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A distorted-wave impulse-approximation analysis of 180-MeV m. inelastic-scattering data to the 2+, and 3, states
in """Ca is used to extract the neutron and proton (alternatively, isovector and isoscalar) multipole matrix
elements for exciting these states. Model-dependent errors are examined by comparing results of calculations using
collective-model form factors with those using form factors fitted to electron inelastic-scattering data.

NUCLEAR REACTIONS 4
~ Ca(7| ~, 7t ~); measured cr(8); DWIA analysis;

deduced neutron and proton multipole matrix elements.

I. INTRODUCTION

Multipole matrix elements from model-depen-
dent analyses of hadron inelastic scattering [such
as (n, n ') (Ref. I) and (p, p') (Ref. 2)] have been com-
pared with measured electromagnetic matrix ele-
ments M(EA) from lifetime, gamma-ray linewidth or
Coulomb excitation measurements to obtain the
ratios of the neutron M(nA) to proton M(PX) multi-
pole matrix elements for low-lying collective
states in many single closed-shell nuclei. Be-
cause of the unique signatures of valence-par-
ticle excitations (either pure neutron or pure pro-
ton) and of core excitations (N/Z admixtures of
neutron and proton) in single closed-shell nuclei,
such studies offer the possibility of understanding
core-polarization effects. However, these com-
parisons are limited, as shown by analyses of in-
elastic electron scattering, where the interaction
is well known; different models for the transition
densities give equally good fits to the measured
form factors but give different values for the elec-
tromagnetic matrix elements. '4 In the case of
hadronic probes, where the interaction is not well
known, model-dependent errors might be expected
to be larger.

Comparisons of inelastic scattering of hadronic
probes existing in isotopic multiplets, e.g. , (n, n )

and (P,P') (Ref. 5) ox (v', v') and (n, n ),'have
been suggested as a method for obtaining M(nX)
and M(PX) that avoids some model-dependent er-
rors. If the relative strengths of the isovector
and isoscalar parts of the force are understood,
most of the model-dependent errors should be
contained in the value of the matrix elements and
should cancel in ratios such as M(n&)lM(P&)

A previous study' of pion inelastic scattering
from the self-conjugate (N= Z) nuclei "C and 4'Ca

showed that pure isoscalar transition densities
obtained from inelastic electron scattering gave
equally good fits to both m' and m inelastic scat-
tering with no adjustable parameters. The current
distorted-wave impulse-approximation (DWIA) an-
alysis of inelastic scattering to the low-lying col-
lective states in the N W Z single closed-shell nuc-
lei 4' '"Ca uses both collective-model form fac-
tors and more "microscopic" form factors fitted
to electron inelastic scattering. Both neutron and

proton multipole matrix elements are deduced,
and model-dependent errors are examined.

II. DATA ACQUISITION

Data were obtained using the Energetic Pion
Channel and Spectrometer (EPICS) system at the
Los Alamos Clinton-P. Anderson Meson Physics
Facility (I,AMPF). The EPICS system, described
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in Ref. 8, consists of a momentum-dispersing
channel and a high-resolution spectrometer. Posi-
tion-sensitive, delay-line read-out drift chambers
measure the particle trajectories, that is, posi-
tions and angles, both before and after the spec-
trometer dipoles. For each event, an on-line
computer program projects the trajectory back to
the scattering target to reconstruct the scattering
angle and incident momentum; the scattered pion
momentum is calculated to third order in the par-
ticle coordinates. A Q value for the reaction is
calculated and histogrammed using these momenta
and the scattering angle.

Data were obtained with a channel momentum
bite of +2%. The pion flux (approximately 10'
v /s and 2 X 10' v /s) was monitored by two ion
chambers 75 cm downstream of the target. The
ion chambers had a 1-cm-thick iron absorber be-
tween them to range out incident protons, pro-
viding a monitor of the incident pion beam and of
proton contamination. The angular resolution of
the beam was about 10 mrad.

Data were taken with a reduced spectrometer
acceptance of 8 msr. The scattering-angle accep-

tance was +1.5; the momentum acceptance of the
spectrometer was +6%, which allowed a 30-MeV
region of excitation energy to be studied in one
setting. This was large enough to require only one
spectrometer setting for all angle settings.

Five isotopically enriched 4-cm-high target
strips were simultaneously mounted in the 20-cm-
high pion beam. Software gates on the target
position calculated for each scattered pion (3-mm
resolution) separated interactions in the different
target strips. The strips were arranged so that,
by shifting the target ladder, each strip could be
replaced by "Ca. The reproducibility of the "Ca
results (+2%) was an indication of the size of
systematic errors arising from changes in the
beam intensity or the spectrometer solid angle as
a function of target position. Relative cross sec-
tions between the isotopes are accurate to the
same level (+2%%uo).

Typical Spectra obtained for pion scattering
from " ' "Ca are presented in Fig. 1. Data
are given for the (2~+, 1.52-MeV) and (3„3.45-
MeV) states in 4'Ca; the (2;, 1.16-MeV) and (3„
3.31-MeV) states in '4Ca; and the (2;, 3.83-MeV)
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FIG. 1. Typical pion energy-loss spectra.
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and (3„4.50-MeV) states in "Ca. All data were
taken at an incident pion energy of 180 MeV at
laboratory angles between 21' and 76'.

III. DATA REDUCTION

Peak areas, extracted from the Q-value spectra
using the program LQAF were fitted with a fixed
line shape extracted from the elastic-scattering
peak. Relative separations between peaks were
constrained at values obtained from the energy-
level compilat;ions. "

The data were normalized to n and 7t scattering
on hydrogen, using the Coulomb-corrected phase
shifts of Rowe et al." The ratio of experimental
yield to the predicted w'+ p cross sections was
flat to within +5%%uo in the angular region between
40' and 90'. 'The data were corrected for solid
angle as a function of position along the focal
plane, survival fraction through the spectrometer,
chamber efficiency, and computer live time. The
correction for solid angle was measured by map-
ping the focal plane using elastic scattering from
natural iron at an angle of 38', which corresponds
to the first maximum in its angular distribution.
Chamber efficiency and computer live times were
monitored on line.

Estimated systematic errors in the data set
include: normalization error, +3%, focal-plane
variation of solid angle, +2%%uo, peak-shape fitting
errors, +5',' survival fraction correction, +3%%uo',

chamber efficiency, +3%%uo', and beam monitoring,
+3%%uo. The overall normalization uncertainty was

+Q%%uo, with a relative w' vs 22 uncertainty of +6%%ua.

Because of count-rate variations, the chamber
efficiencies are a function of angle, and systematic
angle-dependent errors of +5%%ua may occur.

At each angle the elastic-scattering data have
been corrected to remove a change in the momen-
tum transfer [q = 2)'2 sin(g/2)] that arises because
of the momentum dispersion of the incident beam.
The center of mass scattering angle was trans-
formed by

sin(e/2)
1+ x/d

where 8 is the scattering angle, x is the target
position relative to the center of the beam, d is
the momentum dispersion of the channel (10 cm/%),
and 8' is the corrected angle. This correction
deepened the minima in the elastic-scattering an-
gular distributions. It was not applied to the in-
elastic-scattering data.

A significant oxygen contaminant in the calcium
targets was subtracted by fitting both elastic-
scattering peaks separately at all angles greater
than 24 . The only known contaminant in the in-
elastic-scattering data resulted from a 5%%uo "Ca
content in the 'Ca target. Consequently, contri-
butions from the (3, 3.73-MeV) state in "Ca
were subtracted from the yield for the (2', 3.83-
MeV) state in "Ca.

IV. ELASTIC-SCATTERING ANALYSIS

The coordinate-space computer code Dwpl (Ref.
12) was used for both elastic and inelastic DWIA
calculations. All calculations used the Kisslinger"
form for the optical-model potential,

V(r) = b,p ' p, (r)+ b20V ~ po (r}V

and

boo = —0-59+ 0-30i

oz= 0 99+ 0.03i

zo= 4 38+ 7.19i,

b, z
= 2.46+ 3.59i .

(3)

(2)

where p, (r} is the isoscalar density distribution
[N p„(r)+ Z p (r}]/A, and p, (r ) is the isovector
density distribution [N p„(r) —Z p~(r)]/A Here, .
bpp b pz y

and b» are related to the m-nucleon scat-
tering amplitudes, k is the pion momentum, and

is the sign of the pion charge. The -b coeffici-
ents were evaluated using the method in Ref. 14
with a negative energy shift of 30 MeV. The re-
sults are

TABLE I. Ground-state density-distribution parameters.

Nucleus
CP

(fm)
ap

(fm)
Cn

(fm)
a„

(fm)

(t2) I/2
P

(fm)
( 2) I/2

(fm)

42C

"Ca
'Ca

3.52
3.52
3.46

0.55
0.55
0.55

3.46
3.52
3.63

0.55
0.55
0.55

3.41
3.41
3.37

3.37
3.41
3.48
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tributions. For the proton distributions, the half-
density radii c~ were adjusted to reproduce the
rms radius of the point proton distribution, which
was obtained by unfolding the proton charge dis-
tribution from the charge distributions measured
in elastic electron scattering. " The neutron par-
ameter c„was adjusted to reproduce the location
of the first minimum in the n angular distribution.
The resulting parameters are listed in Table I.
The data and resulting fits are shown in Fig. 2.
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FIG. 2. Elastic-scattering fits and data.

Both the neutron and proton distributions were
parametrized with a Woods-Saxon distribution,

p(r) = p,f 1+exp[(r —c)/a]} '.
The diffusivity a was fixed at 0.55 fm for all dis-

V. INELASTIC-SCATTERING ANALYSIS

Both collective-model form factors and more
microscopic form factors obtained from fitting
electron-scattering data were used to analyze the
inelastic data. For the microscopic-model cal-
culations, both the neutron and proton transition
densities had the same radial shapes and were
given by the models used in fitting the electron-
scattering data (a Gaussian model' for "44Ca and
a Tassie model" for 4'Ca}. The radial shapes of
the transition densities in the collective-model
calculations (given by the derivatives of ground-
state density distributions) differed The. ground-
state densities used are those given in Table I.
Strength parameters P„(P,} for the neutron (proton)
distributions were adjusted to fit the forward part'
of the angular distributions. Neutron M(nk) and

proton M(PX) reduced multipole matrix elements
were then calculated from the transition densities
p„„(r) and p„~(r), as in Ref. 17

M(a~) fv'"p„(~)d=~, „
0 (5)

M(p~) = r"'p„,(r)dr
0

Isoscalar and isovector matrix elements are
u(0&) = -,'[M(n~)+ M(PX)],
M(lk) = —' [M (nX) —M(pk)] .

In the long-wavelength limit, these matrix ele-
ments (listed in Tables II and III) are related to
the electromagnetic transition rates by

~+. ~(-~.}= IM(u~) I'~(2~;+1) ~

TABLE II. Neutron and proton multipole matrix elements for the 2+ states. The symbols n, p, and E denote neutron,
proton, and electromagnetic. All matrix elements are in Weisskopf single-particle units.

Nucleus

Microscopic model

M(n 2) M(p2) M(n 2)
M(p 2)

M(n 2)

Collective model

M( 2) M(n 2)
M(p 2)

M(E2)'

"Ca
44ga

'Ca

3.22(22)
3.50(23)
3.60(21)

2.80(21)
2.87(22)
1.37(15)

1.15(14)
1.22{15)
2.63(37)

3.54(24)
3.98(26)
3.71{22)

2.93(22)
3.04{23)
1.56(16)

1.21(15)
1.31(16)
2.38(33)

3.08(10)
3.13(11)
1.48(10)

fhe electromagnetic matrix elements were obtained from Ref. 18.



KENNETH G. BOYER et al.

TABLE III. Neutron and proton multipole matrix elements for the 3 states. The symbols n, p, and E denote neu-

tron, proton, and electromagnetic. All matrix elements are in Weisskopf single-particle units.

Nucleus

Microscopic model

M(n 3) M(p3) M(n 3)
M(p 3)

M(n 3)

Collective model

~( 3) M(n 3)
M(p 3)

M(E3)'

42C

"Ca
48C

3.59(27)
2.93(21)
3.70(25)

4.06(28)
3.10(22)
3.17(24)

0.88(11)
0.94(11)
1.17(14)

3.95(29)
3.21(23)
3.57(25)

4.41(30)
3.44(24)
3.13(23)

0.89(11)
0.93(11)
1.14(14) 2.59(39)

'The electromagnetic matrix elements were obtained from Ref. 18.

The data and fits for the collective and micro-
scopic models are shown in Figs. 3 and 4.

VI. RESULTS

The matrix elements, and especially the ratios
R = M(n&)/M(P&), obtained from the calculations
using the two models for the form factors (Tables
II and III) are in good agreement. Further, the
results for M(PX) are in good agreement with tab-
ulated M(EA) values. " Such agreement suggests
that pion inelastic scattering can be used to mea-

sure and compare neutron and proton multipole
matrix elements in cases where electromagnetic
measurements do not exist.

In Table IV, the ratios obtained in the present
experiment are compared with previous mea-
surements. The most reliable of these is the mir-
ror nucleus measurement for "Ca." Values of
M(EA) were measured for "Ca and 4'Ti. Assum-
ing charge symmetry, M(nX) for "Ca is equal to
M(EX) for "Ti, and the ratio R can be obtained
from purely electromagnetic measurements. In
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TABLE IV. Comparison of the ratios M(nA, )/M(pA, ) obtained by different methods.

State

4'Ca(2)+ )

44Ca(2+ )

'Ca(2) )

Present

data

1.21(15)
1.31(16)
2.38(33)

Mirror'

nuclei

1.35(13)

(a,a')b

electromagnetic

1.27(18)
1,28(23)
3,28(40)

V»u')'
electromagnetic

2.58(39)

Collective

model

1.10
1.20
1.40

"Reference 19.
"Reference 1.
'Reference 2.
The collective model prediction is E/Z.

general, good agreement is observed between
present and previous measurements.

Two extreme models for the expected ratios are
the collective model and the single-particle shell
model. In the collective model, these 2; and 3,
states are viewed as equal amplitude (P„= P ) de-
formations or vibrations of the nuclear surface.
Consequently, one would expect R =N /Z, the ap-
proximate ratio of the surface neutron and proton
densities. If excitations above the fj shell are
ignored in the shell model, the 2' states should
consist of 0- Ice excitations of the valence par-
ticles (neutrons), whereas the 3 states should
consist of 1 —Sco excitation of the core nucleons
(both protons and neutrons). Consequently, the 2'
states should be excited only by neutron promo-
tions M(pX) = 0, whereas the 3 states should be
increasingly excited by proton promotions M(pX)
&M(nA), as the f,&, subshell is filled with neutrons
which cause Pauli blocking of core neutron pro-
motions.

The ratios for both the 2' and 3 states lie be-
tween these extremes. An intermediate model'
that incorporates both single-particle excitations
and core-polarization effects (collective effects)
has been successfully applied to ratios derived
from (o.', a') (Ref. 17) data.

VII. CONCLUSIONS

Neutron and proton multipole matrix elements
for the excitation of low-lying collective states
in the single closed-shell nuclei """Cahave been
extracted from pion inelastic-scattering data at
resonance energies. The proton matrix elements
are in good agreement with electromagnetic ma-
trix elements, and in general, the ratios of the
neutron to proton matrix elements agree with
previous measurements. These ratios for both
the 2' and the 3 states fa11 between those from a
pure collective model and those from a single-par-
ticle shell model, indicating the need for a model
that incorporates both valence-particle and core-
polarization (collective) effects.
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