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The Q-value dependence of the cross section of heavy-ion transfer reactions to high-lying

states is studied. The continuum energy spectra are measured for each exit channel while

systematically varying the bombarding energy, scattering angle, target and projectile:
' 0+ Th, ' N + ' Th and ' 'Ta, and "Cl + '"Ta at energies ranging up to 1.4 times the

Coulomb barrier, at and about the grazing angle. The transfer reactions exhibit common

properties which depend mainly on the number of transferred nucleons hE. The average

amount of energy dissipated, which depends strongly on hN, is interpreted with a semiclas-

sical model that assumes momentum matching and the presence of a velocity-dependent

frictional force. Also, the branching ratios of the exit channels are observed to depend sys-

tematically on 5Ã, which suggests a statistical process. The energy spectra are examined

in terms of a phenomenological constrained phase-space analysis. The dominant constraint
is found to be the optimal Q value. The description of data with at most two constraints

implies that essentially all of the information content of the energy distribution is contained

in these constraints.

I NUCLEAR REACTIONS Heavy ions, 2 Th(' 0 Xi X=9' Be,
11—138 12—16C 15—17N 17—19O E 97 ]OS 1 15 125 MeV 181Ta

232Th(15N ~) ~ 9—11B 11—1318 12—15C E 86 95 $O3
' 'Ta( Cl,X), X = Si ' P S ' Cl, E=205 MeV. Energy
and angular distributions of the ejectiles. Statistical aspects. Surprisal

analysis.

I. INTRODUCTION

This paper examines the continuum energy spec-
tra and other general properties of transfer reactions
to the continuum in a systematic manner, since
many existing measurements are rather fragmenta-
ry. Often, the features of heavy-ion reactions ap-
pear to be particular to individual reactions,
whereas in fact many are general characteristics
depending on the relative kinetic energy and angu-
lar momentum of the dinuclear system, which ev-
olves in time from the regime of direct processes to
that of statistical processes. This transition can be
effectively studied by varying the incident parame-
ters in modest steps and observing the changes in
the final distributions, including those of energy,

angle, mass, and charge.
Both direct reaction and statistical diffusion

theories have been applied to understand continuum
energy spectra in quasielastic and deep-inelastic col-
lisions. Distorted-wave Born approximation
(DWBA) cross sections have been calculated using
energy averaged matrix elements by Udagawa
et al. ' for the direct reaction products of
' N+ Mo at 97 MeV. The theoretical fits account
for the peak positions and widths of the energy
spectra, but do not correctly describe their shape.
The failure to reproduce the cross section at high
excitation energies is probably due to the neglect of
multistep processes. Taking advantage of the large
number of degress of freedom, a statistical diffusion
model has been. applied by Norenberg to the con-
tinuum energy spectra of the Ar+ Th reaction
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at 388 MeV. Here, the drift of the energy peak and
diffusive broadening of the energy distributions are
seen as the interaction time increases, although the
observed asymmetries, especially for weakly
damped or few-nucleon transfers, are unaccounted
for. Volkov treats deep-inelastic reactions in terms
of an intermediate dinuclear system, which makes it
possible to interpret some features of multinucleon
transfer by a statistical approach; for example, the
ground state Q-value (Qo) systematics seen by Ar-
tukh et al. Bondorf et al. explain the logarithmic
dependence of the cross section with Qo to be a
consequence of partial statistical equilibrium. Dur-
ing the relatively fast transfer reaction, the system
of colliding ions is restricted to a subset of the de-

grees of freedom and thus to a fraction of the total
available phase space. The cross section, with
respect to energy and nucleon exchange, is then pro-
portional to the phase space, which is approximated
by the nuclear level density of a Fermi gas with a
reduced level density parameter a. Calculated iso-
tope yields doldQ are in qualitative agreement
with the observations of Ref. 4. On the other hand,
Lee and Braun-Munzinger explain these yields in
terms of a direct reaction mechanism.

The validity of a statistical approach to the con-
tinuum energy spectra of transfer reactions is exam-
ined in this paper, though in a somewhat different
context from the diffusion theories. The energy
spectra have been very well described by Levine
et al. using the concepts of the maximal entropy
formalism (known as surprisal analysis). The meas-
ured energy spectra of the exit channels of the
' 0+ Th grazing reaction, as well as other
transfer reactions, are fit with this constrained
phase-space approach, where the average energy is
determined to be the dominant constraint of the re-
action. Thus, the energy spectrum is the statistical-
ly most probable distribution, yet constrained to
peak about some optimal energy. The energy loss
that accompanies mass transfer is an important
feature of heavy-ion transfer reactions. The rate of
loss depends on the evolution of the reaction and
the mechanism of nucleon exchange. Apart from
being constrained by the average energy, it is
surprising that the energy distribution can neverthe-
less be described so statistically.

It is of interest to determine whether surprisal
analysis works for reactions other than ' O+ Th
and, of course, how much can be learned from this
approach. Part of the motivation for this work,
which constitutes a Ph.D. thesis of one of the au-
thors, was to ascertain the validity of surprisal

analysis as a general description of continuum ener-

gy spectra of transfer reactions.
Transfer reactions can be studied with almost any

combination of projectile and target. However, this
work confines itself to highly asymmetric systems
with lighter projectiles on heavier targets. The most
important reason for studying highly asymmetric
systems is that evaporation from the projectile is
minimal. The excitation energy is predominantly in
the heavier nucleus which has a much higher level

density, thus many more degrees of freedom. Con-
sequently, it is unlikely for the light ejectile to evap-
orate a particle that would change its identity before
it is detected.

The grazing reaction ' O+ Th was studied in
detail because of its large mass asymmetry as well
as for the following considerations. This transfer
reaction is focused at the grazing angle for a narrow
region of impact parameters; hence, the transfer
cross section is maximal there. Only a few partial
waves contribute to the transfer cross section,
strongly selecting the initial condition. Yet, there is
still a considerable amount of energy damping. For
one- or two-nucleon transfer up to about one-half
the incident kinetic energy above the Coulomb bar-
rier is dissipated into internal energy, while for six-
or seven-nucleon transfer almost all is dissipated.
Nevertheless, a relatively modest amount of angular
momentum is transferred, which imparts only a
small rotational energy to the heavy nucleus com-
pared to the internal excitation energy. Hence, the
effects of transferred energy can be isolated from
those of transferred angular momentum. Finally,
for these reactions above the Coulomb barrier, the
excitation energy is high enough to consider the ex-
cited nucleus to be in the continuum.

Thus, this paper investigates reactions with a
variety of initial conditions by measuring the final
distributions which depend on the mechanism of
nucleon exchange, The general properties of the re-
action and their dependence on bombarding energy,
scattering angle, and entrance channel are studied.
The constrained phase-space approach is shown to
provide an accurate description of the continuum
energy spectra with at most two contraints for this
variety of bombarding conditions.

The experimental setups, including the counter
telescope method and time-of-flight method, are
described in Sec. II. The data and a discussion of
the results follow in Sec. III. Section IV treats the
application of surprisal analysis to the energy spec-
tra. Finally, the paper is summarized with conclud-
ing remarks in Sec. V.
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II. EXPERIMENTAL SETUP

A. Introduction

The data were taken at the Brookhaven National
Laboratory Tandem Van de Graaff Accelerator fa-
cility operated in the three-stage configuration. Re-
actions with ' 0 used E-4E solid state counter tele-
scopes to determine the energy, mass, and charge of
the light ejectiles for each exit channel of the
transfer reaction. The ' 0+ Th reaction at 10S
MeV was studied most thoroughly. An elastic
scattering angular distribution was measured to
determine the reaction cross section, as well as the
grazing partial wave and strong absorption radius.
Doubly differential cross sections as a function of
scattering angle and Q value were measured to ex-
tract the dependence of the energy spectra on
scattering angle, as well as to obtain the angle-
integrated cross sections. The dependence of the
energy spectra on bombarding energy was also in-

vestigated, at and about the grazing angle. The en-

ergies ranged from the Coulomb barrier to the max-
imum BNL could produce, about 125 MeV for ' O.
Finally, the entrance channel was varied; the projec-
tile ' N was bombarded on Th and ' 'Ta for a
variety of incident energies and scattering angles.

The counter telescope procedure works we11 for
oxygenlike ejectiles, as long as the electronic system
is carefully tuned up for optimum energy resolu-
tion, which in turn determines the mass resolution.
For heavier nuclei, such as Cl, a clear separation
of the different isotopes is no longer possible.
Therefore, a large-solid-angle parallel-plate gas-
ionization chamber was developed for use in
conjunction with the BNL time-of-flight (TOF) set-
up. The ' 0+ Th system at 105 MeV incident
energy was remeasured to compare with and supple-
ment the counter telescope data, followed by a
measurement of the Cl+' 'Ta system at the same
relative velocity.
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cent isotopes. Here, the finite thickness ~ of the
b,E detector determines the low energy cutoff for
each ion as that energy whose range is ~. There
happens to be a slight high energy cutoff only for
the lightest beryllium ions, because the 60 pm thick
E detector is not thick enough to stop these ions at
the highest energies. Subsequent experiments used
30 pm ~R detectors and 300 pm E detectors, all 50
mm in area.

Typically, the solid angle subtended by the tele-
scope was 4 msr, with an opening angle of 2 as de-
fined by a 6 mm diameter bevelled collimator. The
cross sections were normalized by a monitor detec-
tor placed at 20'. The thorium and tantalum tar-
gets, both rolled, were about 1 mg/cm and 0.5
mg/cm, respectively. Neither the finite target
thickness nor the finite solid angle of the telescope
significantly affected the energy resolution, which .

was measured to be about l%%uo for the summed ener-

gy signal.
The ET-b,E spectra were collected in 128)&256

matrices. The F%'HM of a mass group is about six
channels, which allows separation of the isotopes
(see Fig 1), a.llowing projection of each group onto
the energy axis. The peak-to-valley ratio in Fig. 1 is

B. Counter telescope data

An example of a counter telescope ET-AE density
plot is shown in Fig. 1 for the reaction ' 0+ Th
at an incident energy of 105 MeV. The telescope,
placed at O~,b

——70', consisted of a 30 pm hE totally
depleted silicon surface-barrier (SSB) detector and a
60 pm E partially depleted SSB detector, both 100
mm in area. The masses as well as the charges are
very well separated, allowing one to identify adja-
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FIG. 1. Density plot of specific energy loss versus to-
tal energy for scattered projectilelike products from the
' 0+ Th reaction at the grazing angle of 70' at 105
MeV incident energy. A projection of the mass and

charge groups is shown to the left. These data were ob-
tained using the counter telescope.
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seen to be about 5:1 at its best. So, the projection
procedure is somewhat imprecise, especially for the
least dominant isotope of a given charge. However,
several reactions were repeated at different times, so
that independent energy calibrations and isotope
separations were done. The results are consistent,
with an uncertainty less than 8% in the number of
counts of the energy projection for each isotope.
Since the statistical uncertainty is small for a meas-
urement with many thousands of counts, the error
is primarily due to the incomplete mass separation.
The centroid of the energy distribution has an un-

certainty of only about 1 —,%, including the uncer-

tainties in the energy calibrations that varied be-
tween runs. The calibrations were made from elas-
tic scattering measurements at several bombarding
energies. The excitation energy is computed from
the calibrated kinetic energy, with the ground state

Q value evaluated using the mass tables of Wapstra
and Gove. '

C. Time-of-flight method

The TOF system at BNL consists of a 30 cm di-

ameter target chamber with a TOF arm adjustable

up to several meters in length. Timing signals are
generated as the heavy ion passes through thin car-
bon foils, about 40 pg/cm, liberating electrons that
are then accelerated to and collected on a channel

plate. The time resolution obtained is about 300
psec.

To clearly separate chlorinelike ions, with
M-35, a mass resolution M/hM-70 is required.
With a 1 —, m flight path, for an incident beam of
205 MeV Cl, energy resolution of about 1% is
needed. This was obtained using a large-solid-angle
gas-ionization detector, " containing isobutane gas,
with a stretched 100 pg/cm polypropylene window
with an area of 3200 mm . Z information was ob-

tained from the counter as well. The solid angle
was limited by the stop foil, only 314 mm in area.
Larger foils have problems with fragility and effi-
ciency of electron collection. Thus, the effective
solid angle was 0.08 msr. Because of the small solid

angle, counting statistics for these runs were consid-
erably poorer than for the telescope data. Cross
sections were normalized using a monitor counter
placed at 27'.

Event mode recording (EMR) was used to collect
the time-of-flight data with 4096 channel resolu-
tion. Each Z region determined from the ET-hE
spectrum served as a gating condition in creating a

mass spectrum for that specfic charge. An ET vs
ET(t —to) /k spectrum was generated where ET is
the sum of the anode signals from the gas ioniza-
tion chamber, t is the TAC signal between the tim-
ing foils, and to and k are constants that straighten
the mass lines.

Energy spectra from completely separated mass
groups (in contrast to the counter telescope experi-
ment), ranging from Be to 'F, were obtained for
the ' 0+ Th reaction with a hybrid configuration
of the TOF spectrometer. Timing was obtained us-

ing one carbon foil and a SSB detector placed in the
back of the ionization chamber. Owing to incom-

plete charge collection in the SSB detector, a line of
constant ~ in the Eq-hE spectrum emanates from
the elastic peak. This interferes with the energy
spectra of oxygen isotopes with mass 16 or less and
of nitrogen isotopes with mass 14 or less. Thus
these products could not be measured. Otherwise
this measurement included all transfer products
with cross sections greater than 7 pb/sr.

For the measurement of Cl+' 'Ta at 205 MeV
and Hi, b

——70', carbon foils were used for both start
and stop timing signals. Measured products includ-

ed 9A1 to 3 Ar, although the mass spectrum in Fig.
2 only displays Al to S. Because of somewhat

imprecise energy corrections due to losses in the en-

trance window that depend on mass as well as

charge, the timing signal is used to calculate the en-

ergy in generating spectra rather than using the
evaluated energy from the ionization detector.

III. DATA ANALYSIS AND RESULTS

A. ' 0+ 3 Th system

1. E/astic scattering at 105 Me V

An elastic scattering angular distribution was

measured for the ' 0+ Th system at 105 MeV.
A thin 40 pg/cm Th target was used instead of
the thick target in order to have a more precise en-

ergy determination, and the angular resolution of
the telescope was limited to +0.1'. The measure-

ments were extended from O~,b
——30' to 110', well

forward and backward of the grazing angle. The
elastic peak, whose width is consistent with the
detector resolution of l%%uo, presumably includes in-

elastic excitation of the low-lying states in Th as
well.

An optical model fit was performed with the
computer code JIB3, assuming a Woods-Saxon
form for the nuclear potential„with identical real
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The optical model fit is consistent with that done
by Meyer et al. ' for Ne+ U. Here, too, the ra-
tio of the absorptive imaginary potential to the real
potential depths is 8'/V-1. 5, reflecting the de-
formed character of the nucleus.

The distance of closest approach can be deter-
mined from the turning point of the grazing orbit,
here defined as the Coulomb orbit with angular
momentum li~z for which the transmission coeffi-
cient equals 0.5. Referred to as the strong absorp-
tion radius, Rsz, it is evaluated as 12.6 fm. An in-
teraction radius R;„„parametrized' from available
elastic scattering data, often substitutes for RsA.
Since the value of R;„, is within l%%uo of RsA for
' O+ Th at 105 MeV, the parametrization is used
to calculate the interaction radii of the other sys-
tems for which an elastic scattering analysis was
not done.

The sharp cutoff approximation, ' or quarter-
point approach, is compared with the optical model
analysis. From the data, Hi~4

——91'. Therefore,
,

l, =43fi and Rsz ——12.7 fm, in agreement with the
above results. The reaction cross section is evaluat-
ed as 0.88 b, low compared to the optical model
value, because the gradual decrease of Ti about l i~&

is markedly different from the sharp cutoff model,
and the partial waves larger than l~~z included in
the optical model analysis result in a larger reaction
cross section.

FIG. 2. Density plot of specific energy loss versus to-
tal energy (lowest panel), total energy versus mass (mid-

dle panel), and projection of this spectrum onto the mass
axis (upper panel) for projectilelike products from the
Cl+' 'Ta reaction at the grazing angle of 70' at 205

MeV incident energy.

and imaginary radii Ra=ra(A, '~ +A&'~3) and sur-
face diffuseness a. The Coulomb potential is for
two uniformly charged .spheres that touch at the
Coulomb radius Rc. The program includes 99 par-
tial waves and five adjustable parameters. The opti-
cal model fit obtained, with 7 /X =1.6, yields the
following values of the parameters: V=42.9 MeV,
W=68.4 MeV, a =0.60 fm, ro 1.2 fm, and-—
ro ——1.2 fm. The transmission coefficient attains a

value of 0.5 for 1=42irt, while the width of the
smoothly varying region, determined by the values
of I for which the transmission coefficient decreases
from 0.9 to 0.1, is about 22%. The reaction cross
section is 1.08 b.

2. Optimal Q values

The energy projections for the reaction products
of the ' O+ Th grazing reaction at 105 MeV are
shown in Fig. 3. The measured isotopes from the
counter-telescope experiment include ' Be, " ' 8,

' C, and ' ' N. The oxygen reaction products
could not be separated accurately due to the pres-

ence of the dominant elastic channel. The berylli-
um isotopes have a slight high energy cutoff, as

mentioned earlier. The TOF run, with complete
mass separation albeit poorer statistics, measured

isotopes with low yields, including "' Be, 'W, ' C,
' N, and ' 'F, as well as ' O. Of these, only
' C and ' ' 0 have sufficient statistics to present
meaningful energy projections and are included in

Fig. 3. The spectral shapes and optimal energies of
h d 'B " '8 ' 'C, d ' 'N

measured with TOF are in close agreement with
those from the counter telescope run. The distribu-

tions in general are broad and asymmetric, spanning
about 30—40 MeV and peaked at some optimal en-
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FIG. 3. Energy spectra of the projectilelike products from the 'sO+ ' Th grazing reaction.

ergy. The spectral shape varies systematically with~, the number of nucleons transferred, becoming
less skewed as ~ increases. The optimal energy is
also strongly dependent on hN. Since the differ-
ence between the Coulomb energies of the entrance
and exit channels, AEc, is large, an effective Q
value is defined to be the difference of the final and
initial kinetic energies at the distance of closest ap-
proach, Q' =ef e;. The effective —optimal Q
value can be written as Q',~, =Qo —(E')+EEc,
where the average value of the excitation energy
(E') is the centroid of the experimental distribu-
tion. To compute the Coulomb energies, the in-
teraction radius determined from the optical model
ftt is used, E;„,=12.6 fm. Figure 4 shows Q',~, vs
hN for the measured products of this reaction,
where each symbol represents the isotopes of a
given charge. In general, as AN increases, the ener-

gy dissipation smoothly approaches the fully re-
laxed limit, indicated by the arrow, where the ejec-
tile is fully damped and is emitted with only the
Coulomb repulsion energy. The energy loss appears
to depend only on the number of transferred nu-

cleons and not on the specific nature of the
transferred nucleon (proton or neutron) or on the

direction the nucleon travels, either from projectile
to target or vice versa. For example, three-nucleon
transfer includes ' 0 ( —3n), ' N (lp, —2n), ' C
(2p, —ln), ' C (2p, ln), and ' B (3p), all of which
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FlG. 4. Effective optimal Q value as a function of
the number of transferred nucleons hN for the
' 0+ Th grazing reaction.
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have the same effective optimal Q value of about
—10 MeV. Note that 15C 16C 16N and 17N

correspond to bidirectional transfer.
There have been several attempts to understand

the optimal Q value based on simple classical and
semiclassical considerations. One of the first, that
of Buttle and Goldfarb, ' is referred to as the orbit
matching condition. An optimal grazing trajectory
consists of an incident and final Rutherford orbit
joined smoothly at the distance of closet approach,
where nucleon exchange and energy loss are as-
sumed to take place. This condition implies that
transfer is most favorable when the orbits are
matched. The calculated expression qualitatively
describes the charge dependence of the optimal Q
values but does not account for the mass depen-
dence within a given charge, even after a recoil term
is added to account for the different centers of mass
of the incident and final channels.

A condition of velocity matching is conceivably
another criterion for favorable transfer. Here the
relative velocity v at the distance of closest ap-
proach is assumed to be the same immediately be-
fore and after transfer occurs. For systems with
targets much heavier than projectiles, the velocity
matching condition determines

eff
OPt

E'; .
pg

Here LVf is the net number of nucleons transferred,
and p; is the reduced mass of the entrance channel.

The rate of energy damping is proportional to the
available energy at the barrier, e;. A linear relation
of Q', , with 4E is demonstrated by Mikumo
et al. ' for data ranging from ' N+ Cr at 64 MeV
to ' N+ Th at 174 MeV. Q',~, saturates with
respect to b,E for ~)4—5, however, and the
linear relation breaks down as the residual energy in
the particle becomes insufficient to dissipate at the
same rate for subsequent mass transfer.

There have been several efforts to explain the en-

ergy dissipation by statistical and macroscopic con-
cepts such as friction and viscosity, because of the
large number of degrees of freedom involved. A
phenomenological approach is to use a classical
velocity-proportional frictional force to describe the
energy damping. Tsang' proposed a frictional
force proportional to the volume integral of the pro-
duct of the two nuclear density distributions and
the relative velocity at each point. For a reaction
near the grazing angle, the force is primarily
tangential. Also, the range of partial waves contri-
buting to the transfer reaction is very limited for

the systems considered here, and the region of over-

lap of the nuclear surfaces can be considered to be
constant for the participating partial waves. Thus,
F=—kU where u is the relative velocity at the dis-
tance of closest approach during transfer. This
leads to an expression for the effective optimal Q
value,

1 — 1 — exp
Pi

A M' e;.
Ps

a/p; =0.27 .

3. Relative cross sections

Figure 5 shows «/d& as a function of ~
where again each symbol represents all isotopes of a
given charge. The isotope yields for 'OB, '6C, 'sN,

O, and ' F are taken from the TOF run.
product yields for "' Be and ' 'F have statistical
errors larger than 30% and are not displayed,
logarithm of the cross section varies inversely with
hN; moreover, the isotopes seem to fall along
several lines, equally spaced and with constant
slope. This trend may indicate that the reaction
proceeds stepwise, each nucleon transfer having the
same probability of occurrence whether a neutron
or a proton transfer. The probabilities of some
transfers are further diminished, dropping them to
a lower line. For example, the cases of bidirectional
nucleon exchange, including N ( lp, —1n), N
( lp, —2n) or ' C (2p, —ln), and ' C (2p, —2n), with
~=2, 3, and 4, respectively, are less favorable

The net number of transferred nucleons, bE, is
known to be correlated with the amount of energy
dissipated, which increases as the time of contact
increases. Here, the simplest assumption is made,
namely that the interaction time is proportional to
the number of transferred nucleons, in order to ar-
rive at Eq. (1).

The preceding model is applied to this reaction.
The functional form of Eq. (1) is correct, since, for
large 5Ã, e» goes to zero and the asymptotic value

of Q', ~, is —16 MeV. The solid curve in Fig. 4 is a
least-squares fit to the data obtained by varying the
one parameter a, yielding a=4. This simple model
gives a good account of the data. The rate of ener-

gy damping depends on the damping coefficient,
which 1s
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than those cases which involve only stripping from
the projectile, namely ' C (2p), ' C (2p, ln), and ' C
(2p, 2n). If one considers the reaction to proceed
step by step, each intermediate projectilelike nucleus
has four possibilities for single-nucleon transfer:
neutron pickup or stripping and proton pickup or
stripping. Energetically, the most favorable reac-
tion is that with the largest (most positive) value of
Qo+&&c, where Qo is the ground state Q value
and &&c is the difference of the Coulomb energies
before and after transfer. The path thus prescribed
leads from the projectile ' 0 to ' N, then to ' C,
' C, ' C, "B, ' Be, and finally Be; all of which lie
along the top line. Note that the pairing energy ac-
counts for successive proton or neutron transfers.
An alternative path, also favorable, is ' 0~' O~' O. Each step may also branch to less
favorable transfers. For instance, ' N can go to
' N, which is less favorable energetically then ' C,
and, indeed, ' N lies along the second line. In addi-
tion, ' C might go to ' C instead of ' C, '3C might

go to ' B, and so on. This simple procedure can in
fact account for most of the observed isotopes in
Fig. 5.

ox= ('0I I

In summary, the relative probability of each exit
channel of the transfer reaction can be empirically
expressed as

p(ELlV) =p(1)expI y[~+2(l —I)] J . (2)

Here, the probability p(1) for one-nucleon transfer
is about 0.3, and the average slope y= —0.8. The
line (l =1,2,3. . . ) along which a given isotope falls
appears to depend on how favorable energetically
the transfer of a given nucleon —proton or
neutron —is at each step.

The ' C (2p, 2n) exit channel deviates somewhat
from the systematics, having a cross section close to
that expected for three-nucleon transfer rather than
for four-nucleon transfer. This is probably because
the two protons and two neutrons cluster part of the
time as an alpha particle, making transfer more
probable. Two component transfers are discussed
in Sec. IVB.

It is of interest to compare these systematics with
those of Artukh et al. where the yields for the iso-
topes of each charge depend exponentially (to
within a factor of 2) on (Qo),

!0
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FIG. 5. Differential cross section at the grazing angle
as a function of the number of transferred nucleons for
the i60+ Th reaction. The lines indicate various
branches, as described in the text, but are not fitted to
the data.

I0 l0 255 I5 20 30
-Q, (MeV)

FIG. 6. Differential cross section for the various pro-
jectilelike products of the ' 0+ Th reaction at the
grazing angle of 70' and 105 MeV bombarding energy
displayed as a function of the ground state to ground
state Q value Qo. The lines are merely to guide the eye.
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g -exp [(Qo+EEc)/T]. Bondorf et al. ' explain
this trend on Qo to be a consequence of partial sta-
tistical equilibrium at a temperature T. A Coulomb
correction term EEc is added to Qo to qualitatively
explain the differences among the lines for each
charge. It should be noted that Lee and Braun-
Munzinger derive the same expression for the cross
section by assuming that nucleons are transferred
successively with a probability P and that each step
is well matched kinematically. The parameter T is
related to the mean energy transfer and the proba-
bility of transfer, and not to the temperature. In
Fig. 6 the yields are displayed versus Qo. It is seen
that the exponential dependence on Qo is roughly
observed. Yet, large deviations are present and the
slopes which should be the same, depending only on
T, are quite different for the different elements.

The observed systematics with ~ described above
give a far better description of the data in this re-
gime, with bombarding energies nearer the
Coulomb barrier than in the measurements of Ar-
tukh et al.

4. Angular distribution at 105 Me V

Angular distributions of the ' 0+ 3 Th reaction
at 10S MeV were measured for the transfer pro-
ducts ' Be, "B, '2C, ' C, ' C, and '5N. All exhibit
broad bell-shaped distributions with a maximum
near 0&,b ——70' as seen in Fig. 7. Other isotopes were
observed at all angles, but their yields relative to the
dominant isotopes of that charge were too small to
extract accurate cross sections at all angles. The
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FIG. 7. Angular distributions for the projectilelike products from the ' 0+ Th grazing reaction at 97, 105, 115,
and 125 MeV bombarding energy.
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solid curves are drawn through the measured values
to guide the eye. The cross sections were normal-
ized with Rutherford scattering in the monitor
detector. At the grazing angle, the transfer cross
section (der/dQ)T 7——1 mb/sr. This includes the
transfer cross section from all Be, B, C, N, and 0
isotopes, except for the inelastic ' 0 cross section,
which is not separable from the elastic cross section.
Even though the measured values of 8 do not ex-
tend from 0' to 180', the unmeasured cross section
is only a small fraction of the total. The total angle

integrated cross section, then, is 225+20 mb. This
transfer cross section is about 20% of the reaction
cross section of 1.08 b. (The rest of the reaction
cross section presumably goes into fusion followed

by fission. )

The angular distributions change gradually from
one-nucleon to six-nucleon transfer, becoming
broader and slightly more forward peaked. This
suggests an increase in the mean interaction time
with increasing nucleon transfer. The dependence
of the broadening of the angular distributions with
time is not actually known. However, it is seen in
Fig. 8 that the variance of the distribution is linear
with respect to b,N. The ' C exit channel, a (2p, 2n)
transfer, deviates considerably from this relation-

ship. This may well be due to a large probability
for the transfer of a cluster (a particle) as well as
four distinct nucleons. The variance of the angular
distribution, the optimal Q value, and relative cross
section for the ' C channel are all consistent with
the transfer of an a cluster occurring —, of the time.

The "X" in Fig. 8 signifies the variance of a four-
particle transfer, assuming the measured variance of
' C includes the infiuence of a transfer —, of the
time.

The energy spectra at different scattering angles
were analyzed to study the dependences of spectral
shape and optimal Q value on angle. The data for
O~,b

——50'—100' have been analyzed for the transfer
products "B, ' C, ' C, ' C, and ' N. It is found
that the energy loss is minimal for the most peri-
pheral collisions at the grazing angle near 8»b ——70
for few-nucleon transfer and near 8i,b ——60' for
many-nucleon transfer. Scattering forward and
backward of the grazing angle is more strongly
damped. The rate of energy damping as a function
of 51V is shown in Fig. 9 for four different scatter-
ing angles. Collisions that scatter backward of the
grazing angle damp stronger with respect to nu-
cleon transfer, although the fully relaxed limit is
apparently the same, implying similar deformations
in the exit channel. The solid curves drawn are ob-

2000— 252 7

E lab

1500—
N

LL

1000—

500—

FIG. 8. Variance of the angular distributions shown
in Fig. 7 as a function of the number of transferred nu-
cleons 5¹The X indicates the variance for the four-
nucleon component if one assumes that — of the

transfers are the cluster type, with a variance
corresponding to hN =1.

tained from the damping model with a/p;=0. 27
for 8i,b ——70', as stated before, and a/p; =0.54 for
8~,b ——100'. The larger damping coefficient implies
a larger region of overlap of the nuclear surfaces for
a nongrazing collision. It is not clear, though,
whether radial friction should be taken into ac-
count. It appears that the form of Eq. (1) describes
the average energy loss for nongrazing reactions if
the damping coefficient increases as 8 increases.

S. Bombarding energy dependence

The ' 0+ Th reaction was studied at various
bombarding energies, from 90 MeV, near the
Coulomb barrier, to 125 MeV. The energy distribu-
tions for the grazing reactions become noticeably
broader as the incident energy increases above the
Coulomb barrier, whose value imposes a cutoff at
high excitation energy corresponding to a fully re-
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laxed collision.
The average excitation energy also increases with

bombarding energy. In fact, the dependence of Q',z,
with LLN is seen in Fig. 10 to be very similar for the
different energies, although as the available energy
above the barrier increases, the asymptotic value of
Q',~, decreases. The data shown are for the grazing
reactions; 8~,=80' at E~,b ——97 MeV, 70' at 105
MeV, 60' at 115 MeV, and 50' at 125 MeV. The in-
teraction radius has been found to be nearly in-

dependent of projectile energy —perhaps decreasing
very slightly with increasing energy —for measure-

IO

Eiab = 97 MeV

5 MBV

30

232Th (
l

Grozing

I I

2 3
I I

4 5
QN

I I

6 7

5 MeV

FIG. 10. Effective optimal Q value as a function of
the number of transferred nucleons for the ' 0+ Th
grazing reaction at various bombarding energies.

FIG. 9. Effective optimal Q value as a function of
the number of transferred nucleons, 4X, for various

scattering angles, for the ' 0+ Th reaction.

ments of ' 0+ Pb by Videbaek et al. ' and
Ne+ U by Meyer et al. ' Therefore, the value

R;„,=12.6 fm determined for '60+ s Th at 105
MeV is used to evaluate Q',~, at the other incident

energies. Consequently this implies the degree of
overlap of the nuclear surfaces during a grazing col-
lision remains constant as the projectile energy in-

creases. However, one might expect the mean in-
teraction time to be inversely proportional to the re-
lative velocity during transfer. If the damping con-
stant is inversely weighted by the average velocity at
the distance of closest approach, then a/p, ; =0.44,
0.27, 0.20, 0.17 for Ehb ——97, 105, 115, and 125
MeV, respectively. The solid curves in Fig. 10 are
obtained by using these values of the damping con-
stant. The model accounts well for the data, al-
though at 125 MeV the energy loss is overestimated
for large M'. This implies that the rate of energy
damping does not remain constant at higher ener-

gies as B'AV increases.
The isotope yield dependence as a function of b N

is studied for different bombarding energies in Fig.
11. Here only the dominant chain, ' N-' C-' C-
' C-"B-' Be- Be, is shown for clarity. Again the
measurements are at the grazing angle. The loga-
rithm of the cross section is a linear function of ~
at all energies, although the rate changes at which
the cross section decreases with increasing ~.

This is demonstrated by passing a least-squares line
through the data to determine the average slope y in

Eq. (2). The values of the average slope are plotted
as a function of E~,b in Fig. 12. The absolute value
of y monotonically decreases as the bombarding en-

ergy increases. In other words, at higher energies
the probability of many-nucleon transfer increases
relative to few-nucleon transfer.

The systematics also change with scattering angle
as illustrated in Fig. 13 for E~,b ——105 MeV. Again
a least-squares fit is performed to determine the
average slopes, whose values are plotted as a func-
tion of O~,b in Fig. 12. The most peripheral colli-
sion, at Os,

——70', favors the few-nucleon transfer to
a greater degree than more deeply penetrating colli-
sions. The relative probability for one-nucleon
transfer to ' N distinctly drops at H~,b ——50' and 60',
and in general the logarithmic trend of (dold&)
with hX tends to level out for scattering both for-
ward and backward of the grazing angle.

The angular distributions were measured for
0+ Th at E& b

—97 115 and 125 MeV as well
as at 105 MeV. Figure 7 shows that the distribu-
tions shift forward and become narrower as the in-
cident energy increases. At the grazing angle, the
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FIG. 12. Average slope of differential cross sections
as a function of laboratory energy at the grazing angle
(bottom frame) and as a function of scattering angle at a
fixed incident energy of 105 MeV (top frame) for the
' 0+ Th reaction.

FIG. 11. Differential cross section as a function of
the number of transferred nucleons for the ' 0+ Th
grazing reaction at various bombarding energies. The
lines indicate least-squares fits to Eq. (2).

differential cross section for these six products,
which constitutes about 90%%uo of the cross section
for all Be, B, C, and N isotopes, increases from
about 5 mb/sr at 90 MeV to 95 mb/sr at 125 MeV.
The angular distributions for 115 MeV are integrat-
ed to yield oT-154 mb. This is 35% higher than
the corresponding yield of 113 mb at 105 MeV.
The angular distributions for E&,b

——97 and 125
MeV, though incomplete, are also integrated, in-

cluding extrapolated values of the cross section ex-

tending 10' further than the measured values. Al-
though measurements at small angles are missing,
particularly at 125 MeV, these would not contribute
very much to the cross section due to the sin8 fac-
tor. At 97 MeV the summed cross section o.T for
these products is 84 mb, and at 125 MeV o.T is 170
mb. These numbers have uncertainties of about
15%, not including the missing cross section of
transfer of ' 0 and ' 0, which was measured to be
about one-half of the total transfer cross section for

E~,b ——105 MeV. Videbaek et al. ' measured
transfer cross sections for ' 0+ Pb and
' 0+' 'Ta. For ' 0+ Pb a E~ b ——8 —0
MeV, the oxygen transfer cross section also contri-
butes about one-half of the total; whereas for
' 0+' 'Ta, at E~,b ——83—96 MeV, oxygen contri-
butes only one-fourth.

Figure 14 shows the transfer cross sections for
each of the six products increasing as a function of
El,b/E& more rapidly for multinucleon transfer.
Also shown are the summed cross sections for com-
parison with those of the ' 0+ Pb and
' 0+' 'Ta measurements, excluding oxygen cross
sections. The values of Ec——88, 83A, »d 769
MeV, calculated with the interaction radius, are
used for ' 0+ Th, Pb, and ' 'Ta, respectively.

Figure 15 shows the cross-section systematics as
a function of angle for E~,b ——125 MeV. As in Fig.
13 for E~,b ——105 MeV, the logarithmic dependence
of do. /d 0 with hN tends to level out for scattering
reactions other than at the grazing angle, which is
especially noticeable for the most backward angles.
In addition, the systematic dependence is not quite
as monotonic at these backward angles; in fact it
peaks at the ' C exit channel.
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FIG. 13. Differential cross section for the projectile-
like products as a function of the number of transferred
nucleons for various scattering angles about the grazing
angle for the ' 0+ Th reaction.

FIG. 14. Integrated cross sections for the various
transfer groups and for the sum of all the groups
(marked o.T) for the ' 0+"'Th reaction (solid dots) as a
function of the incident energy relative to the Coulomb
barrier. These data for o.T are compared with the
160+20spb and 160+181Ta data for o T given I Ref

B. Other systems

z 15~+232'

The projectile dependence of these trends is inves-

tigated by substituting a nitrogen beam for oxygen.
The ' N+ Th reaction was measured at a bom-
barding energy of 95 MeV which approximately
matches the incident velocity at the distance of

closest approach, about 0.05c, with the ' O+ Th
reaction at 105 MeV. The ' ' N channels were
not well separated from the elastic channel. A
qualitative comparison with ' 0+ Th indicates
similarities in the spectral shape for the same
transfer reactions. All comparisons of spectral
shapes, optimal Q values, and isotope yields be-
tween these two systems are for identical transfer

reactions and not final products: for example, the
one-proton transfer (' 0, ' N) and (' N, ' C).

Nitrogen was bombarded on thorium at energies
of 86 and 103 MeV as well, to match the oxygen re-
actions at 97 and 115 MeV. Again the spectra
broaden as E&,b increases and gradually become
symmetric as LUV increases. The average excitation
energy increases, as well, for larger E~,b and ~. In
Fig. 16 the effective optimal Q values are plotted as
a function of hX for these three energies, displaying
the same dependence as the ' 0+ Th reaction. In
fact, the values of Q',„, are nearly identical for the
two systems, demonstrating that the energy damp-
ing depends primarily on the number of nucleons
transferred and not on the nuclear structure of the
interacting particles of these systems. To evaluate
Q',~, the interaction radius is taken as 12.6 fm, the
measured value for ' 0+ Th. The solid curves in
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dence as given by Eq. {1).
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FIG. 15. Differential cross section of the projectile-
like products as a function of 5Ã at various scattering
angles about the grazing angle for the ' 0+ Th reac-
tion at 125 MeV.

Fig. 16 are obtained in the same manner as before
with the damping model. The constant damping
coefficients of a/IM;=0. 42, 0.25, and 0.20, for
E~,b ——86, 95, and 103 MeV, respectively, are used.
The small differences between these values and
those used for ' 0+ Th take into account the
slightly mismatched velocities of the two systems.

The systematics of the differential cross section
with EBS for ' N+ Th, shown in Fig. 17, can also
be compared with the results for ' 0+ Th. Here,
the logarithmic dependence of do /d0 as a function
of hN is even more striking for these grazing reac-
tions at the three bombarding energies. For exam-

ple, the (2p, 2n) transfer Th('5N, "8) is slightly
deviant, but much less so than the (2p, 2n) transfer

Th(' 0, ' C). This implies that an alpha particle

is more likely to form in the transfer from a four-
alpha cluster ' 0 to a three-alpha cluster ' C. Here,
the same procedure of considering the energetics di-
cates the favorable isotopes along the dominant
chain: N- C- C- C- B- Be- Be, the same pro-
gression as before. The probability is very similar
for the two reactions. The average slopes in Fig. 18
have the values y= —0.89, —0.80, and —0.76, for
E~,b ——86, 95, and 103 MeV, respectively, which are
close to those values for the oxygen data
(y= —0.84, —0.80, and —0.74 for E~,b 97, 105, ——
and 115 MeV).

Measurements about the grazing angle were taken
for ' N+ Th, ranging from 0),b ——60'—90' at 95
MeV and from 50' —80' at 103 MeV. The angular
distributions peak near 70' at 95 MeV and near 60'
at 103 MeV. Again, data at forward angles are
lacking; still, the distributions are integrated to
yield values of o T with uncertainties of about 15%.
These values do not include isotopes of nitrogen.
Therefore, o r probably represents about one-half of
the total transfer cross section. The values of
or 93 and 1——21 mb, for 95 and 103 MeV, respec-
tively, are about 80% of the corresponding transfer
cross sections o.z for ' 0+ Th at 105 and 115
MeV.

The scattering angle dependence of In(do/dQ)
with hX for ' N+ Th at E&,b ——95 and 103 MeV
is also studied. The features are the same as for
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FIG. 17. Differential cross section for projectilelike
products scattered at the grazing angle as a function of
the number of transferred nucleons b,X for the
"N+ 3Th reaction at three incident energies 86, 95,
and 105 MeV. The lines are least-square fits. The devi-
ation from the line for AN =4, due to the four nucleon
cluster transfer, increases with increasing incident ener-

0-

Nitrogen bombardment on tantalum was investi-
gated to see the effects, if any, of using a lighter tar-
get. The grazing reaction was measured for an in-
cident energy of 86 MeV, which approximately
matches ' N+ Th at 95 MeV and ' O+2 Th at
105 MeV. The general features of the energy spec-
tra are the same, the most noticable difference being
the presence of a peak for (lp) transfer at about 4
MeV, in addition to the usual optimal energy peak.
The same peak appears at 4 MeV for the reactions
at 95 and 103 MeV and is probably due to an excit-
ed state in the heavy nucleus ' W.

The optimal Q values, as a function of ~, are
presented in Fig. 18. The solid curves are obtained
from the damping model, using damping coeffi-
cients of a/p; =0.25, 0.19, and 0.17, for E~,b ——86,
95, and 103 MeV, respectively. Again the small
differences between these values and those for the
corresponding reactions of ' 0+ Th at El,b

——105,
115, and 125 MeV account for the slightly
mismatched velocities. For ' N+ ' 'Ta, the
parametrized interaction radius gives a value

8;„,=11.85 fm. This value of R;„, determines a
Coulomb barrier which causes the model to overes-
timate the energy loss for large hN, as seen in Fig.
18.

The angular distribution at 95 MeV was meas-
ured in a range of H~,b ——40' —70'. The general
features are similar for the lighter tantalum target
and the heavier thorium target. The cross sections
at 86 and 95 MeV are very similar to those of the
corresponding reactions of ' N+ Th at 95 and
103 MeV, respectively. The grazing peaks differ by
about 10' for the two systems. The integrated cross
section of 110 mb at 95 MeV is about 90% of the
value for N+2 Th at 103 MeV.

30

FIG. 18. Effective optimal Q values as a function of
the number of transferred nucleons hN for the

N+ Ta reaction at the grazing angle and at three in-

cident energies 86, 95, and 103 MeV. The curves show
the expected dependence given by Eq. (1).

35C(+ 181'

Figure 19 displays the energy spectra for
Cl+ Ta. Despite the poor statistics, the data

demonstrate the same general features of the
transfer reactions with lighter projectiles. For ex-
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ample, one-nucleon transfer, (1p} to S and ( —1n}
to Cl, are again the dominant exit channels with
asymmetric energy spectra. The incident velocity at
the distance of closest approach for Cl+' 'Ta at
205 MeV is matched to that of ' 0+ Th at 105
MeV. An interaction radius of 12.73 fm is used
here. The effective optimal Q values are plotted as

FIG. 19. Energy spectra for projectilelike particles
scattered at the grazing angle for the Cl+' 'Ta reac-
tion at 205 MeV. The incident energy was chosen to
have the same grazing angle as the ' 0+ Th reaction
at 105 MeV.

IO'—
6 RAZ ING REACTIONS

—IO'

a function of ~ in Fig. 20 and show the familiar
dependence, although the scatter of the experimen-
tal values is large, due to the low counting statistics.
The solid line demonstrates the fit obtained with the
same damping constant used for the 'sO+ 3 Th
data, a/p;=0. 27. Despite the uncertainty, the fit
clearly accounts well for the average values. This
implies that for both reactions, at similar velocities,
the relative rate of energy damping is the same,
even though chlorine is twice as large as oxygen and
has a different structure. It also implies that the re-

gion of overlap of the surfaces of the two colliding
nuclei is similar for both grazing reactions.

At H~,b
——70', the transfer cross section is deter-

mined to be 122 mb/sr, including chlorine isotopes.
The cross-section dependence upon hN is compared
in Fig. 21 with the corresponding reactions of
'0+ Thy 'N+ Th and 'N + ' 'Ta. The
dominant chain in the Cl+' 'Ta reaction, S-

P- P- 'P-3 Si- Al, has nearly the same loga-
rithmic decrease of do/dQ with h,N as the other
reactions. The average slope y= —0.71 for this re-
action compares with y= —0.80 for both
' 0+ Th and ' N+ Th and with y= —0.87 for
15N+ 181T
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FIG. 20. Effective optimal Q value as a function pf
the number of transferred nucleons AN for the

Cl+' 'Ta reaction at the grazing angle. The curve
shows the expected dependence given by Eq. (1).

FIG. 21. A comparison of the differential cross sec-
tions at the grazing angle as a function of transferred
nucleons hN for four different reactions, as indicated.
The lines show the similarity of slope for these four re-
actions.
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IV. SURPRISAL ANALYSIS

A. Introduction

level density p& and the translational level density

pl. . Thus

The discussion of heavy-ion transfer reactions in
terms of a statistical approach follows from a gen-
eralization of the maximal entropy formalism to
collision processes. The principal of maximum

entropy ' states that the most probable macrostate
of a system is the one for which the entropy is a
maximum, subject to the constraints that character-
ize the system. The procedure for finding a con-
strained maximum of the entropy has been
described in detail elsewhere, so only a brief sum-

mary is presented here.
The experimental distribution (p;) is compared

with the prior or statistical distribution (p; ). This
distribution, with entropy So, is the one for which
the available phase space would be uniformly popu-
lated, as is found in the absence of constraints. The
information content is defined as AS =Sp —S
=g,p;ln(p;/p;). Maximizing the entropy S is

equivalent to minimizing the information content.
This determines the distribution of maximal entro-

py tobe

(3)

The observable quantities A, determine the m con-
traints, (A„)=g,p;A„(i ) The distri. bution of max-

imum entropy (p; ) is determined by a computer
routine written by Alhassid et a/. , which solves
for the Lagrange parameters A,

The surprisal I measures the deviation of the ob-
served distribution from the statistical distribution,
I = —1n(p;/p; ). For the distribution of maximal
entropy, I =Xo+Q,A,„A„(i);thus, the surprisal is a
linear combination of the observable quantities A, .
It is important to realize that the principle of max-
imum entropy cannot predict with certainty what
will happen in a real experiment. Nevertheless, the
probability distribution given in Eq. (3) is over-
whelmingly the most likely one to be observed, pro-
vided, of course, that the physical constraints as-
sumed in the calculation are those that truly exert
an influence on the outcome of the experiment. In
short, the predicted probabilities describe the state
of knowledge based on the available information.

The prior distribution or available phase space,
with which the experimental distribution is com-
pared, is given by a product of the internal nuclear

pz(E') -(2J+1)U exp2(a U)'~, (4)

where U =E*—E«, —Epp. The rotational energy

E„,is given by

E„,=J( J+1)fP /2I„s.

An average pairing energy correction, included to
account for excitation energy that goes into break-
ing neutron or proton pairs, is expressed as Epp
=125A ' MeV, where 5=0 (odd-odd), 1 (odd-

even), or 2 (even-even).
The internal level density should actually be a

product of the level densities of both nuclei. For an
asymmetric system such as 0+ Th, however,
the level density of the heavy dominates that of the
light nucleus.

Since the surprisal analysis of the energy spectra
in transfer reactions depends strongly on the func-
tional form of the prior distribution, it is important
to ascertain the validity of the expression in Eq. (4).
The formula, based on Bethe's original calculation,
makes use of the continuous approximation, which
assumes equidistant single-particle level spacing
rather than the proper single-particle level density
of a Fermi gas, which depends on the square root of
the single-particle energy. Also, the excitation ener-

gy must be larger than the energy of the first excit-
ed state in order for the level density to be defined.

Gilbert and Cameron use a composite expression

with added shell and pairing correction terms and

successfully fit a wide range of data. They found
that the Fermi gas model holds well at high excita-
tion energies, which, for heavy thoriumlike nuclei,
are found to be above 3—4 MeV.

The Fermi gas model predicts that the level den-

sity parameter a is proportional to the mass A. Em-
pirically, this proportionality constant is found to
be —,. There are marked deviations from this esti-

where E* is the internal or excitation energy and Ef
is the translational or kinetic energy. Owing to the
high degeneracy of nuclear states for thoriumlike
nuclei at excitation energies & 1 MeV, the nucleus
can be treated as a fully degenerate gas of indepen-
dent fermions moving in an average potential. The
average internal level density is the number of ways

the excitation energy can be distributed among the
single-particle levels. For a Fermi gas with equal
number of neutrons and protons and with total an-

gular momentum J,
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mate due to shell effects, particularly near closed
shells. Nonetheless, for nuclei near thorium
(A -230—240), the simple estimate a A/8 com-
pares well with the measured values and is therefore
used in the calculations for this work.

A realistic model of the level density is made by
using the set of single-particle levels given by the
shell model. Rosensweig simulated the shell
structure with a bunched periodic system, whereas .

Moretto et al. performed calculations based on the
Nilsson mode1. Nevertheless, at excitation energies
above several MeV the shell effects essentially get
washed out, and the level density reduces to the
Fermi gas model form. The nuclei of interest in
this work are not near closed shells, where shell ef-
fects are more noticeable, and the range of excita-
tion energies is high (-3—50 MeV). Therefore, it
is reasonable to use the Fermi gas expression, Eq.
(4), for the nuclear level density.

The translational level density is given as
pT(Ef)-Ef' where Ef=E;+Qo E' for a—n in-
cident energy E; and ground state Q value Qo.
Since the translational density of states varies only
with the square root of E*,while the internal densi-

ty of states varies with the exponential of the square
root of E', the translational part of the density is
negligible for E' & 1 MeV. It remains in the calcu-
lations, however, for consistency.

B. One constraint

Surprisal analyis is applied to the energy spectra
using the average energy, or centroid of the distri-
bution, as the first constraint. The distribution of
maximal entropy p (E ) is constrained to have
the same average energy as the experimental distri-
bution p (E')-d o Id0dE'. Therefore,

pME(E+ ) pa(E) 0—A,o—A,E*

The rotational and pairing energy corrections
turn out to be small (about 1 MeV) compared to the
average excitation energy. The average rotational
energy E„, imparted to the heavy recoiling nucleus
is determined by the average angular momentum
transferred by the incident projectile to the heavy
nucleus. It is calculated from conservation of angu-
lar momentum by orbit matching of classical
Coulomb trajectories and assuming zero spin for the
light ejectile. The rigid body moment of inertia,
I„.g, is calculated assuming a spheroidal nucleus of
uniform density. An average deformation for thori-
umlike nuclei is calculated from measured electric

quadrupole moments, so that I„'g 1 06I ph where

I»h is the moment of inertia of a sphere with the
same mass. As an example, for the grazing reaction
232Th(' 0, ' C) at an incident energy of 105 MeV,
the optimal Q value is —29 MeV, which implies a
transferred angular momentum of about 10A' and a
rotational energy of 0.4 MeV. This is small com-

pared to the average excitation energy of 16 MeV.
The calculated value of J for the ' C exit channel

is in fair agreement with a value of 11A' derived

from a heavy-ion induced fission measurement~s of .

the same system, ' 0+ Th at 105 MeV. For the
' C exit channel, as well as for the ' C and ' N exit
channels (J'=8k' and 7R), these values of J are close
to the values obtained from orbit matching calcula-
tions (J=9iri and 5iri).

The pairing energy correction EpE is also rela-

tively small compared to the average excitation en-

ergy. For this same example [ Th(' 0, ' C) U],
EpE-0.78 MeV. The values of E,«and EpE are
given in Table I for all the exit channels of the
' 0+ Th reaction at 105 MeV.

A variational procedure is then used to find the
distribution of maximal entropy, p (E'). The
one-constraint fits for the exit channels of
' 0+ Th at 105 MeV are shown in Fig. 22. The
optimal surprisal line is clearly not a least squares
fit to the data. This surprisal fit minimizes the
Lagrangian L, which is given bys

L =gp(E')in[p (E') lp (E*)] .

Note that in minimizing the deviation between the
data and the fit, more importance is given to the
inore probable data points. For a good fit,
L (& Mp ' S p L 0, corresponding to a per-
fect fit, is not attained in practice, either because all
the relevant constraints are not included or because
of uncertainties in the data. Although the statisti-
cal uncertainty of the data is small, the imperfect
separation of isotopes may result in systematic er-
rors. In practice, the minimum of L, which is an
everywhere-concave function, is determined when
its gradient with respect to the parameter(s) is very
close to zero. For the one-constraint fits obtained,
the minimum value of L ranges from 10 ' for the
oxygen, nitrogen, and beryllium isotopes, to 10
for the carbon and boron isotopes. The information
content of the experimental distribution, relative to
the prior, is about 10—20. The values of bS(p

~ p )
and L =M(p

~ p ) are included in Table I. From
Fig. 22, the fits for the boron and carbon exit chan-
nels are reasonably good, particularly the fit for '2B

with L =9)& 10 . In fact, the addition of a second
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FIG. 22. Energy distributions and surprisal functions for projectilelike products observed at the grazing angle of 70 in
the 'M+t3 Th reaction angle at 105 MeV. The curves show the most probable distributions given one constraint on the
average excitation energy. The surprisal I= —In[p(E )/p (E)].

constraint does not reduce this value any further.
Therefore, as a general guideline, if
L/M(p

~ p ) & 10 then the constraint(s) contains
essentially all the information of the distribution.

The I.agrange parameters k are also given in
Table I for each of the exit channels. The parame-
ter of the one-constraint fit depends on the most
probable energy E' „in the following manner

A,=+a/U p
IIal(E' p E„,——EpE) . — —

The parameter A. decreases as the number of
transferred nucleons increases, with accordingly
higher excitation energy. The value of A, is affected
by the energy offset between U z and E z, al-

though the qualitative nature of the fit is dominated

by the much larger value of the most probable ener-

gy.

A large systematic deviation is seen in the
surprisal plot of the ' N exit channel in the region
of high excitation past E'=20 MeV, indicated by
the arrow in Fig. 23. This region has a linear
surprisal, with a slope lower than that of the one-
constraint fit, which is heavily weighted in the re-
gion of low excitation. The reduced slope
corresponds to a higher average excitation energy.
Figure 23 shows the decomposition of the ' N exit
channel into two components, each component
corresponding to a linear surprisal. The kink in the
spectrum is clearly seen in the logarithmic plot as
well as in the surprisal plot. The average excitation
energy of the second component is about 15 MeV,
which corresponds to an effective optimal Q value
of —12 MeV. This is close to the average Q',p,
value of —10 MeV of the other three-nucleon
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transfers. The ratio of the cross section of the
second component to that of the first is about 15%.
Assuming that the cross section decreases exponen-
tially with ~, as in Eq. (2), the relative yield of a
three-nucleon transfer, such as ' C, to a one-nucleon
transfer should be about 20%, using the observed
rate of decrease per nucleon of e =0.45. This
suggests that the energy spectrum is composed of
two components: a weakly damped one-nucleon
transfer, and a more strongly damped three-nucleon
transfer, wherein two nucleons are transferred from
the projectile to the target and one is transferred in

the reverse direction.
One-nucleon pickup to ' O shows the same

behavior as one-proton stripping to ' N. The devia-
tion in the surprisal at high excitation energies is
clearly seen in Fig. 23, again suggesting a two-
component decomposition. The second component,
shown as the dotted curve, has an optimal Q value
of —13 MeV, close to the expected value for three-
nucleon transfer. It represents only 4% of the cross
section of the one-nucleon transfer component, in
contrast with "N. The three-nucleon transfer com-
ponent has a cross section close to those of ' N and
' C. These three nucleon transfer reactions have

cross sections that fall off by a factor of 5 in addi-
tion to the 20% decrease relative to one-nucleon
transfer [see Eq. (2)]; thus, one expects a ratio of
only 4%.

The ' C exit channel should also be amenable to
this two-component analysis, since the observed de-
viations of this channel in the variance of the angu-
lar distribution, the cross section, and the Q-value
dependences upon hN suggest a one-particle alpha
cluster transfer part of the time. A close look at the
surprisal plot does, in fact, reveal a kink at about
E*=26 MeV, indicated by the arrow in Fig. 23.
Again, each component of the ' C spectrum can be
characterized by a linear surprisal, where the more
strongly damped four-particle transfer component
corresponds to a smaller slope, as indicated by the
solid line in Figure 23. This results in a second
component with 66% of the cross section and an
average excitation energy of 19.5 MeV. These
values correspond to a cross section of 2.5 mbjsr
and an effective optimal Q value of —12 MeV,
which both fall right in line with the systematics
for four-particle transfer. The alpha cluster, then,

1

apparently occurs about —, of the time. The average
excitation energy of this component is 14.5 MeV,
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which determines the effective optimal Q value to
be —7 MeV. The effective optimal Q value of the
one-nucleon transfer to ' N and ' 0 is about —4.5
MeV. It seems likely that other exit channels are
also composed of more than one component; how-
ever, their surprisals do not easily admit to such a
decomposition.

o =~(E')(E*—(E'))i,
a constraint on the variance is equivalent to adding
a second constraint on the average value of E' in
addition to the first constraint on the average value
of E'. Then, the distribution of maximal entropy is

pM ( E')=p o(E)exp( —Q—A, &E' —AzE' ) .

C. Taro constraints

The one-constraint fits shown in Fig. 22 accu-
rately account for the decreasing asymmetry of the
distribution, going from few-nucleon transfer to
many-nucleon transfer; however, the widths of the
spectra are not well described. The fits consistently
underestimate the widths for few-nucleon transfer
and overestimate the widths for many-nucleon
transfer. Because the statistical uncertainty in the
data is small, the addition of a second constraint is
warranted. In theory, one cannot add arbitrary con-
straints that do not actually exert systematic ten-
dencies on the system, since noninformative con-
straints do not change the information content of
the distribution. In practice, the choice of a physi-
cally meaningful contraint must be made carefully
since a high quality fit to data with experimental
uncertainties is not necessarily unique.

The width of the distribution can be accounted
for by constraining the variance, o~. Since

The resulting fits are shown in Fig. 24 for Be, ' Be,
and "B, the cases of seven-, six-, and five-nucleon
transfer, respectively. The minimum values of I.
for these fits, given in Table I, are about an order of
magnitude smaller than those values for the one-
constraint fits. Thus, the information content of
the experimental distribution relative to the theoret-
ical distribution has been significantly reduced.
Both Lagrange parameters, A, i and A,2, are positive,
as indicated in Table I. This causes the functional
form of Eq. (6) to be close to that of a Gaussian dis-
tribution for large E'. In turn, this accounts for
the spectra becoming symmetric for large ddsc,

where the average excitation energy is high. This
procedure was also applied to the other exit chan-
nels where ~&4, generating good fits for the oth-
er boron isotopes and the carbon isotopes, but not
for nitrogen. However, the second parameter in
each of these cases is negative, which is suspect

—A,2E+2
since at high energies the term e ' eventually
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FIG. 24. Energy distributions and surprisal functions for the many nucleon transfer channels in the ' 0+ Th reac-
tion at the grazing angle 70' and 105 MeV incident energy. The solid curves show the most probable distributions sub-
ject to constraints on the average energy transfer and square energy transfer.
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dominates and causes Eq. (6) to be unbound. There-
fore, it is questionable that (E' ) is the second con-
straint for small LV. Note that for AX(4 the
one-constraint fit underestimates the width of the
observed spectra, whereas for AX & 4 the fit overes-
timates the width. There appears to be a physical
constraint limiting the width for large AX. One
might expect that in addition to the spectra becom-
ing Gaussian shaped as ~ increases, the distribu-
tions would broaden as in a diffusion process. Ac-
tually, the variances of the measured spectra do not
vary much. In fact, the variance depends only on
the charge of the ejectile, increasing from nitrogen
to carbon and then decreasing for boron and berylh-
um. For nitrogen isotopes cr-4. 8 MeV, for carbon
cr-5.6 MeV, for boron o -4.6 MeV, and for beryl-
1ium u-3.9 MeV. cr varies by less than 0.1 MeV
among the isotopes of a given charge. It is possible
that the Coulomb barrier of the exit channel limits
the width of the spectra, all the more so for large
mass transfers which are nearly fully damped.

Although some of the data are described very
well with the addition of the second constraint on
(E* ), there could be a different constraint acting
on the system, particularly for small AN. It has
been argued that the width of the exciton distribu-
tion, rather than the width of the energy distribu-
tion, acts as the second constraint. In terms of the
single-particle model, the variance of the exciton
distribution about the mean is found to be approxi-
mately (aE')'~ . Therefore, (E*'~ ) determines
the average variance of the exciton distribution.

The distribution of maximal entropy becomes

being unbound at high E*, although it seems un-

likely that large negative values of A,2 could be
meaningful. For this reason, the cases of Be, ' Be,
and "8, discussed previously, will not be considered
further.

Because the prior distribution depends exponen-
tially on the square root of E*, the form in Eq. (7)
can be rewritten in the form of a one-constraint dis-
tribution. Defining a' =(a '~ —A2/2), then

60
17N 180 190

20

IO

IO

I I ( I

(x70) (x70)

I/I 60-
~ w

4

15C + 15N

I

where E*
p is the most probable excitation energy

(approximately the mean excitation energy), and
b,E' is the full width at half maximum of the ener-

gy distribution. Rewriting the approximation for
the second parameter A,2, .

(a'E' p)' =l l(E*p/bE* )

p ME(E* ) =go(E)exp( —&o—&IE —~2E

(7)

~lO -/
-i

C) ~t~ IO-

where (E') is the first constraint and (E*' ) is
the second constraint. Figure 25 shows the results
of fitting the data with this procedure. All of the
exit channels, oxygen through boron, are fit well.

The ' N and ' O channels shown are the first one-

nucleon transfer components. The values of A,2, in-

cluded in Table I, range from about 9 for "O to
about 0 for ' B. A troublesome point is that, for
the form of Eq. (7) to account for the symmetric
beryllium channels, the Lagrange parameter A,2

must go to very large negative values (so large that
the program has trouble finding the solution).
However, a search for large negative values of A, 2

seems more symptomatic of a problem with the
constraint than with the computer program. In this

case, the dominant term e ' keeps Eq. (7) from

60—
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I I
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FIG. 25. Energy distributions and surprisal functions
for the projectilelike products observed at the grazing
angle 70' in the ' 0+ Th reaction at 105 MeV in-
cident energy. The solid curves show the most probable
distributions subject to constraints on the average energy
transfer and on the average square root of the excitation
energy.
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Therefore, the second constraint is related to the re-
lative values of the average excitation energy and
the width of the distribution.

The experimental values of (E'
p
ICE')2 are plot-

ted in Fig. 26 as a function of E'EN in the upper left
corner for the ' 0+ Th reaction. The solid
curves are drawn to guide the eye. These values are
seen to be nearly independent of the specific nature
of the ejectile, increasing smoothly with hN, as in-

dicated by the solid curve that guides the eye. The
rate of increase is greater than (E'~)'~; therefore,
a' also increases with ~, which causes A,q to de-
crease. This is the observed behavior. The parame-
ter a can be regarded as an effective level density
parameter, which is seen to decrease for few-
nucleon transfer. This view, however, is not valid if
A,2 were allowed to be negative, since then a' would
become larger than c. As mentioned, these cases
are not considered.

The two-constraint analysis was applied to the
other measured reactions to see if the systematic
changes would be consistent with the discussion
thus far. With constraints on (E') and (E"~ ),
the energy spectra for the i60+ 32Th grazing reac-
tions at different bombarding energies are well

described.
The second parameter A,2 increases monotonically

for each exit channel as the incident energy in-
creases. Also, A,2 goes from negative to positive for
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FIQ. 26. The square of the most probable energy di-~

vided by the width of the energy distribution as a func-
tion of the number of transferred nucleons 4Ã for four
selected reactions. The curve is to guide the eye, but is
the same in each of the four panels.

"8, ' C, and ' C, as the energy increases from 97 to
125 MeV. This is basically a consequence of the
changing ratio of the centroid of the energy distri-
bution to its width. In terms of Eq. (8), this ratio
determines (a'E' „)'~,where a' decreases as A2 in-
creases. The experimental values of (E'~/hE')
are approximately constant with bombarding energy
for each exit channel, perhaps decreasing slightly
with increasing energy. Since E*

z increases with
bombarding energy, a' decreases, which accounts
for larger values of A,z. Thus, the behavior of the
effective level density parameter suggests that the
available phase space is more restricted as the in-
teraction time decreases with higher bombarding
energies. For example, in the one-nucleon transfer
to ' N, a decreases from 7.3 MeV ' at Ei,b ——97
MeV to a value of 2.4 MeV ' at EI,b ——125 MeV.
The parametrized Fermi gas level density parameter
a, for this case, is 29.1 MeV

The spectral shapes also vary with scattering an-
gle. The ratio (E'~/hE') increases with Hi, b for
each exit channel, which causes a* to increase and,
therefore, A,i to decrease. At EI,b ——105 MeV, A,2

goes from positive to negative for '2C, '3C, and '4C,
as Hi,b increases from 60' to 100'. Again, consider-
ing the one-nucleon transfer to '5N, a' increases
from 3.3 MeV ' at Hi,b ——60' to 12 MeV ' at
8&b ——100'. This suggests that the available phase
space is less restricted for more strongly damped
collisions, which scatter to backward angles. Thus,
at 100' the spectra for all of the exit channels, ex-
cept ' N, are nearly Gaussian distributions. Since
these ejectiles are almost fully damped, as indicated
in Fig. 9, the widths may be constrained. A fit with
constraints on (E ) and (E ) works well for
these eases.

A sampling of the results for the other systems is
indicated in Table II as a comparison with the
' 0+ Th reaction. Similarly, the parameter A,2

decreases as b,N increases for these grazing reac-
tions: ' N+' 'Ta at 86 MeV, ' N+ Th at 95
MeV, and Cl+' 'Ta at 205 MeV. The ratios
(E ~/AR') as a function of hN, are nearly in-

dependent of the choice of colliding ions, increasing
with hN at a similar rate for all three reactions.
The curves drawn in the four panels of Fig. 26 are
identical. The average excitation energy of a one-
nucleon transfer for Cl+' 'Ta is about 16 MeV,
which is twice that of a one-nucleon transfer for
'60+ Th; still, the widths of the energy distribu-
tions scale accordingly. Therefore the shapes of the
distributions, as well as the average energies about
which the distributions are peaked, depend mainly
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TABLE II. Lagrange parameters for distributions of maximal entropy subject to two con-
straints on (E*)and (E ' ), Eq. (7), for various grazing reactions, as indicated.

X

{MeV ')

15N+ 181Ta

86 MeV
A2

(MeV '
)

95 MeV X
"Cl+ '"Ta
205 MeV

11B

12B

13B

12C

13C

14C

15C

1.1
1.4
0.95
0.92
0.91
0.83

0.96
0.70
4.6
2.0
3.0
4.7

1.1
1.1
0.94
0.86
0.97
0.77
0.99

1.9
3.5
5.5
3.8
3.5
5.6
4.1

30S1

32p

33p

33S

34S

35S

36Cl

Cl

0.51
0.43
0.39
0.32
0.42
0.40
0.85
0.57

3.4
4.9
5.5
6.3
6.1

5.5
3.8
4.8

on the number of transferred nucleons, rather than
the particular interacting nuclei. Surprisal analysis,
then, can serve as a general description of continu-
um energy spectra for transfer reactions, at least
within the limits discussed here.

Further consideration must be given to the origin
of the second constraint, be it (E"~z) or (E' ). A
calculation was done to test the possibility that a
constraint on the average transferred angular
momentum manifests itself as an energy-dependent

constraint. A constraint on angular momentum irn-

plies that the average value of J is constrained to be
smaller than the yrast value, which limits the avail-
able phase space, especially for few-nucleon transfer
where the average transferred angular momentum is
small. If (J) acts as the second constraint, howev-

er, its influence on the data is averaged, since the
measured cross section averages over the angular
momentum-dependent cross section. The calcula-
tion, in fact, produces only a different normaliza-
tion, or a very weak energy dependence for large an-

gular momentum transfers.

V. SUMMARY AND CONCLUSIONS

The results of the preceding sections are sum-
marized here. The 'sO+z3zTh transfer reaction is
studied in detail and compared with other systems,
including ' N+ 2Th, i5N+is'Ta, and 5Cl+' 'Ta.
The reactions studied are highly asymmetric, in or-
der to unambiguously determine the final reaction
products. A systematic investigation is made of the
reactions as a function of bombarding energy and

scattering angle, so as to vary the incident velocity
at the distance of closest approach (where transfer
presumably takes place) and the depth of penetra-
tion during transfer. The general features of these
reactions, including energy dissipation and the
branching ratio of the exit channels, are found to be
very similar for the different systems. These pro-
perties depend mainly on the number of transferred
nucleons, b,N, rather than the specific nature of the
colliding ions.

The measured energy distributions for each exit
channel can be characterized by the average energy
about which the distribution is peaked, the width,
and the degree of asymmetry. The energy spectra
are asymmetric for few-nucleon transfer, becoming
symmetric as hX increases. For large ~, the dis-
tributions are nearly Gaussian shaped, although the
widths do not broaden as a diffusion model would
predict. The effective optimal Q value is observed
to decrease smoothly with hX to the fully damped,
or completely relaxed, limit. A semiclassical damp-
ing model accounts for the optimal Q values of the
grazing reactions. It allows a phenomenological
velocity-dependent frictional force to act during the
transfer of nucleons. The interaction time is as-
sumed to scale as 5Ã/u, where u is the average
velocity at the distance of closest approach. The
damping coefficient, which determines the rate of
damping, is found to be constant for all exit chan-
nels, up to ddsc =7. In fact, the constant is indepen-
dent of entrance channel as well, even as the projec-
tile doubles in size from ' 0 to 3 Cl. Therefore, the
grazing reactions of these systems can all be charac-
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terizK by the s~e relative rate of energy d~ping.
At the highest energies, however, the model overes-
timates the measurmi energy loss as ~ increases;
thus, the damping coefficient, or the interaction
time for each nucleon transfer, appears to decrease
for large ~. The average energy loss for collisions
that scatter backward of the grazing angle can also
be accounted for. Here, the more strongly damped
collisions require a larger damping coefficient,
which may be due to a larger region of overlap of
the nuclear surfaces than that for a grazing reac-
tion.

The energy spectra are integrated to yield the
branching ratios of the exit channels. Here, too, a
systematic dependence with hN is observed. The
cross section is found to decrease exponentially with
hN. The sequence of nucleon transfer is considered
to be a statistical process, with each additional nu-
cleon transfer having the same probability of oc-
currence. The probability for the production of cer-
tain isotopes is diminished relative to those along
the energetically dominant sequence, which can be
related to a difference in the reaction energetics.
The cross section of the (2p, 2n) transfer is
anomalously high, which may be due to the cluster-

ing of an alpha particle about one-third of the time,
making transfer more probable. For grazing reac-
tions at higher energies, the linear relation of
1n(doldQ) as a function of bN still holds, al-

though the magnitude of the average slope de-

creases, causing many-nucleon transfer to be more
favorable relative to few-nucleon transfer. Similar-

ly, for collisions that scatter forward or backward
of the grazing angle, the systematic dependence
tends to level out and, in general, is not as smooth a
dependence as for the grazing reaction.

The energy spectra are examined in terms of a
constrained phase-space approach. The measured

energy distribution is considered to be of maximal

entropy, subject to one or two constraints. The
available phase space is assumed to be that of a Fer-
mi gas distribution. It is empirically found that a
single constraint on the average of the distribution
results in a good description of some distributions.
The widths and asymmetries of the spectra are ac-
counted for with the one-constraint fits. Therefore,
the average energy contains most of the information
content of the distribution. The constraint is inter-
preted to be a consequence of the infiuence of the
optimal Q value upon the reaction. Systematic de-

viations, however, are seen in the fits, for both small
and large M'. For one-nucleon transfer, including

2Th('60, ' N) and ' Th(' 0 ' 0), a two-

component analysis of the spectra implies the coex-
istence of a weakly damped one-nucleon transfer
and a more strongly damped three-nucleon bidirec-
tional transfer. The ' C exit channel, as well, was

separated into two components: a four-particle

(2p, 2n) transfer and an alpha particle cluster
transfer, which occurs 34% of the time. The
anomalies of the ' C channel in the variance of the
angular distributions, the cross-section systematics,
and optimal Q-value systematics are then accounted
for.

Since the statistical uncertainties in the data are
small, an attempt is made to introduce a second
constraint. The asymmetric distributions for few-

nucleon transfer can be described with a second
constraint on the average square root of the excita-
tion energy. The two-constraint fits reduce the in-

formation content of the experimental distribution
relative to the theeretical distribution by an order of
magnitude. This is not, however, amenable to a
simple interpretation. One suggestion is that the
constraint on (E"'~ ) is related to a constraint on
the variance of the exciton distribution. Another is
that it results from a constraint on the average an-

gular momentum, though this could not be demon-

strated. It is, however, consequential that a wide

range of data can be described in terms of this ap-
proach with constraints on (E') and (E"~ ), par-
ticularly for high quality data. On the other hand,
this procedure does not appear meaningful for
many-nucleon transfer, where the symmetric energy
spectra are best described in terms of a second con-
straint on (E' ) related to the variance of the ener-

gy distribution. Although one might question the

validity of using a Fermi gas distribution to
describe the available phase space, the region of ex-

citation energies considered here is relatively high

and the same form of the level density distribution

accounts for a wide range of reactions investigated.

In conclusion, the transfer reactions considered

here are amenable to a statistical approach —specif-

ically the energy distributions and the energy-

integrated yields. The yields have a simple depen-

dence on bN that is more pronounced than the Qo
systematics observed by Artukh et al. Surprisal

analysis has proved useful in several ways. It pro-

vides a description of the data that allows one to
compare different reactions easily and to spot sys-

tematic differences, such as those that led to a two-

component analysis for several exit channels. The
analysis with constraints on (E') and (E"~ ),
which describes most of the data very well, implies

that these two constraints contain essentially all the
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information content of the energy distribution.
Therefore, a relatively simply dynamical interpreta-
tion of the data should be possible.
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