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Cluster representation of Li and the finite-range distorted-wave Born approximation analysis
of Li-induced alpha transfer reactions
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With a view to examine the suitability of the various different forms of a-d cluster rep-
resentation of Li used in the literature based on different criteria for the a-transfer reac-
tion analysis, finite-range distorted-wave Born approximation calculations have been made
in the present work for ( Li,d) reactions with various forms of cluster representation of
Li and they are compared with the angular distribution data on the targets Mg, Al,
Si, and 'P at a bombarding energy of 36 MeV. It is found that (a) the single node wave

function f~ introduced by Kubo and Hirata with the corresponding Woods-Saxon form

of V~ is not found to fit the angular distribution data at all, (b) the zero node Eckart
function form of g~ with the corresponding V~ with attractive and repulsive parts is

also not successful, and (c) the zero node wave function generated by a Woods-Saxon
form of a potential with a hard repulsive core of R„„=1.25 fm introduced by Watson
et a/. is also unsatisfactory. However, the Watson form modified by reducing the hard
core radius to R„„,= 0.6 fm predicts angular distributions satisfactorily. These results

are not affected by the different choices of optical model parameters.

NUCLEAR REACTIONS ( Li,d), FRDWBA calculations with dif-

ferent a-d cluster representations of 6Li. Compared o(0) data.

INTRODUCTION

The ( Li,d) reactions are being extensively em-

ployed for the study of the aspects of alpha clus-
tering in nuclei' with the use of exact finite range
DWBA analysis. ' However, the alpha-deuteron
cluster representation of Li to be used in these
analyses is not free from ambiguities. Specifically
for the relative motion wave function of the alpha
particle and deuteron in Li and the effective in-
teraction between them, various different forms are
in use. The Li induced alpha transfer reaction
cross sections and angular distributions calculated
by the finite range DWBA analysis are sensitively

dependent on the a-d intercluster relative wave

function at small separations. Furthermore, abso-

lute cross sections calculated from these analyses

assume significance when the cluster strengths ob-

tained from transfer reactions are to be used for
comparison with the widths for the inverse process
of a decay. The forms of the a-d intercluster rela-

tive motion wave function giving satisfactory pred-

ictions of knockout reactions on Li are also in use

in the Li induced alpha transfer reactions, al-

though knockout reactions on Li analysis are sen-

sitive only to the intercluster wave function at
larger separations, contrary to the case of the
transfer reactions, where the wave functions at
small separations are important.

With a view to examine the suitability of the
different forms of a-d cluster representation of Li
for the transfer reaction analysis, finite-range
DWBA calculations ' have been made in the
present work for ( Li,d) reactions with different
forms of cluster representation of Li and they are

compared with the data on the targets Mg, Al,
Si, and 'P. Some preliminary results of this

study were reported earlier.

EXPERIMENTAL DATA

The ( Li,d) reaction angular distribution data at
a Li energy of 36 MeV on the odd mass targets

Al, Si, and 'P are taken from the work of
Eswaran et al. , and on Mg from the work of
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Sikora et al. The ground state to ground state
transitions in the case of the above reactions on
odd mass targets have the pure L transfer of 2 and
these are the ones included for comparisons with
the present calculations. In the case of the even
mass target Mg, the ground state to ground state
transition of L transfer zero and the transition to
the first excited state Mg ~ Si' (2.24 MeV)
with an L transfer of 2 are included. In the case
of the ( Li,d) reaction on Mg included in the
present work, the optical model potential parame-
ters needed for Li on Mg at 36 MeV are avail-
able in the literature from the work of Schumacher
et ah. , who obtained these parameter sets from the
analysis of Li elastic scattering data on Mg at
the same energy of 36 MeV.

CLUSTER REPRESENTATION OF Li

V~d ——Vp 1+exp
r —Rp

with parameters Vp ———77.8 MeV, Rp = 1.9 fm,
and a = 0.65 fm, where the potential depth was
determined to give an a-d binding energy of 1.474
MeV for the single node 2S state wave function.
This potential is adopted by Kubo et al. to ex-
press the shape of the potential obtained based on
nucleon-nucleon interactions in Refs. 10 and 11.
The parameters for the potential determine the
root mean square radius of the relative motion
wave function which is appropriate to reproduce
the Li density distribution. This potential V~~
and the relative motion wave function 1( d calcu-
lated as a solution with the potential V d including
the Coulomb interaction are marked by E in Figs.

The treatment of finite-range 0%HA analysis of
the (6Li,d) transfer reactions requires a knowledge
of the relative motion wave function g d of the a
and deuteron in Li, and their interaction potential

V~d. Specifically, the FRDWBA integrand is pro-
portional to the product V~~t)'r~d, and hence the re-
action is sensitive to this product and not to the in-
dividual wave function and potential.

Various different forms of relative d-a cluster
wave functions have been available in literature. A
single radial node 2S wave function is predicted by
the shell model and this type of wave function is
adopted by Kubo and Hirata in their treatment of
some a transfer reactions. They approximated the
nuclear interaction V d by a Woods-Saxon poten-
tial

1(a) and (b), respectively, and this is one of the
forms we used in the present investigation. The
potential parameters are denoted by set E in Table
I. It may be noted here that for this cluster repre-
sentation the product V~df~d will have one node

away from the origin. This wave function with
the correct radial quantum number (i.e., a 2S state)
is required to account phenomenologically for an-

tisymmetrization effects at small a-d separation
distances.

The second form that was tried in our analysis
was the Eckart function used by Noble. ' In this
approach the relative wave function 1t d is of the
form (1—e ") (e "lr), which is an eigenstate
of the real potential with a repulsive core

V~d = —44.4[e "—1] '+47.5[e '—1] 2, (2)
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FIG. 1.(a) The nuclear part of the interaction poten-
tial V~ between a cluster and deuteron as a function of
separation distance r~. The curves marked K, E, 8',
and W' denote different potentials, as described in the
text. (See Table I.) (b) The t/i~ relative motion wave
function as a function of the a-d separation distance r ~
calculated as solutions with the nuclear interaction po-
tentials shown in (a). The curves marked K, E, 8', and
W' denote the solutions with the corresponding poten-
tials in (a).

with a = 0.714 fm ' and E = [2pE&/fi2]'
=0.307fm

This wave function has no radial node outside
the origin; however, the potential with which this
is generated as an eignestate has an infinite repul-
sive core (necessary to produce the node at the ori-

gin) which may be thought of as a manifestation of
the Pauli principle. Noble' has used this wave
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TABLE I. Interaction potentials V~{r~) used to construct the a+ d relative motion wave functions P~.

Set Form oF V d(r~) Ref.

—Vo[1+exp{r—Ro)/a] '+ Vc«~{r)
Vo ——77.8 MeV, Ro ——1.9 fm, a =0.65 fm, R, =1.9 fm, (N, L)=1,0
—V.(.--1)-'+V, (.--1)'-
Vo ——44.4 MeV, V] ——47.5 MeV, a=0.714 fm ', (N, L)=0,0
—Vo[1+exp{r—Ro)/a] '+ Vc«~{r) for r &R„„
00 for r &R„„
Vo ——45.25 MeV, Ro ——2.0 fm, a =0.7 fm, R„„=1.25 fm, R, =2.0 fm, (N, L)=(0,0)
Same as 8'
Vo ——27.26 MeV, R„„,=0.6 fm

12,13

15

function to describe the static E2 and M1 mo-
ments and elastic charge form factors of Li as
well as cluster knockout data. The Eckart func-
tion is also employed by Schwandt et al. ' to con-
struct a folded Li optical potential. This form is
denoted by F. in Table I and the potential with a
repulsive core and the wave function are shown in

Figs. 1(a) and (b), respectively. In this form also
the product V dg ~ has a node away from the ori-

gin. Jain et al. '" have successfully used a similar

function, which is analytically defined but is not
the solution of the one body Hamiltonian, to
describe cluster knockout reactions such as

(a,2a), (p,pd) on Li.
The third form we examined in our analysis was

the one introduced by Watson et al. ' In describ-

ing Li (a,2a)d knockout data, Watson et al. '5

generated the u+d cluster wave function by a
Woods-Saxon potential with a hard repulsive core.
The parameters are shown in Table I (listed under

W) and the potential and wave function are plotted
in Figs. 1(a) and (b). The form of the nuclear po-
tential is

V d(r)= VQ 1+exp
r —Rp

for r &Rcore

for r (R„„.
This potential with a hard core radius chosen as
R„„=1.25 fm, a depth Vp ———45.25 MeV and

Rp ——2.0 fm, and a diffuseness parameter a = 0.7
fm, correctly yields the a-d binding energy of Li
( =1.474MeV), the low energy S„a-d scattering
phase shifts, and the rms charge radius of the Li
ground state close to the experimental value. ' It
should, however, be noted that for the description
of knockout reaction data on Li, the cluster wave

FINITE RANGE DWBA ANALYSIS

The exact finite-range DWBA code I.OLA was
used to calculate the theoretical angular distribu-
tions. For the bound state in the final nucleus, a
target plus a-particle cluster wave function was
generated in a Woods-Saxon well of radius R =
1.30 A, ' fm and diffuseness a = 0.65 fm. The
well depth was adjusted to reproduce the known
binding energy of the a particle in the final nu-

clear state. The number of radial nodes was fixed
by the oscillator conservation relation

4

2(N —1)+L=+ [2(n; —1)+l;], (4)

where n; and l; are the individual nucleon shell
model quantum numbers. For the transfer of four
nucleons in the 2s —1d shell the above equation
yields 2(N —1)+L=8, and this is the value used
in the calculation in this work. The a-d interclus-

function at larger separations than about 5 fm is
what is important. "

All three forms (E, E, and W) of the wave func-
tions are similar at large separations [Fig. 1(b)j, but
very different at small separation distances. The
transfer reaction data are found to be sensitive to
the product V ~f d at small separations, as
described in the next section.

The above forms of the wave functions f d were
generated by a separate computer program as solu-
tions of a one body Hamiltonian using the
corresponding potentials V~d (see Table I). The
Coulomb part of V~d is then removed retaining
only the nuclear part of V d, and these V d and

1(~~ were then introduced in the LOLA program
for the finite range DWBA analyses.
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ter relative motion wave function in Li as well as
the interaction potential V d(r~e) are to be known
for the calculation of the form factor in the
analysis. The various forms, E, E, and 8'dis-
cussed in the previous section were introduced in
the program for the FRDWBA analysis. The opti-
cal model potentials used to generate the distorted
waves consisted of the Li parameters of Strobusch
et al. ' and Schumacher et al. , and the average
deuteron parameters of Newman eI; al. ' The +-
cluster spectroscopic strengths S for the residual
nuclear states are related by the equation

do'

de
(2' + I ) d g

(~t+ l) d~ LoLA

RESULTS AND DISCUSSION

The calculated finite-range DWBA angular dis-
tributions for the reaction Si( Li,d) Ss, at a Li
energy of E = 36 MeV are shown in Fig. 2. The
L transfer is of a single value of 2 in this case

where J; and Jf are the spins of the target and fi-
nal nuclear states. In the above equation the spec-
troscopic factor describing the overlap of Li with

d+a, is taken as unity. All the computations
were done on a DEC-10 computer. The program
LOLA was adapted for use in this computer with
the provision that it read in the external wave
function and interaction potentials. The number of
partial waves up to 25 were included in the calcu-
lation and integrations were extended up to a max-
imum radius of 16 fm.
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FIG. 2. Angular distributions of the reaction
' Si( Li,d) S g.s. The curves E, E, W, and W' are the
present FRDWBA calculations for L transfer 2 with

different choices of V,d and P,q corresponding to
K, E, W, and W' for the a-d cluster representation of
Li (see Table I). The data are from Ref. 3.

since the spins of Si and S are —,+ and —,+.
The optical model parameters for Li and the deu-

teron are the ones used for 2s —1d shell targets
earlier in the literature, ' and are listed in Table
II. The data of Eswaran et al. are also plotted in

Fig. 2. The different angular distribution curves
marked E, E, and 8' are the ones calculated with

V~ and P~d of Kubo et al. , the Eckart function'

and those of Watson et al. ,
' respectively, dis-

cussed in the previous section. The calculated an-

gular distribution curves are shown normalized at
the maximum in the data at 8„. =11'. Obviously
both curves K and E do not fit the angular distri-

TABLE II. Optical model Woods-Saxon potential parameters used in the FRDWBA analysis.

Channel
Set

V
(MeV)

Rg
(fm)

aR

(fm)

W
(MeV)

W'=4WD
(Mev)

Rs
(fm)

ai
(fm)

R coul

(fm)

Li+ Mg
d +"Si
Lj+ Sj
d + S

d +"P
6L +31P

d +"Cl

A
B

A
B

161.9
94.2

72.6
94.6

72.6
161.9

94.4

72.6
161.9
94.8

3.58
3.29

4.21
3.40

4.11
3.63

3.33

4.30
3.80
3.48

0.80
0.81

0.87
0.81

0.87
0.80

0.81

0.87
0.80
0.81

17.3

8.0

8.0
17.3

8.0
17.3

44.7

45.6

45.0

46.1

5.48
4.19

7.07
4.29

6.90
5.55

4.21

7.23
5.81
4.37

0.89
0.74

0.81
0.74

0.81
0.89

0.74

0.81
0.89
0.75

3.85
3.88

7.68
4.01

7.50
3.90

3.93

7.85
4.08
4.09
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bution data at all. As discussed in the previous
section, in both these forms the product V dltt d
has a node away from the origin. The FRDWBA
calculation with the form of Watson et al. for the
V ~ and g d is shown by curve 8'in Fig. 2. The
fit is not found to be satisfactory. Although the
first maximum in the curve fits the data well, there
is a second hump in the curve which is not ob-
served in the data.

The W form of the interaction potential V ~ has
an infinite repulsive core with a core radius R„„
= 1.25 fm. We chose to modify this form by
reducing the R„„radius, keeping the radius R0
and the diffuseness at the same values of 2.0 fm
and 0.7 fm, respectively, and adjusting the depth
V0 so that the a-d binding energy of 1.474 MeV is
reproduced for the ground state of Li. The value
of R„„=0.6 fm was adopted, which needed a
depth of V0 ———27.26 MeV. This modified form
is shown as W' in Figs. 1(a) and (b). With this
form FRDWBA calculation for the angular distri-
bution is shown by curve W' in Fig. 2.

It is found that this modified form W' repro-
duces the angular distribution satisfactorily. This
form of wave function W' is essentially the same
as W at longer separations and differs from it only
slightly at smaller distances. To compare the
modification in the radius the mean square radius
of Li is computed from the expression'

Figure 3 shows a similar comparison of the cal-
culations and the data for the reactions Mg( Li,
d) Sis, and Mg( Li,d) Si' (2.24 MeV). The +-
transfer transition Mg~ Sig, has the L transfer
value of 0 and the Mg —+ Si' (2.24 MeV) transi-
tion has L transfer = 2. For both these cases (Fig.
3) experimental data of Sikora et al. and our
FRDWBA calculations with V~d and ltt~d forms of
E, W, and W' are shown. As found in the case of
the previous reaction, the form K does not fit the
angular distribution at all and the form W also de-

viates significantly from the data. The modified
from W' fits the data of the first excited state well

and for the ground state L =0 transition, the slope
of the steep fall in the cross section in the forward
angles is also well predicted.

The optical model parameters for Li on Mg at
36 MeV required in this analysis were taken from
Schumacher et a/. who determined the optical
model parameters by fitting their elastic scattering
data on the same target at the same energy as

100,

eV

10

Z)A2 +Z2A)

where Zi Z2 and A&, A2 are the charges and
masses of the two clusters a and deuteron, respec-
tively, and Z=Z&+Z2, A =A&+A2. The value of
the root mean square radius is (rz )'~ = 2.72 fm
according to the original form W of Watson
et al. , ' while the modified form W' yields

(rq )'~ = 2.55 fm, the experimental value' being
2.56 + 0.05 fm. Hence the modified form, with
the reduced value of the repulsive core radius R„„
= 0.6 fm and the relative motion wave function
modified essentially only at smaller separation dis-
tances, reproduces the ( Li,d) transfer reaction data
well, while retaining the rms radius of Li close to
the experimental value and with the relative mo-
tion wave function at larger separations, the same
as the original form of Watson et al. ' [denoted by
W in Fig. 1(b)] which is necessary for explaining
the cluster knockout reaction data on Li.'
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FIG. 3. Angular distributions of the reaction
Mg( Li,d) Si leading to the g.s. and the 2.24 MeV first

excited state in Si. The curves K, 8', and 8" are the
FRDWBA calculations of the present stork for an I.
transfer of 0 for the ground state and of 2 for the first
excited state with the choices of V d and P d corre-
sponding to I(, F, and F' for the e-d cluster represen-
tation of Li (see Table I). The data are of Ref. 7.
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FIG. 4. Angular distributions of the reactions
Al( Li,d) 'P (g.s.) and "P( Li, d)"Cl (g.s.) The curves

8', W&, and 8'& are the FRDWBA calculations of the
present work for an I. transfer of 2 with choices of V~
and g~ corresponding to W and W' for the a-d cluster
representation of Li (see Table I), while the subscripts
A and B on 8" refer to the calculations with optical
model sets A and B (see Table II), respectively.

above. This parameter set is listed in Table II.
In the cases of odd mass targets in the 2s —1d

shell there are no elastic scattering data for Li to
obtain the optical model parameters required in the
present analysis. In the case of the Si( Li,d) S
reaction discussed above, the Li optical model
parameters used were those used for several other
2s —1d shell nuclei earlier in the literature ' ob-
tained from Strohbusch et al. ' and listed in Table
II. However, it is found that the conclusion re-

garding the dependence of the FRDWBA calcula-
tion on the cluster representation of Li is not af-
fected by the optical model parameter set used in
the analysis. In Fig. 4 the reaction data

Al( Li,d) 'P, and 'P( Li,d) Cl, from
Eswaran et al. are shown along with the com-
parison with the present FRDWBA calculations.
The L transfer is pure 2 in both cases. The
FRDWBA calculations with the form IV for the
a-d cluster representation of Li with the optical
model set of Strohbusch et al. ' are shown, and it
is clear that the form IV does not fit the angular
distribution satisfactorily. The calculations with
the modified form 8" are shown with the Li opti-
cal model parameter set A based on Strohbusch
et al. ' and set 8 based on the values for the Mg

target obtained by Schumacher et aI." (see Table
II).

From the comparisons with data in Figs. 2 —4 it
is seen that the form of V«and l(«of Kubo
et al. (K) and the Eckart function form of the
wave function (E) with the corresponding V«
with attractive and repulsive parts [Eq. (2)] do not
predict the angular distributions for ( Li,d) reac-
tions, and the form of Watson et al. ' with zero
node wave function with V ~ having an infinite
repulsive core with 8„„=1.25 fm is not satisfac-
tory. The modified form W' with an infinite
repulsive core radius reduced to 0.6 fm fits the
( Li,d) angular distributions satisfactorily.

It is emphasized that in the present FRDWBA
analysis it is stipulated that the l(« that is used
should be obtained as a solution of the one body
Hamiltonian with V ~ as the potential, Bang and
Gignoux derived g« from three body model cal-
culations for Li and this g ~ is a one node wave
function, essentially similar to the Kubo and Hira-
ta form. As pointed out by the authors, this
form is close to the form that can be derived as a
solution of the one body Hamiltonian with the at-
tractive Woods-Saxon form of V~~ with parame-
ters Ro ——2.22 fm and a = 0.7 fm, and Vo ——

—60.87 MeV as used by Aurdal, Bang, and Hans-
teen. We find that this combination of g«and
V & is also not successful in predicting the ( Li,d}
angular distributions.

If it is assumed arbitrarily that a combination of
V«and P«need not be restricted by the stipula-
tion that P«should be a solution of the one body
Hamiltonian with V~~ as the potential, then it ap-
pears feasible to obtain good fits to the ( Li,d) an-

gular distributions. For example, the Eckart form
(E) of the wave function t)'j ~ is obtained as a solu-
tion with the potential V~~ which has an attractive
part and a repulsive core [Eq. (2)]. If this g ~ is
used in conjunction with only the attractive part of
V & (neglecting the repulsive part} in the
FRDWBA calculations, we find that the angular
distributions are well predicted. Furthermore, such
an arbitrary procedure with no justifiable basis has
also been very much adopted in the literature, ob-
taining good fits in the case of FRDWBA analyses
of the (a, Li) reaction and ( Li,d). ' In these
analyses the form of the repulsive core was chosen
somewhat arbitrarily to be equivalent to the centri-
fugal potential for I = 2 and the parameters of
the Woods-Saxon well were chosen to produce a
radial shape similar to that of the Eckart function
and nearly like that used by Jain et al. ,

' and then
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the repulsive core part of the interaction was
dropped for V in the finite range calculations.

So the basic question arising as a result of these
observations is whether the g d and V d that are
used in the FRDWBA analysis should be such that

gad is derived as a solution of the one body Hamil-
tonian with V d as the potential. If this condition
is to be relaxed, then, at present it is not clear as to
what should be the basis for such a procedure.

Regarding the absolute cross section as calculat-
ed from different choices of gad and V«, it is
found that the form K gives much larger cross sec-
tions than 8' and the Eckart form gives much
lower cross sections. As an example, in the case of

Si ( Li,d) Ss, with an I. transfer of 2, at the
maximum of the observed cross section at 11.7'

c.m. the calculated cross sections (do /d Q)LQj
with the forms E,E, 8', and 8" are 48.50, 3.84,
19.74, and 12.36 pb/sr, respectively, calculated
with the Strohbusch et al. ' optical model parame-
ter set for Li.

In the study of the systematics of ground state a
cluster spectroscopic strengths in an earlier work '

with a different choice of cluster representation of
Li in the FRDWBA analysis, it was deduced that

the ground state a cluster spectroscopic strengths
of 'P, S, and Cl as deduced from the ( Li,d)
reactions on. Al, Sj, and P are 0.65, 0.30, and
0.29 relative to unity for ' 0( Li,d) Nes, . From
the present analysis discussed above with the form
8" the corresponding values are 0.81, 0.39, and
0.40, showing that although the values are slightly
higher, the conclusion regarding relative variations
of these strengths with mass number remains the

same.

Janecke et al. ' have studied the dependence of
the finite range DWBA cross sections in the
analysis of the (d, Li) reaction on heavier even-
even targets such as ' Nd on the cluster represen-
tation of Li. Comparing our results with theirs, it
is noted that while we find that the angular distri-
butions are sensitive to the hard core radius used in
the form W, they have not reported a similar re-
sult. Their comparisons are for L =0 transfers in
even nuclei, while in the present work on odd and
even mass targets of the 2s —ld shell, both L =0
and L =2 transfers are included in the analysis.

In summary, we find the u-d cluster representa-
tion of Li introduced by Kubo et al. with one
node wave function and a Woods-Saxon form of
an attractive potential, or the Eckart function form
of the wave function with an interaction potential
including a repulsive core do not predict the angu-
lar distributions in the ( Li,d) a-transfer reactions.
The form introduced by Watson et al. ' with an
infinite repulsive core with a hard core radius R„„
= 1.25 fm and no node wave function is not satis-
factory for predicting the ( Li,d) angular distribu-
tions. This form modified by reducing the hard
core radius to R„„=0.6 fm satisfactorily fits the
angular distribution data in ( Li,d) reactions.

We thank B. Sikora et al. (see Ref. 7) for use of
their data on Mg( Li,d) Si in our study. Our
thanks are also due to R. M. DeVries for providing
us the I.DI A program which we adapted for use in
the DEC-10 computer.
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