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Cross sections have been measured for elastic electron scattering from the magnetization
distributions of Ti, 'V, 9Co, Sr, Nb, and Bi. Particular emphasis has been placed
on the multipole distribution of the highest order possible, which dominates the magnetic
form factor at momentum transfer values q between 1.7 and 3.0 fm '. The data for the

lf7/2 shell nuclei Ti, "V and for the lg9/2 shell nuclei ' Sr, Nb are interpreted in terms
of occupation probability and radial extension of the odd proton or neutron wave function.
An accuracy of l%%uo is obtained for the valence orbit rms radii for both protons and neu-

trons. Corrections due to two-body magnetization currents and core polarization effects
are investigated and found to be small. A detailed comparison of the experimental results
with different types of density-dependent Hartree-Fock calculations is made in both
momentum space and configuration space. It is found that the best available theory
predicts the rms valence radii to within 2%. Comparisons are made between the present
results and information on radial wave functions obtained from isotone shifts, proton
scattering, and transfer reactions.

NUCLEAR REACTIONS Ti, 'V, ' Co Sr, Nb, Bi(e,e); ~

Eo ——175—325 MeV, 0=155'; Eo ——500 MeV, 0=39—73'; measured

o{EO,O); deduced magnetization distribution parameters, rms radii of
neutron and proton 1f7/z and lg9/2 orbits.

I. INTRODUCTION

Elastic electron scattering at high momentum
transfer brings out the fine details of the charge and
magnetization densities of the nucleus in its ground
state. The charge distribution of the nucleus is now
known to such an accuracy that the experimental
uncertainty is negligible, even in the interior region
of the nucleus. Because of this high accuracy these
experiments have provided an important testing
ground for many-body theories attempting to
describe the nuclear ground state. The determina-
tion of the magnetization distribution has been
much more difficult, since the experimental data
obtained for a large range of momentum transfer
are usually an incoherent sum over all allowed
multipoles. The interpretation of such data is diffi-

cult, and moreover quite sensitive to configuration.
mixing.

En the present paper we concentrate on one par-
ticular aspect of electron scattering: elastic magnet-
ic scattering from the highest order multipole mo-
ment distribution. This highest magnetic multipole
can be isolated experimentally on the high momen-
tum transfer region, and can be interpreted' in
terms of the radial wave function of the valence nu-
cleon, with negligible uncertainty due to configura-
tion mixing. Both the neutron and proton radial
wave functions can be determined, a possibility
which is of particular interest since neutron densi-
ties are usually derived from experiments with ha-
dronic probes. The interpretation of hadronic ex-
periments is subject to uncertainties in the reaction
mechanism. Another major feature of electron
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scattering from the highest magnetic multipole is its
sensitivity to the inner region of the valence wave
function. From such data we are able to determine
the root mean square (rms) radii of the valence or-
bits studied with 1% accuracy for both protons and
neutrons.

Several experimental methods have been used in
the past for the determination of radial wave func-
tions of individual shells. The difference between
the charge densities of isotone pairs as determined

by electron scattering yields information on the ra-
dial wave function R (r) of the added proton. How-

ever, in order to extract R (r), the core polarization
effect caused by this proton must be known. This
core polarization effect is usually estimated from a
calculation and subtracted. The precision of the
rms radius of the valence orbit obtained using this
technique is at best +5%.

The momentum distribution of protons can be
mapped out by knockout reactions such as (p, 2p) or
(e,e'p). These reactions are sensitive to the entire
radial region and also permit the investigation of
the deeply bound shells. Distortion effects, due to
the final state interaction of the knocked out ha-

drons, limit the accuracy of the information ob-
tained for the corresponding wave function. For
(e,e p) reactions this distortion is less important,
but the very low coincidence cross sections do not
allow a measurement of the momentum distribution
more precise than + 3%%uo.

Single nucleon transfer reactions may also be
used to measure the wave function of the
transferred nucleon, proton, or neutron. In transfer
reactions the composite projectile is strongly ab-

sorbed, so these methods are primarily sensitive to
the tail region of the wave function. This explains

why the size of the nucleon orbit can be inferred
only with large uncertainties, usually several per-
cent.

In contrast, the magnetic elastic electron scatter-
ing experiments described in this paper are quite
sensitive to the shape of the proton and neutron
valence wave function throughout the nuclear
volume. In the past, most magnetic elastic electron
scattering experiments have been limited to low
momentum transfer q (Ref. 2). The feasibility of
mapping out the highest multipole of the magneti-
zation density was demonstrated by Li et al. for
the M9 form factor of Bi. The theoretical
analysis for such experiments was developed by
Donnelly and Walecka. ' They showed that for
odd-even nuclei with a stretched configuration and

,the maximum angular momentum of all occupied

shells, the magnetic form factor at high momentum
transfer is almost entirely due to the intrinsic mag-
netization density of the unpaired nucleon. In order
to determine accurately the radial part of the
valence wave function, the entire shape of the
highest magnetic multipole must be known. It is
therefore necessary to measure very small cross sec-
tions, down to 10 ' mb/sr. Such measurements
have become possible only with the development of
high intensity electron accelerators and a new gen-
eration of spectrometers and detectors.

In this paper we describe measurements for elas-
tic electron scattering from the highest order mag-
netic multipoles of Ti, 'V, Co, Sr, Nb, and
zo9Bi. We have published partial accounts of these
experiments in Refs. 4—7. In Sec. II we recapitu-
late briefly the theoretical framework needed to in-
terpret magnetic form factors. In Secs. III and IV
we describe the experimental setup and the data
reduction procedures. The interpretation of the
data in terms of radial wave functions is presented
in Sec. V, while various corrections to this approach
are discussed in Sec. VI. Section VII compares the
experimental results to the predictions of self-
consistent field theories. A comparison between the
present results and information on valence wave
functions obtained by other experimental techniques
is presented in Sec. VIII. Our summary and con-
clusions are presented in the last section.

II. THEORETICAL FRAMEWORK

In this section w'e discuss electron scattering in
terms of plane wave Born approximation (PWBA)
and one-body operators. Distorted wave Born ap-
proximation (DWBA) and meson exchange currents
will be considered in later sections.

The cross section for elastic scattering of elec-
trons with incident energy Eo can be written as:

X [+~'(q)+ ( —, ) tan' —,8+r'(q)] . (2.l)

In this expression (der/d Q)M,« is equal to
[(acos—,8)/2Eo sin —,8], 8 is the scattering angle,

and g is the recoil factor 1+(2EO/Mr ) sin —,8 with

M& being the target mass. The longitudinal and the
transverse form factors FL, (q) and Fz (q) are func-
tions of the momentum transfer
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q=(2Elri'~ ) sin —,0.
The separation of transverse and longitudinal

form factors can be performed with an appropriate
combination of data taken at far backward and for-
ward scattering angles at the same momentum
transfer. In elastic scattering the transverse form
factor is exclusively of magnetic character.

The magnetic form factor FT(q) is generated by
the current and magnetization density distribution

j ( r) of the nuclear ground state. The density j (r )

is given by the ground state expectation value of the
nuclear current operator & pz I j (r )

I pz &, where

j(r)= j,+&X@~(r) . (2.2)

Two terms contribute to the total current density
operator: the convection current operator j,(r)
due to the protons and the intrinsic nucleon (proton
and neutron) magnetization operator p( r ). (In
principle, neutrons contribute to the orbital current
at q+0 as well, but their contribution may be
neglected in this discussion. )

The squared form factor for scattering from a
target with angular momentum Jp can be written'
as an incoherent sum over odd multipoles J:

2JO

FT (q)= g Fms (q)

2JO

2 1&&~ IITJ (q)I II~ &
I

'.
2Jp+1 J

The many-body matrix element of the magnetic
~m

current operator TJ (q) can be expanded on a com-
plete basis of orbital states:

&4~11TJ (q)
I IP~ &

= Xp'.p&allTJ (q) II@&
a, P

where p p is the one-body density matrix and the
notation a=(n, I~, j~, m~) is used for the quan-

tum numbers specifying the state
I
a&. In the in-

dependent particle shell model (IPSM) with no resi-
dual interactions the current density is exclusively
determined by the odd-nucleon wave function

I
ao&,

i.e., only p +0 in Eq. (2.4).

The interpretation of magnetic scattering data be-
comes particularly simple if the following condi-
tions are satisfied: The valence nucleon has the
highest J value of all occupied orbits, it is in a
stretched configuration (Jo ——l + —,), and the
highest allowed multipolarity is considered. These
conditions lead to the following remarkable proper-
ties:

The highest magnetic multipole F~~ largely
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FIG. 1. Magnetic form factor for ' Sr nucleus calcu-
lated in PWBA using a DDHF (Ref. 44) 1g9~2 neutron
wave function. For clarity only the first maxima of
each multipole (solid curves) are shown. The total form
factor {dashed line) is also plotted.

I
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I
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dominates Fz in the range of momentum transfer
q=(1.8 —3.0) fm ' as illustrated in Fig. l. FMJ, is
then measurable with only minor interference from
the lower multipole components. Since scattering
of multipolarity A=2Jp corresponds to a complete
spin-flip of the nucleus, shells with J values J&Jp
cannot contribute. Moreover, the highest multipo-
larity receives no contribution from the convection
current. Ignoring admixtures with J~ Jp one ob-
tains:

( )=MAq =
2J +1

1/2

p", ,& ao
I I

T~ (q)
I
lao & .

(2 5)

It follows that the q dependence of FMA is charac-
teristic of lao&. It is related to the radial wave
function R~ (r) by the following expression:

X f R (rj)A , (qr)r dr . (2.6)

Here jA i(qr) is the spherical Bessel function of or-
der A —1, M(p) is the nucleon mass (magnetic mo-
ment), az is the spectroscopic amplitude of the
state, and Cx is a coefficient equal to 7XSX
(13X11 X7X —,)'" or 3X7X(11X13 X 5

)-'"
for F~7 or I'~» respectively. In Fig. 2 we give
R (r) for a typical case, theg9r2 neutron wave func-
tion of Sr, together with the integrand of Eq. (2.6)
for two typical values of q. Figure 2 shows that the
experiment is mainly sensitive to the radial region
where R (r) is large, i.e., the region between 2 and 6
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FIG. 2. 1~ g 9/2 radial wave function squared for Sr

(solid line} shown) own together with the integrand [Eq. (2.6)]
for momentum transfers of 2 and 3 fm ' {dotted}

fm. The ddensity at very large radius does not signi-
ficantly influence FM+.

The 1fuu excitations present in the ground state
cannot couple to an angular momentum Jo because

tional single particle matrix elements contrib t'ri u ing

M~(q) one must admix (2p-2h) states with

j i+ j» Jo into the ground state. These states are

far removed in energy and have a small amplitude.
Provided that the ground state has a fairly pure sin-

gle particle configuration, we expect to be able to
describe FM~(q) by simply scaling the single particle
matrix element with a coefficient'en p~ ~ representing

with
the depletion due to the configuration admixtureures
wit j &+ j2& Jo. For near spherical nuclei we
shall show in Sec. VIA that the effect of such ad-
mixtures on FM& is negligible indeed.

These considerations show that for the case
considered —maximum angular momentum, highest
multipole order, stretched configuration —the in-

terpretation is particularly simple. For our experi-
ment we have chosen three f7~2 shell nuclei Ti,
'V, Co), two g9/2 nuclei ( Sr Nb) d h

nucleus ( Bi). Only Bi a d C d209
an an 9/2

i an o o not satisfy
i as a jac ni ed con-t e required conditions: Bi h

figuration (Jo ——1 ——), whereas C h

formed ground state. We therefore expect that only
the data for Ti, 'V Sr and Nb br, an can be inter-
preted unambiguously in terms of individual nu-

cleons valence densities. These nuclei will therefore
receive special attention in our quantitative analysis

III. DESCRIPTION OF THE EXPERIMENT

Cross sections for elastic electron scattering have

~ / ~

een measured at the 600 M V Ae ccelerateur
ineaire de Saclay (ALS). The stand ds an ar equ1pment

600 SPECTROMETER

ANTI BACKGROUND

~o~~

~Q

()oO»t»»
'~ o)I);oo

REMOVAB
VIEW SCREENS

SACLAY 600 MyV

ELECTRON LINAC

HEI EXPERIMENTAL ROOM

FIG. 3. La ouy ut of the beam switchyard and th HE1e experimental hall.
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of the HE1 end station has been used. The general
features of the coincidence setup have been dis-
cussed in a previous publication. We shall em-

phasize here the details of the single arm facility.

A. Beam

tronics, thus eliminating systematic errors. The ac-
curacy of this system is l%%uo for average currents of
more than 1 pA. In all measurements both the
Faraday cup and the ferrite monitors were used.
The precision thus obtained on the collected charge
is better than 1%.

A simplified layout of the equipment is shown in

Fig. 3. The electron beam with a one percent duty
cycle and an average current of 100 pA is deflected

by two 41' bending magnets. It is dispersed by the
first magnet and hits the energy defining slit, the
dispersion of which is 0.3 mm for hp/p =10
For the momentum spread of 5)& 10 used for this
experiment, it has a transmission factor of 0.1S.
The shower created by the slit is eliminated by colli-
mators and absorbers placed along the beam line.
The second magnet and a quadrupole are used to
obtain a completely achromatic system.

A precise alignment of the beam is obtained using
four steering coils and two viewers which can inter-

cept the beam simultaneously. A pair of quadru-

poles are used to focus the beam at the center of the
target. The beam halo is reduced to a minimum:

Only 1% of the electrons were found to be outside
of a 0.7 &2 mm rectangle at the target position.

The total beam charge is measured by means of
ferrite toroid monitors and a Faraday cup. The
Faraday cup is water cooled in order to be able to
dissipate the high power (maximum —100 kW)
deposited by the incoming beam. To avoid back-
scattered electrons and neutron background, it is lo-

cated in a separate hall at a 15 m distance from the
center of the target. To keep multiple scattering
losses low it was built with a 60 cm aperture. The
multiple scattering loss—of the order of few

percent —was measured at different energies for a
series of nuclei, and parametrized by the quantity
1/Eo+t/xo, where t is the effective target thick-
ness and xo the radiation length of the material.
Owing to ionization of the water by the beam in-

duced radiation, some off-set current I~ could be
present. This current (typically 10—20 nA) was

periodically measured, and compensated by inject-
ing —Ig .

The ferrite toroid monitors are positioned
upstream of the scattering chamber. The induced
signal is gated and integrated, providing a measure-
ment proportional to the charge of the beam passed
through the monitors. The obtained value is corn-

pared to a calibrated charge pulse injected between

two consecutive beam pulses. The incident beam
and the test pulse are measured with the same elec-

B. Targets

TABLE I. Targets used in the experiment. Isotopic
purities were given by the manufacturer, Oak Ridge Na-
tional Laboratory (ORNL).

Nucleus
Isotopic purity

(%)
Thickness
(mg/cm )

49Ti27
22

51y28
23

&9co32

878 49
38 r

41
93Nb52

209B 126
83

48Ti26
22

88S 50
38

208Pb1 26
82

81.6

99.8

100.0

93.3

100.0

100.0

99.3

99.8

99.2

98.4

79.0

110.7

98.5

94.0

124.0;251.0

97.5

96.0

97.0; 110.0

Up to 12 solid targets can be accommodated on a
wheel placed in the 50 cm scattering chamber. For
most of the targets the main problem was the dissi-

pation of the deposited beam power. This is done
by:

(a) moving the wheel in the target plane following
a Lissajous pattern; the beam is thus spread over an
area of typically 1S&(10 mm;

(b) cooling both sides of the target by a jet of hy-

drogen gas ( —1 Torr); 0.5 W/cm are dissipated in
such a way for 600 K target temperature; and

(c) defocusing the beam spot in order to reduce
the instantaneous power density on the target.

Combined use of these precautions allowed us to
use average currents from 10 to 20 pA without

melting the targets. Such intensities are necessary
to measure the extremely small cross sections

( —10 3 cm /sr) occurring at the higher momen-

tum transfers.
The properties of the targets used are summar-

ized in Table I. The isotopic purities are known
with a precision better than 0.2%. The target
thickness was determined from the weight and area
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method. This gives an accuracy of 2 —3%%uo depend-
ing on the target homogeneity. A ' C target with a
well known (l%%uo) thickness was used for the abso-
lute calibration runs. To keep the energy spread as
low as possible, the target angle was always fixed to
half the scattering angle in transmission mode. The
target angles are known with an accuracy of 0.1

deg, yielding a maximum error of 0.8% on the ef-
fective target thickness for scattering at the most
backward angle 8= 155'.

C. Spectrometer

Scattered electrons are analyzed in a double
focusing magnetic spectrometer (Fig. 4) called
"900" according to the maximum momentum
(MeV/c) of the analyzed particles. It is built for
high resolution and low cross section experiments.
It is derived from the "magic angle" spectrometer
(8=169.7, n=0.5, P=0.25), with vanishing second
order aberrations. This design was modified in or-
der to obtain a small transverse dimension (&20
mm) of the image in the focal plane. The actual f3

is 1.6 and curved poles are used. The resulting an-

gle between electron trajectory and focal plane is
39'.

The momentum acceptance of the spectrometer is
10%. For magnetic fields up to 1.1 T its intrinsic
resolution remains the same: It varies from
1&10 to 2&&10 along the focal plane for the
maximum solid angle. The magnetic field is mea-
sured by a nuclear magnetic resonance (NMR)

APERTURE SLI

TARGE T POINT

probe. In combination with the precisely known
fields maps this yields an absolute energy calibra-
tion with an accuracy better than 10

The dispersion along the focal plane is 1 mm for
6p/p=0. 9)&10 . The focal plane is a slightly
curved surface with 3 cm deviation from a plane
over its 1 m total length. The detector has been
designed to fit this curvature. The spectrometer can
be rotated from 25 to 155 deg. It has eight collima-
tors, defining solid angles ranging from 0.017 to
4.85 msr, and known with 0.5% accuracy. The
largest solid angles (b,0=3 and 4.85 msr) were used
for the low cross section data. Measurements with
higher counting rates were made using smaller colli-
mators (EQ =0.113 and 0.46 msr).

D. Detectors and background rejection

The detection system (Fig. 5) was built according
to the following criteria: to detect the scattered par-
ticles with good energy resolution; to be able to
measure cross sections with a dynamic range of at
least eight decades, with constant efficiency and
minimum dead time; and to have the best possible
background rejection. This is an important condi-
tion for measurements of very low cross sections.

The detection system consists of two sets of plas-
tic scintillators (R and Y), a Cerenkov counter (C),
and two multiwire proportional counters
(MWPC). ' The first MWPC (E) is placed in the
focal plane. It has 512 wires, defining 1024 chan-
nels. The wires are 2 mm apart and perpendicular
to the symmetry plane of the spectrometer. The
second MWPC (X) has 640 wires and defines 160
channels. Both wire chambers are filled with 88%
argon and 12% ethylbromide. The average cluster
size of the hit wires per event is three. The particle

ANTI BAG K GR OUND

COL LI MATORS

VACUUM CHAM

LOW ENERGY
ABSOR

SPE
COIL

EXIT COL

FIG. 4. The 900 MeV/c magnetic spectrometer.

FIG. 5. The detection system of the 900 spectro-
meter. E and X: multiwire proportional counters; 8
and Y: scintillators planes; C, Cerenkov counter.
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trajectory is calculated from the center of gravity of
the touched wires. The energy resolution of the E
chamber is 2g 10

A threefold fast coincidence between the R, F,
and C planes defines the trigger for readout of the E
and X counters. For each chamber the only
scanned areas are those corresponding to the R;
scintillators touched. The X chamber measures the
angle of the scattered electrons relative to the opti-
cal axis of the spectrometer. Computer software ac-
cepts only electrons following normal trajectories
coming from the target through the spectrometer.
About 10% of the observed electrons are rejected by
this criterion. The lowest cross section measured in
this experiment was 2.17X10 cm /sr, which
corresponds to three counts in the elastic peak
without any background.

E. Data acquisition

The electronics used with the M%PC is described
in detail in Ref. 11. It was designed to accept up to
two events per beam burst for a large number of
detecting channels. The associated logic creates
eight 16-bits words for each event. Up to 128
events can be stored in a buffer memory, before be-

ing transferred to the PDP 15/30 data acquisition
computer. At the end of the run all the relevant
parameters together with the experimental spectra
are saved on magnetic tape. Elastic cross sections
are calculated on-line, thus allowing rapid quantita-
tive evaluation of the experimental results.

For Eo lower than 175 MeV the cross sections begin
to be dominated by charge scattering. At energies
higher than 325 MeV the counting rate would have
been lower than one count per day.

In the case of nuclei with an unpaired neutron
( 9Ti and Sr) the cross sections of the nearest
even-even isotope ( Ti and Sr) were also measured
under identical experimental conditions. By taking
the cross section differences at 155' and ratios at
500 MeV and forward angles, systematic uncertain-
ties in the charge contribution subtraction are mini-
mized; the final magnetic form factors are thus de-
rived with better accuracy.

At each energy, normalization runs using a car-
bon target were also made. The carbon cross sec-
tions were always measured at identical values of
momentum transfer (q=1.0 to 1.1 fm ') for each
incident energy. The measurements were done be-
fore and after the 155 runs in order to monitor the
overall stability in the experimental equipment.
Quasielastic spectra of carbon were also taken in

(a)

E= 221.3 NeV

9=155

IV. DATA REDUCTION
AND EXPERIMENTAL RESULTS 'lQ 0.5

A. Experimental procedure

In order to isolate the magnetic scattering cross
section the experiments have been performed in two
steps:

300

~ 200
E = 500 MeV

6 =48.Q

(b)

(1) The charge scattering has been determined at
forward angles and high incident energy. Angular
distributions were measured at 500 MeV between
1.7 and 3 fm ' for all the nuclei studied. At this
energy the cross sections are mainly longitudinal
with a small magnetic scattering contribution.

(2) Cross sections for same nuclei were then
measured at an angle of 155', where the magnetic
contribution is dominant. The incident energies Eo
for which significant measurements can be per-
formed were in the range from 175 to 325 MeV.

C:

D
LJ

100

~E —6.&.&0-~

&e,

&go qtp ~etyk+t 4
I I

2.5 2.0 1.5 1.0 0.5 0
Excitation energy (MeV)

FIG. 6. Typical experimental spectra at forward (a)
and backward (b) scattering angles.
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order to determine the relative efficjLency of indivi-
dual detector channels.

At forward scattering angles the resolution
bE/E was mainly limited by the energy spread of
the incident beam. Typical values of hE/E were
5X10 to 10 . At 155' the effective target thick-
ness becomes large (t,qr =4.6t for transmission
mode). In this case Landau straggling becomes the
largest contribution to AE/E, giving rise to a reso-
lution of the order of 1&(10 . For the nuclei of
interest this is sufficient to resolve the elastic peak
from the first excited state.

Typical examples of the experimental spectra are
shown in Fig. 6. No background was observed at
energies above the elastic peak. It was therefore
possible to measure cross sections as low as 10
cm /sr (a few counts per day) without any ambigui-

ty.

the integrated probability to find elastically scat-
tered electrons beyond AE, . A value of AE, =0.7
MeV was used for all nuclei except Sr for which a
value of AE, =0.63 MeV was chosen. Such a cut-
off integrating the peak beyond AE, =0.7 MeV
leaves the cross section constant within l%%uo.

(b) The second method has been described in de-
tail by Crannell. ' The experimental electron spec-
trum is divided into consecutive, equal energy bins
of dE/E=10 . Starting from the higher energy
end of the spectrum, the radiative tails of consecu-
tive bins are calculated and unfolded. Both
methods give the same result to 1% for runs with a

10 3

10-4

B. Data reduction 1O-'

The total number of elastically scattered electrons
was obtained by correcting the experimental spectra
for the radiative effects. The different terms contri-
buting to the radiative corrections are discussed in
detail by Mo and Tsai. ' Two different approaches
were used for the calculation of the differential
cross sections:

r
10 3

1O-'

N

1O 5

(a) The area of the experimental elastic peak is in-

tegrated up to a cutoff hE, and then corrected for

~00

4
10 3

h

10-4—

300

/t

o 1O-5—

~ 200

100

230.1 HeV

8=49

K
CV
m
c9

+jcv

1O-'—

10

10 8

1O-

1.5

I

2.0

I

2.5 3.0

steteesio~P1 f t
'L0 0.5 0

Excitation energy (HeVj

FIG. 7. Contribution of the 'V — excited state to
the experimental spectrum.

q tt (ffn )

FIG. .S. Forward angle cross sections for 'V, Co,
and Nb nuclei. The fit to the data {solid line) and the
magnetic contribution (dashed line) calculated from the
backward angle data are also shown.
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TABLE II. Total and magnetic cross sections at 155 and transverse form factor for Ti
nucleus.

Ep
(MeV)

9'eff

(fm ')
(d o./d 0)„,

(mb/sr)

(do./d 0)
(mb/sr)

175.2
175.2
191.0
191.0
205.7
205.7
220. 1

235.1

250.0
275.1

300.0
325.1

1.800
1.800
1.959
1.959
2.107
2.107
2.251
2.402
2.551
2.802
3.051
3.300

5.11(18)X 10
4.SS(33)x iO-'
3.66(14)x 10
3.36(28)X 10-'
3.4O(14) x 10-'
3.00(27) x 10-'
2.44(10)X 10-'
1.32(7)x 10-'
s.66(4o) x io-'
i.i6(9)x 1O-'
1.81(28)x 10
2.17(83)x 10

3.68(24) x 10-'
3.73(46'j x 10 '
2.96(20)x 10-'
2.71(41)x10 '
1.91(20)x 10
1.78(42) x 10-'
1.68(14)x 10
1.09(10)x 10
S.91(S7)x 10-'
1.39(14)x 10-'
2.11(32)x 10
1.93(12)x 10-"

2.04(13)x io '
2.07(25) x 10
1.95(13)X10 '
1.79(27) X1O-'
1.46(15)x 10
1.37(32)X 10-'
1.47(13)x 10-'
1.10{10)X 10
6.7O{64)X 10-4
1 90(19)X 10
3.4s(s2) x io-'
3.71{2.36)x10-'

high number of events per channel. For low count-
ing rates (small number of events in the elastic
peak) the cutoff method is preferred.

The first excited state of 'V is at 0.32 MeV and
must be resolved from the elastic peak. At forward
scattering angles and low energies we found its con-
tribution to be less than 5% of the area of the elas-
tic peak (Fig. 7). For the final forward angle data
the contribution of that —, level was subtracted.

Owing to the weak excitation of-this level the re-

sulting uncertainty is unimportant. At backward
scattering angles the contribution of this low mul-

tipolarity excitation, as calculated in shell model
framework, is negligible; indeed at 175.2 MeV no
excited level contamination was observed both in re-
Aection and transmission target geometry.

An a priori contribution of the first excited level

of Sr (0.39 MeV) would also be possible. This is a
metastable level with a lifetime of 2.83 h and with a

spin assignment of —, . Single particle model esti-

mates indicate that the inelastic M4 and E5
strengths are negligible in our momentum transfer
range. We would see no evidence for a contribution
from this level in any of our experimental spectra.

Given the uncertainties discussed above, a 3%
systematic error was ascribed to all our measure-
ments. When cross section ratios were used, only
statistical errors were taken into account.

The ' C elastic cross sections were compared to
the best fit of Sick and McCarthy. ' The ratio of
the fit to the measured value was defined as a nor-
malization factor. For all measurements we found
this normalization factor to be close to 1.10. At
each energy no fewer than three data points have
been measured; the values obtained yield the same
normalization factor which, over the period of
several years, fluctuated by - 5%%uo. Dead time
corrections have been applied to the high counting

TABLE III. Same as Table II but for 'V.

(MeV)
g eff

(fm ')
(do./d0)„,

(mb/sr}

(do./d Q)m
(mb/sr)

176.2
191.0
205.0
221.3
230.1

235.0
251.3
274.6
300.0

1.814
1.963
2.103
2.267
2.355
2.405
2.568
2,802
3.056

1.43(io) x io-'
1.15(6) x io-'
i.OO(4) x iO-'
5.67(52) x 10 '
4.o4(17)x io-'
3.17(17)X iO-'
1.28(10)x 10
3.00(20) X 10-'
4.74(90)x 10

i.31(io)x io-'
9.46(60)x 10-'
8.O8(3S) x iO-'
4.42(52) X 10-'
3.30(17)X 10-'
2.66(17)x10 7

1.21(10)x 10
2.92(20)X 10-'
4.50(90)x 10-'

7.28(55) x 10-'
6.19(40)x 10-'
6.09(26)x 10
3.88(46) x 1O-'
3.12(17)x 10-'
2.63(17)X 10
1.37(11)x 10
3.91(27)x 10
7.2(1.4) X 10-'
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TABLE IV. Same as Table II but for Sr.

2327

(MeV)
Jeff

(fm )

(d o./d Q),o,

(mb/sr)
(der/d A)

(mb/sr) F

191.2
204.8
214.1
219.4
235.0
249.5
274.6
288.8

1.995
2.134
2.229
2.283
2.443
2.591
2.846
2.992

4.17(44)X10-'
2.01(22)X 10
1.72(20) X 10
1.45(17)X 10
8.14(91)X 10-'
3.86(47) X10-'
5.75(90)X 10
2.50(50) X 10

1.84(48) X 10-'
2.01(24)X 10
1.66(21)X 10
1.28(18)X 10 '
5.89(99)X 10-'
2.96(51)X 10-'
6.11(97)X 10
2.40(60) X 10

1.21(31)X 10
1.51(18)X 10
1.36(17)X 10
1.10(15)X 10
5.82(98) X 10
3.31(57)X 10
8.20(1.30)X 10
3.60(90)X 10-'

rate data. This well known correction was always
smaller than 5 Jo.

C. Magnetic form factors

The general expression for the electron scattering
cross section consists of a charge and magnetic part:

do
dQ

dc'
dA

do
dQ

We used two different methods to separate the
magnetic contribution from the total cross section.
In the case of the 'V, Co, and Nb nuclei, we
first assumed that the forward angle data are only
due to pure charge scattering. These data (available
on request) were fitted using a phase-shift code with
three parameter Gaussian charge densities. The re-
sulting fits together with the data points are shown
in Fig. 8.

The best fit model densities were used to calcu-
late the charge contribution at 155' via a phase shift
code. Subtracting it from the experimental data we
obtain a first estimate of the backward angle mag-
netic cross section. Assuming the validity of the q-
effective transformation (Sec. VA) we then utilize

do
dQ

do
dO

r(500)

where r(500) is the 500 MeV ratio, e.g., Sr/ Sr at
the same q,~g as the 155' measurements and y is a
correction for the isotopic purity of the targets em-
ployed. The ratio r(500) contains a small magnetic

the magnetic cross sections measured at 155 to ob-
tain the magnetic part of the forward angle data at
500 MeV. These forward angle magnetic cross sec-
tions are then subtracted from the experimental
data to obtain a better estimate of the charge
scattering cross sections which are once again fitted
with a three parameter Gaussian charge density.
One more iteration of this process is sufficient to
obtain a consistent set of magnetic and charge cross
sections. The resulting magnetic cross sections are
listed in Tables III, V, and VI. The magnetic form
factors are obtained from Eq. (2.1).

An alternative method was used for Ti and Sr
data for which the cross sections of the neighboring
even-even isotopes were measured at the same an-
gles and energies. Neglecting the forward angle
magnetic scattering, the 155' magnetic cross section
is given by the expression

TABLE V. Same as Table II but for Nb.

Ep
(MeV)

g eff

(fm ')
(do /dQ)tot

(mb/sr)
(do/dO)

(mb/sr) FT

176.0
191.0
206.2
221.3
236.3
251.3
276.0

1.846
1.999
2.154
2.310
2.464
2.617
2.870

1.94(12)X 10
6.56(34) X 10-'
4.28(23) X 10-'
3.19(20)X 10-'
1.56(9)X10-'
4.41(44)X 10-'
3.70(1.1)X 10

6.70(1.20) X 10
5.09(34) X 10
3.96(23)X10 '
2.64(20) X 10-'
1.2S(9)X 10
3.91(44)X10 '
2.90(1.10)X 10

3.72(65) X 10-'
3.34(22) X 10-'
3.03(17)X 10
2.29(17)X 10-'
1.25(9) X 10—'
4.42(50}X 10—'
3.94(1.5) X 10
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TABLE VI. Same as Table II but for Co.

Ep
(MeV)

g eff

(fm ')
(d 0./d 0)„,

(mb/sr)

(do./d 0)
(mb/sr) F 2

176.2
191.0
206.2
221.3
236.2
251.3
275.1

300.0

1.821
1.972
2.126
2.278
2.429
2.580
2.829
3.070

7.95(30)X10 '
7.07(35)X10 '
5.02(23) X 10-'
2.84(16)X 10
1.37(8)X 10
6.45(60) X 10
1.04(17)X 10
1.30(30)X 10

4.45(46) X 10-'
3.57(38)X 10-'
2.87(25) X 10-'
2.03(19)X10-'
1.26(10)X 10
6.14(60)X 10
9.70(18)X 10
1.00(30)X 10

2.49(36)X 10
2.34(33)X 10
2.20(23) X 10
1.79(23)X l0
1.28(10)x 10-'
6.99(70)X 10
1.31(24)X 10
1.62(48) x10-'

contribution; it has been removed through use of
the q-effective transformation. The obtained mag-
netic cross sections and form factors are summar-
ized in Tables II and IV.

This last method was also applied to the Bi
data. The data of Sick' were used for the Bi/Pb
forward angle ratio, while our backward angle data
were used to obtain the magnetic contribution to
this ratio. At incident energies of 176.3, 182, 191,
and 203.7 MeV, the 155' cross sections for the Pb
nucleus were also measured and subtracted from the

Bi data. At higher energies the 155' lead cross
sections are too small to measure easily, so we pre-
ferred to subtract the charge contribution by calcu-
lation, using the sum-of-Gaussian' fit to our recent
experiment. ' The resulting Bi data are summar-
ized in Table VII.

Except for Bi our data cover the entire region
of momentum transfer (q= 1.8 to 3 fm ') where the
MA form factor can be separated reasonably well

from the other multipoles. For lower values of
q MA, (A, &A) form factors dominate the transverse
cross section, whereas at very large q one cannot
disentangle MA from the other multipoles. Mag-
netic form factors were previously measured at Sen-
dai' ' for 'V and Bi nuclei; these data cover

only the maximum region (qm, „=2.3 fm ') of the
MA multipole. Recently, data of good accuracy
were taken at Bates for Nb. These data also ex-
tend to 2.2 fm and agree with our measurements in
the medium q region.

V. DATA ANALYSIS
AND FIT RESULTS

Our magnetic form factors will be compared to
predictions of Hartree-Fock theory in Sec. VII. In
order to allow for a comparison in r space as well,
we first derive here phenomenological radial wave
functions used to fit the data.

A. Radial wave function basis

Rather than parametrizing the radial wave func-
tion R (r) of the valence nucleon (as done, e.g., for
the charge density when analyzing charge scatter-
ing) we parametrize the effective local potential V
in which the valence nucleon is bound. This pro-
cedure suppr esses many unphysical features
phenomenological R (r) are subject to. In addition,

TABLE VII. Same as Table II but for Bi.

(M@V)
qeff

(fm ')
(do /d Q),0,

(mb/sr)
(do/dQ)

(mb/sr) F

176.3
182.0
191.0
203.7
221.3
230.1

250.1

1.937
1.999
2.093
2.226
2.413
2.505
2.716

8.35(71)X 10
4.40(42) x 10-'
2.89(26) X 10
3.56(25) X 10 '
1.07(32)x 10-'
5.04(64) X 10 '
1.04{35)X 10-'

3.23(90)X 10
3.19(53)X 10
2.18(34)X 10-'
1.77(38)X 10
5.68(1.7) X 10
3.98(66)X 10
7.96(3.52) X 10-'

1.80(50)X 10
1.90(30)X 10
1.43(22) X 10
1.32{28)X 10
5.00(1.5) X 10
3.80(62) X 10
8.9S(3.9S)X 10-'
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where the reduced mass }M=m (A —I/A), m is the
nucleon mass, and the radial coordinate x is defined
relative to the center of mass of R„~ the nucleus
(A —1).

Strictly speaking, the construction of the current
operator in this basis is complicated because Rz
is not fixed in space. As a consequence the (A —1)
core, orbiting around the A-body mass center, con-
tributes to the intrinsic current. We therefore im-

pose a transformation to the shell-model basis by ef-
fectively neglecting the (A —1) center of mass mo-
tion (A ~ ac, }tt~m). A similar approach has been
used by Elton and Swift ' in the construction of nu-

clear charge densities in a single-particle wave func-
tion basis.

For the local potential V(x), we use a Woods-
Saxon shape:

V(x) = —Vof (x)+V„—f(x)( I .o )
fi 1

Pl ~ X dx

+ Vc(x), (5.2)

where

knowledge of R (r) obtained from other sources can
be incorporated. In particular, the large radius
behavior of R(r) can be constrained by imposing
the experimentally known separation energies.
Thereby the well known ambiguity occurring in the
determination of rms radii from charge scattering is
avoided.

We use the Schrodinger equation for the single
particle radial wave function R~:

T

e + V„'—V(x)—,R (x)=0,1(1+1)fi
2px

(5.1)

TABLE VIII. Dependence of the orbital rms radius
on the input parameters of the Woods-Saxon we11.

Shell
dr/r/da

(%/0.05 fm)
dr/r /dE,
(%%uo/Me V)

If7/2

lg9/2

0.62
0.48

—0.47
—0.24

separation energy is taken. This ensures a correct
behavior of R (r) at large radii (outside the range of
the nucleon-nucleus potential}.

(2) The spin-orbit potential V„ is fixed to the
standard value of 7 MeV. This value leads to a
correct prediction of the f7/2 and g9/2 spin-orbit
splitting.

(3) The value a =0.65 fm, with an estimated error
of 5a=0.05 fm, is adopted for the well-diffuseness
parameter. This choice is based on two observa-
tions: (a) fits to charge scattering cross sections
with a charge density constructed from single-
particle wave functions calculated in a Woods-
Saxon well yield a=(0.65 —0.70) fm; (b} optimal
overlap of Woods Saxon (WS) and Hartree Pock
(HF) A-pole magnetic form factors implies
a =(0.55 —0.60) fm.

The adopted value of a is the standard one used
for the bound-state wave functions in the analysis
of transfer reactions. The parameter-dependence of
the fitted orbital rms radius was investigated in a
series of fits to our data. It is found to be very
small (see Table VIII).

Given the present availability of DWBA codes
for the calculation of magnetic electron scattering
cross sections, the most direct procedure would be
to carry out a full DWBA fit. However, in order to
economize on computer time, we investigated the
applicability of the local-wavelength (or q-effective)

f(x)= 1+exp
a

R =rp(A —1)'/

and the Coulomb potential Vz is due to a uniform
sphere of charge whose rms radius is equal to the
experimental charge radius.

The number of parameters introduced in this for-
mulation cannot all be determined individually by
the present data of limited q range. In order to fix a
certain subset of the parameters we make maximum
use of the available empirical facts, thus largely
avoiding theoretical biases in the analysis. We
adopt the following procedure:

(1) For the single particle energy e the nucleon

1.4
S7gr)

Q 1+2

1.0

250 300
I

100 150 200

F, (wevj

FIG. 9. Phenomenological parameter fq(E} used to
calculate the effective momentum transfer.
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+T (q) g +1 ~MJ'(q)+f, .'(q)*f.
J=1

The I'Mq are IPSM factors for point nucleons

+MJ(q)=&,'I &~
l JJ i(qr)

l
~&

+~J (&
l
JJ+i(q~)

l
&& I . (&.4)

The factors XJ and AJ are known functions of mul-

tipolarity J, and the quantum numbers I a I. Here

f„(q) is the nucleon form factor and f, (q) ac-
counts for the center-of-mass motion of the IPSM
wave functions. A four-pole parametrization for
fp(q)

4

fz(q)= g a;(1+q m; )

has been used with best-fit parameters deduced
from a fit to the proton magnetic form factor. The

q dependence of the neutron magnetic form factor

approximation

ZQ
I +fi. &eq 0

where R,~ = ( , )'—~ (r &,'h and fi„may be a function

of multipolarity k, incoming energy Eo, and possi-
bly the orbital wave function.

In Fig. 9 is shown the Eo and A, dependence offi
for various nuclei. The dependence of fi„on the or-
bital wave function was found to be negligible pro-
vided that the data do not cover the diffraction
minimum of FM~(q) Its d. ependence on the multi-

polarity A —2 is slightly different but does not justi-
fy the use of a more complicated approximation.

Based on the arguments given in Sec. II, we adopt
the fit functional

f„(q) is taken to be equal to that of the proton.
The c.m. motion, resulting from the translational

noninvariance of shell-model wave functions, can be
accounted for in a well defined and simple fashion
only in a harmonic oscillator (HO) basis. For a
Woods-Saxon basis a better treatment is, in princi-
ple, possible with a Gartenhaus-Schwartz transfor-
mation. However, the magnitude of the correc-
tion, typically I/A of the valence rms radius, does
not make the effort worthwhile. Therefore the HO
center of mass correction is applied: f, (q)
=exp(q b /4A).

B. Fit results

In the fit procedure the two dominating ampli-
tudes aA, o.A 2, and the well radius ro were varied.
For the lower-multipole amplitudes (J= 1 to
J=A —4) the values listed in Table IX have been
used. In those cases where low-q experimental data
are available ( 'V, ' Co, Nb) the coefficients
a& —aA 4 were fixed to values obtained from a
simultaneous fit to all data points. The effect of
uncertainties in these values has been treated as a
source of systematic error.

For the other cases two types of fits were done:
one with ai ——a3 ——aA 4 ——p, ,„~iM,„' (i.e., equal to
the quenching of the magnetic dipole moment) and
the other with a& ——a3 ——a~ 4——1. The correspond-
ing differences in the fitted parameters were con-
sidered systematic errors and added linearly to the
statistical error. The final fits to the magnetic form
factor are shown in Fig. 10 (a)—(fl. The
corresponding best fit Woods-Saxon parameters are
quoted on Table X together with the deduced point
nucleon orbital rms radii.

The quoted uncertainties for u~, n& 2, and ro are
only statistical. They are of the order of 5% for u~

TABLE IX. Values of the fixed parameters used in the fits. For an explanation of the
entries see text. The a; (i &5) amplitudes for "V, ' Co, and Nb have been taken from Ref.
26.

Nucleus CX3

—&s
(MeV)

( 2) I/2

(fm)

4'Ti
51V

59Co

87Sr

93Nb

209Bi

0.58 —1.00
1.28
1.17
0.57 —1.00
1.62
1.00—1.56

0.58—1.00
0.95(6)
0.49(6)
0.57—1.00
0.85(6)
1.00—1.56

free
free
free

0.57—1.00
0.50(11)
1.00—1.56

8.14
8.05
7.37
8.43
6.04
3.80

3.59
3.62
3.78
4.26
4.33
5.52
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FIG. 10. Woods-Saxon fits (solid line) to the experimental points. The MA {long dashed) and the M(A —2) (short
dashed) form factors are shown. For Co and Nb only upper limits exist for the M{A—2) form factor (see text).
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TABLE X. Results of three-parameters fit to the experimental form factors. The errors on the fitted parameters
(rp, cxA. 2, and aA) are only statistical. The uncertainties of the deduced rms radii include both statistical and systemat-
ic errors.

Nucleus

4'Ti

51V

"Co

87Sr

209B1

Configuration

lf in,

&f7+

lg 9/2

Plg 9/2

jib 9/2
P

—Vp

{MeV)

52.85{53)

58.97(51)

59.65(64)

50.00(99)

56.82(36)

64.5(2.9)

(fm)

1.170(7)

1.232(6)

1.173(8)

1.201(18)

1.265(8)

1.199{35)

0.55(21)

0.86(15)

0.89{42)

(0.4
0.74(20)

0.83(4)

1.01(3)

0.69(3)

0.82(6)

0.93(3)

0.62(13)

(r2)1/2

(fm)

3.986{52}

4.007(48)

see text

4.756(71)

4.897(59)

see text

x'/(~ —p)

15.9/9

7.7/6

5.8/5

3.5/5

1.3/4

and increase to —10% if core polarization correc-
tions (see Sec. VIA) are taken into account. Hence
the spectroscopic factors obtained have at least the
same accuracy as those derived from direct reaction
studies. The quantity u~ 2 is not well determined
due to the small sensitivity of the fit to that param-
eter. For the case of Co and Nb the fit essential-

ly forces these amplitudes to zero so that only an
upper limit can be given (with a confidence level of
68%). The Bates data for Nb are compatible
with our measurements and do not have a meaning-
ful influence on the final fit.

The total errors on the rms radii quoted consist
of several different components explicitly given in
Table XI. The systematic errors come from the un-

certainty of parameters fixed in the fit procedure.
They also include an estimate of the uncertainty due
to the model dependence. The systematic and sta-
tistical errors are of the same order of magnitude;
their linear sum yields a total error of 1 —1.5 %.

We explicitly note here the absence of a quoted
rms radius value for both Co and Bi. The ap-

TABLE XI. Different contributions to the quoted er-
rors of experimental rms radii. The systematic errors
include the uncertainties on the surface thickness (Aa)
and the amplitudes of the lower multipoles {hnq).

preciable deformation of the Co ground state (see
Sec. VIIB) precludes a reliable evaluation of the
If,&2 orbital rms radius. This is confirmed by the
small value for cx7 which indicates that about 30%
of the f7' protons give rise to more complicated
configurations. A similarly small spectroscopic fac-
tor (a9=0.62) is found for the ih9i2 configuration
in 2 Bi. Unlike Co, the Bi nucleus is expected
to be very rigid (see also Sec. VII 8). Nevertheless
its jackknife configuration (Jo= 1 ——, ) allows lkco

excitations to contribute to the M9 form factor; the
extraction of an rms radius from the measured I'~9
will require a more detailed study of configuration
mixing effects.

The point-nucleon rms radii listed in Table X are
calculated in the (A —1) core relative system and
thus will be directly comparable to the radii ob-
tained from theoretical calculations. In Table XII
we quote in addition the rms radii obtained from an
analysis identical to the one described above but
with one modification: the omission of the c.m. -

correction factor in Eq. (5.3). The resulting
Woods-Saxon radial wave functions are then func-
tions of the distance between the nucleon and the
c.m. of nucleus A. The rms radii deduced then
correspond to the radial extent of 8 (r) relative to
the laboratory-fixed center of mass of the nucleus
A. These 8 (r) are comparable to neutron and pro-

Nucleus Statistical

Errors (%)
Systematic

AcxJ Total TABLE XII. Valence rms radii deduced from fit in
the center of mass of the nucleus A.

49T1

51V

"Sr
"Nb

0.43
0.45
0.86
0.66

0.20
0.07
0.17

0.62
0.62
0.48
0.48

1.3
1.2
1.5
1.2

Nucleus "Nb

3.943(52) 3.967(48) 4.732(70) 4.882(59)
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ton densities obtained from proton or electron
scattering.

C. Relative size of n and p orbits

For an accurate test of theoretical calculations, it
mould be desirable to experimentally determine both
the proton and neutron valence shell radii without
any model assumptions for the radial wave function
R (r). Here the question of a proton or neutron halo
in NQZ nuclei is directly addressed. This differ-
ence can be expected to provide a stringent test for
mean field theories; the absolute radii are a function
of the adjustments of the effective NN force fitted
to experimental proton radial distributions.

This radius difference can be extracted directly
from the experimental form factors, without the
need of an intermediate step through phenomeno-
logical wave function R (r) fitted to the data. From
such a direct comparison the uncertainties due to a
number of effects, such as the model dependence of

R~ ( r) =R„(P r)P (5.5)

The factor P is a number close to one that accounts

R (r), systematic experimental errors, and meson ex-
change current (MEC) corrections, are reduced or
eliminated.

Of course, electron scattering can determine pro-
ton and neutron valence shell radii in neighboring,
but not the same, nuclei only. As a consequence,
the comparison with theory also must be carried out
from the same pair of nuclei. In essence, however,
the relative extension of neutron and proton orbits
still can be determined in a uniquely quantitative
way.

From mean field theory, or calculations using
%oods-Saxon potentials, we know that for a given
shell proton and neutron radial wave functions
differ very little in shape. Except for the region
where r is large (which will be discussed below) the
wave functions are distinguished mainly by a
change in radial scale of a few percent. They will
be therefore related by the equation

DHF

„(rj Sr

R' (P~~ Nb

').5

')

0.5

n(r)

0 Rp(P &)

r(fm)
FIG. 11. Check of the "compression" procedure (see text) using mean field predictions (Ref. 27) for R (r). The ratio

between the neutron and the compressed proton wave function is shown in the lower part of the figure.
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for the coinpression (dilatation) of the radial scale
needed when trying to transform a proton into a
neutron wave function. If Eq. (5.5) applies, then we

can obtain immediately

Fq(q) =F„(q/13)
&nPn

(5.6)

A change in radial scale by a factor P is equivalent
to a change in q scale by a factor P '. The remain-

ing scaling factor in Eq. (5.6) is due to the different
magnetic moments p and occupation numbers a for
protons and neutrons. Determining P '

by match-

ing, with a compression in q scale, the shape of I'
n

and Fz yields the difference in radial scale without

any model assumption on R (r) other than Eq. (5.5).
In the nuclear interior theoretical wave functions

fulfill Eq. (5.5) exceedingly well (see Fig. 11). This
is not the case for the tail region, where the falloff
R (r) is determined by the separation energies (see

Fig. 11). The corrections for this deviation from
Eq. (5.5) are quite small (-1%), and can be per-
formed easily as they do not influence the shape of
F(q) in the region 1.8 —3 fm ' where our data have
been measured. The large-r behavior of R (r) infiu-
ences the experimental form factor in the low-q re-

gion only.
In order to calculate the effect of the improper

treatment of the tail by Eq. (5.5), we have compared
the rms radii of wave functions that are identical in
the nuclear interior (r ~6 fm), but have different
tails outside. The resulting difference of, e.g., 0.9%%

for the' Sr/ Nb pair is used to convert the Pinto a
ratio of rms radii denoted P*. This correction (as
well as the compression approach in general) was
verified by starting from density dependent
Hartree-Pock-Bogoliubov (DDHFB) wave func-
tions for Ti and 'V, calculating FM7(q), fitting
them to each other using the compression procedure
described below, and comparing the resulting P* to
the ratio of the rms radii of the DDHFB wave
functions.

For the fit of one set of experimental form fac-
tors F~"(q; ) to a second one F„'"(Pqj.) with P as free
parameter, the experimental values of F& at the
momentum transfer /3qj are needed. They are ob-

tained by taking a WS-fit value F& (Pqj ) and add-

ing to it Fz "(q) Fz (q) interpolat—ed between neigh-

boring values of qj. This procedure amounts to an
interpolation of F~"(q), where the linear term is tak-
en directly from the experimental data while higher
order terms are taken from the WS fit. In the fit-
ting procedure, contributions from the A, ~A multi-

poles have been included, but their effect on P was

TABLE XIII. Compression factors as deduced from
direct comparison of the experimental data. The aster-
isk indicates that the correction for different asymptotic
tails of the proton and neutron wave functions has been
made. In the last column the compression factors take
into account the effect of the meson exchange currents.

Ratio EC

49Ty51V
' Sr/ 'Nb

0.965
0.954

0.980(10)
0.964(10)

0.980(10)
0.968(10)

quite small. The resulting values for the ratio of
rms radii, already corrected for the different tails of
R„and R~, are given in Table XIII. The systematic
uncertainties on P are very small. The MEC correc-
tions cancel to within 0.4%.

Figure 12 shows for Ti/ 'V and Sr/ Nb the
comparison of the proton and neutron MA form
factors, the latter one being plotted on a compressed

q scale. Clearly, the proton and neutron data points
lie on a common MA curve, hereby justifying Eq.
(5.4). The X per degree of freedom of the fit of
neutron proton data points is 12/15 for the Ti/V
pair and 15/14 for the Sr/Nb pair.

VI. CORRECTIONS

Recent calculations of Arita have delineated the
influence of one particle-one hole core-polarization

&.t+q--a)

& "'Ti compressed

10
~3

Cv

10
51 v

-5
10

3.0

10
-3

u
10

-5
10

Nb

'Sr compressed

2.0 2.5 29 2.5

qeff ]fm- ) qeff (fm-1)

FIG. 12. Comparison between the proton and
compressed neutron form factors F~z for f7/2 (a) and

g9/f (b) nuclei. Woods-Saxon fits (dashed line) to the
odd-proton nuclei were used to subtract lower multipoles
and to interpolate Ti( Sr) data between 'V( 'Nb) ex-
perimental points.

3.0

In this section we discuss the importance of vari-
ous corrections to the interpretation of our data in
terms of the independent particle shell model
(IPSM) picture, discussed in Sec. II.

A. Configuration admixtures
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FIG. 13. Dependence of the magnetic form factor of
"Sr on the core polarization effect as calculated in Ref.
28.

3.01.0

X & phJ2
I

I'
I
ah J2 &

x &h
I I

Ts (q) I lp &,

where W accounts for angular momentum cou-
plings. The particle-hole matrix element is calculat-
ed using two phenomenological effective interac-
tions V, one with a Rosenfeld and one with a Serber
exchange mixture.

The calculated result for Sr, obtained with har-
monic oscillator radial wave functions (b=2.00 fm)
and for particle-hole excitations up to (A+1}%co is
shown in Fig. 13. The M7, M9, and total form
factors are shown for both the extreme IPSM and
the IPSM plus Serber-force core polarization (CP)
calculation. The Serber-force calculation is em-

phasized because it produces a much more pro-
nounced effect on the cross section in the q range
considered. One can see that, in spite of the
dramatic effect of core polarization on the ampli-
tude of each multipole, the dominance of the J=9
multipole in the high-q region is preserved. Also its
shape remains practically unchanged; the quenching
of the MA form factor is nearly q independent. A
similar calculation for 'V that includes, in addition
to polarization of the Ca core, also a recoupling of
the (lfi~2) configuration, yields very similar re-
sults. In order to put these observations on a more

on magnetic form factors of Sr and 'V in a large
configuration space. In first-order perturbation
theory the relevant matrix element is given by:

&All&i (q}IIA &=&allTJ (q)lla&

2
W(phaa;u, )

phJ2 ph

quantitative basis we applied the fit procedure to
pseudodata, generated from IPSM and (IPSM
+CP} wave functions. The fitted values of the

rms radius of the odd-nucleon orbital are found to
differ by less than 0.3%.

It is important to note that the observed model
independence of the radius-extraction procedure to
core polarization effects is a systematic one that oc-
curs for such widely different nuclei as s'V, siSr,
and Bi.

Although the model used might be considered
crude and the application of first-order perturbation
theory open to improvements, it is reassuring that
this model reproduces almost quantitatively the
feature of a strong quenching of the M3 and M5
form factors observed in various nuclei. More-
over, a recent calculation of magnetic form fac-
tors in permanently deformed nuclei indicates that
the J&A components are strongly reduced and
changed in shape, while FM~(q) is again dominant
in the relevant q range and has almost identical q
dependence.

Recently Donnelly and Gokalp studied the ef-
fect of configuration mixing on the magnetic form
factors of Ti, ' Co, ' Sr, and Nb. They used
two-hole one-particle and three-particle admixtures
to the ground state wave function. The coefficients
of these admixtures have been fitted to our high
momentum transfer data and to the experimental
magnetic moments. Their results for a~ are in
agreement with the az found in this work and show
that the shape of the highest multipole is very
weakly changed by configuration admixtures. At
the same time huge differences are observed for
lower multipoles. Donnelly and Gokalp have also
investigated the model dependence of the extracted
wave functions. Their results show that for all pos-
sible admixtures, the valence rms radius would vary
within 2%. However, for 'V and Nb, where low
and medium momentum transfer data exist, the un-
certainty is much smaller. It is lower than 0.5% for
9iNb, where the magnetic form factor is known be-
tween 0.5 and 3.0 fm '. Our fit (to the highest q
points only) gives a value for the rms radius within
that uncertainty. For Ti and Sr we expect simi-
lar agreement. However, 1ow and medium momen-
tum transfer data will be noded to reach the same
degree of confidence in the experimental uncertain-
ty of the rms radius.

In conclusion, the extreme-IPSM interpretation
of A-pole magnetic form factors remains, in
essence, valid in the presence of wave function ad-
mixtures of the scope discussed here.
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An additional point, not yet discussed, concerns
the characterization of a given ground state config-
uration as a proton or a neutron single particle
state. ' If for a specific single-particle proton state
the corresponding neutron shell is closed (or vice
versa) the state has good isospin. In the extreme
IPSM approximation this condition is satisfied for
all nuclei considered, except " Ti. In the general
case, when the core-polarization mechanism breaks
shell closures, the requirement of good isospin im-

poses an admixture of proton and neutron states in
the total wave function. Although the extent to
which the present interpretation will be affected by
the condition of good isospin remains to be calcu-
lated, the near equality of proton and neutron orbi-
tal rms radii makes the effect probably of minor
importance.

B. Meson exchange currents

Because of the very steep falloff of the one-body
form factor at large q, any mechanism which allows
two or more nucleons to share the momentum
transferred by the virtual photon becomes increas-
ingly important. The dominant mechanism in
transverse scattering is the meson exchange currents
(MEC). In the momentum-transfer range con-
sidered here (q (3 fm ') the one-pion exchange di-
agrams are the dominant pieces. They correspond

(2) ~

to two-body terms I'T in the magnetic operator
that modify the one-body form factor schematically
as follows:

FT'(q)"
I &&IFT +FT" Irr& I'

= IF '"+F'" I'
In the q region of our experiment

I
F T'

I

is much
smaller than IF'T'I; therefore the major part of
the correction will come from the cross term
2p(1) g(2)

Recently Suzuki et al. and Dubach performed
extensive calculations of the modification of single-
particle magnetic form factors due to the MEC con-
tribution. These calculations involve the evaluation
of the one-pion exchange diagrams with a nonrela-
tivistic reduction scheme. Suzuki has, in addition,
included the first-order core-polarization mechan-
ism in the calculation.

The MEC contributions calculated by Suzuki are
obtained using a harmonic oscillator (HO) radial
basis while our data are interpreted using WS wave
functions. Direct application of his results in q
space then leads to an inconsistency, due to the dif-

TABLE XIV. Effect of the MEC corrections (Ref.
32) on r, and a~ calculated in a harmonic oscillator
basis.

Configuration lf 7zz lg9n 1g9/2' (%) 1.4 1.4 1.0

ho.A (%)
0!A

ferent shapes of the form factors involved. In order
to avoid such problems we express the MEC effect,
as calculated in an HO basis, in terms of the relative
change of the orbital rms radius. Using the calcula-
tions of Suzuki et al. , for MEC, fits were made to
various sets of Fxr~ pseudodata (with realistic error
bars) both without and with inclusion of the two-

body current operator. A parametrization of the
+LE form factor, ' occurring in the two-body
operator (see below), was also included in the fits.
It turns out that the relative change of the orbital
radius is practically constant when b is varied
within reasonable bounds. This property justifies
the application of the same correction to results ob-
tained in terms of one-body form factors and in a
Woods-Saxon basis. The results are summarized in
Table XIV. It is important to note that the MEC
correction cancels to a large extent in the ratio of
proton to neutron radius. The amplitude factors cxA

are modified appreciably by the MEC correction
but are rather insensitive to the choice of I' zz
(+2%).

We note in passing that good fits to "effective"
(including MEC) form factors can be obtained; this
unfortunately implies that for this work the MEC
effect has no unique signature in the limited q range
below q (3 fm

The MEC contributions ' have been applied to
Hartree-Pock form factors in the literature. Their
effect on FM&(q) or the orbital rms radius is often
larger than the one given in Table XIV. This is due
to two important shortcomings.

First, it is necessary to calculate MEC using a
value of the oscillator parameter such that one-body
HF-form factor F~~ (HF) is closely matched by
FM'~ (HO). The resulting value for b does not
necessarily match the one obtained from the total
nuclear charge density or from minimization of the
total HF energy. In Fig. 14 is shown that the
choice of b (Ig»2)=2.0 fm leads to a gross
mismatch of FM9 (HF) and FM9 (HO). As a conse-
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FIG. 14. One- and two-body magnetic form factors

of Nb. The DDHFB one-body M9 contribution (dot-
ted line) is compared to HO calculations with b=2.00
fm (dashed line) and b=2.12 fm (solid line).

2.0

quence the F~9 is too large as well. Owing to the
steep falloff of FM9 the MEC-corrected HF form
factor overshoots appreciably. An appropriate
choice of b=2.12 fm leads to a better overlap be-
tween the one-body form factors and to a much
smaller effect of F ' ' at very large q.

In spite of the fact that the MEC mechanism
contains the inverse pion mass as a length parame-
ter it turns out that F~z is to a good approxima-
tion a function of (qb) only. This property allows
a scaling of Fgg~ in a simple way to the appropriate
value of b. The result of the adapted calculation is
shown in Fig. 14.

The second, more fundamental, point concerns
the often encountered neglect of the mN¹vertex
form factor F Nz(k ). At large values of the
momentum k transferred at the n.-N vertex, this
form factor reduces the MEC contribution by
10—40%. Some uncertainty exists about the
correct form of F z~. Erkelenz argues that in the
parametrization given by

F ~~(k )=[()I, —m~ )/(A, +k )]'~

a cutoff mass I,)7m should be adopted. Alterna-
tively, Lock and Foldy propose that A, =5m~

I

3.0
I I

2.0 2.5
q eff (fm-")

FIG. 15. Effect of the mNN vertex form factor on
the MEC calculations. The solid line shows the magnet-
ic form factor of ' Sr as calculated in Ref. 27 with

MEC included. The dashed line shows the same calcu-
lation with the vrNN vertex form factor included.

VII. COMPARISON WITH SELF-CONSISTENT
CALCULATIONS

This section is devoted to the comparison of our
experimental results with the predictions of mean
field theories. Considerable progress has been
achieved in the last few years in the theoretical

should be employed. In Fig. 15 the above effect of
the nNN vertex o.n the total form factor is shown
for the case of Sr. The uncertainty on the cutoff
mass (we choose A, =S+2) m leads to the errors
quoted in Table XIV.

In summary, the MEC contributions lead to a
change of the extracted rms radii of 1 —1.4'.
However, new calculations by Desplanques and
Mathiot show that further understanding of these
processes (use of Hartree-Fock wave functions,
short range NN correlations) is needed before truly
quantitative corrections can be apphed.
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description of finite nuclei, essentially on the basis
of the 6-matrix formalism developed by
Brueckner. The calculations now available predict
quite well the bulk properties of the nucleus (satura-
tion properties, charge rms radii). A more stringent
test of the validity of the mean field theories results
from the comparison with experimental charge den-

sities. Such a comparison is meaningful in particu-
lar when electron scattering experiments are extend-
ed to sufficiently high momentum transfer, ' so
that the density in the interior of the nucleus is
measured as well.

The mean field predictions for the total proton or
neutron distributions result from a sum over single
particle densities. Up to now no significant com-
parison has been possible for the individual corn-

ponents of the total densities, mainly due to the lack
of precision on the experimental radial wave func-
tions. Experiments using hadronic probes are sensi-

tive mainly to the surface and the tail region of the
densities. With magnetic electron scattering we can
probe the region where the valence nucleon density
is large, thus providing a new and accurate test for
the predictions of the mean field theories.

It is beyond the scope of the present work to
describe the various self-consistent calculations now

available. Recent articles by Decharge and Gog-
ny, Quentin and Flocard, Svenne, ' and Good-

man summarize the present understanding of the
nucleus in the frame of the mean field theories. For
clarity we shall only outline the main features of the
different calculations used for comparison with the
experimental data.

expansion of the nuclear density matrix was per-
formed by Negele and Vautherin. They showed
that retaining only the lowest terms yields physical
results that are essentially the same as those ob-
tained in the full density dependent Hartree-Fock
calculation, previously performed by Negele.
Both the DDHF and the density matrix expansion
(DME) methods need phenom enological adjust-
ments of some constants of the effective interaction
in order to account for higher order effects.

A self-consistent approach which includes the
pairing correlations between nucleons was devel-

oped by Decharge and Gogny. They used the
Gogny Dl density dependent effective interaction
which was especially designed for complete
Hartree-Pock Bogoliubov calculations. The coeffi-
cients of the interaction are fitted to the bulk pro-
perties of ' 0 and Zr and to the pairing properties
of " Sn. In order to keep the full self-consistency
of the calculation this is a finite range force; further
extension such as the inclusion of the random phase
approximation or collective degrees of freedom are
hence possible without any change of the parame-
ters of the force. In particular, Decharge and Gog-
ny simultaneously derive the Hartree-Fock field and
the pairing field with the same force. We shall
denote this calculation as DDHFB (density depen-
dent Hartree-Fock-Bogoliubov).

For the sake of completeness the comparison be-

tween theory and experiment will be made both in
momentum space and in configuration space. The
MEC as described in Sec. VI will be taken into ac-
count before drawing quantitative conclusions.

A. Theories

In most approaches to mean field theory, the
Brueckner 6 matrix is derived from a Reid soft-
core nucleon-nucleon potential. The local density
approximation is applied to transform the nuclear-
matter 6 matrix into a density dependent effective
force to be used in finite nuclei. Campi and

Sprung use the Sprung-Banerjee parametrization
of the effective force to solve the Hartree-Pock
equations in coordinate space. This calculation has
been extended to open shell nuclei using the filling
approximation and the Bardeen-Cooper-Schrieffer
(BCS) equations to determine the number of parti-
cles in each orbit. We shall refer to the Campi-
Sprung calculations as DDHF (density dependent
Hartree-Pock).

A simplified calculation involving a first order

B. Comparison with experimental data

The theoretical form factors ' ' calculated us-

ing expression (2.5) are shown in Fig. 16 (a) —(f) to-
gether with the experimental points. Differences
between experiment and theory can be characterized
by two features: the overall normalization of the
predictions relative to experiment and the shape of
the F~z contribution.

The relative normalization can be defined as the
ratio between experiment and theory in the region
where the A-pole form factors reach their max-
imum. One observes that the agreement with the
experiment depends strongly on the nucleus studied.
This is easily explained by the fact that mean field
theories do not account for configuration mixing.
If such mixing occurs a smaller number of particles
are present in the valence orbit and the amplitude of
the corresponding A-pole form factor is reduced.
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FIG. 16. Experimental form factors compared to DME (dotted line, Ref. 46), DDHF (dashed line, Ref. 44), and
DDHFB (solid line, Ref. 27) self-consistent calculations.
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Hence the good agreement for 'V indicates that the
configuration of one unpaired proton in the If7/p
orbit is very close to that experimentally measured.
A small disagreement is observed for Ti showing
that some configuration admixtures must be added
to the strict single particle (or quasiparticle in
DDHFB) picture. Similar remarks can be made for

Sr, Nb, and Bi nuclei. The disagreement in
amplitude is very pronounced for Co; here the
mean field theories strongly overestimate the f7/p
singl particle contribution to the ground state wave
function. Quantitatively these observations are re-
lated to the spectroscopic factors aA determined ex-
perimentally and describing the single particle con-
tribution to the measured A-pole form factor. In
first approximation the values of aA obtained in
Sec. V are the coefficients needed to renormalize the
calculated curves in order to obtain better agree-
ment with the experiment. This is partly explained

by the depletion of the corresponding orbitals due to
the core polarization effect, not taken into account
in the calculations cited.

The most important information is contained in
the q dependence (the shape of the form factor).
Indeed it is the shape of the highest multipole
(dominant in the region of interest) which is deter-
mined by the radial extension of the valence orbit
studied. As a general feature we observe that the
predicted form factors fall off too rapidly in the
high-q region. Because the radial part of the
valence orbit corresponds to the Fourier-8essel
transform of the A-pole moment this is a signature
of too large a radial extension for the calculated
wave functions. Only for Nb do the experimental
and theoretical form factors have quite similar
behavior. It is also observed that in most cases
DDHFB predicts slightly better shapes of the form
factors than DME or DDHF.

The same qualitative features are observed by
comparing the wave functions in coordinate space.
As an illustration we show the lf7/2 neutron orbit
of the Ti nucleus (Fig. 17). The best Woods-
Saxon fit is displayed together with the three
theoretical curves. All calculations predict wave
functions peaked at radii larger than the ones exper-
imentally found. Moreover, the discrepancies ob-
served in q space are confirmed: The steeper falloff
of the form factor comes from a larger radial exten-
sion in coordinate space.

Part of the above discrepancies are due to the fact
that mean field calculations do not include mesonic
degrees of freedom. As shown by Dubach and
Suzuki et al., the inclusion of a two-body term in

0.05

0.04
49 1)

l I

———DDHFB

~ t ~ ~ ~ tO ~ Its ~ 0

E 003

0.02
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0.01
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FIG. 17. 1f7/2 neutron wave functions of Ti. The

WS fit (solid line) is compared to DME (dotted), DDHF
(short dashed), and DDHFB (long dashed) calculations.
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FIG. 18. "V magnetic form factor. The theoretical
curve (dashed) calculated with DDHFB wave function
includes the MEC contribution of Ref. 33. The ap-
propriate HO constant was chosen and the ~AN vertex
form factor was taken into account.
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TABLE XV. Theoretical and experimental point nucleon valence rms radii. In the last
column the MEC corrected experimental values are quoted.

Nucleus

49Ti

93Nb

Orbit

lg 9/2

1g9/2
P

4.210

4.246

4.946

5.047

4.124

4.880

4.954

DME DDHF

4.068

4.107

4.832

4.931

3.986(51)

4.007(48)

4.756(72)

4.897(58)

Valence radius (fm)
DDHFB WS %'S+ MEC

4.042(56)

4.063{53)

4.823(76)

4.946(64)

R (r)= g [U„(lj)U„(lj) eV„(jl—)V„(jl)]Rf(r)R J(r),
n, n

(7.1)
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FIG. 20. Comparison between experimental and
theoretical rms valence radii. The dashed lines
correspond to the uncertainties of the experimental
values.

where n and n' are the radial quantum numbers.
For charge scattering e= —1, whereas e= + 1 in
the case of magnetic scattering. The difference be-

tween radial densities deduced from charge or mag-
netic scattering experiments depends on the strength
of the pairing correlations. For the nuclei studied
here a change of the sign of e amounts to a few per-
cent change in the rms radius of R(r). Hartree-
Fock calculations (without pairing correlations) do
not differentiate between charge and magnetic
scattering. However, the rms radius derived from
such a calculation is very close to the "magnetiza-
tion" valence radius obtained in a complete
Hartree-Fock-Bogoliubov calculation. This is due
to the normalization condition on U„and V„

[g„(U„+V„)=1] and to the positive sign in ex-

pression (7.1) for the case of a magnetic current
operator. For the same reason a non-negligible
difference occurs between the Hartree-Fock radius
and the Hartree-Fock-Bogoliubov "charge" valence
radius.

A11 measured and calculated valence rms radii are

1

quoted in Table XV. A systematic trend is ob-
served: The predicted radii slightly overestimate
the experimental values. This is shown in Fig. 20,
where the relative differences between theory and
experiment are plotted. %hen MEC corrections are
taken into account (see Sec. VI B) the agreement be-
tween the predicted and measured valence rms radii
is improved by less than 1%.

For completeness we also consider the Hartree-
Fock separation energies E,. These E, determine
the asymptotic tail of the valence orbital, and are
therefore related to the corresponding rms radii.
We have compared the experimental E, (as used in
our Woods-Saxon parametrization) with the calcu-
lated separation energies given by E, =Ez —Ez
Eq being the binding energy of the nucleus A.
(Comparison of the single particle Hartree-Fock en-

ergies with the experimental E, would lead to er-
roneous conclusions. ) We have found that DDHFB
f7/2 and g9/2 separation energies agree to within 0.3
MeV with the experimental values, while DME and
DDHF predict E, to be 0.5 to 3 MeV larger. We
also note that if these calculations are modified to
improve agreement with the experimental separa-
tion energies, then the discrepancies between calcu-
lated and measured rms radii are increased by as
much as 1.5%.

In Table XVI we have collected the charge densi-

ty rms radii of the nuclei studied. A fairly good
agreement (within 1%) between theory ' ' and
experiment ' is observed for all nuclei. Since
charge radii are global quantities, used to fit
phenomenological forces, such agreement is quite
natural.

Some complementary information is contained in
the deformation energy surfaces" of the nuclei of
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TABLE XVI. Theoretical and experimental charge
rms radii. Experimental values are taken from Refs. 2,
49, and 50.

Charge radius (fm)
Nucleus DME DDHF DDHF8 EXP

4'Ti
51V

87S

93Nb

3.588
3.627
4.225
4.331

3.546
3.584
4.184
4.269

3.562
3.597
4.203
4.289

3.580+0.005
3.605+0.005
4.215+0.003
4.318+0.009
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FIG. 21. Potential energy surfaces versus deforma-
tion parameter, as calculated in DDHFB (Ref. 51).

interest. For nuclei with well defined deep minima,
quite a good theoretical description of their ground
state is expected. This is obviously the case for the

Sr and Nb nuclei, as shown in Fig. 21. Some ad-
ditional components may be present in the ground
state wave functions of the less rigid nuclei Ti and
'V. The Co nucleus is very soft against deforma-

tion; this suggests that deformed components must
be included in order to obtain better agreement with
the experimental data. A single particle interpreta-
tion for Co therefore would not be appropriate.
The situation is quite different for Bi: The sharp
minimum of its potential energy indicates a very ri-

gid nucleus. However, the Jo ——I ——, configuration

of its ground state allows contributions of 1' exci-
tations to the M9 magnetic multipole. A proper es-

timation of these contributions is needed before
really quantitative discussion in terms of radial
wave functions can be performed.

VIII. COMPARISON WITH OTHER
EXPERIMENTS

Having determined very precisely the radia1 ex-
tension of valence-nucleon orbitals, we would like to
compare our results with those obtained from other
experimental techniques. We believe that such a
comparison will allow a better estimation of the va-

lidity of the model used in each of the approaches
considered.

There exists a wide variety of experiments which
aim at a determination of proton or neutron radial
densities. But, for our purpose it wi11 be sufficient
to restrict the comparison to a few typical results
involving different probes. First, we will discuss
the results from two types of measurements using
the electromagnetic interaction, the isotone charge
density differences, and the Coulomb-energy differ-
ences. The discussion of experiments involving ha-
dronic probes will include results from transfer re-

actions and high energy proton elastic scattering.

A. Charge density differences of isotones

Electron scattering experiments from isotone
pairs determine the charge density difference of the
two nuclei involved. This charge density difference
can be related to the radial density of the valence
protons. In this section we will compare the results
obtained by this method to those determined from
magnetic electron scattering, corrected for meson

exchange, finite nucleon size, and center-of-mass ef-
fects.

The experimental isotone charge density differ-
ence, defined as bp=p(N, ZI ) —p(N, Z2), can be re-
lated to the valence density R,h (r), provided that
the core polarization Ap, „=bp—(ZI —Z2)R, h (r)
can be unfolded properly. The core polarization is
not known experimentally; a theoretical input is
therefore needed. For our purpose we will use Ap, „
as calculated in Hartree-Fock theory. In the ex-
treme IPSM the R,h (r) is due to the density R (r)
of the added proton(s) only. A complication arises

by the presence of configuration admixtures in the
ground state wave function. Such admixtures con-
tribute to the charge scattering, but are not sampled
by the highest multipole magnetic operator. To ac-
count for this mixing one has to use a model. We
will employ a generalized valence density with mix-
ing coefficients taken from one nucleon transfer re-
actions.

For the odd-even nuclei studied the most direct
comparison would concern the charge density
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FIG. 22. Radial densities in ' Ti and 'OZr. The solid
lines represent the single particle f7/p and g9/Q confltgu-
rations. The dashed line shows the mixed wave func-
tions.

difference resulting from the addition of one proton
only. However, for the nuclei considered it is diffi-
cult to obtain a model independent hp due to the
presence of Jy 0 components in the charge scatter-
ing cross section. Therefore the bp of (N, Z),
(N, Z +2) isotone pairs with Jo =0 will be used.

For the If7/z nuclei extensive charge scattering
data exist from the Stanford experiments. We
have used the experimental charge densities of Ca
and s Ti and the Hartree-Fock wave functions of
Decharge and Gogny to calculate the core polari-
zation Ap, „. A two components valence nucleon
density R,h (r) was taken:

R,h (r)=(0.95) R)f (r)+(0.3) Rqp (r),

where the mixing coefficients have been chosen to
be compatible with spectroscopic factors deduced
from stripping reactions. Both radial wave func-
tions were computed in a Woods-Saxon well from
the best-fit geometry of 'V (see Table X). The left
hand part of Fig. 22 shows that R,h (r) differs in
minor aspects only from the pure single particle
density R (r).

The result of the comparison between the lf7/q
valence orbit, as determined from charge density
differences, with that obtained from magnetic
scattering is shown in Fig. 23. A clear discrepancy
is observed: The peak of R (r) is located at an ap-
preciably smaller radius.

An identical analysis was performed for the lg9/z
orbit. Here the orbital density of Nb was com-
pa'-ed to the charge density difference of the isotone
pair Mo- Zr. The ground state wave functions
were taken to be the following:

+0.6I Ig9/2 & I
"Sr&

I

"Mo&=o.a512p, n'&
I

lgsn'&
I
"sr&

+0.53
I Ig9/p ) I

Sr),

The mixed density is determined mainly by the
Ig9/p single particle configuration (see Fig. 22).
Figure 24 shows that the valence density deduced
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FIG. 23. Comparison between the charge density

difference obtained from 'Ti-4'Ca isotone difference
and the magnetic scattering results for "V.

r ( frn )

FIG. 24. Same as Fig. 23 for Mo- Zr and 3Nb.
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from charge scattering extends slightly further out
than R (r) obtained via magnetic scattering. How-

ever, the disagreement is less pronounced than that
observed for the 1f7/2 shell.

Several reasons can be invoked to explain the
disagreement between the two quoted results. (i)
The theoretical core polarization is probably not
correct. It is already known that Hartree-Fock
theory does not well predict experimental isotope
shifts. ' The larger core polarization found ex-

perimentally might be explained by taking into ac-
count quadrupole deformations and ground state
correlations, effects which have been neglected in
the calculations cited. Indeed, in a spherical
Hartree-Pock calculation the Ca core is probably
too rigid, due to neglected modes of core excita-
tions. This would explain the better agreement for
the 1g9/p shell where the binding energy as a func-
tion of the deformation shows (Fig. 21) a deep
minimum at q=0, a feature which is valid for Zr
as well. (ii) We have considered only two com-
ponents of the charge density difference, neglecting
the smaller admixtures in the ground state wave
function. Although it seems reasonable, it is very
difficult to determine exactly the uncertainty intro-
duced by this assumption. (iii) For practical rea-
sons we have considered slightly different isotone
pairs from those which would be the most appropri-
ate ones. The additional effects introduced, such as
an A dependence and a residual core polarization,
are difficult to estimate.

On the basis of the above analysis it appears that
many model assumptions are needed to extract the
valence wave functions from the charge difference
between isotone pairs. We conclude that such a
method cannot yield a result of accuracy compar-
able to that of elastic magnetic scattering.

B. Comparison with measurements
of total neutron densities

Total neutron densities are traditionally deter-
mined by scattering of p, a, m, etc. While experi-
mental data are quite accurate and complete, the ex-
tracted densities are still subject to considerable
doubt. For the interpretation, assumptions concern-
ing the reaction mechanism have to be made. The
use of high-energy approximations [Glauber, Ker-
man, McManus, Thaler (KMT)], the use of folding
models, or the neglect of higher-order processes
may cause problems at the level of a few percent in
the rms radius for instance. The consequence of

these ambiguities is a large spread in the results ob-
tained from different experiments or probes.

Uncertainties of several percent are of consider-
able importance in the discussion of neutron rms ra-
dii. Hartree-Fock theory predicts rather small
differences between proton and neutron rms radii;
for Ca, a nucleus where this difference is particu-
larly large, it amounts to only -5%%uo. Modern
Hartree-Fock calculations yield differences between
0.14 and 0.23 fm. An experimental precision of the
order of one percent is needed to make a meaning-
ful verification of the prediction. Using electron
scattering to check the above mentioned p„(r) deter-
minations thus would be very valuable.

At first sight such a check seems difficult: While
hadron scattering measures total neutron densities,
magnetic electron scattering measures valence nu-

cleon densities. Looking at hadron scattering close-

ly, however, reveals that in no reaction p„(r) (or

r~, ) is measured the way pz(r) is measured by
(charge) electron scattering. Hadrons are strongly
absorbed in the nuclear interior, with the conse-
quence that the information obtained is limited to
the low-density region. For 1 GeV proton scatter-
ing, this region starts at radii r where p(r) & 0.5 p(0),
while for a, m the extreme nuclear surface radii r
where p(r) & 0. 1 p(0) is studied.

In this region the total density is expected to be
dominated by the valence shell. This is particularly
true for 4sca, where the f7~2 shell is filled and has
the highest I (is the most surface peaked). This
same valence shell is studied by magnetic electron
scattering for the example given in the neighboring
nucleus Ti. A direct comparison of electron and
hadron scattering based on the quantity really mea-
sured by hadron scattering —the density in the tail
of the nuclear distribution —should therefore be
possible.

For Ca this comparison has been performed as
follows: In order to go from p„(r) to the valence
shell density, we have used the DDHF calculation
of Ref. 44. The ratio of f7&2 to total neutron densi-

ty, which in the tail region varies from 0.5 to 1, is
shown in the lower part of Fig. 25. This ratio is ex-

pected to depend little on the theory employed, pro-
vided the calculated separation energies are reason-
able. In order to evaluate the uncertainty in this ra-
tio, we have used a second HF calculation as well

as a density calculated from a Saxon-Woods poten-
tial having identical geometry for all shells. The re-

sulting ratios differ by less than 10%%uo. Using this
ratio and the neutron density determined from 1

GeV proton scattering by the very careful analysis



2346 S. K. PLATCHKOV et al. 25

10

o
D
CU

I

8 R'{r)
0.5 Pq (r)

0.2
DDHF

r {fm)
FIG. 25. Total neutron density of Ca obtained from 1 GeV (p,p) experiment (Ref. 59) (solid line). The contribu-

tion of the f7/i neutrons (dashed line) is compared to the results of the present experiment for 9Ti (dotted) corrected
for MEC and for 3 dependence.

of Chaumeaux and Schaeffer' ' yields the f7/z
density contribution shown in Fig. 25.

For electron scattering we start from the Ti

f7/i neutron radial wave function calculated in c.m.
coordinates and fitted to electron scattering data.
This wave function is folded with finite nucleon
size and corrected for MEC in order to properly
compare to the densities of Ref. 59. Given the fact
that the f7/z neutron radii as determined by sub-
Coulomb stripping reactions do vary as A' from

Ca to Ca, a 0.6% compression in the radial scale
is performed when going from Ti to Ca. There-
sulting f7/i density for the eight neutrons in Ca is
shown in Fig. 25.

From Fig. 25 we deduce that electron scattering

and the proton scattering results ' perfectly agree
over the entire tail region. The remaining differ-
ences in the f7/Q density would correspond to
& 0.5% differences in rms valence radii. Given the
uncertainties in the comparison procedure, the
agreement is significant on the —1% level.

While we find that electron scattering agrees with
the 1 GeV (p,p) experiment of Ref. 52, this is not
the case for many of the p„(r) determinations in the
literature. ' These results can be characterized
by a single number giving the difference 6 between
the point rms radii of neutrons and protons in sCa.
This number is found to vary from 0.04 to 0.31 fm
in the different experiments available. For the high
energy proton scattering results published ' ' it
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varies from 0.16 to 0.23 fm. This difference comes
mainly from the assumptions made in the analysis,
and is hardly due to the different data used. The
treatment of the reactions mechanism, two-body
correlations, the nucleon form factor, and spin-orbit
contributions are mainly responsible for the differ-
ence. As a comparison the DDHFB calculation of
Decharge and Gogny yields 6=0.14, and Ref. 59
gives 0.09 fm.

on the determination of R(r); rather one searches
for a quantitative understanding of CED, and an

answer to the question of whether this can be ob-
tained without evoking charge-symmetry breaking.
Investigations in this direction can now be carried
out with a better chance for an unambiguous
answer. For a few cases we now have both accurate
charge densities and valence nucleon radial wave
functions available.

C. Coulomb energy differences D. Comparison with transfer reactions

Historically, the field of Coulomb displacement
energies has been linked quite closely to the one of
valence nucleon wave functions. From the binding
energy difference between mirror nuclei actually
some of the first determinations of the nuclear size
were obtained. Since, a considerable effort has
gone into the interpretation of the experimental
Coulomb energy difference (CED).

The systematic analysis of Ref. 69 was performed
under the assumption of charge symmetry of the
nucleon-nucleon force. In this case the difference
between the binding energies of isobaric analog
states is essentially due to the Coulomb energy of
the proton. It can be calculated if the charge distri-
bution p(r) and the radial wave function of the pro-
ton are known. Starting from realistic charge dis-

tributions and experimental AE, Nolen and Schiffer
derived the R (r) of the analog protons (assumed to
be identical to the one of the corresponding valence
neutrons). The rms radii found were systematically
smaller than the ones derived from accepted wave
functions, the difference being 10—20%.

Magnetic electron scattering does not confirm
these anomalously small radii of valence neutrons
(or valence protons). The deviations between exper-
iment and the best theoretical wave functions are of
the order of only a few percent. %e therefore con-
clude that the conceptually simple analysis of CED
yields incorrect radii. This shows that Coulomb en-

ergy differences are not yet properly understood.
However, the investigated correction terms to the
interpretation of Ref. 69 turn out to be quite small,
with the exception of the one due to the isospin im-

purity of the core ' '; this term does reduce the
disagreement by -30%. The precise effect of
another term, the core compression contribution,
is yet to be calculated quantitatively.

The long standing disagreement between calcula-
tions and experiment, -0.5 MeV for 2=40, is not
yet eliminated. Today, the emphasis thus lies less

0.02
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I I I

2 I+ 6 8
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FIG. 26. Overlap of the ' Sr g9~~ radial density with
the integrands of the magnetic electron scattering (dot-
ted) or transfer reaction (dashed) experiments.
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One-nucleon transfer reactions have been investi-
gated in great detail in the past. In general, the goal
of such experiments has been to provide the spec-
troscopic factors S used to describe the microscopic
structure of the state under consideration.

Transfer reactions involve composite particles
that are strongly absorbed in the nuclear interior.
Consequently, the information on the wave function
of the transferred nucleon only concerns the region
outside the nuclear surface. The quantity measured
is, essentially, the asymptotic normalization of R (r)
multiplied with the spectroscopic factor. In order
to extract spectroscopic factors —quantities rep-
resenting an integral over the entire nuclear
volume —model radial wave functions have to be
used. The strong dependence of S on R (r)—
typically an 8% change of S for a 1% change of the
rms radii of R (r)—is often ignored. To a large de-

gree the dispersion of values for S quoted in litera-
ture results from different choices for R (r).

This uncertainty can be eliminated using the radi-
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TABLE XVII. Spectroscopic factors as found in the present work and in transfer reac-
tion experiments. Values in parenthesis are calculated using MEC-corrected radial densities.

Nucleus Shell a~ (ee) a~ (transfer reactions) Reference

49Ti

51V

"Sr
93Nb

lf7n
If7n
lg9/2
1g 9/2

0.83(0.76)
1.01(0.93)
0.89(0.82)
0.93(0.86)

1.06(0.98)
0.81(0.78)
0.63(0.56)
0.64(0.57)

77
78,79
76
80

al wave functions determined by electron scattering.
This is demonstrated in Fig. 26, where we show the
R (r) of 1g9n neutrons in Sr together with the in-

tegrand of Eq. (2.6) for the maximal and minimal
momentum transfer of experiment. The electron
scattering form factor samples R(r) in the region
where 8 is large, between 2.5 and 6 fm radius. For
transfer cross sections, the quantity analogous to
the integrand of Eq. (2.6) can be calculated ' and
is also shown in Fig. 25. This curve is calculated
for a typical transfer reaction Sr(d,p) at Ed ——25
MeV and for a proton angle of 40'. This angle
corresponds to the first maximum of the proton an-

gular distribution, i.e., the angular region often used
to extract S. (The corresponding curves for other
angles are quite similar. ) Figure 26 demonstrates
that in spite of the relatively large energy of Ed ——25
MeV the transfer cross section receives its largest
contribution from a radial region where R(r) is
very small, and where its shape is essentially im-

posed by the falloff determined by the separation
energy.

Using the R (r) determined from electron scatter-
ing, one can reanalyze the transfer cross sections.
This allows an absolute determination of the spec-
troscopic factors. Hence a good check of the occu-
pation number sum rules that often have been used
for ad hoc renormalization of experimental values
for S becomes possible. The spectroscopic factors
determined by this approach can be compared to
the values of o.~ deduced from magnetic electron
scattering.

The spectroscopic factors quoted in the literature
have been calculated using various (not always
specified) prescriptions for the WS potential. In
order to employ the information on R (r) provided
by magnetic scattering, one has to reanalyze the
transfer data, as done, e.g. , in Ref. 76 for the Sr
data. If the R (r) used are reasonably close to the
ones required by electron scattering, the spectro-
scopic factors can be corrected for the difference
without complete reanalysis. This can be done by
calculating with different Woods-Saxon wells the
change in the asymptotic norm (the quantity
transfer reactions are most sensitive to) with the
change in the WS parameters.

Starting from the transfer data of Refs. 55 and
77—79 we have recalculated the spectroscopic fac-
tors to correspond to the R (r) measured by magnet-
ic scattering. This leads to changes in S up to 25/o.
Ground state properties can be deduced from these
spectroscopic factors via two types of sum rules.
From the sum over all states in the residual nucleus
the number of particles or holes in a given shell can
be obtained. If both, particle and hole spectro-
scopic factors are measured, the sum-rule value
(2j+1) times a center of mass correction factor
should be obtained. From a weighted sum ' over
pickup spectroscopic factors

Jf+2j+A JJ~
~&——(2j+1)g( —) '

JJJf

and an analogous expression for stripping, the a~

TABLE XVIII. Number of' particles/holes as derived from transfer reactions. The sum
rule values of 'V and Sr are also given.

Nucleus Shell Particles/holes Particles + holes Sum rule

49Ti
51V

Sr
"Nb

lf7n
&f$n
1g9/2

lg 9/2

8.4(7.7) p

5.5(4.9) h

6.1(5.8)
6.5(5.9)

8.47
10.61
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appearing in Eq. (2.6) can be calculated. This latter
sum rule heavily favors excited states in the residual
nucleus of low J~, since the "stretched" 6j symbol
rapidly decreases with increasing J~.

In Table XVII we compare the n~ as obtained
from electron scattering with those deduced by the
quoted sum rule from transfer reactions. In Table
XVIII, we list the number of l =3,4 particle (holes)
or their sum as derived from transfer reactions.

Several conclusions can be drawn from these
tables: The a7,a9 derived from spectroscopic fac-
tors in general are -30go lower than the ones
directly determined by electron scattering. The only
exception is Ti, where both a7 and the total num-

ber of f7/p neutrons (Table XVIII) exceeds the sum
rule value. The Ti spectroscopic factors of Ref.
82 would lead to a more correct u7 ——0.89 and a rea-
sonable lf7/2 neutron occupation number; unfor-

tunately, these values have been calculated for a not
quoted R (r).

For the occupation numbers of the different
shells, the nuclei where the sum of boih particles
and holes has been observed are most interesting.
For Sr and 'V we find that the sum rule limits
are exhausted to 61% and 72 Jo only. This indicates
that a considerable fraction of the 1=3 and 4
strength has not yet been observed. This strength is
probably located at higher excitation energy (E & 6
MeV) or in the continuum. Consequently the often
practiced renormalization of experimental spectro-
scopic factors to the sum rule value is inadequate.

As mentioned above, the sum rule for 0.+ is less
sensitive to high-J states occurring at high excita-
tion energy in the residual nucleus. This explains
why the aA values are closer to the naive value
given by the strict single-particle model than the oc-
cupation numbers. The latter ones, even in the
presence of configuration mixing, should yield the
sum rule values. The large amount by which they
deviate from the sum rule values is therefore not
well understood.

IX. SUMMARY

In the preceding sections we have presented a de-
tailed investigation of elastic electron scattering
from the ground state magnetization distribution of

Ti, 'V, Co, Sr, ~, Bi. Particular em-
phasis has been placed on the measurement and in-
terpretation of the highest multipole component
which dominates the magnetic cross section at large
momentum transfer. For nuclei satisfying some

specific criteria —highest possible multipolarity,
stretched configuration —a measurement of this
multipole distribution allows a precise determina-
tion of the radial wave function of the unpaired
proton or neutron.

Experimental data have been taken in the range
of momentum transfer q=1.7 to 3.3 fm '. The
main lobe of the magnetic form factor of highest
multipolarity was thus well determined. The preci-
sion obtained on its q dependence is closely related
to the precision on the valence wave functions de-
duced by fitting the data with phenomenological
single-particle wave functions. The model depen-
dence of the results has been minimized by
parametrizing R(r) in terms of a solution of the
Schrodinger equation for a Woods-Saxon potential.
Hereby many unphysical features of phenomenolog-
ical R (r) can be suppressed, and information from
other experiments be incorporated.

The results obtained concern the radial wave
functions R(r) for the f7/2 shell nuclei "Ti, 'V

and the g9~2 shell nuclei Sr and Nb. We have
shown that these 8 (r) are well measured in the re-

gion between 2 and 6 fm, in contrast to experiments
using strongly interacting probes which are sensitive
to R (r) at large radii only. The present experiments
thus provide for the first time a precise measure-
ment of R (r) in the region where R (r) is large and
where the dominating part of the integral strength
is located. We have shown that the rms radii de-
rived from these radial wave functions are accurate
to 1%.

For Ti and Sr our results concern lf7/2 and

1g9/2 neutron radial wave functions. It was shown
that by magnetic electron scattering neutron radial
wave functions can be determined as well as the ra-
dial wave functions for protons. From the data, the
difference between neutron and proton radial wave
functions —a quantity of particular interest —can be
obtained directly, and in a largely model indepen-
dent way.

Various corrections due to configuration mixing
and the meson exchange current have been investi-
gated. Using the existing calculations we found
that the core polarization effect has a negligible in-
fluence on the shape of the MA form factor, rnodi-

fying the rms radius of the corresponding orbitals
by -0.3%. Only the lower multipoles are strongly
quenched and modified in shape, in a manner that
depends on the residual force involved. For a quan-
titative understanding of the core polarization effect
on these lower multipoles, a residual interaction de-
rived in a self-consistent way (i.e., with the same
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phenomenological force as the central field) would
be needed.

A detailed investigation of the effect of MEC
also has been performed. We show that use of the
appropriate R (r) in the MEC calculation and the
inclusion of the mXN vertex form factor leads to a
smaller effect on the rms radius than previoulsy
quoted. We actually found a change due to the ex-
change currents of the extracted rms radii which
amounts to 1%. New results show that the sign
of the nuclear isobar current, which becomes in-

creasingly important at large q, had been calculated
incorrectly; the correct sign will reduce the MEC
correction to a negligible amount for the MA form
factors considered.

Our results have been compared to predictions
from three different mean field calculations, both in

q space and in configuration space. As a general
feature we observe that all theories predict too rapid
a falloff for the highest multipole form factors.
This corresponds to too large a radial extension for
the theoretical radial wave functions. The best
agreement is obtained for the DDHFB calculation,
which differs by 2% and 1.5% from the experimen-
tal results for the rms valence radii of the f7/2 and

g9/2 orbits, respectively.
The experimental ratio of neutron to proton radii

is 1.3% smaller than that given by the DDHFB cal-
culation. The same calculation also gives a fairly
good agreement for the separation energies of nuclei
studied. The consistency of these results can prob-
ably be assigned to the choice of the phenomenolog-
ical force and to the self-consistent treatment of the
pairing correlations.

A complementary effect which might explain the
difference between Hartree-Fock theories and exper-
imental data has been suggested recently by Le-
jeune. A study of the single particle properties of
a nucleus in a dynamic mean field yields rms radii
that, compared to a static calculation, are decreased
by about 1% for Ti and 'V and by 0.2% for

Our f7/2 neutron radial wave function has been
compared to a recent careful analysis of 1 GeV pro-

ton scattering data. We found that a value for
r„r~—of 0.09 fm for 4 Ca, as found in this analysis,
is consistent with our electron scattering measure-
ments.

The accurate determination of R (r) has consider-
able impact on the interpretation of the spectro-
scopic factors S used so extensively in nuclear phys-
ics. The calculation of spectroscopic factors from
transfer reaction data needs a very model dependent
extrapolation from the quantity measured —the
asymptotic norm of R (r)—to the integral over all
radii, i.e., the spectroscopic factors. Knowing R (r)
from magnetic electron scattering allows us to ob-
tain absolute spectroscopic factors, and to check the
sum rules often utilized to normalize S. We have
analyzed both occupation number sum rules and the
highest multipole moment sum rules. For the nu-
clei investigated, we find that transfer reactions on
the average locate only 70% of the strength expect-
ed. This makes the often practiced normalization
of spectroscopic factors to sum rule values rather
doubtful. We deduce that transfer reactions miss
about 30% of the total strength, which is likely to
be found at excitation energies of g6 MeV, or in
the continuum.
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