImC (zr+np), all evaluated in the n NN c.m. -

These results are for A, =O, i.e., the initial two nu-
cleons in a pure Live=0 (S) state. [As Eqs. (44)
and (47) show, B is proportional to (1—A, ) so these

results can be uniformly reduced for other values of
A, .] An important aspect to note in Fig. 6 is that
for T '" & 100 MeV the m+pn~pp absorption dom-
inates and is finite for T„~,whereas at higher
energies s wave absorption on like pairs is more
likely. We also note that the peak value for s wave
m+ absorption on an nn pair is -four times that
for absorpton or an np pair. This is a simple
consequence of resonance absorption occurring
predominately in the spin-singlet N1V state, a state
which we weigh by 4 for the np system and by 1

for the nn system. For these s wave amplitudes
there is no spin Aip.

The nonvanishing threshold values we find from
our calculations are

ImB(zr+ "np "~pp )~017m.
ImC( zr+np

"+ pp)~ 037m.
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These lie slightly below the phenomenological
values 0.03 & ImBo(0) &0.06m and 0.04
& ImCo(0) &0.08m, and are essentially un-

changed by the "angle transformation, " Eqs.
(52)—(58). These are similar, however, to the
threshold values found with other two nucleon
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FIG. 7. The imaginary part of the ~-NN p wave ab-

sorptive strength C for absorption on a "like" pair of
nucleons in a relative P state (A, = 1). The dashed curve
gives the strength of the spin Qip (spin orbit) term.

FIG. 6. The imaginary part of the m.-NN s wave ab-

sorption strength B (in the m-NN center of mass) as a
function of pion c.m. momentum/lab energy. The solid
curve is for absorption on an np pair, the dashed curve
for absorption on an nn/pp pair, and the dotted-dashed
curve for p wave absorption on an np pair (without the
Q~ factor removed).
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FIG. 8. Same as Fig. 7 except now for absorption on

an "unlike" pair (pn). The A, =O curves are for the ab-
sorbing nucleons in a relative S state.

models; e.g., Chai and Riska' using a pion rescat-
tering model find Im(Bp Cp) = (0.027 0.043). As
indicated earlier, ' ' ' we do not expect to repro-
duce the phenomenological strengths since we ex-

pect many body effects to be important and the p
prescription to be overly simple.

In Fig. 7 we present the p wave amplitude ImC
(m+nnmnp) = ImC (oppugn. n) Here .the solid
curve is the spin independent part and the dashed
curve is the negative of the spin flip part. The
results shown are for 1=1. Note that the spin flip
amplitude is small, —15% of the nonflip part, and
that both vanish as T ~0. Since the isobar model
contains rather limited parts of the d wave ampli-
tude, we do not display those results here.

In Fig. 8 we present the p wave amplitudes for
m

+-"np "mt~~ I, Eq. (48), summed over "free" and
"bound" np pairs. The solid curves are the spin-
independent parts and the dashed curves the nega-
tive of spin-flip ones. Since there is now no simple
A, proportionality, we present the results for A, =O
and X=1 separately. Note that if A, =O the spin-
flip amplitude is comparable to the non-spin-flip
one and they are both nonvanishing for T ~O.
Thus for pion - He/ H scattering, we expect large
spin flip contributions from the pn pairs, but much
smaller spin-flip contributions from the nn or pp
pairs (which are coupled to total spin=0).

In order to compare the s and p wave strengths,
in Fig. 6 we also plot Q C as a function of Q„.
For T" & 30 MeV, where ~-np absorption in nu-
clei is most important, the s wave term dominates,
yet for higher energies the C term is much larger
with the ratio of peak values of ) 3. As expect-
ed, the energy dependence of our ImC(n+np) is.
similar to that of other workers —all having a
characteristic resonance peak. Yet the isobar
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=y[~+CQ' Q+ 1,

E (Q)E (Q')ED(Q)ED(Q')

E (k)E (k')ED(pp)ED(pp)

(52)

(53)

and then the relation between k and Q. In our ap-
plication of the present absorption model to pi-
nucleus scattering, we employ an "optimal" choice
of the momentum of the two nucleon pair, po in

Eq. (53),

pp= —2k/A+ (k' —k)
2A

(54)

and then use the invariant Aaron, Amado, and

Young (AAY) procedure' for relating the off-shell
momentum variables. Although this procedure is
unambiguous and fairly rigorous for a potential
theory, the results are not simple since B, C, . . .
will now depend on the off-shell scattering angle as
well as energy. Therefore, we show the qualitative
effect of the angle transformation by using the
more approximate prescription'

E (Q)ED(Q)

E (P"")mD

Q' Q=ak'. k —Pk2,
(55)

model's ImB(~+np) also shows a peak not present,
e.g., in the pion rescattering model of Ref. 17 (the

energy dependence of Bo in that model arises
predominately from "the energy dependence of the

AN amplitude" ).

C. Angle transformation

Since the preceding absorption amplitudes have
been determined in the m-NN c.m. , it is still neces-

sary to relate these to the Bo Cp. . . parameters in
the m-nucleus optical potential, Eq. (32), and thus
in the m-A c.m reference frame. This procedure,
which needs be applied to off-energy-shell scatter-

ing, mixes P and higher waves into the "Swave"
parameters and is crucial for the linear terms in
the pion optical potential. ' It is now commonly
called the "angle transformation" or mapping of
scattering amplitudes. Explicitly, there is an
overall multiplicative factor y,

8+Ck' k+Dk P2(cos8kk)+. . .

O. IO — Effec of

Im8——Im8
' g 0.05—
E

CQ

E I I

2.0
cjTl.

Q~ /m~c

IE I

00 I.O 5.0

—0.05—
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I 0 30 50 I 00 200 500 400
T (MeV)

FIG. 9. The effective m-np s wave absorption

strength Bp in the laboratory reference frame, obtained

by the approximate transformation [Eqs. (57) and (58)]
of the s- and p-wave c.m. strengths Bo and Co.

potential parameters are

8p ——y[Bp —P(k/m ) Cp],

Co ——uyC0,

(57)

(58)

T (MBV)
10 50 50 100 200 500 400

0.15—

I
~ O. IG

E

O
C3
E

0.05

where Eq. (57) uses the standard convention of m~
units.

In Figs. 9 and 10 we present the result of this
approximate transformation on S- and P-wave am-
plitudes, respectively. The P wave amplitudes are
reduced only slightly (no nNN D wa.v-es were in-

cluded). In contrast, the subtraction in Eq. (57)
greatly reduces the effective S wave parameter Bo
for T' & 50 MeV, and eventually it goes nega-
tive. Since ImB and ImC are always positive in
the m-NN c.m. , this behavior does not violate any
m-NN unitarity principle. However, it does indi-
cate that at high energy the s wave part of the p
term in the optical potential could change sign—

1+@
1+2@+m~ /mD

1+2'+m /mD

e=E (k)/mD.

With this simple mapping, the (on-shell) optical

(56)
'0 I

I.O
I I

2.0
Q~ /m~c

I

5.0

FIG. 10. Same as Fig. 9, except now for the effective

p wave strength Co and just Eq. (58).
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although the s and p wave sum would still be ab-
sorptive. Consequently, we predict that the
phenomenological, effective values of 8o obtained
from "fitting" pion scattering data for low and
medium energies should decrease strongly with
energy —as found by Liu ' in his 28 —260 MeV
phenomenological fits to m.- He and m-' C data.

IV. CONCLUSION AND SUMMARY

We have constructed a model which permits the
pion optical potential to be extended so as to in-
clude terms describing the eA'ect of pion annihila-
tion on pn and pp/nn pairs with the accompanying
possibility of spin flip from a spin —, nucleus. To
do this, we extended and updated Mandelstam's
isobar model of pion production in NN collisions
and generalized the quasideuteron model of Eck-
stein, and Ericson and Ericson. After fitting the
lastest two nucleon pion production cross sections
in all charge channels from threshold to T =400
MeV, we extracted the above spin and isospin
dependences as well as the energy dependence of
the second order optical potential parameters 8, C,
and D.

Our results for the threshold values of the isos-
calar 8 and C amplitudes are similar to those of
other theoretical studies and somewhat smaller
than the average phenomenological values. Natur-
ally, our isobar model's predictions for the energy
dependences of the microscopic ImB and ImC is of
resonance shape. We find, however, that the s
wave strength 8 is greatly reduced for T ~ 30

MeV by the angle transformation and loses much
of its resonance shape —in agreement with some
phenomenological studies.

The most important results of our work are the
new determinations of the strengths, relative to the
standard isoscalar (pn) term, of the potential terms
describing annihilation on like (nn /pp) nucleon
pairs and of pion spin flip scattering arising from
the annihilation process (they can both be large).
These should be particularly useful in studies of the
nuclear structure of light nuclei deduced from pion
scattering.

Our model is by no means a complete or
rigorous study of pion absorption by nuclei. In
particular, a more accurate description of the mN

vertex, the NN force in nuclei, NN correlations, the
real parts of the amplitude, and the influence of
nuclear structure on the absorption process should
be included ( the assumed p dependence is known
to be crude). For these reasons we think the rela-
tive size and energy dependence of the terms we
calculate are more interesting than their absolute
magnitudes.
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APPENDIX A

The general vrNN~NN~mNN amplitude i.s given in spin-isospin space by Eqs. (36)—(43) in terms of
parameters 8, C, and D. In this Appendix we express the 8's, C's, and D's in terms of the eigenchannel
amplitudes PqI '(S, T)'s, where, for example, P»(10) refers to the deuteron final state.

8o ———
i6 [P'ii'(10)+Poi'(01)] =—383,

» =—„[Pi'i'(1o)—3Po'i'(o1)]

&2 =—
i6 [Pot'(01) —3Pi'i'(10)]

Co =
i6 [ 3 Poi (00)+PI i (00)+ 3 Ppi (00)+3Poi (11)+ 5 Pi i (11)+18P2i(11)]

Ci = —
i6 [ 3 Poi (00)+Pi i (00)+ —,Pz'i (00)—Ho~i'( 1 1)——,@11(11)—6p2'i'( l l)],

(A2)

(A3)

(A4)

(A5)

C2=Ci

C3 ———„[—,po'i'(00) +p'i'i'(00) + —,p2i'(00) + —,po'i'( l l ) + —,p'i'i'( l l )+2p2I'( l l )],

C4 =3C5 =3C6 ——9C7 ————„[—,poI'( l l ) + —,p(,",i+pzI'( l l )],

(A6)

(A7)

(A8)
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Cs ——3C9 ——3C10——9C11————„[—,Po'1'( l l )——,Pi'1'( l l ) +2P2'1'( l l )],

Co 3Cli C2 3C3 16P21(10)

C4 ——3C3 ———C6 =—3C7 32 P2'1'(10),

Cs 3C9 —Cio =—3C11 ———„P2",( 10),

Dii —3——D3 =
16 [P21'(10)——,P'1 1'(10)+P21 (Ol )]i

Di ———„[P2'1'(10)——,P'1'1'(1o) —3P21 (o1)1

D2 = ——„[P2,'(10)——,P'„'(10)——,P2, '(01)],

Dq ——3Dq =—D6= —3D7= —„[6 P21(10)+ 10 Pii (10)],

Ds =3D9 = D 10=——3D11 =
16 [ 10 Pi 1'( 1o)——,P21 ( 10)].

25

(A9)

(Alo)

(Al 1)

(A12)

(A13)

(A14)

(A15)

(A16)

(A17)

APPENDIX B

(B2)

(B3)

(B4)

(B5)

(B6)

(Bj)

The general rrNN~NN~7rNN amplitudes, Eqs. (44)—(49), contain contributions from more channels
than exist in our simple isobar model. If we denote the three reactions ppm(7r+np, 7r pp, 7r+d) with the la-
bels (a,p, y), respectively, then the appropriate identifications for our model are

f' = —.[3P'i'i'( 1o)+Po'i'(01) l (Bl

f~ =3Q —,[—,(Piii'(10) +3P'1'1'(10)+5P2'1'(10) +P'1'1'(01)],

fa =5Q"
4 [—,Pi 1 "(1o)+P2'i'(01)+P2'i'(10)],

f~' =3Q' —
36 [PPI'(00)+ 3P11 (00)+5P21 (00)+Poi (11)+9P11(11)+10P21(11)+7P31'( l l )],

f'p =Pa'i'

fP =3Q'P1I'(01),

f~ ——5Q P,",'(01),

f13' =3Q' —,[Po'i'(l l)+9P'i'i'+1oP2'i'+ 7P31(11)], (BS

f7 =Pi'i'(1o»

f~r ——3Q —,[Pii'1'(10)+3P1", (10)+sP2, '(10)],

fr =5Q —„[3P11 (10)+5P21'(10)+7P31'(10)].

(B9)

(Blo)

(Bl 1)

In these expressions, the primed amplitudes refer to the NX system in a relative P state and the unprimed
amplitudes are for relative S state.
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