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K-electron shakeoff probabilities during K capture have been calculated using Dirac-
Fock-Slater wave functions, and by direct calculation of the ejected-electron continuum
wave functions. The results indicate an overall better agreement with experimental results,
but leave room for some residual electron-electron correlation effects.

RADIOACTIVITY K-vacancy creation calculations in electron cap-

I. INTRODUCTION

There have been many theoretical and experimen-
tal investigations of the atomic internal ionization
phenomena caused by the sudden change of nuclear
charge during various nuclear decay processes since
the pioneering works by Feinberg!'? and Migdal® in
1941. Most of the history can be traced in the re-
view articles by Freedmann,* and Walen et al.’

In the ionization process, an electron in a bound
state of the parent atom can be ejected into a con-
tinuum state (shakeoff) or promoted into higher ex-
cited states (shakeup) of the daughter atom, leaving
a vacancy in the corresponding orbit.

The present paper is concerned with the double
K-vacancy creation process by K-electron shakeoff
when K-electron capture occurs. The evaluation of
the double K-vacancy creation probability involves
the calculation of the overlap integral between the
initial state corresponding to the parent atom and
the final state which has an ejected electron in a
continuum state and double vacancies in the K shell
of the daughter atom. Most of the theoretical ef-
forts have concentrated on the treatment of the
wave functions contained in the overlap integral, be-
cause of the significant sensitivity of the result to
the choice of wave functions.

Following Feinberg and Migdal, there have been
two essentially different approaches for the evalua-
tion of the overlap integral, i.e., the Primakoff-
Porter method®~® and the Coulomb propagator
method.'®~ 2 Both models take as their starting
points the use of hydrogenic wave functions and in-
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clude an attempt to take account of the initial-state
correlation between the two K electrons. Whether
the seeming satisfactory agreement of the numerical
results with the latest experimental data will be al-
tered when more precise wave functions are used, as
well as inclusion of final state correlations, is not
known. In an attempt to answer these questions, we
have applied our self-consistent-field (SCF) method
to this problem. The latter has also been successful-
ly applied to the calculation of the K-electron
shakeoff probability in B decay and gives good
agreement with the experimental data.!* (Hereafter
this article is referred to as 1.)

In Sec. II, we briefly present the important differ-
ences between the above approaches. In Sec. III, we
introduce the SCF method for the overlap integral
with a few numerical calculations for comparison
with previous methods. All numerical results of
probability are given in Sec. IV together with dis-
cussions concerning the discrepancies between our
results and experimental data.

II. TREATMENT OF OVERLAP INTEGRAL

The formulation of the double K-vacancy
creation probability by electron capture (EC) has
been given in several articles in detail. Here we fol-
low the notations used in the article by Law and
Campbell (LC) (Ref. 11) and give only final expres-
sions to help with the discussions. We consider
only the shakeoff process in the double K-vacancy
creation process. We expect from the correspond-
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ing results in I that the shakeup contribution to the
probability will be considerably smaller, so as to be
negligible in comparison with the shakeoff process.

The theory for K shakeoff in K-electron capture
is based upon the sudden approximation.!~*> Owing
to the change of nuclear charge by the orbital (K-
shell) electron capture, the whole atomic system un-
dertakes a rapid transition from the ground state of
the parent atom to the final state, emitting the other
K electron to the continuum and leaving the
double-K-vacancy state in the daughter atom. The
corresponding decay rate is derived following the
Fermi “golden rule” as

Ms0)=26,% | ¢x(0 )2 [
o

d3p ,
Qny | (1o |
X[Wo—Bx()—W,]*,

(1)

assuming the usual EC Hamiltonian and the Slater
determinants for the initial and final states. The
various exchange processes involving higher orbits
may also be considered fully by evaluating the
Slater determinants. According to our estimates,
the contribution from them is less than 1% of the
shakeoff probability so that they may be neglected.
The normal EC decay rate, in which the electron in
the K shell of the parent atom remains in the
daughter-atom K shell to form the final state with
one K vacancy, is

MEC)=£—G,,2§ | 6x(0) | AWo—1)2 . @)

The measurements of the double-K-vacancy
creation probability yield the probability per cap-
ture, i.e.,

Pk (S0)=A(S0)/AMEC) . (3)

One of the difficulties of the problem lies in the
evaluation of the overlap integral in Eq. (1). The
earliest approach was given by Primakoff and Por-
ter (PP) in 1953.% They used nonrelativistic hydro-
genic wave functions in the overlap integral, in
which the mutual correlation effect between two
K-shell electrons and the screening effect in the ini-
tial state are taken into account independently in
terms of the phenomenological effective-charge
parameters. These parameters were fixed to repro-
duce the Hylleraas variational wave function for a
two-electron atom. The extension of the PP theory
into the relativistic scheme was made by Stephas,’
Mord,® Law, and Campbell,” and Mukoyama

et al.’ In the Mukoyama et al. paper, the Dirac
wave functions were shielded according to effective
charges extracted from the SCF calculation by
Carlson et al.'* Although these authors® gave nu-
merical results for atoms for which experimental
data existed, as pointed out by Intemann,' the pro-
babilities are too sensitive to pertinent parameters to
draw a meaningful quantitative conclusion. How-
ever, this sensitivity indicated the importance of ini-
tial correlations and called for the theory to remove
the ambiguity with respect to phenomenological
parameters.

In the alternative approach developed by In-
temann and Pollock (IP),'° and also by Law and
Campbell (LC),"! the initial state is determined per-
turbatively to introduce the K-shell correlation in
terms of the Coulomb propagator function. There-
fore, as far as the initial K-electron correlation is
concerned, this approach is essentially parameter
free. The apparent large discrepancy existing in the
numerical results of IP and LC was ascribed to the
truncation of the perturbation expansion with less
terms in LC treatment, as pointed out by In-
temann.'?

So far, most attention in evaluating the overlap
integral has been paid to the initial-state correlation,
and the final state has been considered as the
scattering state by the nuclear charge of the
daughter atom. It has been expected that the
screening effect on the continuum electron in the fi-
nal state may be compensated for by the effect of
two K vacancies. This is only qualitatively true and
may not be so quantitatively. :

In paper I, we discussed the shakeoff process in 8
decay. In our approach, the initial state was pro-
duced by solving the Dirac-Fock-Slater (DFS) SCF
equation. The final continuum state was deter-
mined numerically as the scattering state defined by
the SCF potential describing the final state. The
latter depends strongly on the final atomic configu-
ration. The results showed that the problem is
complicated by effects coming from the many-body
nature, so that it cannot reliably be reduced to a
simple parametrization by choosing initial and final
shielding charges. The SCF calculation gave good
agreement with experimental data. From the re-
sults on BT decay, which is the alternate process to
EC decay, we observe that: (i) The screening in the
initial state, which contains the major part of corre-
lation between the two K-shell electrons as deter-
mined through the SCF procedure, works to reduce
the probability by pushing the K-shell wave func-
tion out to give rise to less overlap with the final
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state. (ii) The screening in the final state, which
acts on continuum electrons as an effective repul-
sive potential, tends to increase the probability. (iii)
The vacancies in the K shell of the final state have a
tendency to reduce the probability, since they act on
the continuum electron as an additional effective at-
tractive potential. The effects (i) and (ii) appear to
have nearly the same magnitude, but both are much
stronger than the effect (iii). Therefore, if these
features are applied to EC decay, we should see
similar trends in older numerical calculations.
Thus, when we apply hydrogenic wave functions to
the initial and final states, e.g., as in the Dirac-wave
function calculation, we will overestimate the prob-
ability. When we introduce the initial-state correla-
tion into the initial hydrogenic wave function but
leave the final state uncorrelated and unshielded,
e.g., as in the PP or the Coulomb propagator
methods, we will underestimate the probability. In
order to show that we observe these effects, the nu-
merical results of previous calculations are shown in
Table I. We have taken the results of Mukoyama
et al.’ as the equivalent (relativisitic) PP method,
and those by Intemann'® as the Coulomb propaga-
tor method. The values corresponding to the Dirac
wave function calculation without correlations were
quoted from the paper by LC.!! This trend suggests

TABLE 1. Previous calculations of the shakeoff prob-
ability (in multiples of 10%). The results were given by
Law and Campbell (LC) for the Dirac wave function, by
Mukoyama et al. (MIKS) for the relativistic PP method,
and by Intemann for the Coulomb propagator method.

Exp. LC MIKS Intemann

Ar 44 +8 115.50 14.2 21.12
37 19
Fe 38 +7 48.36 8.81 8.26
28
12 +4
10.1 +2.7
Ge 133 +1.4 29.83 4.56 4.72
13 +5
24
Cs 5.0 +1.0 8.69 0.709 0.92
2.5 +0.2
20 +1.3
1.33+0.33
2.3 +0.3
1.4 +0.1
Er 1.5 +0.4 4.77 0.304 0.39
0.67+0.39

that it may be valid to apply our SCF approach
from beta-decay shakeoff to this problem.

III. ELECTRONS IN BOUND
AND CONTINUUM STATES

As shown in Sec. II, the introduction of the
initial-state correlation into the Dirac wave function
reduces the shakeoff probability by 80—90%. On
the other hand, if the final-state correlation is ap-
preciable as a consequence of compensation between
the two effects of screening and the K vacancies,
this will reduce the contribution to some extent.
The result depends on this delicate cancellation.

In principle, these effects are indistinguishable,
coming from the many-body character of the sys-
tem. Therefore we should treat the problem in a
self-consistent way. Under the SCF scheme, the in-
itial state is regarded as the bound state produced
by the SCF one-body central potential which
emerges from the DFS theory. The continuum
electron state is assumed to be the scattering state
produced in a similar SCF potential of the daughter
atom with the proper atomic configuration after EC
decay. The correct choice of the atomic configura-
tion in creating the SCF potential is crucial for this
kind of problem as seen in paper I. In order to
stress this, we give in Table II values of Pgx for Ge
EC decay. These values were calculated with the
SCF potentials that resulted from the use of three
different atomic configurations in the final state:
(a) two K vacancies, (b) one K vacancy, and (c) the
ground state for the daughter atom Ga, with the
configurations

(a) {[AR]1s ~23d%4s5%4p1} ,
(b) {[AR]1s ~13d1%s24p} |
(c) {[AR]3d'%s?} .

TABLE II. The shakeoff probabilities (in multiples
of 10%) for Ge decay calculated with the SCF potentials
emerging from (a) two K-shell vacancies, (b) one K-shell
vacancy, and (c) ground-state atomic configurations of
Ga. For comparison the result with unshielded Dirac
wave functions is given in column (d).

Exp. (a) (b) () d

Ge 133+1.4 11.12 2196 4267 694
13 +5
24
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We note that the calculation with respect to (b) cor-
responds to the application of Carlson et al’s
theory in beta decay to EC decay with neglect of
the small contribution from the shakeup process. It
is clear that the choices of the atomic configura-
tions (b) and (c) result in unreasonably large shake-
off probability compared with the measured result.
This trend appears common to all elements. Fur-
thermore, for the purpose of confirmation that the
screening effect in the final state will not be com-
pensated by the effect from the vacancies, we also
performed a calculation using Dirac wave functions
for the final state but with the initial state obtained
from the DFS theory. This result is given in
column (d) of Table II. As seen clearly from com-
parison between (a) and (d), the simultaneous
neglect of screening and the vacancies leads to
reduction of the probability nearly by a half. We
can ascribe the main reason of underestimation,
which commonly appeared in the numerical results

in past works, to lack of the the final-state correla-
tion. The numerical results for elements for which
experimental data are available at present are given
in Sec. IV. There, the SCF potentials with the
proper choice of atomic configurations in the final
state, i.e.,, those with two K vacancies in the
daughter atom, are used to describe the scattering
wave function for the continuum electron.

IV. NUMERICAL RESULTS AND DISCUSSION

As in paper I, we used the program of Lindgren
and Rosén'® to produce the initial K-shell bound-
state wave function and the SCF potential for the
scattering wave function calculation in the final
state. The numerical results for those elements for
which experimental data are available at present are
listed in Table III. This table has three columns,
depending on the approximation used for the ex-

TABLE III. Shakeoff probabilities (in multiples of 10°). See text for description of the
various columns. Bg(i) and Bk(f) represent the K-shell binding energies of the parent and

the daughter atoms, respectively.

Bg (i)
E B (f)
(keV) (keV) P (exp) P (ODFS) P (LDA) P (AKF) Ref.
Ar 813.8 3.21 44 + 8 49.36 52.94 55.40 17
2.82 37 +9 18
Fe 2314 7.11 38 +17 18.80 20.06 21.14 19
6.54 28 20
12 + 4 21
10.1 + 2.7 22
Ge 235.7 11.10 133 + 14 11.12 11.84 12.55 23
10.37 13 + 24
24 25
Pd 507.2 24.35 3.13+ 0.31 5.59 6.03 6.45 26
23.22
Cd 94.0 26.71 72 4+ 5 0.83 0.89 0.97 27
—15
25.51 152 + 2.4 28
2.8 + 0.7 29
1.02+ 0.36 30
Cs 355.6 35.99 50 + 10 2.99 3.22 3.48 31
34.57 25 + 02 32
20 + 1.3 33
1.33+ 0.33 34
23 + 03 35
14 + 0.1 38
Er 377.1 57.49 1.5 + 04 1.58 1.71 1.88 36
55.62 0.67+ 0.39 34
Bi 772.4 90.53 0.6 + 0.25 1.81 1.97 2.20 37

88.01
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change interaction part in the SCF potential so as to
create a more realistic representative potential for
particles in the continuum state, namely the use of
the unmodified potential (ODFS) [column labeled P
(ODFS)], the use of the modified SCF potential us-
ing the local density approximation (LDA) [column
labeled P (LDA)], and the use of the modified SCF
potential by the average Fermi momentum approxi-
mation (AKF) [column labeled P (AKF)]. These
are the same approximations as used in I for the
choice of potential for the description of the contin-
uum electron.

All calculations for the forbidden decays were
done without the shape factors, since we expect that
the introduction of the shape factor will not change
the probability significantly as seen in the case of
beta-decay shakeoff. From Table III, it can be seen
that the theoretical calculations show reasonable
agreement with the experimental data except for the
cases of Pd and Bi and the recently measured case
of Cs.

The results for Pd and Bi decays, however, may
suggest a breakdown of the model. The large
theoretical values obtained for Pd and Bi mean that
the electron in the final continuum state will feel a
more attractive potential and/or that the electron in
the initial bound state will feel a more repulsive po-
tential than obtained from the SCF theory. From
the fact that most of the theoretical calculations in-
cluding those of the B-decay shakeoff show good
agreement with the experimental data, it appears
that the SCF potential can simulate to a consider-
able extent the “true potential” which can describe
the “exact electron state” in the initial and final
states for these systems. Therefore we may expect
that the deviation of the SCF potential from the
true potential is small, probably less than the varia-
tion of the SCF potential due to an increase or de-
crease by a unit of nuclear charge, as evidenced by
the successful application of the model to the S-
decay case. Thus, if the theory is valid, we may as-
cribe the source of the extra repulsion in the initial
state and/or the extra attraction in the final state to
the choice of the atomic configuration or to the
SCF procedure.

Concerning the final state, in order to produce
the SCF potential we adopted the atomic configura-
tion with two K vacancies. This is the most favored
one for maximum attraction.

On the other hand, in the initial state, it may be
expected that the residual correlation between two
K-shell electrons on the one-particle basis of the
Dirac-Fock theory may be a source of extra repul-

sion. This can be simulated in terms of the corre-
lated K-shell wave function

Ok (T, 1) =A{d,(r))e (r)f (| T1—T2] )], 4)

where A is an antisymmetrization operator includ-
ing an appropriate normalization. The correlation
function is chosen as

f(r)=exp(yr/2), (5)

where y may be interpreted as the effective charge
coming from the residual repulsive correlation be-
tween two K-shell electrons, which may be expected
to be considerably smaller than unity. In Fig. 1 we
show the y dependence of the shakeoff probability
for Bi decay as an example. The values of ¥ which
can reproduce the measured probability within the
measurement error lie between 0.6 and 1.0. We feel,
from the above discussion, that this range is some-
what larger than expected.

If the introduction of the residual initial-state
correlation is necessary to describe the situation
more precisely, then similar considerations must ap-
ply to all cases including 3 decay, although the size

Pso x10°

0.5 1.0
Y (@)

FIG. 1. The y dependence of the shakeoff probability
in Bi decay. The parameter y is given in inverse atomic
units of length (Bohr~!). The corresponding experimen-
tal datum is (0.6+0.25)X 10°, which is shown by the
horizontal solid line and two dotted lines representing
the range of the experimental errors.
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of ¥ may be different in each case. We have to
note, however, that the discrepancy existing between
the theoretical calculation and the experimental
data for Cu B* decay, which is the only available
measurement of K-shell electron shakeoff in S+ de-
cay, suggests an opposite trend, namely we need
more attraction in the initial state and/or more
repulsion in the final state. Therefore the residual
initial-state correlation makes the situation of Cu
B* decay worse, unless we have a negative effective
charge meaning an attractive correlation only for
this case.

We hope that reconfirmation of the K-shell
shakeoff measurements for Pd and Bi will be forth-
coming as they may provide a direct indication of

residual correlations in these atoms. The most re-
cent measurments on Cs seem to support this con-
jecture.3®
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