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The Bi+' Xe reaction at laboratory bombarding energies of 940, 1130, and 1422
MeV is interpreted on the basis of a phenomenological classical model and a diffusion

model for damped collisions. Initial angular momenta, interaction times, and charge dif-

fusion coefficients are deduced with the above models from experimental data reported

previously. The bombarding energy dependence of the model parameters and the effect
of deformation on the dinuclear system in the exit channel are discussed. An analytical

relation is suggested between the variance crz of the element distribution and the ratio

E/lg, where E is the measured final total kinetic energy and lg is the grazing orbital an-

gular momentum. This semiempirical formula is applied to sixteen heavy-ion systems at
bombarding energies well above the Coulomb barrier. In a plot of lno.z' versus E/lg all

the experimental data fall on parallel lines with displacements that are reasonably well

correlated with Eo/lg, where Eo is the bombarding energy in the c.m. system. In a
model-dependent explanation of this empirical relation, evidence is found that the vari-

ance of the element distributions o.z is determined by the initial relative angular momen-

tum l/l .

NUCLEAR REACTIONS ' 'Bi(" Xe,HI), Ei,b
——940, 1130, and 1422

MeV; deduced initial angular momentum, interaction time and charge
diffusion coefficient; strongly damped reaction; systematics of heavy-

ion reaction data. 4$%RI

I. INTRODUCTION

During the past few years, relaxation phenomena
in heavy-ion collisions have been an interesting
subject of experimental and theoretical studies.
Among the various observables that are measured
in damped collision, the amounts of dissipated ki-
netic energy and the widths of the final mass or
element distributions are of special interest. In dis-
sipative collisions, the observed element distribu-
tions of the light reaction fragment are generally
centered close to the charge (Z) of the projectile.
For given energy losses, the distributions are nearly
Gaussians, and their variances o.z increase mono-
tonically with the dissipated kinetic energy
E~„,(=——Q value). The strong correlation between

E~„, and o.z was first pointed out by Huizenga
et al. ' Similar correlations were found for several
systems in the mass region between ' Ho+ Kr
and Bi+ ' Xe. In further investigations, the
importance of the total kinetic energy loss as a
relevant parameter in the analysis of element distri-

butions was confirmed, but it became apparent that
the relation between the negative Q value and crz
depends on the projectile-target combination (see,
e.g., Fig. 11 of Ref. 2) and the available energy
above the Coulomb barrier in the entrance channel,
i.e., Eo Vc(R;„,) (see,—e.g. , Fig. 8 of Ref. 3).

In the present paper, the final element distribu-
tions are interpreted using a phenomenological
model for the relative motion of the heavy ion.
Uncertainties associated with classical trajectory
calculations, due to specific assumptions about nu-
clear interaction potentials, friction coefficients,
and shape of the intermediate system are largely
avoided in a phenomenological model, which
relates the observed relaxation processes to a few
model parameters. As a result of the analysis, a
new systematics of the experimental data is found,
which is remarkable due to the fact that for dif-
ferent projectile-target combinations and bombard-
ing energies, the variances of the element distribu-
tion depend in a unique way on the final total ki-
netic energy and the grazing angular momentum.
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It is shown that in the framework of the model,
the observed correlation can be traced back to a
dependence of o.z on the impact parameter ratio
b/bg. Since mass distribution data are still rela-
tively scarce, the present investigation is confined
to element distributions, although a similar
analysis is expected to apply to the more funda-
mental mass distributions.

Detailed calculations are carried out for the
Bi+ ' Xe reactions at El ——940, 1130, and 1422

MeV. ' ' The results of these analyses are
representative of damped collisions and follow the
systematics of other available experimental data.
In Sec. II, the common features of sixteen heavy-
ion systems are demonstrated. The analysis of
damped heavy-ion reactions based on a
phenomenologica1 model for the relative motion
and on a diffusion model is described in Sec. III.
For the Bi+ ' Xe reaction at three bombarding
energies, the deduced model parameters, including
the initial angular momenta, nuclear interaction
times, and charge diffusion coefficients, are
presented and discussed. All results are combined
in Sec. IV to yield a unique correlation between
the variance of the Z distribution and the initial
relative angular momentum l/lg. A summary is
given in Sec. V.
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system-dependent constant chosen to shift the
abscissa of each system X in order to demonstrate
the unique slope of the semilogarithmic function.
Figure 1 contains 127 data points from the sixteen
heavy-ion systems listed in the figure. These reac-
tions exhibit all types of angular distributions in-
cluding orbiting, sharply focused, and Coulomb-
like distributions. The grazing angular momentum
for each system is determined either from the
quarter-point angle [see Eq. (3.3)] or, if elastic
scattering data are not available, from systematic
studies' of the interaction radius R;„,. The residu-
al spread of the points in Fig. 1 about a common
slope may be part1ally due to variations in data
analyses. For example, some of the Z distributions

II. EMPIRICAL CORRELATION
OF EXPERIMENTAL OBSERVABLES

FOR DAMPED HEAVY-ION REACTIONS

This section presents a new empirical correlation
between experimental observables measured in the
characterization of damped heavy-ion reactions.
This correlation describes the dependence of the
variance O.z of the element distribution on the ra-

tio, E/Ig of thc f1nal total k1nct1c cncrgy E and
the grazing angular momentum Ig. Results on six-

teen heavy-ion systems (Refs. 1, 3, 4, g, and

10—17) (221 &Hz+AT & 476) at bombarding ener-

gies well above the Coulomb barrier [Eo/Vc(R' t)
& 1.2] are discussed in the new representation of
lnoz vs E/lg. A heavy-ion system is defined here
as a particular target-projectile combination in-

teracting with a specified initial center-of-mass en-

ergy Eo. One of the interesting features of this re-

lation is that the experimental data are seen to de-

fine approximately parallel lines of lno.z vs E/Ig
for different heavy-ion systems. This finding is
displayed in Fig. 1, where lno.z is plotted as a
function of (E/lg)+C(X). Here C(X) denotes a
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FIG. 1. Dependence of the variance of the element
distribution o.z on the ratio E/lg for various projectile-
target combinations, where E is the final total kinetic
energy and lg is the grazing angular momentum. A
system-dependent contant C(X) is added to E/lg in or-
der to demonstrate the universal slope of the correlation.
The experimental data are from Refs. 1, 3, 7, 8, and
10—17. The reaction where the oz data are determined
for energy bins corrected for different Coulomb poten-
tials in the entrance and exit channels is marked with an
asterisk.
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are analyzed for energy bins corrected for different
Coulomb potentials in the entrance and exit chan-
nels (reaction marked with an asterisk in Fig. 1),
while other Z distributions are grouped as a func-
tion of Q value. Furthermore, some of the earliest
data were not corrected for neutron evaporation in
the evaluation of the Q value. Typical error bars
for the variance of the element distribution are
10—20 Fo, depending on the Q value.

The solid line in Fig. 1 represents the result of a
least-squares fit to all the data yielding a value for
the slope of —6.07 (fi/MeV). This average slope is
subsequently used to determine the displacement
C(X) of the individual parallel lines from the com-
mon line of Fig. 1 when the experimental data of
lncrz are plotted against E/lg. Each value of
C(X) is obtained from a fit to the data of the cor-
responding system, according to the linear func-
tion,

lnoz —— 6.07[(E—/ls ) +C(X)—1],
(2.1)

where (E/ls)+C(X) =1 when inoz ——0 (Oz ——1).
The range of applicability of Eq. (2.1) is limited to
O.z values approximately equal to or greater than
one. In Fig. 2 the resulting value of 1 —C(X) for
each of sixteen heavy-ion systems is plotted as a

1 —C(X)=1.393EO/ls —0.651 . (2.2)

A typical uncertainty of 6% in a particular
value results, if one uses Eq. (2.2) for calculating
the constant 1 —C(X). It should be noted, howev-

er, that with the availability of additional heavy-
ion data the numerical values of the average slope
and the related [1—C(X)] parameters may change
slightly. At present, Eq. (2.2) can be substituted
into Eq. (2.1} to evaluate the dependence of Oz on
the ratio E/Ig. This relationship may be used to
predict experimental results for different

function of the corresponding ratio Ep/Ig where
Ep is the initial center-of-mass energy and lg is the
grazing angular momentum. The choice of the
abscissa in Fig. 2 is motivated by the fact that
lno.z ——0 is associated with very small energy
losses where the kinetic energy is approaching the
incident energy Ep. Hence, the curves of lno.z vs

E/lg will all cross the abscissa defined at lno.z ——0
at values of E/lg approximately equal to Ep/lg;
Thus, the values of 1 —C(X) which define the in-
tercept (at lnoz ——0) on the abscissa in Eq. (2.1)
are approximately equal to Ep/Ig. This accounts
for the strong correlation observed in Fig. 2. The
dashed line in Fig. 2 is the result of a linear func-
tion fitted to the plotted points and corresponds to

hs o& =-607[(E//g}+C(x)-I ]
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FIG. 2. Correlation between [1—C(X)] values and the ratio Eo/Is of the bombarding energy Eo in the c.m. system
to the grazing angular momentum lg. The dashed line represents the result of a linear function fitted to the experimen-
tal data.
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III. PHENOMENOLOGICAL ANALYSIS
OF STRONGLY DAMPED COLLISIONS

A. Outline of the phenomenological model

The relationship between the variance O.z of the
element distribution and E/lz for damped heavy-

ion reactions, shown in Fig. 1, will be made plau-
sible in this and subsequent sections by considera-
tion of several model-dependent quantities. In this
section a brief outline of the general model is given
in order to guide the reader through the subsequent
sections.

In a simple diffusion model, the variance of the
Z distribution, uz, increases linearly with the nu-

clear interaction time, t;„„according to

2O.z ——2Dz~lnt ~ (3.1)

where Dz denotes a constant average charge dif-
fusion coefficient and t;„, is the time interval be-
tween the formation and rupture of the dinuclear
system. The mean interaction time is determined
by the impact parameter b or the corresponding in-
itial angular momentum l, if a classical scattering

projectile-target combinations and higher incident
energies. For an extrapolation to higher bombard-

ing energies, it is important to realize that the
quantity Eo/lg does not continue to decrease
monotonically with increasing values of Eo but has
a minimum value for each projectile-target corn-
bination. For incident energies larger than 2

Vc(R;„,), the ratio Eo/ls increases again into the
region where Eq. (2.2) is well established by the
heavy-ion reactions investigated. An example of a
heavy-ion system where Eo exceeds 2 Vc(R;„,) is

the ' Er+ Kr reaction measured' recently at
12.1 MeV/nucleon, where ED/is 1.46 M——eV/fi.

The semilogarithmic plot of the average crz values

versus E/lg confirms the unique slope shown in

Fig. 1 and yields a [1—C(X)] parameter of 1.3S
MeV/fi, a value which is in agreement with the
systematic trend shown in Fig. 2.

As shown in Fig. 1, a large collection of heavy-
ion reaction data are systematically correlated by
the simple relationship given in Eq. (2.1). In the
following sections the Bi+' Xe reaction, mea-
sured at three quite different bombarding energies,
will be analyzed with a phenomenological reaction
model to search for the underlying fundamental re-
action features responsible for the observed sys-
tematics.

picture is assumed. For grazing collisions (l =ls)
the interaction time is very small, because there is
little nuclear interaction between projectile and tar-
get nuclei. With decreasing values of l, the nuclear
interaction time increases and, as shown previous-

ly,
' t;„, may be represented by an exponential

function of the initial relative angular momentum
I/ls. If this approximation of the interaction time
is substituted into Eq. (3.1), the functional form of
the resulting expression suggests a plot of lnoz vs

1/ls. Figure 1 is such a plot where, however, the
model parameter l is replaced by the measured fi-
nal total kinetic energy E. This replacement is
plausible based on a reported ' ' nearly linear re-
lationship between (l ) and (E).

The following subsections will present a detailed
analysis of the Bi+' Xe reaction at EI ——940,
1130, and 1422 MeV and discuss various correla-
tions of the final total kinetic energy, nuclear in-

teraction time, and charge diffusion coefficient as a
function of the initial angular momentum.

B. Mean initial angular momentum

For strongly damped heavy-ion reactions the
wave length k of the relative motion is much
smaller than the characteristic length R;„, of the
nuclear interaction potential between the two nu-

clei. Hence, for such reactions, it is meaningful to
utilize the concept of a classical trajectory deter-

mined by the impact parameter. Outside the range
of nuclear interaction, the relative motion is com-

pletely determined by the electromagnetic interac-
tion alone. For large angular momenta, these tra-

jectories follow approximately Coulomb orbits. At
angular momenta smaller than the grazing angular
momentum lg, nuclear reactions become significant
and the "elastic" cross section, which is defined to
contain also the cross section of the Coulomb-

excited states, falls off sharply with decreasing im-

pact parameter. This rapid transition from
Coulomb scattering to nuclear absorption within a
narrow and well-defined region of separation dis-

tances close to R;„t leads to simple formulas for
the "elastic" scattering and total reaction cross sec-

tions, which are essentially of a geometrical nature

and independent of the details of nuclear structure.
In the generalized Fresnel model of Frahn, the
total reaction cross section is given by

2
o.g ——wk~ lg+ —, +25 lg+ —,

(3.2)
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where

1Ig: g cot 2 8]/4 ~ (3.3)

The quantities k„, g, and 0»4 denote the asymp-
otic wave number, the Coulomb parameter, and the
quarter-point angle in the center-of-mass system.
The value of the l-space "window" parameter 5 is
determined from the slope of
ln(d trelastic~dtrRutherrortt)

For decreasing angular momentum I & Ig, the
scattering angle does not continue to increase as in
a pure Coulomb interaction. The nuclei are affect-
ed by the attractive nuclear potential such that tra-
jectories may be deflected forward or focused near
the quarter-point angle as, for example, observed
for the Bi+ ' Xe collisions. ' ' Very instructive
for a classification of the measured angular distri-
butions are contour plots of d o./dE dO, as a
function of the center-of-mass angle 0 and the fi-
nal total kinetic energy E (Wilczyriski plot). These
plots show the evolution of the mean deflection an-

gle 0(E) from the elastic to the fully relaxed
events. The gross structure depends strongly on
the relative magnitude of the attractive nuclear
force and the repulsive Coulomb and centrifugal
forces. The balance between these forces can be
varied by changing either the bombarding energy
or the charge product ZpZT of the projectile and
target nuclei.

The systematic patterns that are evident from
the overall dependence of the cross section on an-

gle, energy, and charge partition in the exit channel

may arise from characteristic reaction variables
such as the initial angular momentum or nuclear
interaction time. Although these quantities are not
directly observable, they play a central role in the
theoretical interpretation of the data. In this and
following sections, the experimental results of the

Bi+ ' Xe reaction are related to these and other
model-dependent quantities. In performing such
analyses, the above reaction has the advantage that
the probability for compound-nucleus formation is
negligible and, hence, the difficulty of separating
the two superimposed reaction types, damped and
fusion reactions, is minimized.

For the determination of mean initial angular
momentum, a procedure is used that was first pro-
posed by Schroder et al. The basic assumption of
this procedure relates to a monotonic increase in
the excitation energy (i.e., the negative Q value) of
the two nuclei with decreasing values of the initial
angular momentum l. Using the generalized
Fresnel model [Eq. (3.2)] and the experimental

differential cross section as a function of energy
loss, a mean initial angular momentum is related
to a mean final total kinetic energy according to

] 2 ] 2

~+nn —1 ~kto In+ 2 ~n —1+ 2

+25 l„—l„ (3.4)

where Acr„„~ is the damped reaction cross section
measured in an energy window between E„and
E„ i. Starting with a zero Q value and the corre-
sponding angular momentum Ig, an average initial
angular momentum is determined for each energy
bin by a successive procedure illustrated previous-
ly. ' This type of analysis is applied to the

Bi+' Xe reaction at EI ——1422 MeV with the
model parameters Ig

——633fi and 5= 8' obtained
from the elastic scattering data. The results are
presented in Fig. 3 together with values of two ear-
lier measurements ' at EL ——940 and 1130 MeV.
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FIG. 3. The mean final kinetic energy E is plotted
versus the mean initial angular momentum I for the

Bi+ ' Xe reaction at E~ ——940, 1130, and 1442 MeV.
The dashed line is a least-squares fit to the data. The
solid curve represents the energy-angular momentum re-
lation for grazing co11isions [Eq. 13.6)]. The arrows indi-
cate the Coulomb potential in the entrance channel, i.e.,
V~ (spherical) and the limiting Coulomb potential in the
exit channel, i.e., Vc (deformed).
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where (E) is given in MeV and I in units of fi.
The dashed line in Fig. 3 is calculated with Eq.
(3.5). The solid curve in Fig. 3 depicts the
energy-angular momentum relation for grazing col-
lisions (I =ls), given by

Al
E(&)= +

2pR; t

(3.6)

and determines the starting point for all possible
Bi+' Xe reactions. Alternatively, it describes

the dependence of the final total kinetic energy on

the initial angular momentum, if one assumes that
the radial kinetic energy of the system is dissipated
at the interaction radius R;„, and that the angular
momentum is preserved. Since the identities of the
two reacting nuclei are preserved to a large extent
during the collision process, the charge numbers

(Z&,Zz. ) and mass numbers (A&,Az. ) of the final
fragments may be replaced by those of the projec-
tile and target nuclei. A constant interaction ra-
dius R;„, of 15 fm is derived from the experimen-
tal quarter-point angles measured for the

Bi+ ' Xe reaction in a bombarding-energy
range of 1.9 to 5.3 MeV/nucleon above the
Coulomb barrier Vc (spherical) in the entrance
channel. The effect of angular momentum dissipa-
tion during the collision on the calculated final to-
tal kinetic energy is estimated to be less than 10%
based on the functional dependence of the
gamma-ray multiplicity on the initial angular
momentum as found for the ' Er+ Kr reac-
tion. As can be seen from Fig. 3, the correlation
between (E) and (l ) is reasonably well repro-
duced by Eq. (3.6) for mean initial angular mo-

menta larger than 400fi. Based on this result, one
could conclude that for large I values the energy in
radial motion is completely relaxed very quickly
during the initial stage of the collision. If this
were true, the dinuclear system ruptures at the in-

teraction radius R;„, and the assumption of
"frozen" spherical fragment shapes may be a
reasonable approximation for calculating the trajec-
tories in the exit channel. However, on the other

A nearly linear relationship exists between (E)
and (I ) independent of the bombarding energy (see
Fig. 3). Thus, for the Bi+' Xe reaction at
three bombarding energies, the final total kinetic
energy is parametrized as

(E)= (183.7+9.2) +(1.055+0.029)(l ),
(3.5)

hand, the existence of a stretched configuration
not be excluded for this region of l values. In this
case the Coulomb energy and centrifugal energy in
the exit channel are both reduced and this energy
deficit is compensated by a radial kinetic energy in
order to give the observed final total kinetic ener-

For mean initial angular momenta smaller than
400A', the increasing deviation of the points in Fig.
3 from the solid curve given by Eq. (3.6) with de-

creasing I is evidence for a deformed dinuclear sys-

tem at scission. The maximum elongation ob-
served is independent of the bombarding energy for
the Bi+ ' Xe reaction and agrees with predic-
tions for a normal fission process. Using the em-
pirical formula of Viola, modified slightly for
asymmetric fission, ' a ininimum kinetic energy of
295 MeV is calculated for the Bi+ ' Xe sys-
tems, in good agreement with the measured value
of 270+30 MeV. Three points on the correlation
plot of (E) vs (I ), shown in Fig. 3, result directly
from the Fresnel model at the values of Eo and
the corresponding value of Ig for the three experi-
ments studied. With increasing bombarding ener-

gy, the range of initial angular momenta extends to
larger l values and, hence, the fraction of the
damped reaction cross section known to proceed
through stretched scission shapes is less important.

The relationship between the measured final to-
tal kinetic energy and the deduced mean initial an-

gular momentum is illustrated also in Fig. 4. The
sum of the Coulomb and centrifugal potentials is
plotted as a function of the distance r between the
centers of the fragments. For the Bi+' Xe re-
action at two bombarding energies, Eo ——569 MeV
(EL ——940 MeV) and 861 MeV (EL ——1422 MeV),
dissipated energies of 250 MeV, for example, corre-
spond to mean initial angular momenta of
(I ) =128 and 405'', respectively. The interaction
radius of R;„,= 15 fm at which nuclear reaction is
initiated in the entrance channel is indicated in
Fig. 4. Based on such a plot, it is not possible to
conclude that the fragments on the l =405fi trajec-
tory separate at a scission distance larger than R;„,.
However, for the lower bombarding energy
(I =128iri), if for example, 250 MeV of energy is
dissipated, the final total kinetic energy is 319
MeV (Vc+ V~ &2sii), necessarily giving a highly de-

formed scission distance of about 21.5 fm. If one
assumes angular momentum dissipation (lf & I), the
scission distance is decreased by less than 0.5 fm
because the Coulomb potential, represented by the
dashed curve, is the dominant term in V~
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FIG. 4. Schematic representation of the combined
Coulomb potential Vc and centrifugal potential VI for
the Bi+ ' Xe reaction at two bombarding energies.
An energy dissipation of 250 MeV corresponds to an in-
itial angular momentum of l =128 and 405 A in the two
cases. The dashed curve represents the Coulomb poten-
tial alone. The interaction radius R;„I indicates the dis-
tance of closest approach for a grazing trajectory. From
the measured final total kinetic energy no deformation
of the fragments can be inferred for Eo——861 MeV
(EL ——1422 MeV), while a stretched configuration of the
composite system has to develop for Eo ——569 MeV
(EL ——940 MeV).

~i=&28'. On the basis of Figs. 3 and 4 it is obvi-

ous that damped reactions proceed with some pro-
bability through stretched dinuclear shapes in the
exit channel. This is especially true when the born-

barding energy is near the Coulomb barrier, be-

cause then nearly all impact parameters must lead
to an elongated scission configuration.

~[0C(l) 0(l)]-
1Ilt (3.7)

2~=@~In& (3.8)

The quantities p, 0(l), and W denote the reduced
mass of the system, the experimental deflection
function, and the relative moment of inertia at
close contact. The Coulomb deflection function
0C(l) is composed of contributions from the initial
(i) and final (f) channels according to

0c(1)= vr 0; —0f, — (3.9)

momentum (1). The resulting deflection function
is often used to test theoretical scattering models.
Instead of searching for an unique set of values of
the nuclear interaction potential and the friction
coefficient, the experimental results are related to
an effective interaction time which characterizes
the observed relaxation process. The deduced nu-
clear interaction time plays a central role in the
transport model which is discussed in part D of
this section.

In the phenomenlogical treatment of the strongly
damped reaction the projectile is assumed to ap-
proach the target nucleus on a Coulomb trajectory
and starts to interact at the interaction radius
through nuclear forces. A composite system of
two interacting nuclei is formed which rotates
about its center of mass. As long as the two nuclei
are in close contact, mass is transferred and kinetic
energy and angular momentum are dissipated. At
a later stage of the collision the dinuclear system
separates at the scission distance and the fragments
move again on Coulomb trajectories. The time in-
terval between formation and separation of the
composite system is defined as the nuclear interac-
tion time.

A method used to calculate the interaction time
was introduced by Huizenga et al. ' ' ' For a
given initial angular momentum the interaction
time t;„, is defined by the rotation of the composite
system

C. Nuclear interaction time

From the maxima or centroids of the angular
distribution for each energy bin (E) the experi-
mental deflection function 0(1) can be constructed
using the deduced correlation between the final to-
tal kinetic energy (E ) and the initial angular and

1/2

0; = arccos

—arccos

Il

2+ I2

l +g;k R,.„,
1/2

k
(3.10a)
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Of ——arccos

1/2
gf

gf +lf
(3.10b) 209B j ~ ls6X

2ZpZTe

2 E ' exit channel

(3.11)

Note, that no second term appears in Eq. (3.10b)
because the final total kinetic energy E can be
written as

ZpZTe A If
(3.12)

Here k„and lf denote the asymptotic wave num-

ber in the entrance channel and the angular
momentum in the exit channel, respectively. The
Coulomb parameters are given by

Eo ' initial channel

0
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& EL= 1150 MeV
o EL=1422 MeV

od
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~ S

Q~
0 ~

~ 0
OO pO

o s'g
0 y EFo+
0

Ho~

if it is assumed that the radial part of the kinetic

energy is completely dissipated when the system
reaches the scission radius R.

The remaining parameter required to calculate
an effective interaction time is the final angular
momentum If which depends on the angular
momentum transfer from relative to intrinsic
motion. In the analysis presented here, two ex-
treme cases are considered, (i) no angular momen-

tum transfer, /f
——1 (nonsticking limit NS), and (ii)

a reduction of the initial angular momentum to

102' I I I

0.2 0.4 06
8/Sg

I

0.8
I

1.0

FIG. 5. The mean interaction time t;„, is plotted as a
function of the initial relative angular momentum I/lg
for the Bi+"Xe reaction at EL ——940, 1130, and 1422
MeV. The final angular momentum is calculated in the
limits of the "nonsticking" NS and "sticking" 5 models.

lf =(W/Ws)l, (3.13) analytical expression:

(sticking limit S) where Ws ——W+ —,(MpRp +
MTRT ) and Mp, MT, Rp and RT are the mass
and radius of projectile and target nucleus, respec-
tively.

It should be noted here that a main object of
the calculations is to find an approximate analyti-
cal expression for the interaction time as a func-
tion of impact parameter which can be applied to
both limiting cases. The results for the interaction
times are displayed in Fig. 5 as a function of the
initial relative angular momentum //lg for the

Bi+' Xe reaction at EI ——940, 1130, and 1422
MeV. In this representation the interaction time

t;„,(I llg ) is approximately independent of the bom-
barding energy. This interesting result has been
obtained also for the ' Er+ Kr reaction at
EI ——515 and 703 MeV. Apart from the vicinity
of the grazing angular momentum, the interaction
time increases exponentially with decreasing I for
both assumptions of angular momentum transfer.
Therefore, t;„, is approximated by the following

t;„,=a exp( bl llg ),— (3.14)

D. Charge diffusion coefficient

The mean interaction times obtained in the pre-
vious section are used to calculate transport coeffi-
cients in a simple diffusion model. This model
emphasizes the statistical aspect of strongly
damped heavy-ion reactions, where nucleons are
transferred between the nuclei of the composite
system in both directions. One application of a
diffusion mode1 to nuclear collisions is a study of
the element distribution which broadens as the in-
teraction time increases. According to Eq. (3.1)

where the constant a and b depend on whether the
"nonsticking" or "sticking" model is used. In ad-
dition to the Bi+ ' Xe reaction, the exponential
dependence of the interaction time on the initial re-
lative angular momentum is also obtained from the
analysis of several other heavy-ion collisions (Refs.
17, 20—22, and 26—28).
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the variance o.z of the Z distribution is a linear
function of the interaction time. From these two
quantities the charge diffusion coefficient Dz is de-

duced, where Dz is defined in terms of a time-
average value over the whole trajectory for a given
impact parameter.

In order to determine the transport coefficients
Dz, one must employ I-dependent O.z values. A
relationship between the experimental total kinetic
energy loss or negative Q value and the variance
O.z of the element distribution for the

Bi+' Xe reaction at EI ——940, 1130, and 1442
MeV has been reported previously. ' ' Accepting
the results of Sec. III B as a valid description of
the correlation between the final kinetic energy,
E=EO+Q, and the initial angular momentum I,
one can immediately calculate the charge diffusion
coefficient. Assuming the sticking model for the
derivation of the interaction times, values of Dz
are calculated as a function of the initial relative
angular momentum I /lg. These results are shown
in Fig. 6. For the three bombarding energies the
charge diffusion coefficients are rather constant
over a range of I values. However, for I values
close to the grazing angular momentum lg the
transport coefficient Dz decreases with increasing

1.5

values of the initial relative angular momentum.
The error bars shown for the charge diffusion coef-
ficients include the uncertainties of the O.z values,
and as a limit for the interaction times, the as-
sumption that the composite system starts to rotate
at the distance of closest approach instead of the
interaction radius R;„,. At the interaction radius
the density overlap between the two nuclei is only
5 —10% of the central density and it seems to be
rather unlikely that the sticking condition is ful-
filled. The largest error, which is not included in
Fig. 6, is caused by systematic uncertainties in
separating the intensity of the elastic scattering
from the damped cross section and hence, by the
determination of the initial angular momentum.
Although these deviations are small compared to
the values displayed in Fig. 3, the interaction times
are strongly affected due to the exponential depen-
dence on I. The resulting additional relative sys-
tematic error of the charge diffusion coefficient
can be as large as 50%. For the three Bi+' Xe
systems an average charge diffusion coefficient of
approximately 0.5)(10 s ' is determined in the
sticking limit.

IV. INTERPRETATION OF THE CORRELATION
BETWEEN lnoz and E/lg

209B) + l36Xe

STICKING MODEL

~ EL=940 MeV
0 EL = I l50 MeV
D EL= l422MeV

|,)
C)

I

0.2
I

04
I

0.6
X /Sg

I

0.8

It
I

1.0

FIG. 6. The average charge diffusion coefficient Dz
is plotted versus the initial relative angular momentum

I/lg for the Bi+ ' Xe reaction. The data correspond
. to an interaction time in the "sticking" limit.

lnoz —in(2Dza) b(l/Ig) . — (4.1)

In obtaining this expression, the charge diffusion
coefficient Dz is assumed to remain constant for
all impact parameters. This assumption is qualita-
tively justified in Sec. III 0, where it is shown that

All results presented in Sec. III are used below
to interpret the correlation shown in Fig. 1 between
the variance of the element distribution oz and
the ratio E/lg, where E is the final total kinetic
energy and Ig is the grazing angular momentum.
As illustrated in Sec. III C, the interaction time t;„,
is characterized by an exponential decrease with in-

creasing angular momentum. In a representation
of t;„, versus the initial relative angular momentum

I/ts, the exponential relationship is found to be in-

dependent of the bombarding energy. It is this re-
sult of the phenomenological description of a
strongly damped reaction that establishes the func-
tional dependence of the variance of the Z distribu-
tion on impact parameter. Once the l-dependent
parametrization of the nuclear interaction time

[Eq. (3.14)] is incorporated into Eq. (3.1), the loga-
rithm of oz becomes a linear function of l/Ig
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FIG. 7. The variance of the element distribution oz
is plotted as a function of the initial relative angular
momentum l /lg for various projectile-target systems
(Refs. 1, 3, 7, 8, 15, and 17). The initial angular
momentum l has been inferred from the final total ki-

netic energy. Typical error bars are shown for two
values of the Bi+ ' Xe reaction at El ——1130 MeV.

Dz is constant except for a region of 1 values near
the grazing angular momentum. It should be em-
phasized however, that even if the charge diffusion
coefficient is assumed to increase linearly from 102'

to 10 s ', the dependence of lnoz on I/lg is still
well approximated by a linear function.

Experimental results for the logarithm of O.z
values are plotted in Fig. 7 as a function of I!Ig
for various Fe, Kr, and ' Xe induced reaction
(Refs. 1, 3, 7, 8, 15, and 17) for which the fusion
cross section and the differential cross section as a
function of negative Q value are known. Under
the assumption of a sharp cutoff model (5=0), the
mean intitial angular momentum is extracted from
the measured data as described in Sec. III B. As
can be seen, there is a nearly linear relationship be-
tween lnoz and I/Ig which is predicted from Eq.
(4.1). All the element distributions develop from a
5 function near I =ls where projectile and target
nuclei can only be Coulomb excited. The results in
Fig. 7 show that not only the offset but also the

slope of the linear function is nearly system in-

dependent, especially if one considers the error bars
given for two values of the Bi+' Xe reaction at
EI ——1130 MeV. The observed relationship indi-
cates that for each heavy-ion system the variance
of the element distribution is governed by the inti-
tial relative angular momentum I /I&.

There is a close similarity between the model-
dependent correlation of Fig. 7 and the model-
independent correlation shown in Fig. 1. The
abscissa of Fig. 7 may be transformed into the
abscissa of Fig. 1 by making use of the nearly
linear relationship between the final total kinetic
energy (E ) and the initial angular momentum (I )
discusses in Sec. III8. Replacement of l/ls in Fig.
7 by E/lg gives the empirical correlation between
experimental observables shown in Fig. 1. As dis-

cussed in Sec. II, plots of the quantity lnuz exhi-
bit a linear dependence on E/lg for some sixteen
different heavy-ion systems. The logarithmic lines
are observed to have nearly equal slopes adding
evidence to the general relationship shown in Fig.
7. However, in Fig. 1 the data for each individual

system are displaced along the E/lg axis. Each
system intercepts the abscissa approximately at
Ep/Ig (Fig. 2) which is not unexpected due to the
fact that lno.z is close to zero for grazing col-
lisions. Therefore, each total kinetic energy loss
(—:Q(0) can be related to a certain width of the
element distribution. It is striking to observe that
there is a common correlation between lnez and

E/lg applying to such different systems as
U+ U (Ref. 10) and ' Ho+ Fe (Ref. 17)

and a bombarding-energy range from 1.9 to 5.3
MeV/nucleon above the Coulomb barrier in the
case of the Bi+' Xe reaction. ' ' The unique
correlation obtained suggests an extrapolation of
the dependence of the variance oz on E/Ig into
the region of higher incident energies. Even the
broadest element distributions expected in a strong-
ly damped collision can be predicted, because the
minimum final total kinetic energy is well repro-
duced by a formula' ' derived from the study of
fissioning nuclei. The present correlation of the
experimental data is a more general representation
of the data than the previous correlation of Eh„vs
O.z which emphasizes the properties of the
projectile-target combination. Hopefully, the
correlation of oz with l/lg will give new insights
to our understanding of dissipative phenomena.

Some remarks are in order concerning heavy-ion
reactions at bombarding energies very close to the
Coulomb barrier, Ep/Vc(R;„, ) =1.01 —1.20,
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which show a different behavior of lno.z vs E/Ig.
For final total kinetic energies between the incident
energy Eo and the Coulomb energy of touching
spherical nuclei Vc(R;„,), the lnoz data follow the
general systematics presented here. However, for
smaller final total kinetic energies the variance of
the Z distribution increases more slowly than
predicted from systematics at higher bombarding

energies. The discontinuity in the low-energy re-

gion is probably not related to a drastic change in
the nuclear interaction time which is well described

by only one exponential function. Rather, for
bombarding energies close to the barrier, the rela-
tion between (E) and (I) is expected to deviate
from the linear function relatively well defined for
reactions at higher bombarding energies.

V. CONCLUSIONS

The observed correlation between the variance of
the element distribution crz and the ratio E/Ig of
the final total kinetic energy E to the grazing an-

gular momentum Ig has been investigated on the
basis of a phenomenological model combined
with a diffusion model. In the framework of the
phenomenological model the experimental energy
spectrum der/d ( —Q) and the mean values (8(E})
of the angular distribution d 0/dE d0, m are
parametrized in terms of the initial angular
momentum I and the nuclear interaction time t;„,.
Numerical values have been deduced from a fit to
the particular reaction Bi+' Xe at EL ——940,
1130, and 1422 MeV, serving as a representative
example of damped reactions. In agreement with
other heavy-ion reactions the deduced interaction
time for this system increases exponentially with
decreasing initial relative angular momentum I/Ig
with a rate that is nearly independent of the bom-

barding energy. This functional form inserted into
the relation o.z ——2Dzt;„, of the diffusion model,

together with the assumption of a nearly constant
average charge diffusion coefficient Dz, leads to a
semiempirical expression that has a linear depen-
dence of the logarithm of O.z on the initial rela-
tive angular momentum I/lg. A semilogarithmic
plot of the experimental values of O.z as a func-
tion of the model-dependent values of I/I con-
firms the latter semiempirical formula. Complete-
ly unexpected, however, is the result that the slope
of this function is independent of the heavy-ion
system as shown in Fig. 7. It is apparent from
this diagram that the width of the final element
distribution is determined by the initial relative an-

gular momentum I/I or the corresponding impact
parameter ratio b /bs.

In conjunction with the deduced nearly linear re-

lationship between the final total kinetic energy
(E) and the initial angular momentum (t), the
new representation of lno.z as a function of E/Ig,
which depends only on measured observables, fol-
lows immediately. The final element distribution
develops from a 5 function near E=Eo and
reaches its largest variance for a minimum total ki-
netic energy approximated by a slightly modified
version' of the well known general fission sys-
tematics of Viola. The most interesting feature
of this presentation is the fact that the O.z data lie
on nearly parallel lines, when plotted versus E/lg,
for different projectile-target combinations and
bombarding energies that are well above the
Coulomb barrier. This result shows a close simi-
larity to the entrance channel effect of the model-
dependent correlation between lno.z and I/lg.
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