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Double differential cross sections have been measured for energetic p, d, t, and u parti-

cles emitted in 0-induced reactions on targets of Al, Zr, and Au at incident energies of
140, 215, and 310 MeV. The energy and angular distributions are well described by isotro-

pic emission from a moving thermal source. The extracted temperature and velocity

parameters are found to vary systematically with the incident energy per nucleon above the

Coulomb barrier. The observed trends cannot be explained by compound nucleus emission

but instead suggest emission from a source which consists of comparable contributions

from target and projectile. Alternatively, the proton energy spectra are compared with a

precompound model and with a simple knockout model. The d, t, and a-particle cross sec-

tions are also described in terms of a generalized coalescence relation which takes into ac-

count Coulomb repulsion from the target nucleus.

NUCLEAR REACTIONS Al(' O~), E=140, 215, and 310 MeV;
Zr(' O~), E =215 and 310 MeV; ' Au('6O~), E =140, 215, and 310

MeV; x =p, d, t, and a. Measured o.(E„,O„}. Analysis in terms of mov-

ing source, precompound, knockout, and coalescence models.

I. INTRODUCTION

The emission of energetic light particles in
heavy-ion reactions provides a useful means of
studying the development of the reaction mechan-
ism from energies just above the Coulomb barrier
up to relativistic energies. At low energies
(E/A (5 MeV above the Coulomb barrier) detailed
studies of neutron emission in heavy systems
have shown that the neutrons are evaporated statist-
ically from the compound nucleus or from fully ac-
celerated fragments. At somewhat higher energies
there exists evidence for nonequilibrium neutron
emission ' as well as nonequilibrium charged par-
ticle emission. s's s' Many of these studies have in-

volved coincidence measurements between the light
particles and projectilelike fragments. ' ' The in-

terpretation of these experiments is dependent upon
assumptions of whether the light particles result
from sequential decay and, if so, upon assumptions
about the primary distribution of the projectile frag-
ments. As a result, systems similar to those which
were associated with nonequilibrium effects have
also been shown to be consistent with equilibrium
emission from excited projectile residues. By
identifying coincident fusion products with y-ray

techniques or by measuring the momentum
transfer to the target residue, ' however, it has
been possible to establish the emission of energetic
light particles in processes that cannot be associated
with compound nucleus emission or sequential de-

cay of fully accelerated and equilibrated heavy reac-
tion products. Reactions in which a major portion
of the projectile mass is transferred to the target
make an important contribution to the light particle
emission.

Until the present, few single particle inclusive
measurements have been published' ' in the ener-

gy range E/A (20 MeV. It has only been recently
that studies of the projectile, target, and beam ener-

gy dependence of the nonequilibrium light particle
emission have been reported. This is in con-
trast to the situation at relativistic energies where
several systematic inclusive light particle emission
studies have been made. These experiments
have caused a great deal of theoretical interest. The
models which have been proposed range from ther-
mal emission by the participant matter as in the
fireball ' or firestreak models to the single scatter-
ing knockout model. ' The inclusive data have
been found to carry sufficient information to rule
out either single scattering or thermal emission as
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the sole source of light particles. Instead, the data
suggest a model in which both direct and thermal
components are considered either explicitly" or by
including contributions from single and multiple
collisions as in linear cascade models or fully
three dimensional cascade models.

At low energies there exist analogs to the high en-

ergy models such as the "hot spot" (Refs. 17, 22,
23, and 51—56) thermal models, the prompt emis-

sion ' (PEP's) single scattering model, and the
cascade and precornpound models which
consider the time development of the approach to
equilibrium. Unfortunately, quantitative compar-
isons with the data have been made for only a few
inclusive measurements' ' and these isolated cases
have not been sufficient to deride between the vari-
ous models.

In this paper we present a systematic study of the
emission of energetic light particles (p,d, t,a) in
' 0-induced reactions on targets of Al, Zr, and Au
at inrident energies of 140, 215, and 310 MeV. In
the next section of this paper we describe the experi-

mental details. The experimental energy and angu-

lar distributions and the total light particle cross
sections are presented in Sec. III. In Sec. IV, the
light particle spectra are discussed in terms of vari-

ous models. This section includes a comparison
with the moving thermal source model' and a dis-

cussion of the dependence of the moving source
parameters on beam energy and target. %e then

compare the proton cross sections with a simple
knockout calculation and a precompound ' calcula-
tion. Finally, we discuss the connectio~ between the
composite particle production and the proton cross
sections in terms of a generalized coalescence rela-

tion. ' A summary of our results and conclusions
will be given in Sec. V. Details of the knockout cal-
culation are presented in the Appendix. Some of
the present results have been published previously.

II. EXPERIMENT

1.2 mg/cm thickness was bombarded at 140 MeV
incident energy. This target was found to have a
hydrogen contaminant which gave rise to a distinct
peak in the forward angle proton spectra. This con-
tribution has been removed in the analysis.

Light particles (p, d, t, and a) were detected with
two ~F--E telescopes mounted on a movable table
inside the scattering chamber. Each telescope sub-
tended a solid angle of 22 msr and consisted of a
400 pm thick surface barrier detector and a 7.6 cm
thick NaI(Tl) detector the entrance window of
which consisted of a Havar foil of about 75 pm
thickness. For hydrogen isotopes the energy cali-
bration of the NaI detectors was established by
measuring the elastic scattering of protons on a

Au target at the incident energies of 10, 20, and
45 MeV. The resulting energy calibration was
found to be linear over this energy range and was
extrapolated toward high energies. An independent
energy calibration was established for alpha parti-
cles by measuring the elastic scattering of alpha
particles on ' Au at 40, 80, and 120 MeV. The re-
sulting energy calibration was found to be slightly
nonlinear with a decreasing response toward higher
energies. The gain stability of the NaI(Tl) detectors
was monitored by recording the y-ray spectra of

Co during ion source changes. The energy cali-
bration of the b,E silicon detectors was obtained by
injecting a known amount of charge into the input
stage of the preamplifiers. This energy calibration
was verified by calculating the energy loss corre-
sponding to the measured b,E signal of the elastical-

ly scattered proton and alpha beams. The overall
accuracy of the energy calibration is estimated to be
about 3%.

The hE and E energy signals of the two tele-

scopes were recorded event by event on magnetic
tape for off-line analysis. Mass and charge identifi-
cation of the light particles was obtained from the
measured energy losses in the hE and E detectors
by using a standard particle identification (PI) func-
tion of the form

The experiment was performed at the 88-inch cy-
clotron of the Lawrence Berkeley Laboratory using
' 0 beams of 140, 215, and 310 MeV incident ener-

gies with typical intensities of 20, 1, and 0.5 nA,
respectively. Measurements were made using three
different targets spanning a large mass range. An

Al target of 1.6 mg/cm thickness was used at all
three bombarding energies. A Zr foil of 20.9
mg/cm thickness and a 10.6 mg/cm thick ' Au
foil were each irradiated at 215 and 310 MeV in-
cident energies. In addition, a thin ' Au target of

PI ~ (E+gE)r Er

where y is a parameter which was taken to be 1.71
with the energy calibration of the hydrogen iso-
topes. This allowed a clean separation of the hydro-

gen isotopes and an identification of helium. If a
particle was identified as helium, the a-particle en-

ergy calibration was applied and a new PI function
was calculated which allowed the resolution of the
individual helium isotopes. However, owing to the
much greater abundance of alpha particles, the
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spectra of 3He were not analyzed owing to non-

negligible alpha-particle contributions.
Differential cross sections were determined using

the measured target thickness and integrated beam
current. The dead time of the system was moni-
tored by injecting a pulse into the detector pream-
plifiers at a rate which was proportional to the
beam current. The resulting dead time corrections
were usually less than 4%%uo. The absolute magnitude
of the cross sections is estimated to be accurate to
within 35%.

III. EXPERIMENTAL RESULTS

A. Spectral shapes

100 = I I I I I I I I I I I I I

~ d cr( 0+ Au~x), 140 MeV

Io. 0 C(8) d Cr ( 0+ Al x), 140 MeV

Some of the general features of the light particle
spectra observed in the present experiment may be
seen in Figs. 1 —3. In Fig. 1, the light particle spec-
tra for reactions of 140 MeV ' 0 on ' Au are
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FIG. 2. Comparison of light particle energy spectra
for reactions on ' Au and Al targets at 215 MeV in-
cident energy. At each angle, the Al data have been
normalized to the ' Au data at 20 MeV for the hydrogen
isotopes and at 40 MeV for alpha particles.
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shown by solid points at three selected angles which
span the full angular range of the present study.
Also shown are the corresponding energy spectra
for reactions on Al. In order to facilitate a com-

FIG. 1. Comparison of light particle energy spectra
for reactions on ' Au and Al targets at 140 MeV in-
cident energy. At each angle, the Al data have been
normalized to the ' Au data at 20 MeV for the hydrogen
isotopes and at 40 MeV for alpha particles.

FIG. 3. Comparison of light particle energy spectra
for reactions on ' Au and Al targets at 310 MeV in-
cident energy. At each angle, the Al data have been
normalized to the ' Au data at 20 MeV for the hydrogen
isotopes and at 40 MeV for alpha particles.
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parison of the spectral shapes, the Al cross sec-
tions have been renormalized at 20 MeV for the iso-
topes of hydrogen and at 40 MeV for alpha parti-
cles. In Figs. 2 and 3 similar comparisons are made
for the incident energies of 215 and 310 MeV,
respectively. It is observed that these different tar-
get nuclei give rise to light particle spectra with
very similar characteristics. Reactions on both Al
and Au targets show smooth structureless energy
spectra which extend well beyond the incident ener-

gy per nucleon of the beam and show a distinct
shouldering at the most forward angles. Both tar-
gets also display nearly exponential tails which are
very similar at each angle for all light particle
species and which become progressively steeper to-
ward backward angles. The only persistent differ-
ence between the light particle energy spectra result-

ing from reactions on the two targets is that in the
case of Al the energy spectra have slightly flatter
slopes. This observation may be explain& by the
fact that the relative velocity of target and projectile
at the point of contact is slightly higher for reac-
tions on Al than on Au owing to the lower
Coulomb barrier for the Al target. These observa-
tions indicate that the light particle spectra depend
mainly on the available energy per nucleon above
the Coulomb barrier and to a much lesser extent on
the characteristics of the target.

B. Angular distributions
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over energy has been made with a 12 MeV thresh-
old for hydrogen isotopes and a 30 MeV threshold
for alpha particles and thereby emphasizes the
nonequilibrium contributions to the cross sections.
.Also shown in Table I are the total reaction cross
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FIG. 4. Light particle angular distributions for reac-
tions on ' Au at 140, 215, and 310 MeV incident ener-

gies. The low-energy cutoffs for the energy integration
are indicated. The dashed curves correspond to emission
from a moving source with u =0.071c and T=5.9 MeV.

The light particle angular distributions from the
present study are shown in Figs. 4—6 for reactions
of ' 0 on ' Au, Zr, and "Al at the threeincident
energies. The distributions were obtained by sum-

ming over all energies with the lower threshold set
at 12 MeV for the hydrogen isotopes and at 30 MeV
for alpha particles. The cross sections increase with
increasing incident energy. The angular distribu-
tions are forward peaked at all energies and for all

light particles. The slope of the angular distribu-
tions increases monotonically with the mass of the
outgoing light particle. The shape of the angular
distributions appears to be nearly independent of
the incident energy, but becomes progressively more
isotropic with increasing mass of the target nucleus.
An interpretation of some of these features as well
as a description of the dashed curves in Figs. 4—6
will be given in Sec. IV A.

C. Light particle cross sections

Total inclusive cross sections integrated over en-

ergy and angle are listed in Table I. The integration
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FIG. 5. Light particle angular distributions for reac-
tions on Zr at 215 and 310 MeV incident energies. The
low-energy cutoffs for the energy integration are indicat-
ed. The dashed curves correspond to emission from a
moving source with u =0.072c and T=5.73 MeV.
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FIG. 6. Light particle angular distributions for reac-
tions on Al at 140, 215, and 310 MeV incident energies.
The low-energy cutoffs for the energy integrations are in-
dicated. The dashed curves correspond to emission from
a moving source with v =0.085' and T=6.25 MeV.

sections as calculated using the hcavy-ion optical
model code HoP II (Ref. 65) with the optical poten-
tials listed in Table II. The calculated reaction
cross sections were found to be rather independent
of the details of the optical potential parameters.
For example, interchanging potentials between the
targets resulted in only 10% changes in the calcu-

lated total reaction cross sections. From Table I it
is seen that the cross sections for producing protons
and alpha particles are comparable for each target
and incident energy. On the other hand, the cross
section for the production of deuterons is typically
inhibited over proton emission by a factor of 3 to 4
with triton emission inhibited by another factor of
about 2. The cross sections for light particle emis-
sion are observed to constitute a significant fraction
of the total reaction cross section and even exceed it
at the highest energies indicating mean multiplici-
ties comparable to one.

The dependence of the average proton multiplici-

ty, 0&/era, on target mass and incident energy per
nucleon above the barrier is shown in Fig. 7. Also
included in the figure is the multiplicity of the
summed hydrogen isotopes. Thc Coulomb barrier
in the laboratory was calculated according to

(Aq +A, ) ZqZ, e

r (A '~'+A ' ')

where AzP, and ZzQ, are the mass and atomic
numbers of the projectile and target and rp=1.44
fm. The proton multiphcity is observed to be essen-
tially independent of target and to increase smooth-

ly with increasing available energy per nucleon.
Therefore, we may conclude that the light particle
multiplicities, excluding low energy contributions,
depend only slightly on the details of the target nu-
cleus, but mainly on the incident energy per nucleon
above the Coulomb barrier.

TABLE I. Total inclusive cross sections (mb) for light particle emission. Systematic errors of absolute values are about
35%. Relative errors between light particle species are about 10%.

Target

'"Au

Energy
(MeV)

140
215
310

Protons'

76
327

1414

Deuterons'

15
85

497

Tritons'
Hydrogen

isotopes'

99
477

2251

Alphasb

72
241

1162

2259
3075
3520

27Al

215
310

140
215
310

545
1971

253
528

1155

119
649

58
172
437

49
304

14
52

158

713
2924

325
752

1750

191
1448

140
524

1781

1742
1820
1846

'Integrated over E & 12 MeV.
"Integrated over E ~ 30 MeV.
'Total reaction cross sections calculated using the optical mode HOP II (Ref. 65) with the parameters of Table II.
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8'0Target Vo apro

'"A.u'
90Zrb

27Alc

0.634
0.635
0.618

1.226
1.245
1.23

1.226
1.148
1.35

35
20
23.4

0.634
0.521
0.552

'potential of Ref. 66 for elastic scattering of ' O on pb.
«Potential of Ref. 67 for elastic scattering of ' 0 on Mo.
Potential of Ref. 68 for elastic scattering of '60 on 'Si.

system at 310 MeV, our data differ in slope. The
reason for this difference is not understood; howev-

er, we were able to reproduce our results at 310
MeV in two independently calibrated experiments.

%e have chosen to parametrize the light particle
spectra in terms of emission from a Maxwellian
source which is at rest in a frame that moves with a
velocity intermediate between target and projec-
tile. '5's'ss Correcting for the Coulomb repulsion of
the light particle from the target residue one obtains
nonrelativistically '

IV. INTERPRETATION
OF LIGHT PARTICLE EMISSION

A. Moving source model

1. Energy spectra

Energy spectra for the 's Au(' O,p) reaction at
three incident energies are shown in Fig. 8. Al-
though the features of these spectra are qualitative-

ly similar to those reported in Ref. 15 for the same
I

d2

dE dO
=No(E ZEc)—'/'exp{ [E ZEc+—Ei ——2Ei' '(E ZEc)' cos8—]]/T I . (3)

Here E& is the kinetic energy gained by the light
particle of charge Z due to the Coulomb repulsion
from the target, Ei ——

2 mu is the kinetic energy of
a particle at rest in the moving frame, T is the
source temperature, 8 is the detection angle, and Xo
is an overall normalization constant. As seen by the
solid curves of Figs. 8 —10, the moving source
parametrization provides a good description of the
proton spectra for all targets and incident energies
with temperatures which are typically greater than
those of the compound nucleus and velocities inter-
mediate between the projectile and compound nu-

cleus velocity. It has been shown ' that reac-
tions in which nearly the entire projectile is ab-
sorbed by the target nucleus contribute significantly
to the emission of energetic light particles. This
would preclude the existence of an independent
thermal source. The successful application of this
parametrization should not, therefore, be taken as
evidence for a hot gas of nucleons separated from
the target nucleus. Instead, it simply indicates that
the light particle velocities are randomized in a rest
frame different from the compound nucleus rest
frame.

~ I
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0 PROTONS (E ) I2 MeV)
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Al
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FIG. 7. Dependence of proton and hydrogen multipli-
city on target and incident energy. Multiplicities are tak-
en from Table I of text. Errors reflect the 35% uncer-
tainty of the absolute cross sections. The Coulomb bar-
rier V& has been calculated using Eq. (2).

20

TABLE II. Optical model potential parameters used in calculation of total reaction cross sections (units of MeV
and fm). The optical potential was parametrized in the form: U(r)= Vo[1+exp[(r —Ro)/ao]]
+ W'o[1+exp[(r Ri—)/ai]] ', with Ro=ro(A| +22' ), Ri rl——(A i' '+A&' ).
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FIG. 8. Energy spectra of protons in the ' Au(' O,p) reaction. The data are fitted with the moving source model of
Eq. (3). The laboratory angles and the moving source parameters are indicated.

In the present analysis, the temperature and velo-
city parameters have been determined by a least-
squares minimization while the Coulomb threshold
parameters Ec have been chosen at values of
Ec 0, 5, and 10——MeV for the Al, Zr, and Au tar-
gets, respectively. In the fitting procedure each
data point was given an additional 10% error to
reduce the statistical weight of the low energy re-
gions of the spectra. The major effect of the Ec
parameter is to modify the low-energy region of the
fit. ' An example of the shape of the X minima
is shown in Fig. 11 for the ' Au(' Op) reaction at
310 MeV. Here the reduced X values are shown
for variations in the temperature, velocity, and
Coulomb parameters. In general, changes of about
5%%uo in the temperature or about 10% in the velocity
parameter increase the reduced X values by about
20'Fo In additio.n, the velocity parameter is found
to be quite sensitive to the angular range over which
the data are fit. For example, by considering only
the region from 20' —80' for the Al(' O,p) reac-
tion at 140 MeV, values of v=0.071c and T=384.
MeV were obtained as comparmi to the values of
v =0.049' and T=3.96 MeV obtained by consider-
ing the full angular range. This observation ex-
plains the comparatively large source velocity ex-
tracted for reactions on the ' Au target at 140

MeV where only a restricted angular range of data
was measured.

Energy spectra and moving source calculations
for deuteron, triton, and alpha-particle emission are
presented in Figs. 12—14, 15—17, and 18—20,
respectively. The moving source parametrization
gives quite a reasonable description of the com-
posite particle energy spectra although the repro-
duction of the angular dependence becomes some-
what worse with increasing mass of the outgoing
composite particle. The most persistent discrepancy
between the moving source model and experiment
occurs at forward angles for the higher incident en-
ergies. Here the increasing contributions from
direct processes such as projectile breakup are likely
to become significant.

Integrating Eq. (3) over energy with a low-energy
threshold Er, the following expression for the mov-

ing source angular distribution is obtained:

(nT) e
0 0 3' —E&sm 8/T

)& [ (1+2x2)+[(1+2x~)erf(x —y)

+ ( + )
—(x —y)~]

)

(4)
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FIG. 9. Energy spectra of protons in the Zr('60,p) reaction. The data are fitted with the moving source model of Eq.
(3). The laboratory angles and the moving source parameters are indicated.

where x =(Ei/T)' cos8 andy =[(Ez Ec)/T]'—
For Ez- ——E~ we have y =0 and observe that the
first term in Eq. (4) is symmetric in x about 90'
while the second term is antisymmetric and ac-
counts for the observed forward peaking of the an-

gular distributions. The calculated moving source
angular distributions are shown by the dashed
curves in Figs. 4—6. These curves have been calcu-
lated at 310 MeV incident energy for all light parti-
cles with the indicated low-energy thresholds and
using the proton velocity and temperature parame-
ters (see Table III). The differences in the angular
distributions of the various light particles are essen-
tially accounted for by the kinematic effect of the
differing masses. This is reflected in the depen-
dence of Eq. (4) on the ratio Ei/T= —,mu /T
which reduces to a pure mass dependence owing to
the similarity of the velocity and temperature
parameters for all particle types in a particular reac-
tion (see Table III). Within this model, one expects

the source velocity to be the same for all light parti-
cles while the thermal velocity should decrease for
increasing particle mass. As a consequence, the an-

gular distributions exhibit steeper slopes with in-

creasing mass of the emitted particles.
A summary of the extracted moving source

parameters is given in Table III. Also included are
the light particle cross sections calculated according
to

a =2No(irT)s

which is obtained by integrating Eq. (3) over energy
from E=E~ and over angles. These cross sections
should be compared with those listed in Table I as
an indication of the amount of cross section falling
below the low-energy cutoffs introduced in Table I.
From Table III it is observed that, for each reac-
tion, the extracted velocity parameters are very
similar for all light particle species, whereas the
temperature parameters are slightly lower for pro-
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2. Systematics of moving source parameters

The dependence of the moving source parameters
on target and incident energy is shown in Fig. 21.
The temperature and velocity parameters exhibit

28 ~

24-

20-

X/ 16-
V

12-

8-

60+ 18~Au, 310 MeV

(single moving source)

(c)

tons than for the composite particles. These
features, as well as the dependence of the parame-
ters on target and incident energy, will be discussed
in detail in the following section.

an approximately linear dependence on

[(E—Vc)iA)'~, or equivalently, on the relative
velocity of target and projectile at the point of con-
tact. Here, V~ is the recoil-corrected Coulomb bar-
rier calculated according to Eq. (2) and A is the
mass number of the projectile. As indicated by the
dashed curves of Fig. 21, such a dependence cannot
be explained by compound nucleus emission. In-
stead it suggests more rapid processes such as
knockout or the formation of a hot subsystem of
nucleons. In fact, the observed linear dependence
on the relative velocity can be understood if one as-
sumes the formation of a hot Fermi gas consisting
of equal nucleon contributions from target and pro-
jectile. In this case. the temperature will be given
b 31 63

1/2
ill p6'F

where
I I I I

3 4 5 6 7 8 004 006 008 010
T (MeV ) v/c

5 I 0 I5

Ec (Mev) ureI =[2(E—Vc)/(moA)]'~
FIG. 11. Parameter dependence of the reduced g

value for the moving source fit of the reaction
Au(' O,p) at 310 MeV (see Fig. 8). The variations of

the reduced g~ value for independent variations of the
temperature, velocity, and Coulomb parameters of Eq. (3)
are shown.

is the relative velocity at the point of contact, me is
the nucleon mass, and eF ——38 MeV is the Fermi en-

ergy corresponding to normal nuclear matter.
Furthermore, owing to equal target and projectile
contributions, nucleon emission should be isotropic
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FIG. 12. Energy spectra of deuterons in the ' Au('60, d) reaction. The data are fitted with the moving source model of
Eq (3). T.he laboratory angles and the moving source parameters are indicated.

in the nucleon-nucleon rest frame. The velocity of
this frame, after accounting for target recoil, is
given by

urel Ap arel
(7)t+ p

where v~ is the beam velocity and A~ and A, are the
mass numbers of projectile and target. According
to the solid curves of Fig. 21 the temperature and
velocity parameters are 25% lower than the equal
contributions limit given by Eqs. (6) and (7).

It is interesting to investigate whether the ob-
served trends can be extrapolated toward relativistic
energies where similar thermal models ' ' have
been used to describe the light particle spectra.
VA'th this in mind we have determined temperature
and velocity parameters for the reaction Ne
+ NaF~p at incident energies of E/A =400 and
800 MeV. This has been done in a manner con-
sistent with our low energy treatment by using the
relativistic generalization of Eq. (3) for the
Lorentz-invariant cross section

E du
=Noy(E Pp cos8)—

p2 dp dQ
)&exp[ —y(E —pp cos8)/Tj,

where p is the velocity of the source (c=1),

e'= &~(T) &
—

& e(T =0)&, (10)

where &e(T) & is the average kinetic energy per nu-
cleon at temperature T with &e(T=0)&=0 for a

y=(l —p ) '~, and E =(p2+mo2)'~2. In order to
minimize the contribution from fragmentation and
knockout we have restricted our consideration to
the data at large transverse momenta (8)45').
Despite the simplicity of the present parametriza-
tion, it provides an acceptable description of the ex-
perimental data; see Fig. 22.

The trend of the temperature parameter observed
at low energies may be connected smoothly to the
temperatures obtained for the Ne+ NaF reaction at
relativistic energies. This is shown in Fig. 23
where, for orientation, the solid and dashed curves
have been calculated for relativistic Fermi and
Boltzmann gases consisting of equal nucleon contri
butions from target and projectile. In this case, the
excitation energy per nucleon, e, is related to the
incident kinetic energy per nucleon above the
Coulomb barrier, (E—Vc)/A, according to

e*=[mo + —,mo(E —Vc)/A]'~ —mo, (9)

where mo is the nucleon rest mass. Alternatively,
the excitation energy per nucleon of the gas may be
written as
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Here g is the spin-isospin degeneracy factor,

E(p}=(p +me )'~ —mc

is the kinetic energy of the nucleon, and f(p, T) is
the distribution function given by

(12)f(p, T)=
a+expI [E(p) IJ(T)]/TI—

with a=0 for Boltzmann statistics and a=1 for
Fermi statistics. The chemical potential p(T) is
determined from

Boltzmann gas and (F(T=0)}=
&

Ep for a Fermi

gas. Combining Eqs. (9} and (10) one obtains the
desired relation between temperature and incident
kinetic energy.

The average kinetic energy is calculated using

I E(p)f(p, T}p'dp.
N 2+iri'

„, I, f(p T}p'dp (13)

by assuming normal nuclear density, N/V=0. 17
fm . We note that, at low energies, the tempera-
ture will be given by Eq. (6) for a Fermi gas and by
T=2@~/3 for a Boltzmann gas.

The general trend of the experimental tempera-
ture parameters is seen to follow approximately that
depicted by the Fermi gas calculation. Recent in-
clusive measurements for ' C on Ni at several en-

ergies confirm our low-energy temperature depen-
dence. Other recent measurements follow the
trend of the Fermi gas curve in the intermediate en-

ergy region with reactions of Ne+ Ni, Ag, and Ta
at E/A =43 MeV, ' C+ C, Al, Cu, Ag, and Au
at E/A =58 and 86 MeV, and He+ Al and Ta at
E/A=180 MeV. ' Taken literally, the observed
trend suggests the thermalization of a subset of nu-
cleons. However, because features of inclusive mea-
surements may be reproduced by models having
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rather different assumptions' ' ' it should be in-
vestigated whether the observed trend can be repro-
duced by alternative approaches such as single
scattering or precompound models. %'e will consid-
er this question in the following two sections.

As a final comment, we draw attention to the in-
sert of Fig. 23 which demonstrates that the tem-
peratures extracted for deuterons and tritons are
systematically larger than those for protons. This
may be because the proton spectra contain larger
contributions from more equilibrated processes such
as compound nucleus evaporation. Further investi-
gations with different target projectile combinations
and at higher energies are necessary to elucidate the
origin of this systematic temperature difference.

B. Knockout model

The results of the previous section suggest that
many of the features of the light particle spectra

may be interpreted as evidence for thermal emission
from a hot subsystem of nucleons consisting of
equal contributions from target and projectile.
However, before adopting such an interpretation we
must investigate whether the observed characteris-
tics can be explained by alternative methods. Our
motivation derives from observations at relativistic
energies where features of the proton spectra can be
explained by fully thermal models ' at one ex-
treme, or alternatively, by single nucleon-nucleon
scattering ' at the other extreme. In this section a
schematic single knockout model is considered to
determine whether the observed proton energy and
angular distributions might result from such a pro-
cess.

At the incident energies of the present study, we
envision a peripheral reaction in which a single nu-

cleon of the projectile scatters in a quasifree manner
with a nucleon in the surface of the target. Follow-
ing this interaction, one of the nucleons escapes
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TABLE III. Moving source parameters used in calculations of Figs. 8—20.

Target

197A

Energy (MeV)

140
140
140
140
215
21S
215
215
310
310
310
310

Particle

P
d

a

d

a

&0'

2.01
0.28
0.146
2.74
4.32
0.71
0.519
3.04
9.62
2.28
1.34
4.38

v/c'

0.067
0.066
0.055
0.060
0.054
0.055
0.052
0.069
0.071
0.076
0.071
0.088

T (MeV)'

3.08
3.43
3.52
2.97
4.40
5.34
5.60
4.72
5.90
7.10
7.60
6.94

cr (mb)d

121
20
11

156
T K T

98
77

347
1535
480
313
892

215
215
21S
215
310
310
310
310

d

d

12.7
1.47
0.474
4.02

22.4
3.86
1.34
6.47

0.053
0,060
0.059
0.066
0.072
0.078
0.073
0.087

4.54
5.62
6.23
5.67
5.73
7.23
8.16
8.22

1368
218

82
604

3421
836
348

1698

Al 140
140
140
140
215
215
215
215
310
310
310
310

d

d

d

19.0
1.91
0.284

14.7
13.3
2.40
0.460

11.7
15.2
3.33
0.834

13.6

0.049
0.054
0.055
0.068
0.074
0.079
0.080
0.088
0.085
0.089
0.091
0.114

3.96
4.55
5.05
4.26
5.14
5.90
6.74
5.85
6.25
7.23
8.10
7.39

1667
206
36

1439
1726
383
90

1844
2645

721
214

3042

'Units of mb/[(MeV) ~ sr].
Typically + 10% uncertainty.

'Typically +5% uncertainty.
Calculated using Eq. {5)of text.

and, as suggested by the rather low nucleon multi-
plicies observed (see Table D, the other nucleon is
absorbed by the target or projectile. Describing the
incoming and outgoing particles by plane waves,

and using a zero-range nucleon-nucleon interaction,
the differential cross section for observing the emit-
ted nucleon with energy E is (see the Appendix)

d f d EC —iEg[A(Ko+K+k)]
~

Ps( —BKo—K)
0

+—
~
Is[8(—Kp+K+k)]

~
Pg(AKo —K) 5(Ef E;) . — (14)
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FIG. 21. Incident energy and target dependence of the
moving source temperature and velocity parameters are
shown in parts (a) and (b), respectively. The Coulomb
barrier V~ has been calculated using Eq. (2). The depen-
dence expected for compound nucleus emission is indicat-
ed by the dashed curves. The solid curve in part (a)
denoted by T= T„„was calculated according to Eq. (6).
The solid curve marked u =v„„ in part (b) was calculated
using Eq. (7).

In this expression ko is the incoming momentum of
the projectile in the center of mass and k is the
momentum of the knocked out nucleon. The quan-
tities A and B are given by A=(A —I)/A and
B=(B—1}/B, where A and B are the mass num-
bers of the projectile and target, respectively. The
first term in Eq. (14) represents knockout from the
target (see Fig. 35} with Ps(q) being the momen-
tum distribution of a nucleon in the target

PB( q) =X I 4g q) I

'
P

(15)

and F„(q ) is the form factor of the density distribu-
tion, pz(r), of the projectile

Fz(q)= I d re 'q'''pq(r) .

Similarly, the second term of Eq. (14) represents

and

P)s(q)=4 — (1+2b q )e
L

(17)
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FIG. 23. Moving source temperature parameters for
the proton, deuteron, aud triton spectra in ' O-induced
reactions of the present study and for the reaction
Ne+ NaF —+p at E/A =400 and 800 MeV. The solid
and dashed curves are described in the text.

knockout from the projectile.
To evaluate P(q ) and F( q) we use the harmonic

oscillator s- and p-shell wave functions for ' 0 to
obtain

3
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E, (q)=4(4 ——,b q2)e (18)

with size parameter b =1.84 fm. Because the. in-
teractions are assumed to occur in the nuclear sur-
face, the functions P{q) and E(q) for the target
nuclei should be similar to those for ' 0. Therefore
we have used the above functions for the target nu-
clei as well as for the ' 0 projectile.

The knockout calculation for the ' Au(' 0p) re-
action (solid curves in Fig. 24) is found to reproduce
the observed angular distribution in the low-energy
region but falls off slightly faster than experiment
in the high-energy region. The curves have been
calculated using Eq. (A23) of the Appendix with
P(q) and E(q) as described above. In addition, the
calculated curves have been shifted by 8 MeV to ap-
proximate the Coulomb repulsion of the emitted
proton from the target residue.

Although the similarity between knockout calcu-
lation and experiment for the ' Au target is en-

couraging, the knockout model gives much steeper
energy spectra than found experimentally for the

Al(' O,p) reactions; see Fig. 25. Furthermore,
when seemingly more realistic calculations were
made by including all of the filled harmonic oscilla-
tor orbitals in P{q) and E( q) for the target nuclei,
the calculated energy spectra were observed to fall
off much faster than experiment and showed an

enhanced oscillatory structure [due primarily to
E(q)) which is not observed in the experimental
data. Qualitatively similar results were obtained by
using Woods-Saxon wave functions instead of the
harmonic oscillator wave functions described above.
Much steeper energy spectra were also obtained
when both nucleons were assumed to escape. We
conclude that the above schematic knockout model
cannot rule out that the single-scattering contribu-
tion to the proton spectra may be significant; how-
ever, it will be necessary to perform a more detailed
analysis including distorted waves in the final state
to determine the overall magnitude and details of
the knockout process.

C. Preeompound calculation

In the previous two sections we have considered
two extreme explanations for the light particle
emission. At one extreme a completely thermal
model was applied and at the other a single-
scattering model. In this section we consider a
compromise viewpoint and allow both direct and
thermal contributions. At relativistic energies
models which include both contributions either ex-
plicitly or by following the development of the
collision process, as in cascade calculations,
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have been the most successful in reproducing the
experimental light particle spectra. At low ener-

gies, the preequilibrium and cascade calculations
which follow the time development of the system
toward equilibrium have been quite successful in
reproducing the light particle spix:tra resulting from
light-ion induced reactions. Until now, however,
there have not been sufficient inclusive light parti-
cle measurements to adequately test the recent gen-
eralization ' of the preequilibrium model to heavy-

ion induced reactions.
In the generalization of the precompound model

to heavy-ion collisions ' the modified master equa-
tion approach is applied with an additional term in-

cluded to represent the time dependent addition of
projectile nucleons to the equilibrating system as the
fusion process develops. The number of projectile
nucleons which enter the reaction region at each
time interval is calculated from the geometrical
volume of the projectile which passes through the
tangential plane between target and projectile at the
initial point of contact. Only S-wave collisions are
considered, and the fusion rate is determined by the
relative velocity at the point of contact. This model
does not calculate angular distributions nor compo-
site particle emission, although it might be general-
ized to do so with further assumptions. ' ' '

The angle-integrated energy distributions as ob-
served in the center-of-mass system for the

Au(' O,p) reaction at 140, 215, and 310 MeV in-
cident energies are compared in Fig. 26 with results
of the heavy-ion precompound model. The precom-
pound calculations have been normalized using the
total reaction cross sections of Table I instead of the
fusion cross sections and therefore are an overesti-
mate of the expected proton cross sections. The cal-
culations were performed using 60 steps over a re-
laxation interval of 1.3)&10 ' sec (as in Ref. 61)
and assuming available excitation energies of
E*=97, 162, and 254 MeV at the three incident en-

ergies, respectively. In one case, the parameter no,
which determines the distribution function has been
arbitrarily chosen at no ——20 and was assumed to be
independent of energy. (We will call no the exciton
number although it may also include collective de-
grees of freedom. ) This calculation (see solid curves
of Fig. 26 labeled no ——20) is seen to yield energy
slopes which are too steep at 140 MeV and too flat
at 215 and 310 MeV. In order to reproduce the ob-
served spectral shapes, exciton numbers of about
no ——18, 25, and 30 must be assumed ' at the en-
ergies of 140, 215, and 310 MeV (solid curves in
Fig. 26 labeled no 18, 25, and 30——). Under the
present assumptions of the model it is not possible



T. C. AMES et al.

IO =

IOO =

BIO MeV

I.O =

rr
IOO'=

2

CD

~IOO =

E

LLl I

~ lp-
b

~6O+'97Au -+ p+x

CE

D, E

D E ERoT.

Ao= l6 t

AO=PP

no ——16, are shown by the dotted curves in Fig. 26.
Removing the rotational energy from the available
excitation energy has the same effect as sharing the
excitation energy among more excitons. However,
it is still necessary to vary the number of excitons
with incident energy in order to fj.t the data. Fur-
ther work will be necessary in order to understand
the energy dependence of np.

Also shown by the dashed curves in Fig. 26 are
the energy distributions expected from the moving
source model. These distributions were calculated
according to

d~ 2~&0
exp[ (E E—c+E—i )/T]

dE

0 I-
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FIG. 26. Angle-integrated proton spectra in the com-
pound nucleus rest frame for the '9 Au(' O,p) reaction at
140, 215, and 310 MeV incident energies. The calculated
curves are described in the text.

to describe the proton spectra with an exciton num-

ber parameter which is independent of the incident
energy.

In order to investigate those assumptions of the
model which might be improved we have made two
additional calculations which illustrate the effects
governing the fusion process. Because evidence
from deeply inelastic scattering suggests that the in-

termediate complex may be rather long-lived we
have performed a calculation in which the fusion
process is assumed to occur at one fifth of the rate
expected from the relative velocities. This calcula-
tion yielded results which were virtually identical to
the above results, implying that the model is rather
insensitive to the time scale of the fusion process.
This suggests that the interactions of an excited nu-
cleon with cold nucleons are much more important
than the interactions with other excited nucleons.
The assumption of only S-wave collisions has been
investigated by decreasing the available excitation
energy by the rotational energy for fusion occurring
at the angular momentum limit. Following the
classical model of Bass we have used rotational
energies of E«, ——17, 34, and 34 MeV at the energies
of 140, 215, and 310 MeV, respectively. These cal-
culations, using an initial exciton number of

X ishn[2(E, )'~ (E E)'~ —/T]

which is obtained by integrating Eq. (3) over solid
angle. The calculations were performed using the
parameters listed in Table III which fit the double
differential cross sections (Fig. 8). With the excep-
tion of the 310 MeV data the agreement with exper-
iment is excellent. Here an additional component is
observed in the experimental spectra at proton ener-
gies of about 50 MeV. This is the same component
which was observed at forward angles in the double
differential cross sections (Fig. 8) and is most likely
owing to a direct contribution.

D. Composite particle production

I. Proton to deuteron ratios

It has been suggested that the proton to deuteron
ratio might offer a means of determining the
amount of entropy produced in the region of over-

lap in heavy-ion reactions. An excess production
of entropy over that expected might provide an in-

dication for an abnormal process such as a pion
condensate or a phase transition to quark
matter. ' Vhth increasing incident energy one ex-
pects the system to access more degrees of freedom
and hence produce more entropy. Therefore, since
composite particles have fewer degrees of freedom
than the sum of their constituent nucleons, one
would expect an increase in the ratio of nucleon
emission to composite particle production as the
bombarding energy is increased. Experimentally,
however, the proton to deuteron ratio has been
found to vary little from relativistic energies down
to 20 MeV/nucleon. 3'

The proton to deuteron ratios of the present
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study are shown by the solid points in Fig. 27 as a
function of the incident energy per nucleon above
the Coulomb barrier. The ratios were calculated us-

ing the cross sections of Table I with a low-energy
cutoff of 12 MeV. With this rather high cutoff the

p to d ratio is found, with the exception of Zr, to
be rather independent of the target. As the solid
curve indicates, the ratio decreases smoothly from a
value of 5 at the lowest energies to about 2.5 at the
highest energies. This value is very similar to the
values obtained at 400 MeV/nucleon incident ener-

gy which vary between 2 and 3 depending on the
target-projectile system. If the proton to deuteron
ratio is in fact a measure of the entropy produced in
the reaction then these ratios are much larger than
expected, and the observed increase toward lower
energies is contrary to expectations. ' It has been
suggested that the proton to deuteron ratio may be
limited to a value of about 3 at low energies owing
to the Pauli exdusion principle. An alternative ex-
planation for the large proton to deuteron ratios is
obtained in a hydrodynamic calculation which in-
cludes the decay from excited states of composite
particles. These decays effectively increase the pro-
ton to deuteron ratio to give good agreement with
the experimentally observed ratios over the full
range of incident energies. It is very likely that fi-
nal state interactions may have a large effect on the
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FIG. 27. Incident energy and target dependence of the
proton to deuteron ratio. The solid points were calculat-
ed with a common low-energy cutoff of 12 MeV. The
open points were calculated with low-energy cutoffs near
the detector threshold. The solid and dashed curves have
been drawn to guide the eye.

observed ratios. In fact, it has been proposed that
the deuterons result from pickup in the nuclear sur-
face and, therefore, have little relation to the con-
cepts of chemical equilibrium or entropy produc-
tion.

The open circles in Fig. 27 show the proton to
deuteron ratios with the low-energy cutoffs lowered
to near the detector thresholds at 8 and 10 MeV for
protons and deuterons, respectively. The corre-
sponding p/d ratios, therefore, include larger con-
tributions from possible compound nucleus eva-

poration. Including these contributions removes the
degeneracy between the various targets. The reac-
tions on the Zr target contain the largest low-

energy proton component, and the ' Au target
gives the smallest low-energy contribution owing to
its large Coulomb barrier. The proton to deuteron
ratios are observed to increase toward lower in-

cident energies which we may interpret as owing to
the increasing importance of compound nucleus re-
actions for which proton evaporation will be
favored over deuteron emission. '

2. Coalescence model

For heavy-ion collisions at relativistic energies it
has been shown3s' that the energy spectra of
composite light particles are related to the energy
spectra of protons via a power law. In the coales-
cence model this power law is explained by the as-
sumption that complex particles are formed by the
coalescence of free nucleons which happen to occu-

py the same region of momentum space. The
model is a pure phase space approach and makes no
assumption about the dynamics of the reaction. It
involves a single free parameter, the coalescence ra-
dius Po, which is the radius of the sphere in
momentum space within which the coalescence oc-
curs. There have been several attempts to ar-
rive at a dynamical understanding of the coales-
cence relation, but at present the question of its
dynamical basis must be considered open. Recently,
the validity of the coalescence relation has been
demonstrated at incident beam energies as low as 20
MeV/nucleon. ' ' It is interesting to further iri-

vestigate the validity of the model at even lower en-

ergies and for various target-projectile combina-
tions. At low energies it was demonstrated that the
Coulomb field of the target residue should not be
neglected. ' The coalescence relation can be gen-
eralized to account for the Coulomb repulsion of
the charged particles from the target residue to ob-
tain
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d N(Z, N, Eg}
de d Q

'

N, +N
Zt +Zp

4

N!Z! [2mo (E Ec—)]'i
d N(1,0,E)

dE dQ
(20)

d N(Z, N) 1 d cr(Z, N)

de d0 0'g de dQ
(21)

where oz is the total reaction cross section. In the
present analysis we use Eq. (21}with the total reac-
tion cross sections listed in Table I.

The physical picture underlying Eq. (20) is that
the coalescing neutrons and protons are emitted
with the same energy distributions in the vicinity of
the target residue. The light particles of charge Z
then receive a Coulomb boost of energy ZEc as
they leave the Coulomb field of the target residue.
More explicitly, it is assumed that the energy distri-
butions of the coalescing protons and neutrons are
related as

Here N„Np and Zt Zp are the neutron and proton
numbers of target and projectile respectively, mo is
the nucleon rest mass, d N (Z, N, Ez )/dE& dr), is the
differential multiplicity of nuclei composed of Z
protons and N =A —Z neutrons, and

Ez ——AE —NE&, where Ec is the Coulomb repul-
sion per unit charge. The differential multiplicity
for a given event is not a measured quantity. In
practice, it is approximated by the average differen-
tial multiplicity

perimental proton spectra shown in the upper left
quadrant of the figure. The coalescence relation
can reproduce the high energy tails of the composite
particle spectra very well but becomes somewhat
worse in the low energy region, especially for tri-
tons. At incident energies of 215 and 310 MeV (see
Figs. 29 and 30, respectively) the coalescence rela-
tion describes the composite particle spectra from
reactions on ' Au quite well, although the general
agreement becomes slightly worse with increasing
incident energy.

The composite particle spectra are compared to
the coalescence relation for reactions on 7A1 at 140,
215, and 310 MeV in Figs. 31—33, respectively.
The agreement between experiment and calculation
is qualitatively similar to that observed for reactions
on 's7Au. Allowing for the 10% uncertainty in the
coalescence radii owing to the 35% uncertainty in
the absolute cross sections [see Eq (20)]., we cannot
present conclusive evidence for an incident energy
dependence of the coalescence parameter in the
present study. The order of magnitude of the
coalescence radii and the quality of the fits are simi-
lar to those obtained at relativistic energies. How-

d2N((), 1,E) Ni+Np d N(1 0 E+Ec)
dE dQ Z, +Z» dE dQ
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Although Eq. (20) has been quite successful in

reproducing the composite particle spectra, ' it
has recently been shown from a direct comparison
of proton and neutron spectra' that the assumption
of Eq. (22) is not completely valid. In order to
resolve this apparent contradiction it is important
to obtain light particle spectra, including neutron
spectra, for a variety of systems and incident ener-
gies. In this section we demonstrate that Eq. (20)
provides an adequate description of the composite
particle spectra for reactions on the ' 7Au and 7A1

targets at all three incident energies of the present
study.

In Fig. 28 the energy spectra of light particles
(solid points) are shown for reactions on ' Au at
140 MeV. The spectra of the composite particles
are compared with the predictions of the coales-
cence model (open squares) obtained from the ex-
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FIG. 28. Energy spectra of light particles in reactions
of 140 MeV ' 0 on ' Au. The open squares are spectra
predicted by the coalescence model of Eq. (20).
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FIG. 31. Energy spectra of light particles in reactions
of 140 MeV ' 0 on Al. The open squares are spectra
predicted by the coalescence model of Eq. (20).

ever, in contrast to the general trends observed at
relativistic energies ' we extract smaller coales-
cence radii Pc for reactions on the Al target than
for the Au target. Within the thermodynamic inter-
pretation and density matrix formulation of the
coalescence model, the coalescence radius Po is ex-
pected to be inversely proportional to the spatial ra-
dius of the interaction region. As a consequence,
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the interaction radius should increase, i.e., Po
should decrease, with increasing target mass. This
target dependence is observed at high energies. The
smaller values of Pc observed for the lighter target
in the present experiment might indicate a change
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in the mechanism of light particle production at
low energies. In fact, it has been suggested that
the composite particles are produced by the pickup
of nucleons from the nuclear surface. Further ex-
perimental and theoretical studies of the energy,
projectile, and target dependence of composite light
particle emission will be necessary to clarify the
underlying reaction mechanism.

In performing the coalescence calculations a
Coulomb parameter of Ez ——7 MeV was found to
give the best agreement with experiment for reac-
tions on ' Au. This value is significantly smaller
than expected for emission of the charged particle
from the surface of the composite nucleus. The low
value of Ec may be owing to deformations of the
target residue or emission from the surface of the
' O. However, the Coulomb parameter might not
strictly reflect the difference in the proton and neu-

tron distributions, as we noted above. Instead it
might simply be a parameter which is useful in re-
lating the proton spectra to the deuteron spectra. It
is reassuring though, that good agreement with the

Al data is obtained with a Coulomb parameter of
Ec——0 MeV. It should be remarked that the larger
coalescence radii for reactions on ' Au might be a
result of the different Coulomb parameters required
for reactions on ' Au and Al.

The energy spectra of deuterons and tritons for
reactions of ' O on Zr at 215 and 310 MeV in-
cident energies are shown in Fig. 34. The coales-
cence results with Ec——0 MeV are shown by the
solid curves. The coalescence model is seen to give
a poor reproduction of the experimental spectra,
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especially at low energies where the calculated spec-
tra appear to have the wrong slope. This discrepan-
cy at low energies is owing to the relatively large
low-energy component in the proton spectra which
has no counterpart in the composite particle spectra
(see also the discussion of Fig. 27). In fact, if we ig-
nore the low-energy region of the proton spectra
below 20 MeV then we should compare coalescence
calculation and experiment in the region above 40
MeV for deuterons and above 60 MeV for tritons.
The agreement between coalescence calculation and
experiment is much better in this region.

V. SUMMARY AND CONCI. USION

We have studied inclusive light particle emission
in ' 0-induced reactions on targets of ' Au, Zr,
and Al at incident energies of 140, 215, and 310
MeV. The light particle spectra can be
parametrized in terms of a single thermal source
which moves with slightly less than half of the
beam velocity. The extracted velocity and tempera-
ture parameters exhibit a systematic variation with
the incident energy per nucleon above the Coulomb
barrier. The trend of the temperature parameter
can be extrapolated to temperatures observed in re-
lativistic heavy-ion collisions. This systematic
behavior follows the trends expected for the forma-
tion of a Fermi gas consisting of about equal contri-
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FIG. 34. Energy spectra of deuterons and tritons in re-
actions of ' O on Zr at 215 and 310 MeV incident ener-
gy. The solid curves are spectra predicted by the coales-
cence model of Eq. (20).
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butions of nucleons from target and projectile. At
present it is not clear why deuterons and tritons ex-
hibit larger temperature parameters than protons.

Since the temperature and velocity parameters of
the moving source model suggested an interpreta-
tion in which each interacting nucleon of the pro-
jectile was paired with a nucleon of the target we
have investigated a single-scattering knockout
model. These calculations, which involved a plane
wave approximation, demonstrate that a direct
mechanism might be able to explain some features
of the energy distributions, especially at forward an-

gles. It will be necessary to perform more detailed
calculations with distorted waves in order to deter-
mine the magnitude and details of the knockout
contribution.

The proton energy spectra for reactions on ' Au
have also been compared with the results of
precompound calculations. It was shown that the
spectra could not be described with a single energy-
independent exciton number. Although the energy
dependence of the exciton number was not due to
assumptions on the rate of the fusion process, it
might be explained by accounting for the local velo-

city and excitation of the system as the fusion
progresses.

The light particle multiplicities were observed to
increase smoothly with incident energy approaching
unity at the highest energies. On the other hand,
the proton to deuteron ratio was observed to de-
crease with energy to a value very similar to that
observed at relativistic energies. This observation
might indicate that the proton to deuteron ratio is
largely determined by final state effects rather than

by chemical equilibrium. Future theoretical and ex-
perimental investigations will be necessary to clarify
whether this ratio can be used to extract informa-
tion about the entropy produced in heavy-ion col-
lisions.

We have shown that the coalescence model may
be extended to energies of less than 10 MeV/
nucleon with little change in the coalescence param-
eter. However, a large low-energy contribution in
the proton spectra prohibited a satisfactory applica-
tion of the coalescence relation to the composite
particle spectra for reactions on the Zr target. It
was found that the ' Au target resulted in the larg-
est coalescence radii. This is in contrast to the situ-
ation at relativistic energies where the coalescence
radii generally decrease with increasing target mass.
At present, the details of the production of compo-
site light particles are not fully understood. The
variation of the coalescence radius with energy and

projectile target combination is an interesting topic
for future investigations. Of equal importance is an
investigation of the apparent disagreement of the
neutron spectra with the assumption underlying the
present form of the coalescence relation.
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APPENDIX: KNOCKOUT MECHANISM
IN LOW-ENERGY HEAVY-ION COLLISIONS

We wish to investigate the role of a knockout
mechanism in heavy-ion reactions at incident ener-
gies of about 20 MeV/nucleon. At these energies
we envision a peripheral process in which a single
nucleon from the projectile scatters in a quasifree
manner with a nucleon of the target. This is fol-
lowed by the escape of one nucleon and the subse-
quent absorption of the other nucleon by either the
target [Fig. 35(a)] or the projectile [Fig. 35(b)]. A

Ko

ko

KA

k

Kp

KA

-Ko Ko—

s
KB

(a) (b)

FIG. 35. Processes calculated in knockout model.
Part (a) represents knockout from the projectile.
Knockout from the target is represented in part (b).
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Xp (r, —R, )pp(rb —Rb) (Al)

simple plane wave approximation is applied in order
to determine whether such a single-scattering pro-
cess can account for the observed shapes of the en-

ergy and angular distributions.
We consider first the process of nucleon

knockout from the target [Fig. 3S(b)]. The incom-
ing projectile of mass number A and target of mass
number B are described by plane waves of momenta
Ko and —Ko, respectively. The final state is simi-
larly approximated by plane waves with wave vec-
tors k, Kz, and Ks for the emitted nucleon, the
outgoing projectile, and the target residue of mass
number B—1, respectively. The initial and final
wave functions ~i) and

~
f) are written as

f )
1, i K i . R i i K e . R b

y3/2

Xe 'P (r, —R, ), (A2)

where V is the normalization volume of the plane
waves and P and Pii are the wave functions for the
relative motion of the interacting nucleon within
the projectile and target nucleus, respectively. Here
Rz and Rs are the coordinates of projectile and tar-
get, r, and rb are the coordinates of the interacting
projectile and target nucleons, and R, and Rb are
the coordinates of the projectile and target residues
consisting of A —1 and B—1 nucleons, respectively.
These coordinates are related by

ARg ——(A —1)R,+ r, , (A3a)

BRs ——(B —1)Rb+ rb . (A3b)

Using R„R~, r„and r~ as independent variables
and expressing the bound state wave functions in
terms of their Fourier components the initial and fi-
nal state wave functions become

1
~

i )= exp ' i Ko
(2n) V

(A 1) r~ (B 1) rb
R, + exp ' —iKo. Rh, +

X f d k, d kbiti (k, )pgkb)exp[ik, (r, —R, )]exp[ikb (rb —Rb)] (A4)

and

1
~
f)= 3&2 3&2exp'i'.

(2m) V

(A —1) u iK&. Rb ik rb f 3 iq (r —R
R+ 'e e q e ' '

~ q

The interaction matrix element (f ~

v
~

i ) is evaluated by assuming a zero range interaction, v ( r„rb )
=vo5(r, —rb ), between the interacting nucleons. Using Eqs. (A4) and (AS) one obtains

(f
~

v ~i) = f d qd k, d kbP~(q)({) (k, )(tiii(kb)
(2m. )

~ V ~

(A —1) - - (A —1)
X d'R, exp i Ko —k, —Kq +q R,

(B 1)
X d Rbexp i —Ko —kb —Kz .Rb .

8

Ko Ko K
X 1rexp i k +kb+ — — —k —q ra a 8 a (A6)

By rewriting the spatial integrals in terms of 5 functions and integrating over d k, and d kb the following ex-
pression is obtained:

9/2(2ir) vo(f ~
v ~i)= 2 f d qua'(q)gu[A(Ko Ka)+q]Pp( —BKo——Ka)5(K„+Ka+k) . (A7)
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Here we have introduced the quantities 2 =(2 —1)/2 and B=(B —1)/B. The 5 function in Eq. (A7) insures
mom. entum conservation. We make the replacement

fd qg(q)Pa(q+K)= f d re ' ''g(r)Pa(r)=p ~ (K) .

With this substitution Eq. (A7) becomes

9/2(2n ) vo +

&f I
v Ii &=

gg2 pa'a[~(Ko —Ka)10$ —BKo—Ka)5(KA+Ka+k) .

(A8)

(A9)

The transition rate is given according to Golden rule No. 2 by

&fl I & I'dN5(&f E)—
where dN is the density of final states. For three free particles in the final state

(Alo)

dX= —dEdXdk
(2m )

(Al 1)

Therefore the transition rate for emitting a nucleon of momentum k within the momentum element d k is

d I 2m $f3

d,k
=

~ I &f I
v li& I'-, d'It~d'&a5(Ef E) . —

Substituting Eq. (A9) into Eq. (A12) yields

d k & V
d Egd Ka I paa[A(Ko —Kg )] I I I/a( —BKo—Ka)

I

X 5(Kg+Ka+ k)5(Kg+Ka+ k)5(Ef E;) . —

(A12)

(A13)

1 3 V5(0)= s d r=
(2n. ) (2m )

The transition rate then becomes

d3k (2n. ) iriV f d Ea lpaa[A(Ko+Ka+k)] I I/a( —BKo—Ka)
I 5(Ef 8;) . —

We average over initial states a and p noting that since the target and projectile are initially in their ground
states the scattering can occur from A possible orbits in the projectile and B possible orbits in the target.
Furthermore, we make a coherent average over the initial projectile states a since these states cannot be ob-
served due to the reabsorption. The transition rate is then

2

d'k (2~)'r V f d'Ka —g p [A(Ko+Ka+k)] —Q I Pp( —BKo—Ka)
I
'5(Bf—E;)8

(A15)

(A16)

(A17)

We sum over final states fd K~d Ea and assume that the absorbed nucleon is reabsorbed into the same state
a'=a. Performing the integration over d Kz gives

d k & V f d'Xa
I p, [~(Ko+Ka+k)] I'lyy —BK,—K, ) I'5(0)5(Z, —Z, ) . (A14)

But 5(0) is evaluated as

We then introduce the momentum distribution
Pa(q) of the target nucleons

(A18)
P

and the density form factor E~(q) of the projectile

I

nucleus

F~(q) = gp (q)

d 3 —lg'l' ~ 2 (A19)
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(A20)

X I d3E~
~ Eg [A (Kp+Ks+ k)]

~

XPg( —BKp—Kti)5(Ef —E ) .

(A21)
I

Dividing the transition rate by the incident Aux
density

(2+8) ~o
3 inc I

yields the differential cross section for the knockout
of a nucleon from the target nucleus

d2o. m 2 k oo (A +8)
dEdQ g4 Ep (2~)'

The contribution of knockout from the projectile
[Fig. 35(a)] is similarly found to be

d cr m k Uo (2+8)
dEdQ fg4 Kp (2~)2 8

X I d Eg ~F~[B(—Kp+K„+k)]
~

XPg(&Kp —Kg )5(Ef Eg ) —. (A22)

Combining Eqs. (A21) and (A22) the total differen-
tial cross section for single nucleon knockout is
given by

(2+8) ' I d E —iE~[A(Kp+K+k)] i
Ps( —BKp—K)5(Ef —Ei)dEdQ g4 K (2~/

+—
i Fg [8(—Kp+K+k)]

~

Pg(AKp —K)5(Ef —E;)

where the initial energy E; is given by

(2+8) +&o
AB 2

(A24)

and

K k K

and the final energies Ef and Ef are given as

EC K+kEf"= + +k +Ep (A25a)
2m (A —1) 8

(A23)

I

where Ep and Ep are the binding energies of the nu-
cleon removed from the projectile and target,
respectively.

Equation (A23) can be evaluated after the
momentum distribution P(k) and the density form
factor E(q ) are obtained within the framework of a
suitable model of nuclear structure. It should be
clear that P(k ) enters at the vertex of Fig. 35 where
the nucleon is removed from the nucleus while
~E(q)

~
enters at the vertex where the other nu-

cleon is removed but absorbed again.
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