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We investigate the radial sensitivity of different strongly interacting probes to neutron

density distributions in nuclei. The experiments considered are elastic scattering of 104
MeV a particles, 1 GeV protons, 130 MeV pions, and also shifts and widths of pionic
atom levels. The Fourier-Bessel method is used, thus avoiding any prior assumption on

the neutron densities. To enable statistically meaningful comparisons between the dif-

ferent experiments, "pseudodata" are used, which are based on the real data. Although

the region of most sensitivity is near the surface and is similar for each case, the a parti-

cles probe better the extreme surface and the protons probe better the interior. Pion

scattering appears to be inferior to the other two scattering experiments because of the

gradient terms in the potential. Surprisingly, there are some indications that m+ could be

better than m in determining neutron densities. Pionic atom data are sensitive ghostly to
the surface region. A critical discussion of error analyses is presented.

NUCLEAR REACTIONS Radial sensitivity to neutron density

within optical model calculations of elastic 0.(8) data analyzed for a, p,
m —++ Ca for 100—1000 MeV and of pionic atoms of Ca.

I. INTRODUCTION

The radial distribution of nucleons in nuclei is a
topic of current interest as it provides a sensitive

test of theories of nuclear structure. While the dis-

tribution of protons can be studied most precisely
via the electromagnetic interaction, studies of the
total matter or neutron density distribution inevit-

ably rely on a strongly interacting probe which im-

plies more difficulties in interpreting experimental
observations in terms of nuclear properties.
Nevertheless, such probes have been shown to be
quite useful in providing at least partial answers to
the question of nuclear densities, in particular by
comparative studies when the "apparatus function"
(effective probe-nucleus interaction) could be "cali-
brated" on a nucleus with a presumably known
neutron distribution. The results of various types
of experiments such as elastic scattering of ct parti-
cles, protons, or pions, etc. (see, for example, Ref.
1), although showing internal consistency, seem to
be sometimes in conAict with each other. Apart
from the residual uncertainty of the effective in-

teraction (which in most cases has not been taken
into account in evaluating the errors of the final
results) and in addition to deficiencies and con-
straints in the analysis itself, the above mentioned
discrepancies cou1d originate from differences in
the radial sensitivity of different types of experi-
ments which are currently used to probe the nu-

clear density distribution. It is therefore interest-

ing to investigate which parts of the nucleus are
well probed, and how uncertainties of the radial
moments are affected by the radial sensitivity.
Also important is a critical comparison of the
methods of evaluating the uncertainties in the dif-
ferent analyses.

As previously demonstrated for a particle
scattering, ' ' the radial sensitivity inevitably
depends on the quality of the experimental data
such as the range of momentum transfer or the an-

gular and statistical accuracy. These can be quite
different for different experiments even if one con-
siders the best data available. In this paper we in-

vestigate the radial sensitivity which is presently
accessible by different experiments. Therefore, the
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studies are based on four experiments which are
typical of their kind in the quality of the data they
provide, .thus characterizing the experimental state
of art: (1) the elastic scattering of a particles
around 100 MeV, where only data extending to
large angles are considered, thus probing the interi-
or of the nucleus beyond the surface region; (2)
the elastic scattering of protons in the GeV re-

gion, where the analysis in terms of the funda-
mental proton-nucleon interaction is a characteris-
tic feature; (3) the elastic scattering of 130 MeV
pions, where the availability of both m+ and m

beams together with the strong isospin dependence
of the interaction are of particular interest; (4)
strong interaction level shifts and widths in pionic
atoms, where the very good experimental accuracy
together with the isospin dependence of the in-

teraction are interesting features for probing neu-

tron distributions in nuclei.
Experiments on the elastic scattering of 0.' parti-

cles and protons have been analyzed in recent years
using methods which are efficient and instructive
in studying the radial distributions of the interac-
tion potential or the nuclear density. These
methods, guided by the "model-independent" pro-
cedures used in electron scattering, overcome the
constraints of using simple analytical forms and
also provide a realistic analysis of the uncertainties
in the studied distribution as a function of r, the
distance from the center of nucleus. Several vari-
ants of these model-independent methods have
been successfully used: (i) the Fourier-Bessel (FB)
method, ' ' (ii) the sum-of-Gaussians (SOG)
method, (iii) the spline function method, and (iv)

a method based on a set of orthogonal polynomi-
als. ' These methods could also be introduced into
microscopic models '" relating the interaction po-
tential to the density distribution of protons and
neutrons in the nucleus. In the case of a zero-
range probe-bound nucleon interaction, the poten-
tial is proportional to the nuclear density unless
there are strong isospin effects which warrant
separate handling of neutrons and protons (the
latter distribution is generally assumed to be
known from the accurately measured charge distri-
bution). If a finite range is assumed for the in-

teraction, the "microscopic" description implies
some type of a folding model. "' Owing to the
smearing effects of the folding integral, the densi-
ties are then more remote from the experimental
data than are the potentials themselves, with the
consequence that the relative uncertainties in the
densities are larger than those for the potential,

particularly at the interior of the nucleus. All
these features are clearly revealed when applying
the "model-independent" procedures in the ana-
lyses of scattering data.

Unfortunately, it is not always possible to use
these model-independent methods. For example,
measurements of total or reaction cross sections
yield one or two experimental numbers, and this is
also the case when strong interaction level shifts
and widths are measured in pionic atoms. Furth-
ermore, model-independent analyses of the elastic
scattering of pions at about 100 MeV do not seem
to be fully justified at present owing to the insuffi-
cient knowledge of important details of the pion-
nucleus potential.

In order to study the radial sensitivity of dif-
ferent types of experiments on equal footing we ap-
plied the FB method to all four experiments. Basi-
cally, the method consists of describing the neutron
density distribution by a first approximation Fermi
function plus a FB series, whose parameters are
obtained from a best fit to the data. One of the
merits of this method is that it provides realistic
estimates of errors, thus enabling us to make
meaningful comparisons of radial sensitivities. In
Sec. II the method of the present analysis is
described, particularly the generation of "pseudo-
data" from the real data, which was chosen as a
means of providing consistent comparisons between
the different experiments. We mention that the
FB method is applied here, for the first time, to
analyze the elastic m.-+scattering, and a procedure
is given also for handling pionic atoms. Section
III gives the results and Sec. IV contains a critical
discussion of these results. It should be em-

phasized that all the present results, although
referring to typical experimental data, are only for
demonstration purposes, and they should not be re-
garded as final results of analyses for any of the
experiments considered.

II. METHODS

The optical potentials for the various probes are
related in one way or another (see below) to the nu-
clear densities. With the proton density distribu-
tion assumed to be known, we search for the neu-
tron density distribution which is parametrized as
follows
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where qk =km /R, and the series is included in

p„(r) only for r &R, where R, is the cutoff radius.

p„(r) is a first approximation to the neutron densi-

ty and it has a volume integral of N, the neutron
number. The coefficients Pk are obtained by re-

quiring a best fit to the data while constraining the
above series to have a zero volume integral. The
following expression is obtained for the uncertain-
ties

(hp;hpj. ) =2(M ')ij, (2)

where (M ) is the covariance matrix obtained nu-

merically in the course of performing the P fit.
This expression represents the statistical 67%%uo con-
fidence limit and is valid only in the case of purely
statistical deviations between calculation and exper-
iment, which implies a X per degree of freedom
(X /R close to 1. When X /F is larger than 1, it is
a common practice to increase the quoted errors by
multiplying Eq. (2) by X /F which means that the
error in, e.g., the various radial moments, are pro-
portional to (X /F)' . Whereas there is no
rigorous justification to this prescription, particu-
larly when the deviation of 7 /F from 1 is due to
some nonstatistical deficiency, it appears to be a
plausible one at least when 7 /F (3. In any case,
when 7 /F is considerably greater than 1, it is in-

dicative of some fundamental problems in the
analysis and a straightforward error analysis is
inadequate. A detailed account of the error
analysis is to be found in Ref. 13.

For the experimental results which are con-
sidered in the present work, and which are exam-

ples of "state of the art" results, the values of X /F
achieved in the best fits (in the present work and
also by other methods) are not quite 1, but vary be-
tween 3 to = 10. Therefore, in order to avoid the
above mentioned rescaling of errors, it was decided
to use "pseudodata" with the only purpose of com-
paring the various types of experiments. The
best-fit potentials were, therefore, used to calculate
"experimental" results which were then shifted
randomly according to the quoted real experimen-

A. Elastic scattering of a particles

The fit to the data was made using the density-
dependent folding model, which had been success-
fully applied to elastic a particle scattering extend-

ing to large angles. "' The real part of the poten-
tial was written as

ReU(r) = —IV,ff(
I

r —r
I
)p~(r')d r' (3a)

with the effective a particle-bound nucleon interac-
tion being parametrized as a sum of a Gaussian
(VG, aG) and a Yukawa (Vr, ar) form

tal errors. When fits were made to those pseudo-
data, values of X /F of the order of unity were ob-
tained. The nuclear densities used to generate
these data are those calculated by Brown et al. '

The proton densities are in reasonably good agree-
ment with results of electron scattering and the
neutron densities are in fair agreement with results
of elastic scattering of protons' and a particles. '

These densities were consistently used throughout
the present work.

For the case of pionic atoms a direct application
of the FB method is not feasible, but we have ap-
proached that case by performing a combined
analysis of pionic atoms and elastic scattering of a
particles or protons. In the following we describe
the potentials and types of calculations made for
each of the four kinds of experiments. In each
case we applied the type of analysis which is
currently being used in interpreting experimental
data, thus avoiding gross simplifications which
could be introduced by adopting a common
method for all experiments. Some simplifications
were, however, made which are unlikely to affect
the radial sensitivity, though they might be of im-

portance in attempts of extracting nucleon densities
from real data. Examples for such simplifications
are the neglect of a spin-orbit interaction in proton
scattering and choosing a particular type of paten-
tial for the pion experiments.

Va'(
I
r' —r

I
)=I'.Vaexp( —Ir' —r I'/aa')+Viexp( —

I

r' —r
I
/ar)/( I r' —r

I
/ai )]I:1—yp

' '(r')] .

The term [1—yp~ (r ')] represents the density dependence of the a particle-bound nucleon interaction"
where p~ =p„+p& is just the sum of the neutron and proton densities. It has been found that a Gaussian .

plus Yukawa shape of the effective interaction fits the experimental cross sections better than the previously
used pure Gaussian interaction"' due to the longer range of the Yukawa part. The parameters of the
Gaussian part' (as determined by the scattering on the "calibration" nucleus Ca) showed only minor
changes when including the Yukawa part. The characteristic quantities of the folded real optical potential
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like depth, specific volume integral, rms radius, etc., are much closer to phenomenological approaches than
without the Yukawa part. The imaginary potential was a conventional Woods-Saxon (WS) one, and it was
also adjusted during the fits to the real data (see below) but not in the final FB fits to the pseudodata.

B. Elastic scattering of 1 GeV protons

(4)

where fn(r) are the proton-neutron (proton) scattering amplitudes and Fn(r) are the nuclear forin factors,

Fn(&)(q) =fe' q p'n(r)(R)d R .

EI is the total energy in the laboratory system, kL and ko are the wave numbers in the laboratory and in
the nucleon-nucleon systems, respectively. The dependence on the momentum transfer q was written as

—1/2p~( )q2f (p)(q) f (p)(0)e—

and finally the optical theorem was used, namely,

kof (p)(0)= (rT (i+an(p))

It is commonly accepted that at energies of the order of 1 GeV one can reliably use the impulse approxi-
mation to obtain the proton-nucleus optical potential. The optical potential was therefore written as'7

C2
U(r)= z fe ' q '[fn(q)Fn(q)+fz(q)Fr(q)]d q,

(2m. ) EI

An additional kinematical factor and the (A —1)/A factor were included in U(r) but not written in Eq. (4)
for simplicity. In any case, these factors are not essential in the present application because the amplitudes
were slightly adjusted in order to improve the fit to the data. In the calculations the Fourier transformation
in Eq. (4) was not performed explicitly. Instead, a Gaussian folding was performed in coordinate space, '

where Eq. (4) becomes

fPc k
U(r)= (2n) f [p„(r')(i+a„)r (eTxp[ —

~

r' —r
~

/213„]
L

+pr(r')(i+a&)crT exp[ —
~

r ' —r
~

/2P& ]Id r'.

Not included in the present calculation was a spin-orbit term, but that should not affect our results regard-
ing radial sensitivity because of the small adjustments to the parameters mentioned above made before pro-
ducing the pseudodata, so that a best fit to real data was first achieved.

C. Elastic scattering of pions

In recent years the zero-energy n. -nucleus potential. has been thoroughly studied with the help of very
precise results for strong interaction level shifts and widths in pionic atoms. ' ' Some applications have
already been made ' of such refined potentials in the analysis of elastic scattering of pions at low energies.
This potential, which is inserted into the Klein-Gordon equation, is given by

U(r) = [q(r)+ V.a(r) V ],
2p

where p is the reduced mass, q is the s-wave (local) part, and a the p-wave (momentum dependent) part of
the potential, written in terms of the nuclear. densities as follows:

q(r) = 4n 1+—[bo(p. +pp)+b((p. pp)]+ 1+ —4~pp, ppm 2m
(10)
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ap(r)
a(r) =

1+—,ap(r)

ap(r) =4m. 1+ [~p(P +Pp)+&1 (Pn'Pp)]+ 4&OPnPp ' (12)

m is the nucleon mass and the coefficients bo, bi,
Bo, co, ci, and Co are usually taken from fits to
data.

Additional terms due to the so-called angle
transformation and due to 1 - cr interaction have
not been written in the above potential, and al-

though they have been included in some analyses, '

they have been excluded from the present work
since they are unlikely to be relevant to the radial
sensitivity.

The above potential assumes a zero range for the
pion-nucleon interaction. Introducing a finite
range to the p-wave part of Eq. (9) may have, in

principle, far reaching consequences. However, it
was shown recently by Alexander et al. that for
pionic atoms the only effect of introducing finite
range is to change the values of the parameters,
while maintaining the same overall picture. We
therefore used in this work the zero-range version
of the potential, but it is possible that folding in a
finite (short) range could reduce the sensitivity ob-
served.

I

perimental errors. The nuclear densities which
enter the pionic atom calculations are those ap-
pearing in the scattering problem. This method of
a combined analysis of two different experiments
had already been successfully used with real data.
In the present work it was found to perform re-

markably well.

III. RESULTS

In order to enable a comparison between the
four types of experiments, the same nucleus-

Ca —was chosen for all cases. This nucleus has
been extensively studied by many different groups
using a variety of methods and good quality data
are available for the present studies. This nucleus
with its relatively large neutron excess is typical of
medium-weight to heavy nuclei, which form the
prime object of investigations of neutron density
distributions.

A. Elastic scattering of a particles

D. Pionic atoms

The strong interaction level shifts and widths in
pionic atoms are, in principle, another source of in-
formation on nuclear densities. In this case the ex-
perimental information 'consists of just two num-
bers and one cannot use a method such as the FB
one. Previous attempts to extract information on
neutron densities from pionic atoms relied on an
analytic form for the densities. This is exactly
what we avoid in the present work.

The method adopted here is simply to include
the pionic atoms results in a combined analysis of
a particle or proton scattering. To the 7 of the
scattering problem we add the contribution due to
the pionic atom, namely,

where e and I are the strong interaction level shift
and width, respectively, Ae and EI being the ex-

The data on which the present sensitivity tests
are based are those from Karlsruhe which were
extensively analyzed using the FB method. ""
Although the final FB analyses were applied to
pseudodata we proceeded as far as possible in the
same way as in analyses of real data aiming at in-

formation about neutron densities.
First, the elastic scattering cross sections for

u+ Ca were used to adjust the parameters VG,

aG, and y of the effective a particle-bound nucleon
interaction. (Vr and ap were kept fixed according
to the results of previous analyses. ) Turning then
to Ca the real part of the optical potential was
fixed according to the standard densities and the
interaction determined as described above. The
parameters of the imaginary part were varied in

order to fit the experimental data. The quality of
the fit is characterized by 7 /F =8, which is of
the same order as that obtained for the other
scattering experiments by similar procedures (see
below). The theoretical angular distribution result-

ing from this fit was then used as a basis for dis-
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FIG. 1. Neutron density distribution of" Ca and its
percentage errors as determined from the elastic scatter-
ing of 104 MeV o. particles. The shaded area represents
the range of uncertainty in the density. The solid and
dashed curves represent the percentage error when a
separate or combined analysis is made of u scattering
and pionic atoms, respectively. (See Sec. III D.)

tributing pseudodata randomly about it at all an-

gles measured and assuming the real experimental
errors. The pseudodata were again reproduced
with a X -value per point of 0.7.

For the subsequent FB fits to the pseudodata a
first approximation of the neutron density p„[Eq.0

(1)] of the Fermi form was assumed. Its two
parameters t." and a were adjusted using the pseudo-
data yielding X /F =0.8.

Finally, only the FB coefficients were varied in
order to fit the pseudodata. The number of varied
FB terms ranged from 4 to 6 and the cutoff radius
R, from 6.5 to 9 fm. X /F values of 0.7 were ob-
tained. Although, even with 8,=9 fm, the errors
of the density itself and its various integral mo-
ments did not increase unreasonably (as observed
for other projectiles), the final results only contain
calculations including cutoff radii up to 8,=7.5
fm.

In Fig. 1 the error band (shaded area) containing
the resulting neutron density and its percentage er-

ror (solid curve) are displayed. (The dashed curve
is discussed in Sec. III D.) It is obvious that the a
particles'are not able to probe the neutron density
at radii smaller than 1.5 fm, whereas good sensi-

tivity is observed even at distances where the densi-

ty is less than 1% of the central value. It should
be noted that the input neutron density' used for
the preparation of pseudodata fully lies inside the
error band and also its structure around r -2 fm is
reproduced although a smooth Fermi distribution
was used for p„, in Eq. (1).

As examples of integral quantities related to the
neutron density, various radial moments have been
computed. The root mean square (rms) radius and
its error are given in Table I together with those
obtained from analyses of the other experiments.
For the present a particle scattering analyses (using
pseudodata) the absolute error of the rms radius is
one of the largest as compared to the errors of
higher radial moments. Even the 6th moment is
better determined than the rms radius.

Out of the experiments treated in this paper the
scattering of a particles is the only one where the
FB method has been extensively applied also to
real data. Comparing both types of results with
regard to the resulting radial sensitivities [charac-
terized, e.g., by the percentage error of the density
(see Fig. 1)] one can state that they are qualitative-

ly the same. Even quantitatively, there are only
minor differences, in particular in the region
r =3—5 fm. At small radii the errors determined
from the real data in many cases are even smaller
than those determined from the pseudodata. How-
ever, the spread of the results of many calculations
with real data using different numbers of FB terms
and different cutoff radii (which is negligible for
pseudodata) also show the poor accuracy of the
determination of the densities in the interior. The
errors of the radial moments extracted from the
analyses of real data are a factor of 2—3 larger
than for the pseudodata.

The fact that some errors determined from real
data can be smaller than obtained from pseudodata

TABLE I. Root-mean-square radii obtained from the different analyses. All values are in units of fm.

Input 100 MeV 1 GeV 130 MeV m+ 130 MeV m.

value a scattering proton scattering scattering
scattering

50 MeV m+ 50 MeV m

scattering scattering
Plonlc Pionic

atoms and atoms and
a scattering proton

scattering

3.58
+0.03

3.54
+0.04

3.58
+0.03

3.55
+0.17

3.55
+0.16

3.49
+0.20

3.58
+0.03

3.55
+0.03
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indicates the remaining deficiencies of the reaction
model which is not able to reduce the analysis of
the scattering problem to a purely statistical treat-
ment.

B. Elastic scattering of 1 GeV protons

Qn

[fm

b, Q„

Q~

[o/ ]

The experimental cross sections used for the
analyses of high energy proton scattering are due
to the Saclay-Gatchina group. ' The potential of
Eq. (4) was used in analyzing the results for Ca
adjusting the total neutron cross section uz and

n

the ratio of the neutron imaginary to real part.
Only minor adjustments (of the order of 10—20%)
were required in order to get a X /E of 6.4. Keep-
ing all parameters then fixed, the angular distribu-
tion for the scattering of 1.04 GeV protons by Ca
was calculated reproducing the experimental data
with X /Ii =12. Subsequently, the pseudodata
were generated in the same way as for the a parti-
cle scattering. The details of the FB fits were also
the same as for the a particle scattering case. The
resulting neutron density and its error band is
displayed in Fig. 2, (For the discussion of the
dashed line see Sec. III D.) In contrast to the a
particle scattering, the protons show a remarkable
sensitivity even to the very interior region of the
target nucleus and also the slope is slightly better
determined than by the a particle scattering.
However, due to the shorter range of the interac-

tion compared to the effective a particle interac-
tion, and due to the weaker absorption, the accura-
cy of the derived density rapidly deteriorates at
r —=6.5 fm. As a consequence the radial moments
M are less accurately determined for E & 1 as
compared to the a particle scattering (Table I).
For M6 the error is more than a factor of 2 larger
as compared to the a particle scattering case. The
input neutron density' again fully lies inside the
error band and its structure is reproduced.

C. Pion scattering

The experimental results which form the basis of
the present work are those of Gretillat et al. at
130 MeV. No detailed analysis has yet been made
of these data in terms of the full pion-nucleus po-
tential [Eqs. (9)—(12}]. However, in order to gen-

erate the pseudodata needed for the present work,
we have analyzed the real data using a simplified
form of the potential, where the Lorentz-Lorenz
effect was not taken into account [Eq. (11}]and
also with ReBO and ReCO set to zero. An initial
fit to Ca was not made in this case because such
a fit is unable to determine the coefficients bi and

ci [Eqs. (10—12)]. Although this analysis is only
preliminary, it was noticed that the m data deter-
mine essentially the momentum dependent part of
the potential (a) and the mr+ data determine the lo-
cal part (q). Values of X /I' of 7 for n and 18
for ir+ were obtained for the real data, which are
not much worse than what is achieved in the initial
phases of analysis of other scattering experiments.
The potential parameters so obtained did not show
the expected isospin relationship. However, with

0.05- —50
0,1— —100

0.05— —50
I I I I I I I

0 2 4 r Cfm]

FIG. 2. Neutron density distribution of SCa and its
percentage errors as determined from the elastic scatter-
ing of 1 GeV protons. The shaded area represents the
range of uncertainty in the density. The solid and
dashed curves represent the percentage error when a
separate or combined analysis is made of proton scatter-
ing and pionic atoms, respectively (see Sec. III D).

I I l I l I I

0 2 4 6 r jfm]

FIG. 3. Neutron density distribution (shaded area)
and its percentage errors (solid curve) for Ca obtained
from the elastic scattering of 130 MeV m scattering.
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gn

[fm ]
48(

(
+ +)

EL b 130 MeV

h, g„
gn

[ '/o ]

—100

gn

[fm ]

h, g„
gn

[ '/o ]

—100

0.05— 0.05— —50

I I I I I I I

0 2 4 6 r [fml

FIG. 4. Results for 130 MeV ~+ scattered by 'Ca.
See also caption to Fig. 3.

I I I I I I I

0 2 4 6 r [fm]

FIG. 5. Results for 50 MeV m scattered by Ca.
See also caption to Fig. 3.

this reservation in mind, these potentials were used
to generate the pseudodata, where, obviously X /F
was of the order l. Figures 3 and 4 show the neu-

tron densities obtained from FB analyses. The
sharp contrast between the accuracies obtained in
the two cases can be traced to the relative impor-
tance of the local and momentum dependent terms
in the potential. In the m+ potential, the local part
is dominant, hence the overall picture is rather
similar to that found for the scattering of protons.
On the other hand, in the m potential the nonlo-
cal part, with its derivative terms, plays a major
role and that has a most negative effect on the
ability to derive densities from the data, when a
method such as the FB one is being used. We em-

phasize again that the fit to the real data may not
be unique, hence the conclusions regarding the re-
lative sensitivity of the m+ and ~ may not be fi-
nal. However, the conclusions regarding the
damaging effect of the nonlocal component of the
potential on the determination of densities are
probably rather general.

As a further check on this point we turned to 50
MeV, where it has been shown ' that potentials de-
rived from fits to pionic atoms are quite adequate.
Unfortunately, we are unaware of experimental re-
sults for Ca, so we generated pseudodata using
the pionic atoms potential I given by Friedman
and Gal. ' In this potential it is found that the
relative strength of the momentum dependent term
is greater for m than for m.+. Figures 5 and 6
show the results for SO MeV m-+ scattering and
indeed it is seen that the m.+ are slightly better able
to deter'mine nuclear densities than are the m

D. Pionic atoms

gn

[fm ]

h, g„
gn

t'i. ]

0.1— —100

0.05— —50

I I I I I I

0 2 4 6 r [fm]

FIG. 6. Results for SO MeV m+ scattered by 'Ca.
See also caption to Fig. 3.

The experimental results on which the present
sensitivity tests of pionic atoms are based are those
of Powers et al. for the 2p level in pionic Ca.
Using potential III of Friedman and Gal, ~o with
slightly revised parameters, the calculated strong
interaction level shifts and widths agree with the
experimental results when using the densities of
Ref. 14. Hence, there was no need to generate
pseudodata for the pionic atoms case.

As described in Sec. IID combined analyses of
pionic atoms and either elastic scattering of a par-
ticles or protons have been made using the same
proton and neutron distributions for all experi-
ments and varying the FB coefficients of the neu-
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tron distribution. In contrast to corresponding
analyses of real data of a particle scattering the
constraint provided by the pionic atoms results was
less pronounced here due to the relatively larger
weight carried by the scattering pseudodata. How-
ever, the effect of the pionic atoms data on the re-

sulting densities and particularly on their errors is
clearly demonstrated by the dashed curves in Figs.
1 and 2 and by the rms radii and their errors quot-
ed in Table I. It is obvious that the sensitivity
curve given by the relative error of the neutron dis-
tribution is shifted to larger radii in both cases.
This indicates a dominant sensitivity of the pionic
atoms data to the radial region at about r —=5 —6
fm. As a consequence of this sensitivity to large
radii only the error of the rms radius from the pro-
ton scattering could considerably be reduced by the
combined analysis. In fact, for higher noments
than M, even a stronger reduction of the errors is
observed.

In the case of the pionic atoms analysis com-
bined with a particle scattering the trend of shift-
ing the sensitivity curve to larger radii is observed
(Fig. 1). However, the determination of the vari-
ous radial moments is not improved. On the con-
trary, moments M with E & 4 are less accurately
determined as compared to the a particle analyses
without pionic atoms. This could be a hint that
the m bound in pionic atoms probe the neutron
distribution only in a very limited region around
r=5 fm.

IV. DISCUSSION

The purpose of the present study was to explore
which regions of the neutron density distribution
are determined from experiments using different
strongly interacting probes. We considered four
kinds of typical examples of current interest. In
order to get a realistic picture it was important to
analyze each kind of experiment within its own
specific theoretical description, as oversimplifica-
tions might lead to conclusions which reflect rath-
er the limits of the approximation and not those of
the experiments.

The two major questions which are being asked
when comparing the sensitivities to the neutron
distribution are: (i) What is the radial region in
which the density is well determined by the experi-
ment and (ii) to what accuracy can the density be
determined either locally or preferably in terms of
integral quantities such as radial moments? The

answer to the first question can be found by in-

specting Figs. 1 —6 where it is seen that all experi-
ments are sensitive to the neutron density in rough-
ly the same region of 2—5 fm, or from the middle
of the internal plateau to the point where the den-
sity is —10% of its central value. The scattering
of 130 MeV ir is definitely inferior compared to
the other methods, as a source of information on
neutron densities, because of the importance of the
momentum dependent term in the potential. It is
also clear that the outer regions of the densities are
better determined by a particles than by protons
and the opposite is true for the interior. Although
we have used pseudodata in this work, these con-
clusions concerning the radial range of sensitivity
are nost likely reflecting the real situation as given
in current analyses of elastic scattering of a parti-
cles'6 and of protons. "6

The answer to the second question is consider-
ably more complex. Table I summarizes values of
the rms radius of the neutron distribution obtained
from the different experiments and these results
are also typical of other radial moments. It is
reassuring to see that in all cases the resulting
value of rms radius agrees, within the calculated
uncertainty, with the input value used to generate
the pseudodata. Despite the large differences in
the errors of the densities in the interior obtained
from proton scattering and a particle scattering
(Figs. 1 and 2), both experiments determine the
rms radius to the same accuracy because it is dom-
inated by the densities close to the surface. The
considerably larger errors. found for 50 MeV ++-

and for 130 MeV nresult f.rom the important
role played by the momentum dependent com-
ponent of the potential [Eq. (9)] with its derivative
terms. As mentioned above, the conclusions re-

garding 130 MeV m+ could be fortuitous, but they
nevertheless serve as a useful demonstration of the
improvement expected when the role of the
momentum dependent component is reduced.
Since the m.+-optical potentials used here are better
justified at lower energies, the results for 50 MeV
pion scattering are probably quite reliable. The
fact that the m.+ seem to probe the neutrons in the
central region more sensitively than the m is
somewhat surprising at a first glance. However, as
just the m+ interact more weakly with the surface
neutrons than the m do, they have a good chance
to penetrate deeper into the nucleus.

When we turn to real data, the details of Table I
are likely to change. As typical values of X /F
achieved are between 3—10, the errors in the den-
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sity are expected to increase by a factor of 2 to 3.
In addition, errors of the model itself will have to
be included and in that respect there exist differ-
ences between the various probes. In the case of
protons the spin-orbit term will complicate
matters, whereas in the case of pions the great
complexity of the potential will undoubtedly in-

crease the uncertainties even further. For a parti-
cles, which have vanishing spin and isospin, the
imaginary potential is treated phenomenologically
(unlike in the other cases), thus introducing addi-

tional uncertainties. Based on extensive analyses of
the scattering of a particles ""' we estimate
that in all experiments the rms radius is never
determined to better than +0.15 fm, when includ-

ing the uncertainties due to the effective interac-
tion. In the case of pionic atoms, the full power of
the combined analysis of strong interaction level

shifts and widths together with a scattering experi-
ment, is more clearly observed with real data,
where the pionic atom data have larger relative
weight and the constraints due to the pionic atoms
reduce the errors obtained from the scattering ex-

periment.
Returning to the question of why different ex-

periments yield different results, it seems unlikely

that the small differences in radial sensitivity are
the origin of the discrepancies in the quoted values

of rms radii. A more likely explanation can be
found in the inadequate analysis of uncertainties
(including those of the effective interaction) com-

bined with the constraints in some analyses, in par-
ticular those introduced by the use of simple
parametrizations of p„. For example, the 1 GeV
proton scattering result of the Saclay group based

on a three-parameter Fermi shape of p„which
yields (r )„'/ —(r )z'/ 0 10+——0.0. 3 fm for

Ca seems to contradict the u particle scattering
resuit16 of (r2) 1/2 (r2) 1/2 () 25+() 12 fm de
rived by a FB description of p„. However, when

comparing the densities in the we11-determined re-

gion of p„obtained in the two experiments, one
finds that there is no significant difference. This
is a strong hint that the quoted error in the proton
scattering result does not reflect the uncertainties
in the less well-determined part of p„. In fact, the
use of model-independent techniques in proton
scattering analyses' has lead recently to more con-
sistent results and more realistic errors.

Further comments on the pitfalls of using simple
analytical forms for p„are in order. It is obvious

that when the data determine the density only over
a limited region of space, the density in other parts
will be given by an analytic continuation of the

prechosen function, which will then lead to gross
underestimates of errors. Another method of'

studying radial sensitivities, e.g., that of introduc-
ing a "notch" into the density, ' is equally un-
reliable. Although this method more or less
correctly locates ' ' the radial regions of sensitivi-

ty in the case of smooth potentials, it is totally un-

able to supply information on the accuracies of the
results and their dependence on the quality of data
(see, e.g., Ref. 32). The failure of the notch test is
spectacular in the case of pion scattering ' where it
leads to opposite results than obtained by the FB
method. This is due to the fact that the notch
essentially perturbs the momentum dependent part
of the potential, thus simulating sensitivity mainly
for m and less for m+.

Certainly, the FB method is not the only one
which is suitable for model independent studies of
nuclear densities and of the uncertainties involved.
Another method-which was recently used to esti-
mate the uncertainties' ' is based on introducing
long-range perturbations into the density and find-
ing the limits of these such that any calculated
point will not deviate beyond its estimated experi-
mental error. In principle, this method
corresponds to the FB statistical approach, based
on an increase of X by 1. However, when X /F is
significantly larger than 1, this method leads to
much smaller estimated errors as compared to the
covariance matrix method.

As a general rule, the best value of X /F
achieved in analyzing experimental data should be
used as a guide to possible systematic errors. Ob-
viously when X /F approaches 1 the different
methods of evaluating uncertainties should be
equivalent. With these comments in mind we note
that while values of X /F achieved in some of the
analyses are of the order of 10, the errors quoted
are as though 7 /I' was 1, which may lead to un-
realistically small errors.

In conclusion, we have demonstrated rather
similar radial sensitivity to neutron distributions
for 100 MeV a particles and 1 GeV protons, with
better sensitivity for the former at large radii and
for the latter at small radii. The radial sensitivity
of pions is smaller and is hampered by the momen-
tum dependent component of the potential with its
derivative terms. The apparent disagreement be-
tween results from different experiments is prob-
ably due to underestimating of' the errors involved.
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