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Doubly differential cross sections for the production of m+ and m near the velocity of
the incident beam for pion laboratory angles from 0 to 20 degrees are presented. Beams
of Ne with E/A=280, 380, and 480 MeV and Ar with E/2=535 MeV incident on C,
NaF, KC1, Cu, and U targets were used. A sharp peak in the m spectrum and a depres-
sion in the m.+ spectrum is observed at 0' near the incident projectile velocity. The effect
is explained in terms of Coulomb interactions between pions and fragments of the in-
cident beam. Least squares fits to the data using the Coulomb correction formulas of
Gyulassy and Kauffmann and an effective projectile fragment charge are made. The re-
lationship between these data and previously measured projectile fragmentation data is
discussed and a simple parametrization of projectile mass, target mass, and beam energy
dependence of the differential cross sections is given.

NUCLEAR REACTIONS C, NaF, Cu, U ( Ne, m
+—)X, E/A

=280—480 MeV; C, KC1( Ar, m—+ )X, E/A =535 MeV; measured

o(E,8 ), 8 =0'—20', n. velocity near beam velocity; deduced projec-
tile fragment charges, Coulomb effects.

I. INTRODUCTION

The mechanism of pion production with heavy
ion beams has been the subject of considerable re-
cent experimental and theoretical effort. Much of
this interest arose from the hope of investigating
long-range coherent effects in the nucleus or of
probing the early stages of the interaction of two
high energy heavy ions. Previous measurements of
charged pion production generally showed a
smooth dependence on pion momentum. However,
most of these experiments were restricted to labo-
ratory angles of 30' or greater' or measured only
relatively high energy pions. Streamer chamber

measurements of m cross sections cover forward
angles, but beam velocity structure was not noted,
perhaps because the number of events measured
was too small. More recent measurements near 0'
showed a strong peak in the n. energy spectrum
near the beam velocity and a corresponding dip in
the ~+ spectrum. This work has helped stimulate
theoretical treatments which showed the essential
role of Coulomb effects due to the projectile rem-
nants in producing this pion structure. " A
large n/a+ratio has .been. observed previously
near the target (lab) velocity in emulsion experi-
ments with proton' ' and alpha' beams and with
cosmic rays. '
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The analysis of these experiments showed that
detailed measurements of n.and n+.differential
production cross sections could probe the dynamics
of charge density evolution in heavy ion collisions.
In order to make more accurate and higher resolu-
tion measurements, the detection system employed
in the earlier work was improved by using two
three-plane multiwire proportional counters, one
near the focal plane of the spectrometer and one
behind it. The pions were stopped in a large-area
11-element scintillation range telescope after pass-
ing through the wire chambers.

In the discussion below we describe a series of
measurements at beam energies per nucleon be-
tween 280 and 535 MeV. The measurements were
performed near 0' and for pions near the beam
velocity. Beams of Ar and 2 Ne were used, and
the targets ranged from C to U. The results for
every case show a very strong Coulomb effect in
the n/n+ra. tio. .Theoretical calculations are also
presented which successfully reproduce the Cou-
lomb effects.
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II. APPARATUS AND DATA ANALYSIS
LEA

HIE LD

A. Apparatus

The data reported in this work were all collected
at the Berkeley BEVALAC. Beams of Ne with
E/A from 280 to 480 MeV and Ar with E/A
=535 MeV were used. The targets used were C,
NaF (mass numbers are approximately equal to

Ne), KC1 (mass numbers are approximately equal
to Ar), Cu, and U. The target thicknesses
were between 0.4 and 1.1 g/cm . A schematic di-
agram of the apparatus used is shown in Fig. l.
The target was located between the coils of the di-

pole magnet which was used as a pion spectrome-
ter. This target position was chosen to achieve a
good 180' focal plane at the position of the first of
two multiwire proportional counters (MWPC's)
which were used to measure the trajectories of par-
ticles in the magnetic field. The second MWPC
was followed by a stack of 11 plastic scintillators
which was capable of stopping pions with kinetic
energies up to 100 MeV. The first two scintillators
were thin (0.64 cm) and were used to measure the
rate of energy loss of the particles. The pions of
interest were then stopped in one or another of the
next eight elements of the scintillator stack
(2.5—3.8 cm thick). The last scintillator in the
stack was 1.3 cm thick and was used as a veto
counter. For each event, the addresses of all wires

FIG. 1. Schematic diagram of the apparatus.

which were hit and the pulse heights [analog-to-
digital converters (ADC's)) and timing signals
[time-to-digital converters (TDC's)] from each ele-
ment of the scintillator stack were recorded on
magnetic tape. The data were read by a PDP
11/45 computer from CAMAC using a microcom-
puter interface (MBD-11).

B. Data reduction

A field map of all three components of the mag-
netic field of the spectrometer magnet was mea-
sured in order to calculate pion orbits in the mag-
net, and thus to find the positions at which these
orbits would cross the MWPC planes. A Monte
Carlo program was used to generate the starting
parameters of the trajectories. A fit was then
made which provides the radius of curvature (p),
the angle (0), and the vertical position of the parti-
cle at the target (Zo) as a Chebychev polynomial
function of the wire chamber hit positions. The
fitting method is described by Alder et al. ' Ener-
gy loss of pions in air and the MWPC's was in-
cluded in the orbit calculations, so this small
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( & 1.5%) correction was included in the algorithin
used to calculate p, 8, and Zp.

For each event on magnetic tape, the addresses
of the MWPC wires which fired were used to find
the trajectories. If a single trajectory was found,
the algorithm described above was used to calcu-
late, p, 8, and Zo for the particle. Some events

(approximately 20%) were rejected because these
calculated quantities indicated that the event did
not come from the target. Momentum-dependent
cuts on the energy loss in the first and second scin-
tillators and on the range of the particle in the
scintillator stack were then used to identify pions.
Protons and electrons were clearly separated from
the pions. The muon contamination was estimated
to be less than 3% in all cases.

C. Efficiency and acceptance of the spectrometer

The acceptance and efficiency of the spectrome-
ter were calculated with the same Monte Carlo
program which was used to generate events for the
polynomial fits. Pion events were generated with a
uniform distribution in momentum space, and a
Gaussian beam spot approximately the size of the
actual beam spots was assumed. Pions were al-
lowed to decay into muons while going through
the spectrometer (with the appropriate half-life). If
a decay did occur, the muon was followed through
the spectrometer. When the calculated orbit of a
pion or muon passed through both MWPC's and
then hit the first scintillator in the range stack, a
multiple-scattering, energy loss code was used to
follow the particle through the scintillator stack.
Pions were allowed to react with carbon nuclei in
the scintillators using analytic approximations to
the n Ctotal cross-sections given by Carrol et al. '7

This total ~-C reaction cross section was divided
into —, elastic scattering, 3 inelastic scattering, and

—, pion absorption [treated as a C(n,p)X reaction].
The correction due to reactions of pious with car-
bon nuclei was generally less than 10%, and, since
the correction due to reactions with hydrogen is
less, the error introduced by ignoring mp reactions
should be small. For each Monte Carlo event, the
MWPC wires that would be expected to fire were
found from the calculated hit positions. A proba-
bility distribution taken from the real data was
used to decide how many adjacent wires would fire
in each MWPC plane. Any wire that was not
working during the experiment was then removed
from this list of wires. This procedure allows the

MWPC efficiency to be incorporated into the ac-
ceptance calculation. The expected ADC signal in
each scintillator was estimated from the calculated
energy losses. These simulated data were then
analyzed in the same manner as the real data.

Since the Monte Carlo events were generated
with a probability proportional to dp, dividing the
number of real data events in each bin corre:ted
for blank target background by the number of
Monte Carlo events gives the differential cross sec-
tion d 0/dp except for the overall factor which

converts the relative yield into the cross section.
The cross section so determined thus includes
corrections due to ir-p decay, wire chamber ineffi-
ciency, m reactions with C nuclei in the scintilla-
tors, multiple-Coulomb scattering in the scintilla-
tors, effects due to the finite size of the beam spot,
and any inefficiences in the analysis program. The
statistical uncertainty associated with the Monte
Carlo was never larger than 5% and has been in-

cluded in the quoted statistical errors.

D. Normalization

The beam intensity was monitored with an Ar-
CO2-filled ion chamber. In order to reduce the
background associated with the beam hitting the
ion chamber, the chamber was placed at the last
beam focal point prior to the target, 13 m up-
stream. The transmission of the beam from the
ion chamber through the final pair of quadrupole
focusing magnets to the target position was mea-

sured with plastic scintillators at reduced beam in-

tensity and with a second ion chamber. The ion
chamber was calibrated as described in the previ-
ous experiment. Using the ion chamber, the total
number of beam particles could be calculated and
the cross-section values normalized. We estimate a
30% uncertainty in the absolute normalization.
The factors contributing to this uncertainty are
listed in Table I.

Secondary reactions of pions or the beam in the
target and effects due to neutrons from capture of
stopped negative pions by nuclei in the scintillator
stack were neglected. The correction due to secon-
dary reactions would increase the m+ and ~ cross
sections by less than 3%. The correction due to
stopped negative pions would increase the ~ cross
sections by less than 10%.

In addition to the present data, we obtained a
small amount of data for Ne+ NaF at E/A
=400 MeV. These 400 MeV data were taken at
larger laboratory angles than the data presented
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TABLE I. Normalization and correction factors and their uncertainties.

Factor Typical value Estimated uncertainty

Beam intensity

Computer dead time

M&PC inefficiency

Events rejected because

they did not trace back
to the target'

dE/dx cuts"

Range cuts'

Spectrometer
acceptanced

Overall uncertainty'

20

20

+ 3

+3
+10

+10

+30

'These events were rejected because the trajectory did not trace back to the target; many of
the muons from decay in flight of pions are rejected by this cut.
Cuts on the energy loss (dE/dx) in the first two scintillators.

'Cuts on the range of the particle in the scintillator stack.
This includes uncertainties in the calculation itself, in the field map, and in the target and

detector positions.
'Calculated by combining all uncertainties in quadrature.
The estimated uncertainty in the overall normalization due to the factor, e.g. , computer
dead time correction was 20+5%.

here, and overlap both our Ne+ NaF~~+ data at
E/A =380 MeV (close to 400 MeV) and the data
of Nakai et al. at larger laboratory angles. Using
this set of data to extrapolate the m+ data reported
here, we found that their cross sections are about
30% higher than our present results, and there is

good agreement between the slope of cross section
versus momentum. The 30% disagreement is
within the limits of error on both their absolute
normalization and ours. Our results are also 30%
lower than those of Nagamiya et al. ,

' but their
normalization may not be independent of Nakai
et al. since the two sets of data were collected
simultaneously with common beam monitors. The
normalization of another set of m. + data taken with
this apparatus' agrees with the normalization of
Wolf et al. for Ar+ Ca at E//I =1.05 GeV.
When we compare our new cross sections with
those of our earlier work with the Pb-slit-scintilla-
tor spectrometer, we find that the absolute value
of the present results is about 50% of that ob-
tained previously, which is within the quoted un-

certainty.

E. Resolution

In comparing cross sections with sharp structure
one must take experimental resolution into ac-
count. The beam velocity peaks and valleys of the
data have widths larger than the resolution, but ef-
fects due to the resolution cannot be ignored. This
effect was treated by folding the calculated resolu-

tion function into the theoretically calculated cross
sections. Factors contributing to the resolution
were the size of the beam spot; the spatial resolu-
tion of the MWPC's; energy loss in the target;
multiple scattering in the target, in air, and in the
M%PC's; the size of the data bins; and the uncer-

tainty introduced by the use of the polynomial fit
to calculate the momenta of the particles. Multi-

ple scattering in the target made the largest contri-
bution to the angular resolution. The momentum
resolution was not dominated by any single effect.
Table II summarizes the resolution of the spec-
trometer for pions near the momentum of the ob-
served peaks in the negative pion spectra for the
combinations of beam energies and target reported
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TABLE II. Summary of experimental parameters.

Beam
at

accelerator

at
center of

target'

Beam energy per nucleon
(MeV)

Target
material

Target
thickness
(g/cm2)

Pion momentum
with velocity of

incident beam
(Mev/c) (%)

Og

(deg)

Resolution~

Ne

Ne

Ne

557

280
281
282

380
382
385

482
483
485
487

533
534

C
NaF
Cu

C
KC1

0.56
0.60
0.45

1.07
0.91
0.52

1.12
1.07
0.91
0.52

0.56
0.50

116
116
117

138
139
139

159
160
160
160

169
170

2.2
2.2
2.3

2.1

2.0
2.2

1.5
1.4
1.4
1.6

1.4
1.4

2.0
2.1

2.4

2.2
2.6
2.9

1.9
2.0
2.2
2.4

1.7
1.8

'The beam energy at the center of the target is less than the energy at the exit of the accelerator due to energy loss in
material in the beam line as well as energy loss in the target. These beam energies were measured as described in Ref.
19.
The resolution is defined as the rms difference between the calculated momentum or angle and the true value.

here.
Due to uncertainties in the absolute magnitude

of the magnetic field used during the experiment
and the position of the beam spot on the target,
there is an additional 1.5%%uo uncertainty in the mag-
nitude of the momentum. The beam ranges were
measured with aluminum and/or copper wedges
and Polaroid film, and the beam energies were cal-
culated from the ranges. ' All beam and pion en-

ergies given here are the values at the center of the
target.

III. RESULTS

Figures 2 —S show cuts through the peak in the
spectra (hole in the ~+ spectra) as a function

of laboratory angle and laboratory momentum for
each of the nearly equal mass projectile-target
combinations studied. The vertical error bars are
statistical. The horizontal error bars on the graphs
of cross section versus angle show the angular
resolution (given in Table II) and, on the graphs of
cross section versus rnornenturn, show the rnomen-

tum resolution. The solid curves are least squares
fits of functions based on Gyulassy and Kauff-
mann's' theoretical expressions. These solid
curves have had the resolution of the spectrometer

folded into them. The dashed curves are the same
functions before folding with the resolution and
the dotted curves are the fitted pion spectra in the
absence of Coulomb effects. Figures 6—17 show
the data for all projectile-target combinations stud-

ied as plots of Lorentz invariant cross sections
versus laboratory momentum at fixed laboratory
angles from 0 to 20 deg. As in Figs. 2—5, the
vertical error bars are statistical and the solid

curves are least squares fits with the experimental

resolution folded in. Numerical tables of all cross

sections will be given in Ref. 20.
In the case of the ~+ data at E/A =3g0 Me+,

we have an overlap with Nakai et a/. As men-

tioned earlier, there is a 30% disagreement in nor-
malization. We therefore apply this normalization
factor to their data and combine it with our data
to produce the Lorentz-invariant cross section con-
tour plot of Fig. 18. Here the approximate sym-

metry about the center of mass has been used to
reflect the data sets of both studies about the
center of mass.

For all the projectile-target combinations which
were studied, a peak in the m differential cross
section (and in the m /m+ ratio) was observed

slightly lower than the velocity of the incident
beam. The shifts of the peaks from the momen-
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FIG. 2. Lorentz invariant cross section cuts for
Ne+ NaF~m +—at E/A=281 MeV. The left side of
the graph shows the cross section versus momentum at
0 degrees in the laboratory for m (top) and m+ (bot-
tom). The right side shows the cross section versus lab-
oratory angle at a fixed laboratory momentum near the
peak in the m spectrum. The solid line is from a least
squares fit af a function based on the Coulomb correc-
tion equations of Gyulassy and Kauffmann (Ref. 10).
This solid line has the experimental resolution folded
into it. The dashed line is the same function before
folding with the resolution. The dotted line shows the
cross section predicted by the uncharged pion saurce
function ta which the Coulomb corrections were applied.
The arraws on the left-hand graphs mark the velocity of
the incident beam.
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FIG. 3. Larentz invariant cross section cuts for
Ne+ NaF-+~+-at E/A =380 MeV. See also the cap-
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FIG. 4. Lorentz invariant cross section cuts for
Ne+ NaF~m-+ at E/A=483 MeV. See also the cap-
tion for Fig. 2.

turn associated with the beam velocity are, within
our experimental uncertainties, independent of
beam energy over the range reported here. For the
neon beam this pion momentum shift is 3.2+1.6
MeV/c in the rest frame of the incident beam. For

Ar the corresponding shift is 2.0+1.7 MeV/c.
The depression in the ~+ cross section near beam
velocity is broader than the corresponding m peak
but has approximately the same downshift as does
the m peak.

Table III gives the half-widths, I';/2, of the
peaks in the m spectra and the pion momentum
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FIG. 5. Lorentz invariant cross section cuts for
Ar + KCl~m +—at E/A =534 MeV. See also the cap-
tion for Fig. 2.
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shown on the right side of the figure. A cross section
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the 20 degree data) in order to display it all on the same
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folded with the resolution of the spectrometer. The ar-
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FIG. 7. Lorentz invariant cross section versus labora-
tory momentum for (a) Ne+ NaF~n. at E/A =281
MeV and (b) Ne+ NaF~m+ at E/A =281 MeV. See
also the caption for Fig. 6.

shifts for each of the projectile-target combinations
in the projectile velocity frame. The widths are de-
fined as the half-widths at half-maximum, mea-
sured above a smooth background. The smooth
background was defined by the source function
which is described below [see Eq. (4)]. The resolu-
tion of the spectrometer has been subtracted in
quadrature from these widths. In Table III the
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MeV and (b) for Ne+ Cu —+@+ at E/A =282 MeV. See
also the caption for Fig. 6.

widths of the peaks are expressed in terms of
parallel and perpendicular momentum; if they had
been defined in terms of pion kinetic energies in
the beam velocity reference frame, the full widths
at half-maximum would generally be less than 1

MeV.
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See also the caption for Fig. 6.

IV. DISCUSSION

A. Coulomb correction equations

The theory of Gyulassy and Kauffmann' (GK)
has been used to fit the m.—+ data. In their work,



150725

16

B~ HEAV&S ON PIONS PRODUCEDSTRONG CCOULOMB EFFECTS ON PI

I40
cross

lab section
offset

e cross
section
of fset

0 +10
Cd

30 0 +25

8
C9

b
CO

D 4
LU

, g ~ i 4ay~r. v

4 + 8

8 + 6

12 + 4

~ ) 16 +

20
03

CO

~~10
hl

+20

8 +15

12 +10

16 + 5

20 +0 20 +0
I I

100 140 180 220 100 140 180 220

lab (MeV/c)

cl oss8
section

(deQ) offset

22

20

18

lab (MeV/c)pn

crosse
section
offset

V)

JD
4

C9

D

b
CO

2
LU

0 + 5

a 4
~ ~ ~

4 + 4

8 + 3

16

12~ ~T

m 10

8

6

LU 4

-ys $ ~

I ~

16

14 —, ~
T

12

0 +15

4 +12

8 + 9

12 +6

+ 3

-ks, i =0 20 20 + 0

100 140 180 220 100 140 180 220

al

rrection formulas aree Coulomb correc
'

to treat
approximate

a ertur a ivb tive approach to
ff d the

ev

q0
ex anding c arge

' '
ns.y p1e

'
n cross sections are

at a
' hhasbeens1 e

b Co lo b h ace
tor The "nonpertur a ive

b d
'

thif he GK model has elation o t e

p lab (MeV/c)

c ao-ction versus a. 10. Lorentz Ivariant cross sec
'

aFIG.
ratory m o
MeV and (b) for e

so the caption for Fig. 6.

p alab (MeV/c)

ri tion versus labo-riant cross sec
ra ory

+
for (a) Ne+ U —+~

r Ne+ U~m aMeV and (b) for e
also the caption for g.rFi . 6.

analysis.

=~ (p+&p)G(+AD/~),0+(p)

ed ion source function) i t e uncharg pio
b d
1 b impulse, 5D isis the Coulom imparticle, p

'

' t rtion factor, anCoulomb phas p
ith q=Za/P.

1 ted
2n) —1 wi.

ta
d thshifted momentum, an e



1508 J. P. SULLIVAN et aL 25

cross
sect~on-

{deg) offset

10
cross
section
of fset

0 + 5

4

0

.lit. e ii) 12 + 2

16 +

20 + 0
I I I

C9

b
CO

UJ

0

4

4 + 4

8 + 3

~
-= 16 + 1

20 + 0

$a 4~441
12 + 2

110 150 190 230 'l 10 190

p lab (MeV/c)
p lab (MeV/c)

cross
section

(deg) offset

0 + 5

8 cross
section
offse~

4 + 4

CO

b
CO

UJ

a g

16 + 1

N

b
CO

Ltj

I 1 '~~0 8 + 3

3
+ 2

16 + 1

20 + 0
1

T 20 +0

110 150 190 230 110 150 190 230

p lab (MeV/c)
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also the caption for Fig. 6.
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FIG. 13. Lorentz invariant cross section versus labo-
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See also the caption for Fig. 6.

given by GK as

5p„(p)=QZ;a(q EJ u;/c)„—
E R;Ac

(Pic)'+(p «; }

where the parameters associated with the charged
fragments are the following: Z; is the charge on
fragment i; R; = (1/r ) ' is the mean inverse ra-

dius of fragment i; T; is the temperature of frag-
ment i in MeV; pT; ~T&/2mzc =T/597 MeV is
the mean square thermal velocity of protons;

u; =4-velocity of fragment i =(y;,y; p; ); y;
=(1—p; } '~~. The kinematic variables are the
following: E; is the energy of a particle in the rest
frame of charge i (mass+ kinetic) =q&uI'=(E/c)y;
—p u;; E =E;(1—Pz;. } '; q is the 4
momentum of a particle in the frame in which 5p„
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FIG. 17. Lorentz invariant cross section versus labo-
ratory momentum for (a) Ar + KC1—+m at E/A =534
MeV and (b) for Ar + KCl~m. + at E/A =534 MeV.
See also the caption for Fig. 6.

above, and for the form factor we take

~(p )=[(np 8/A')2+1]

Notice that as @~0,5B/m reduces to the conven-
tional form for the Sommerfeld parameter
(g=Za/P). Our form factor is not identical to
that derived by GK for an exponential charge dis-
tribution, but it closely approximates their expres-

sion, has the same limits as p —+0 and p~ oo, and
is simpler to evaluate.

The sums in Eqs. (2) and (3) are over all charge
distributions. %'e assume that there are projectile
and target fragments with charges Z~ and Z, at
relatively low temperatures. Temperatures are
parametrized in terms of a thermal velocity (PT;)
as shown below Eq. (2). A hot central charge dis-
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tribution is assumed for all of the charge not con-
tained in the projectile and target fragments.

It was not possible to fit our data or those of
Ref. 7 with an uncharged source function of a sin-

gle Boltzmann distribution (the fireball model ')
since, in contrast to the predictions of that model,
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FIG. 18. Contours of Lorentz invariant cross section
(EQ'o/dp ') on a rapidity [y =tanh ' (pii/E)] vs pi
plot for Ne+ NaF at E/A =380 MeV. The present re-
sults have been combined with the data of Nakai et al.
(Ref. 3) at larger angles to produce this plot. The cross
sections from Nakai et al. have been multiplied by a
factor of —to correct for the difference between our

normalization and theirs.

'2

oa(p, 8)=N 1+ ' '
(ci+c2P2[cos8, ))

m~c

Xexp( E, /—T), (4)

where p, ,E, are the momentum and total en-

ergy (mass plus kinetic) of the pion in the nucle-
on-nucleon center of mass; N is the normalization
parameter; c~,c2 are the source shape parameters;
P2(cos8) =(3cos 8—1)/2, and T is the slope
parameter or temperature of the source. For
c~ ——c2 ——0, this expression reduces to a central
thermal pion source. Notice that the temperature
in Eq. (4) is not equal to the temperature in Eqs.
(2) and (3).

the measured differential cross section (d cr/dp )

does not always fall with increasing pion energy in
the center of mass. We used a source expressed by
the lowest three terms in a momentum expansion
about the center of mass. A Boltzmann factor ex-
ponential with pion "temperature" estimated from
Nagamiya et al. ' was used to give the correct
asymptotic behavior.

TABLE III. Widths and momentum shifts of peaks in ~ spectra.

Eb /A

{MeV) Beam Target
dP ll

(MeV/C) (MeV/c)
I j/2'

(MeV/c)

280
281
282

380
382
385

482
483
485
487

533
534

"Ne
~oNe

Ne

Ne
Ne

2oNe

2oNe

Ne
Ne

"Ne

~Ar
~Ar

C
NaF
CU

NaF
CU

U

C
NaF
CU

U

C
KC1

3.0
3.5
4.0

3.5
3.5
3.5

3.0
3.0
2.5
2.5

2.5
1.5

9
11
12

8
8
9

13

10
10
13

8

11
10

10
10
10
13

7
11

'Shift of the center of"-the peak in the ~ spectrum from the incident beam velocity, mea-
sured in the beam velocity reference frame.
Half-width at half-maximum (measured from a smooth background) of the peak in the m

spectrum in the pll direction, corrected for experimental resolution. Measured in the beam
velocity reference frame.
'Half-width at half-maximum {measured from a smooth background) of the peak in the ~
spectrum in the p~ direction, corrected for experimental resolution.



1512 J.P. SULLIVAN et al. 25

B. Parameters for least squares fits

The normalization [N in Eq. (4)], the source
shape parameters [ci and c2 in Eq. (4)], and the
charge on the projectile fragment (Z& ) were used
as parameters in a least squares fit of this function
to our data. The shift of the peak in the n spec-
trum (or hole in the m+ spectrum) from the veloci-

ty of the incident projectile (dp~~ values in Table
III) was estimated graphically and was held fixed
during the fitting procedure.

The charge on the target fragment was calculat-
ed by assuming that the same number of nucleons
were knocked out of the target as were knocked
out of the projectile. The charge-to-mass ratio of
both the projectile and target fragments were as-
sumed to be the same as in the initial nuclei. The
charge and mass of the hot central charge distribu-
tion were then calculated by charge and baryon
number conservation. The charge of the produced
pion was included in the charge balance equation.
For the projectile and target fragments, we have
fixed the parameter Pz; according to measured
velocity dispersion of projectile fragments [see
Eq. (6) below]. The temperature [in Eqs. (2) and

(3)] of the central charge distribution was taken to
be T=2E"/3, where E» is the beam energy per
nucleon in the center of mass. Source shape
parameters c1 and c2 for m+ were taken from
corresponding n fits. In Table IV and Figs. 19
and 20 we show the values of the parameters found
in our fits. The uncertainties associated with the
parameters are defined in the Appendix.

C. Results of fits

The soHd curves of Figs. 2—17 show the results
of these fits. The resolution of the spectrometer
has been folded into these curves. The dashed
lines in Figs. 2—5 show the same fitting function
before folding with the resolution, and the dotted
lines show the uncharged pion source function [see
Eq. (4)]. The fits were made as a function of
momentum and angle, so the comparisons of the
calculations and the data in Figs. 2—5 represent
only two cuts through the two-dimensional surface
centered on the m peak and m+ hole near beam
velocity.

A few words are necessary to explain the physi-
cal interpretation we attach to Pz;, GK's thermal
expansion velocity for a cool, but thermally ex-
panding unbound projectile remnant. In addition
to the fitting listed in Table IV we attempted to fit

Pz;. as a free parameter. The Pr values for the
projectile fragment so obtained correspond to nu-
cleon temperature values that are unreasonably
small, of the order of 1 MeV, which implies that
the projectile fragment will be bound and will not
expand. These results prompted us to formulate
quantitatively the role of bound projectile frag-
ments near beam velocity. In a separate paper
Radi et al. have derived expressions for the pro-
jectile fragment Coulomb effects. One such ex-
pression may be written for pions near the beam
velocity as

5D(P ) =+nZa/(P 2+P )'

In the nonrelativistic limit, Eq. (3) reduces to Eq.
(5) if the form factor is taken at its limit of unity
(corresponding to beam velocity pions) and P» is
the pion velocity (in units of c) in the projectile
spectator reference frame. Our interpretation of
the meaning of Pr is quite different from that of
GK. In our case Pr is the rms velocity dispersion
of the projectile fragments instead of the rms ther-
mal expansion velocity of a charge cloud.

The velocity (inomentum) dispersion of projectile
fragments has been studied for several projectile
particles and energies. The parallel momen-
tum dispersion has been fit by the general expres-
sion

1/2

A —1

where A is the mass of the projectile and AF the
mass of the fragment. Table V lists the values of
oo for the systems studied in Refs. 22 —24.

We assume the contant 86 MeV/c for our work,
although the pion-associated fragments may not be
representative of the inclusive fragmentation pro

value. The parameter Pr used in our fitting pro-
cedure was calculated using an expression of the
same form as Eq. (6). Specifically, we assumed

1/2
0 16 AF(A AF)—
A A —1

where 0 16=v 3cro./931 SMeV. T.he factor i/3
was obtained by assuming that the momentum
dispersion of the two components perpendicular to
the beam was the same as the parallel dispersion,
then adding the three components in quadrature.
The mass numbers in this equation were calculated
from the charges by assuming that the charge-to-
mass ratios of the projectile and target fragments
were the same as the original nuclei.
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TABLE IV. Parameters from least square fitting of pion data.

E/A

{MeV) Beam Target m+

Zeff
pb b

MeV'
Ot g(mb)' T

~+ ~- (MeV) C
e

C
e

gz/N f

~+ m

280
281
282
380
382
385
482
483
485
487
533
534

"Ne C
zoNe NaF

Qu
Ne NaF
Ne Cu
Ne U

"Ne C
Ne NaF

Ne U
~Ar C

Ar KC1

3.8+0.2
3.1+0.2
1.8+0.3
3.3+0.1

2.3+0.1

1.5+0.3
3.5+0.1

2.9+0.1

2.2+0. 1

1.8+0.3
8.4+0.4
4.2+0.3

6.4+0.2
5.6+0.2
4.3+0.3
4.6+0.1

3.4+0. 1

2.7+0.2
5.0+0. 1

4.4+0. 1

3.5+0. 1

3.1+0.2
6.3+0.1

4.4+0.2

0.11+0.01
0.16+0.01
0.40+0.02
0.15+0.01
0.37+0.01
0.91+0.04
0.08+0.01
0.14+0.01
0.31+0.01
0.63+0.03
0.12+0.01
0.27+0.01

0.11+0.01
0.19+0.01
0.47+0.04
0.20+0.01
0.43+0.02
1.62+0. 15
0.09+0.01
0.16+0.01
0.43+0.01
1.54+0.04
0.16+0.01
0.44+0.01

25 25
30 35
58 69
85 113
169 194
292 521
149 155
217 243
184 253
374 913
300 420
339 558

30 2.9+0.5
30 2.1+0.6
30 1.4+0.7
36 1.7+0. 1

36 1.1+0.2
36 0.6+0.2
45 1.1+0.2
45 0.8+0.1

45 0.0+0.1

45 0.0+0.1

50 0.7+0. 1

50 0.1+0.1

0.0+0.4
1.0+0.5
1.3+0.7
0.0+0.1

0.0+0.1

0.0+0. 1

0.0+0.1

0.0+0. 1

0.2+0. 1

0.0+0.1

0.0+0.1

0.0+0.1

2.06 1.74
1.33 2.00
1.12 1.64
2.28 2.63
1.29 1.58
0.94 1.47
2.10 1.44
1.86 2.16
2.38 2.06
1.17 1.02
2.73 2.36
1.76 1.42

'Effective charge of projectile fragment.
Normalization parameter in Eq. (4).

%he uncharged pion source function integrated over all momenta and angles. Notice that the source function is sym-

metric about the center of mass, so this is not a good measure of the total cross section except for equal mass collisions.
In the asymmetric cases, this is still given in order to put the normalization in familiar units.

m 3ciT m0)„——4mNm gz
m T m T

where It z and E3 are modified Bessel functions and the other parameters are defined as in Eq. (4).
dThe temperature in the Boltzmann factor of the uncharged pion source function [Eq. l4)]. Estimated from the data
of Ref. 1.
'c&,cz ——source shape parameters in Eq. (4). A zero value means less than 10 '.
P /N=chi-square per degree of freedom in the fit. The number of degrees of freedom for a given set of data ranges
from 39 to 126, with an average of 70.

Further evidence that the pion focusing or de-

focusing near beam velocity is associated with
bound fragments comes from the downshift of the
peaks. For the Ne beam the m peak is con-
'sistently downshifted from beam velocity by 3.2
+1.6 MeV/c (projectile frame). The m.+ depression
downshift is less well defined but is about the same
as m . Van Bibber et al. "state that the mean en-

ergy of fragments is downshifted by about 10 MeV

per nucleon, which is equivalent to pion momen-
tum shift in the projectile frame of 3.4 MeV/c.
Greiner et aI. measured the momentum shifts of
the beam fragments at higher beam energies where

they are about a factor of 3 smaller than the shift
measured by Van Bibber et al. Our data at inter-
mediate bombarding energies lie closer to the shifts
measured at the lower beam energies. The accura-

cy associated with the 10 MeV per nucleon down-

shift reported by Van Bibber et al. was not speci-
fied, but because an exact number was not given

and because the uncertainty associated with the
downshift of the m peak is large, conclusions con-
cerning the agreement or disagreement of the two
numbers must be treated with caution. It is also
possible that pion producing reactions are associat-
ed with a larger downshift than is associated with
normal fragmentation.

Van Bibber et al. " show that the momentum
dispersion perpendicular to the beam exceeds the
parallel dispersion at 92.5 and 117.5 MeV per nu-

cleon, and this feature is attributed to orbital de-

flection. This anisotropy is expected to decrease
with increasing bombarding energy, and Greiner
et al. specifically state the dispersion is isotropic
within 10% at 1 and 2 GeV/N. The fits shown on
Figs. 2—17 have assumed that the momentum
dispersion of the beam fragments is isotropic.
However, a careful examination of some of our fig-
ures indicates a slight anisotropy in that the width
in the perpendicular direction slightly exceeds that
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FIG. 20. The values of the Lorentz invariant form of
the uncharged pion source function [Eq. (4)] evaluated
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=0)=Nm exp( —m /T)] vs beam energy per nucleon
in the center of mass. The closed symbols are for a Ne
beam and the open symbols for an Ar beam. The lines
are from a semiempirical parametrization of these
values [see Eq. (8)]. The target is shown next to each
point or set of points.

in the parallel direction. A more quantitative
measure of the systematic sideward anisotropy of
the beam velocity m peak is seen in Table III by
comparison of the half-widths I;/2, corrected for
experimental resolution. This anisotropy is most
pronounced for the lowest energy (E/A =280

MeV} Ne data and for the Ar data. That the m

peak anisotropy qualitatively follows the projectile
fragment anisotropy is further evidence that the
Coulomb focusing by projectile fragments governs
the ~ peak.

The effective projectile fragment Z values of

TABLE V. Momentum dispersion of projectile fragments.

Authors
E/A

(MeV) Beam Target
0'p

(MeV/c)

Greiner et al. (Ref. 22)

Viyogi et al. (Ref. 23)
Van Bibber et al. (Ref. 24)

1050
2100
2100
213
92.5
92.5

12C

12C

16O

~Ar
16p

16()

various'
various'
various'

C
Al

Au

70+2b
74+2"
86+2b

94+5
86

80

'Averaged over targets from Be to Pb. The authors say that up does not depend on target mass above the 5% level.
Notice that their definition of o o differs from our definition by a factor of 2; the values of oo quoted here are one-half
of the values given in the original reference.
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Table IV and Fig. 19 show a slight decrease with
bombarding energy for the lighter targets, reversing
for heavy targets. For the nearly equal mass ¹

NaF collisions, the Z values for ~ are typically
about half the initial charge of the neon beam,
while the values for ~+ are more nearly a third of
the initial charge. As the mass of the target in-
creases, the effective Z value consistently decreases
for both ~+ and m . For the neon beam the effec-
tive charge on the projectile fragment for mr+ is
less than for m. for all targets which were used.
This difference can be qualitatively understood in
that a beam velocity a+ arises from a smaller
average impact parameter than m, as noted by
GK. 'o The difference could have another explana-
tion. By charge conservation, the charge of the

.remaining particles will be two units less when a
m.+ is produced than when a m is produced. The
division of these two charges among the rest of the
system depends upon the pion production mechan-
ism, but it is interesting to notice that Z,ff for m+

is generally about two less than for m . This
difference between m+ and ir is not seen for the
argon beam. However, the fitting procedure has
not been as successful for argon as for neon projec-
tiles. The peak in the fit to the m spectrum is
not as sharp as the data and the depression in the
fit to the m.+ spectrum is too sharp.

The values of the normalization parameter in the
uncharged pion source function [N in Eq. (4)]
found by the fitting procedure are given in Table
IV. As in the fireball model, ' these values of N
are almost independent of beam energy, suggesting
that it is just a geometric factor. To illustrate the
beam energy dependence of Eq. (4) and to display
it in a manner independent of the parameters ci
and cq, Fig. 20 shows the values of the Lorentz in-

variant form of the uncharged pion source func-
tion (Ed o Idp ) evaluated for pions at rest in the
center of mass

[N'=m oo(p, =0)=Nm exp( m IT)]—
versus the kinetic energy per nucleon of the beam
in the center of mass (E*). Since N is nearly in-

dependent of beam energy, the beam energy depen-
dence of N' is contained in the Boltzmann factor
exp( m~/T). We have—found that the values of
N' can be parametrized by the simple semiempiri-
cal expression

N~ =NoF~ exp(E~IB),
where

and A„Z„N, is the number of nucleons, protons,
and neutrons in the target, and Ap Zp Np is the
number of nucleons, protons, and neutrons in the
projectile. The geometric factor F is discussed and
described elsewhere. ' ' ' Using Eq. (8) with

ro ——1.2 fm, No ——(616 MeV/c), and 8=33 MeV,
the lines shown in Fig. 20 can be calculated. The
lines fit reasonably all the points except the Ne
~ U~m+ data.

The values of c&, which are related to the depar-
ture of the source function [Eq. (4)] from a Boltz-
mann distribution, consistently decrease with in-
creasing target mass and with increasing beam en-

ergy. Because the calculated cross section can be
negative for c& less than zero, we have restricted it
to positive values. When cz is zero, the source
function is isotropic in the center of mass. A posi-
tive value of ci indicates a source function that is
forward-backward peaked in the center of mass.
We have restricted cq to positive values to avoid
sideward peaking of the source function and be-
cause the calculated cross section can be negative
for cz less than zero. The fitted values of cq are
generally consistent with zero, but they are poorly
determined since our data are concentrated at low
center of mass angles.

Some of the-failures in the fitting procedure are
probably due to the use of a single value for the
projectile fragment charge. An implicit assump-
tion involved in the fitting is that after impact
parameter averaging the Coulomb effects can be
represented by functions for some average impact
parameter. The observed charged pion spectra
arise from an impact parameter averaging in which
the fragment yield falls off monotonically below
the projectile Z, but the probability of pion pro-
duction must rise with the decreasing projectile
fragment charge (i.e., more central collisions). We
have replaced this averaging procedure with a
function of a singe effective charge. This approxi-
mation seems to fail for the argon beam. With the
detailed averaging procedure of Ref. 25 satisfacto-
ry fits are obtained for both Ne+ C and Ar + C
systems.

V. CONCLUSIONS

In summary, strong Coulomb effects on the
charged pion spectra are observed near the beam
velocity and, by inference, near the target velocity.
For light target-projectile combinations, these ef-
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fects can be explained quantitatively in terms of
Coulomb interactions between the pions and cold
projectile fragments using Gyulassy and Kauff-
mann's' Coulomb correction formulas. Our treat-
ment of the Coulomb effects differs from that of
Gyulassy and Kauffmann in that a different ex-
pression has been used for the uncharged pion
source function [see Eq. (4)]. We also reinterpret
their formulas for thermal averaging in terms of
an average over the velocity dispersion of the pro-
jectile fragments. The shift of the peak in the m

spectra from the incident beam velocity and the
approximate width of these peaks are consistent
with previously measured projectile fragmentation
data. We have also seen that the effective
charge of the projectile fragment is less for n+.
near beam velocity than for ~ . This difference is
consistent with our expectation that positive pions
near beam velocity tend to come from more central
collisions. Using the same methods, qualitative
agreement is achieved for heavier targets and pro-
jectiles. The differences between our fitting func-
tion and the data are due, at least in part, to an in-
complete treatment of impact parameter averaging.

Our data cover a relatively small region of pion
momenta and angles, but this band includes the re-
gion in which the Coulomb effects are expected to
be greatest. In order to understand more exotic
phenomena associated with the charged particle
spectra in heavy ion interactions, these Coulomb
effects must be understood in all momentum re-

gions and taken into account.
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APPENDIX

The uncertainty associated with each parameter
in Table IV was determined by calculating how
much the parameter had to be changed, with all
the other parameters freely adjustable, in order to
increase the chi squared (X ) by one from its value

at the minimum. These errors are due to the sta-
tistical uncertainties in the data. They do not in-

clude uncertainties due to any systematic errors in
the data or due to the assumptions involved in the
fitting expression. Because the source shape
parameters [ci and c2 in Eq. (4)] for the m+ fits
were taken from the corresponding m fits, the
number of parameters that were varied during the
complete error analysis was smaller for m+ than
for m

As a result, the errors associated with the ~+
parameters are generally smaller than for ir . The
errors given for c~ and c2 are from the m fit.
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