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The first correction terms to the eikonal phases are evaluated in closed form for the case
of scattering from a potential with a spin-orbit component. It is shown that the size of
such effects is significant for the measurement of the polarization parameters in medium

energy proton-nucleus scattering.

polarization parameters.
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I. INTRODUCTION

The eikonal approximation! has proved to be a
very efficient and economical approach to high en-
ergy potential scattering and has formed the basis of
many calculations for the scattering of hadrons by
nuclei. In a series of articles Wallace?* has ob-
tained systematic corrections to the eikonal phase in
the case where the potential is spherically sym-
metric. Now in the elastic scattering of intermediate
energy protons by spin-zero nuclei the strong spin-
orbit force gives rise to interesting polarization ef-
fects. Such potentials were studied in the lowest or-
der eikonal approximation by Glauber! but not by
Wallace though he did suggest a possible treatment.*
It is therefore the purpose of this paper to generalize
Wallace’s results in the case of scattering from a po-
tential with a spin-orbit as well as a central com-
ponent.

In Sec. II we review Wallace’s approach, distin-
guishing carefully between the impact parameter
dependence arising from the linear momentum and
the angular momentum variation of the eikonal
phases. This is crucial for the investigation of spin
orbit potentials which are momentum dependent as
well as nonspherically symmetric. An alternative
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operator to those of Wallace is introduced which
keeps track of this problem. After establishing the
eikonal formalism for spin-zero potential scattering
in Sec. II, the required generalization is then simply
obtained by noting that the Schrodinger equation
does not mix states with total angular momentum
j=1+ % with j =1 — % In this way the Wal-
lace correction of an arbitrary order can, in princi-
ple, be obtained, but in Sec. IV we rederive the first
order correction using the more laborious propaga-
tor expansion techniques® whereby we see more
clearly the role of the momentum dependence of the
potential. For medium energy proton-nucleus
scattering the first order is the dominant correction,
and in Sec. V we show that though it has negligible
influence on the cross sections it is significant for
the polarization and spin-rotation parameters. In
our conclusions in Sec. VI we also compare our
results with those of other formulations.

II. WALLACE CORRECTIONS FOR SPIN-ZERO
SCATTERING

The amplitude for the scattering of a spin-zero
particle by a spherically symmetric potential may be
described by a partial wave decomposition
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£(6) = 51,7(—2’(21-+ 1)) _ 1)Py(cosf)
(2.1
or by an impact parameter representation
Fl@=—ik ["b dbIo(gb)e™® — 1)
2.2)

where the scattering angle 6 is related to the in-
cident momentum k and momentum transfer g by

q = 2k sin(6/2) . 2.3)

To derive a connection between these two descrip-
tions Wallace*® used the expansion of the Legendre
polynomials in terms of the zeroth order Bessel
function:

X Jof (21 + 1) X [(1 —2)/2]2}

2.4)

where the b,,(x) are generalized Bernouilli polyno-
mials with by (x) =1 and b{(x) =— x /6. For a
well behaved potential which gives rise to phase
shifts which can be interpolated smoothly for real J,
the eikonal phase may then be exactly related to the
8(1) through

X — (2] & 1)"1W (2l + 1)e28D (2.52)

by the operator

2m
kd 1 1 d d

w=3S-L 4 |1 2118
m2=0(2m)!bml 4‘”*”&)1”&] ’

(2.5b)

where the impact parameter has its usual quantal
definition

kb =1+ . (2.6)

For high energy scattering where the phase shifts
vary regularly with / this series converges rapidly
and so to a good approximation

k3
al

1 2i8(1)
1+ 48 e .

3
eiX(b)N (2l +1)

2.7

Since for a real potential the phase shifts are real by
unitarity, it can be seen that the second term in Eq.
(2.7) induces an imaginary part in X(b) which leads
to the designation of “unitarity” corrections for
these higher order terms. Unitarity is diagonal in k
so that the differentiations in Eq. (2.5) must be car-
ried out with respect to / (or b) with k fixed.

As a dynamical model for the phase shifts Wal-
lace* uses the Wentzel-Kramers-Brillouin (WKB)
approximation and its generalizations:

A

SWKB(}) — fro dr[k?® — (I + _;_)2/r2 —2mV(r)]?
A

dr[k® — (1 + 7)¥/r)72

(2.8)

- f(1+ 1/2)/k

where 7, is the turning point, assumed single, of a
particle of mass m in a potential ¥'(r) and the limit
A— o is understood. Wallace* is then able to ex-
pand this solution in a power series in the strength
of the potential

sVKB() = 35, 2.9)
n=0
where
« k(m/k*r+1 d
Sull = kb — +)=— KMIKDZ Hy21y \ pd
nt e 1+bdbl

X fowdz Vn+l[(b2+22)1/2]

(2.10)
and we shall lay aside questions of convergence of
the series.

Different forms of the differential operator in Eq.
(2.10) have been derived but all upon the assump-
tion that the potential does not depend explicitly
upon /. It can easily be shown by induction that
Eq. (2.10) is completely equivalent to

mr+t [[ba  d ]

1 n
By(l) = — kin+ 1) ||k ob 3k

X [ dz V"2 + 297, @11

where the differentiations 3/3b and 9/0k are carried
out at fixed k and b, respectively. However,

) d d

36|, |3k 3k

b

X ,  (2.12)

b !

so that, in terms of differentiations with respect to k
at fixed [,
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n

1
k

9

ok?

(2m)”+1

B ==137, + 1!

1

X fowdz V"+1{[(1 =+ %)2/k2+22]1/2}
(2.13)
J

It is not, of course, suprising that the WKB solu-
tion, which is diagonal in /, should be expressable in
terms of an operator in which / is held constant.
The form of Eq. (2.13) can be derived directly from
Eq. (2.18) using the representation

VKN = 4 [ Tk [y dr@kr — (4 2P0k — 1 — )
~ {[k? = 2mV (") — (U + 27200 [k = 2mV (D] — (I + 272 )).

(2.14)

With the help of the displacement operator in k2 this becomes

SWKB(]) — %fk:odkdfowr dr{l — exp

Expansion of the exponential and integration with
respect to k' then yields the desired form of Eq.
(2.13), which shows that this or Eq. (2.11) is valid
even when V depends upon the orbital angular

momentum. '
The first two terms in the Wallace expansion are

explicitly

sl =— 5[ Virdz (2.16a)
m? d Q| %2
Bl =25 |1+ bgy — kg ]fo Viridz .

(2.16b)
It should be noted that Eq. (2.16a) is not the Born
approximation to the phase shift 8(/), though if it
were interpreted as half the eikonal phase T X(b) it
would be. Wallace* shows that if higher order
corrections to the WKB approximation, such as
those of Rosen and Yennie,® are included, the extra
terms which are linear in V cancel with the unitarity
correction of Eq. (2.5). A completely systematic ap-
proach therefore requires an evaluation of the higher
order WKB term. However, for practical applica-
tions in medium energy hadron-nucleus scattering
the first correction of Eq. (2.14) is the dominant ef-
fect and so the zeroth order and first Wallace
correction to the eikonal phase are

+ 0
Xob)=— "2 [ virdz , (2.17a)

k

—2mV(r) ok 2 Jz

] k22 — (1 + 721720k r — 1 — ).

(2.15)

m?

X](b)z— 2k3

—‘a— i + 0 )
1+b b—kak]f_wV(r)dz.

(2.17b)

With an ordinary potential the differentiation with
respect to k in Egs. (2.16b) and (2.17b) yields noth-
ing. For a momentum- dependent potential,” such
as the spin-orbit component discussed in the next
section, a contribution remains though in such cases
the validity of the WKB solution of Eq. (2.8) might
have to be investigated. To compare the results of
Eq. (2.17) with an exact resolution of the
Schrodinger equation for a potential which only
depends implicitly upon an energy parameter, the
9/0k must clearly be discarded. However, it has
been argued® in connection with Coulomb distor-
tions of the eikonal phase that if the optical poten-
tial is introduced into the Schrodinger equation
minimally by letting E — E — V everywhere, in-
cluding the implicit energy dependence of the opti-
cal potential itself,’ then Eq. (2.17b) should be valid
as it stands. In this event the 3/0k would also dif-
ferentiate the energy dependence of the optical po-
tential.

III. WALLACE CORRECTIONS FOR SPIN-%

SCATTERING

The amplitude for the scattering of a spin-% par-
ticle may be written (see, for example, Joachain'”),

f=f+ahg, 3.1)
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where 7 is the normal to the scattering plane,

R= (X K/ |G X K| (3.2)
Assuming parity conservatlon, the states with
j=1+4+ 7 and j =1 — 5 are uncoupled, and in
terms of the correspondlng phase shifts §* (/) and

87 (1) the partial wave decompositions of the spin-
non-flip and spin-flip amplitudes are

f(6) = —2[ (1 + 1)(e"h _ 1)
+ J(e28™D _

1)] Py(cosf) ,
(3.3a)

1

_ 1 9 28+ _ 28~ (D\P (05
g(0) = & at9§(e e )P;(cosf) .

(3.3b)

The impact parameter representation for f goes
through identically'! as for the spinless case of Sec.
II, whereas for the spin-flip amplitude we note that
the derivative with respect to 8 in Eq. (3.3b) com-
mutes with the Wallace operator W of Eq. (2.5b).
Consequently, if

flg=ik b db TAb)Molgb)

dT/(b)
db

qb)
gb ’
(3.4a)

—ik ["b dbb

g(g)= — ik cos(0/2) [\ b db Ty (b)J(gh)

— ik sind [ b db[kbT,(b)] '(q) :

(3.4b)

the profile functions are connected to the phase
shifts by

Lfb) =1~ 21 + D7'W[(I + 12"

+ 1e¥87 1] (3.52)

T,(b) = %iW(emﬂ” 287y

(3.5b)

In contrast to the definition of Glauber,! who was
concerned primarily with near-forward scattering,
the presence of the explicit cos(6/2) factor in Eq.
(3.4b) is necessary to yield a simple unitarity rela-
tion.!? It also ensures that the spin-flip amplitude

vanishes in the backward direction.

Just as Wallace has shown in the spinless case,
the dominant eikonal correction is dynamical rather
than imposed by unitarity, so that we shall for sim-
plicity only consider the leading (unit) term in the
expansion of Eq. (2.5b) for W. The profile func-
tions then become

Lp(b)=~1 — e™® cos[AX(b)] + iT,(b)/2kb ,
(3.6a)
Te(b)~ — e*Psin[AX(b)] , (3.6b)
where X and AX are related to 8(] = kb — %) by
X(b) = [6*(D+8-(D], (3.7a)
AX(b) = [8F (D) —8~(D] . (3.7b)

A potential with a spin-orbit component V; as
well as a central piece V,

V(T)=V,(r) + V(g L, (3.8)
does not mix the states j =/ + % and has diagonal
elements

VE(Lr) =V (r) + IV(r) , (3.92)
V=) =V.(r)— U + DV(r) . (3.9b)

Though the effective potentials are I-dependent the
WKB solution for (/) and its subsequent expan-
sion in powers of V discussed in Sec. II should be
equally valid. Therefore inserting Eq. (3.9) into Eq.
(2.17a) the lowest order approximation for the
eikonal phases is

Xolb) = X (b) — 3X,(b) , (3.10a)
AXo(b) = kbX,(b) |, (3.10b)
with
X.(b) = — —f_ (ndz (3.11a)
m
b)=— ?f_w Vi(rdz . (3.11b)

Apart from the cos(6/2) factor in Eq. (3.4b) these
expressions differ from the analogous ones derived
by Glauber' by the iTg/ 2kb in Eq. (3.6a) and the

X term in Eq. (3. IOa The effect of these
changes in the spin-non-flip amplitude is minimal
because they cancel each other to first order in V;
and to second order they can be grouped to give

xel®) Ly )] .
(3.12)

Fpb)=1—e cos[(k2b? —
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This differs from the Glauber result only by the re-
placement (I + 5)*— I(I + 1) in the argument of
the cosine.

The first Wallace correction follows from the sub-
stitution of Eq. (3.9) into Eq. (2.17b). Using the
result that the differential operator does not act
upon the combination kb, this leads to

T1(b) = Xoo (b) — Xeg(b) + (K2b% + +)Xi(b)
(3.13a)
AX(b) = kb[2X (b)) — X(B)] , (3.13b)
with phases defined by
Xalb) = — 1 pp 0 D
T k3 b ok
X f “[VunPdz (3.14)

and similarly for X and X.

The expressions in Egs. (3.6), (3.10), and (3.13)
can also be obtained from the spin-zero results of
Sec. 11 using the commutation properties of the
&L operator which give for arbitrary ¢,

(@ L++P=0+73", (3.152)
expli¢( L+ )/ + 7]

= cosp + i sing(T- L + )/l + 5) . (3.15b)

It is then convenient to rewrite the potential of Eq.
(3.8) as
V(T) = [Vo(r) — 3Vi(P]+ V(T L+ 5) ,
(3.16)
so that its square has a similar structure,

VD = [Vo(r) — 5 V(P + K62V )

4+ 2[V.(r) PIV(G L+ 1) .

(3.17)
Insertion of Egs. (3.17) and (3.16) into Egs. (2. 17)
and (2.2) followed by the application of (& - L + 35 )
onto the plane wave states leads to the desired rela-
tions.

I1V. EIKONAL EXPANSION FOR SPIN %
SCATTERING

Wallace has given two parallel derivations of the
eikonal corrections in the spinless case, one involv-

ing the WKB approximation* as expounded in Secs.
IT and III, and the other based upon the expansion
of the propagator around its eikonal limit.> This
second method is rather tedious, even more so when
the spin degrees of freedom are included, and we
shall indicate only how the first Wallace correction
may be derived in the case of spin-% scattering.
Following closely the work of Wallace® the T
matrix for the scattering from a state i to f is

T =— fn—”f(a')‘: (K| V+VIVIK,)
4.1)

where § = k; — ff and the spin labels in the state
have been suppressed. The inverse propagator has
the representation

1

G = ——(k?

—pH—V +ie , 4.2)
2m

where p is the particle momentum operator and
k?/2m is its energy. Expanding P about the average
momentum direction

Ko=(k;+ k) , 4.3)

but conserving energy leads to
(k*—p?) = — (p — k Ko/ko)?
—2k Ko (B — kKo/ko)/ko . (4.4)

In the spinless case the eikonal approximation of
Glauber! follows if we drop the quadratic term and
neglect the k /k inside the other bracket. Howev-
er, with the spin-orbit potential as in Eq. (3.8)

V(@) =Vr) + V(e TX(—iV) , (45

the standard Glauber! _result also requires that

— iV be replaced by kg in the angular momentum
operator of Eq. (4.5), thus eliminating the velocity
dependence of the potential. Denote by U (T) this
approximate potential

U(T) = Vo(r) + V(0 (b x Kp) .
(4.6)
The eikonal propagator is then
g7 =V (ko—P)—U , 4.7)

where V is the velocity vector kfo/mko. The cor-
responding scattering wave function is

ﬁ}?): et

with the partial phase

TAXF(E) XD (B x ¥y 4.8)
, 4.



1 z p=d ’
XHT) =— ;f_ch(r Jdz'

and likewise for X,;¥. For the outgoing states the in-

tegration for X~ runs from z to + oo, such that
X(b) = X1+ X~ ()

for both the X, and X, of Egs. (3.11).
The wave function of Eq: (4.8) leads directly to
the scattering amplitude

T%q) = (K| U | )

——iv [d% TPrB)

(4.11)
in which the profile function is
%) =1— ech(b)eiJ(,(b)?'(b x Ky
=1— """ |cos[bkoX,(b)] (4.12a)
7 (b X Ko)
i 9 sin[bkoX,(b)]

(4.12b)

Ubpon integration over the azimuthal angle of b we
find the standard Glauber result discussed in Sec.

III but with the cos(6/2) factor of Eq. (3.4b) due to

EIKONAL CORRECTIONS FOR SPIN-ORBIT POTENTIALS

(4.9)

(4.10)
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The first Wallace correction now consists of two
parts, one coming from the approximation of the
potential V by the U of Eq. (3.8), the other from the
neglected terms in Eq. (4.4). Let us define

W=V-U=Va[iV,x®—K) 413
and

N=g'—-w-—

= =KD+ T Ko=) . @14)
In the spirit of Wallace we seek to find the first
correction T'(q) to Eq. (4.11) which is linear in ei-
ther W or N but we shall omit terms of the type
NW.

Formal manipulation with the Lippmann-
Schwinger equation readily yields

T1=(lpff|W|¢fi)+(ff|UgNgU|—lz,-) .
4.15)

The evaluation of this expression is considerably
more difficult than in the spinless case due to the
extra term in the potential which requires that care
be taken with the commutation properties. There
are extensive mutual cancelations and the final
result may be written'?

. a5 X, (b) iX(b)T- (b X Ky |,
Tl(a)=-—tvfd2b PLE B Pt 0

the presence of the term ko = kcos(6/2) which ar- (4.16a)
ises from Eq. (4.6). with
J
P®) = — 17 (B X FlOP + —— |14 b2 — k2
2 ots 2kv? ab ok
+ o —> -
X [ dz[V2+ k32 42V, V5 (b X Ko)] . (4.16b)

In the formula for 7' we have omitted terms of or-
der V3 but also those of order AV?, where
A =[1— cos(6/ 2)], relying on the ansatz of Wal-
lace’ that these latter terms will be canceled in the
evaluation of the second Wallace correction.

The result in Eq. (4.16b) is very similar to order
V2 to that obtained by the WKB approach of Sec.
III. Thus the first term, which is of order 1/kb

lower than a typical term in the expansion of the ex-

ponentials, arises from the residual %X, in Eq.

(3.10a) in the development of the exponential in Eq.

(3.6b). The other terms are the dominant ones in

the first Wallace correction of Eq. (3.13) and corre-
spond, in the method of Sec. III, to evaluating the
square of the potential from Eq. (4.6),

(UMD = [Vo(r)? + kg?b2V,(r)?]
+ 2V (NV(r)T (b X k)

rather than the exact form of Eq. (2.17). In the
present approach the small X, and X, pieces are
missing because of the neglect of terms such as NW
in the expansion.

It is interesting to note that the replacement of P

(4.17)
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by fo in the spin-orbit potential of Eq. (4.5) is not
the only choice that we could have made for the
eikonal propagator. The Schrodinger equation may
also be simply resolved if we let in the potential of

Eq. (3.8)

A A

P— (B koko (4.18)
and
g =V (Ko=) — Vulr)
— V(N5 (b X ko) ko) . (4.19)

This is equivalent to the standard eikonal equation
but with an effective potential

Ver=(1—b2V,2/v?)~!
X [V, = mb?V, — %VS

— A

X (V, — vkg)T - (b X ko)]

(4.20a)

= (V, — mb?*V,?)

—_  —

+ (V, — mV,V,/k® )T (b X Kg)

+0(V3) . (4.20b)

The derivation of Eq. (4.12) goes through unchanged
except that there are extra contributions to X; and
X, of order ¥ (or higher). It is easy to see that
these are nothing other than the d/0k part of the
correction term in Eq. (4.16b). Since these are can-
celed by the 3/0b differentiation, it seems that
Glauber’s original ansatz of Eq. (4.6) for the spin-
orbit potential is the most efficacious for the lowest
order eikonal phase.

V. APPLICATION TO PROTON-NUCLEUS
ELASTIC SCATTERING

Proton-nucleus scattering at intermediate energy,
being one of the domains where ‘the eikonal formal-
ism is widely used, we have tested the corrections
derived in the previous sections to the particular
case of 800 MeV p-!?C elastic scattering. This nu-
cleus was chosen because Coulomb effects on polar-
ization have been shown to be very small,'* which is
not true for heavy nuclei. Note that the Coulomb
interaction can be easily introduced into the formal-

ism of Secs. II and III (Ref. 8), but we refrained
from so doing because we were primarily interested
in the importance of the first Wallace correction to
the nuclear amplitudes f and g. In the same spirit,
comparisons with existing data are postponed to a
subsequent work.

The central and spin-orbit complex potentials
were constructed from free nucleon-nucleon scatter-
ing amplitudes using the Kerman, McManus, and
Thaler!® formalism in first order. The resulting op-
tical potentials were then reliably fitted with Fermi-
type distributions. Explicitly for '2C at 800 MeV,

V.(r) = (12 — i66)F,(r) MeV (5.1a)

V(r)= (11 + i14)idiFs(r)Merm2 , (5.1b)
¥ ar

with
—1

— R,
, (5.2)

F r)= |1+ exp

a

where a stands for ¢ or s. The best fit values for ¢,
and a, are

R, =22fm, a., =049 fm , (5.3a)

R, =2.175fm, a; =053 fm . (5.3b)

With these potentials we have calculated the unpo-
larized differential cross section d /d (), the polari-
zation P, and the spin rotation parameter Q defined
in terms of the amplitudes f and g by!’

do

E=Iflz+lgl2 ; (5.4a)

2 Re(fg")
12+ g
*
o= —2Imife) (5.4¢)
FARE N4
The results are shown in Figs. 1 and 2, where we
compare the lowest order eikonal approximation
[Egs. (3.10) and (3.11), dashed curve] to the results
including the first Wallace correction in X only [Eq.
(3.13a), long dashed curve], or in X and AX [Egs.
(3.13), solid curve]. Unpolarized differential cross
sections (Fig. 2) are seen to be sensitive just to the
Xce correction and the effects are sizable only in the
vicinity of the minima or at large angles. In con-
trast, the polarization P and the spin rotation Q are
significantly changed by the corrections X; and AX;
taken separately, but including both of them leads
to a curve very similar in shape to the original
eikonal approximation. This is easily understood.

(5.4b)

>
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FIG. 1. Polarization parameter P and spin-rotation
parameter Q for p-'2C elastic scattering at 800 MeV.
The result of a calculation with the lowest order eikonal
approximation is shown as the dashed curve, with the
first Wallace correction in X(b) only as the long dashed
curve and also including this modification in AX(b) as the
solid curve.

It is well known! that for a spin-orbit potential of
the Thomas form,

Vir) = g%g‘lr-vc(r) , (5.5)

which, in view of the parameter quoted in Eq. (5.3),
is a good approximation to the present case, the
lowest order eikonal phase satisfies the relation

AXo(b) = k §%Xo(b) . (5.6)

On the other hand, the first Wallace corrections to
the phases are related, to order &, by

2 + o
AXi(b) =k [T(B)+ 2 [ " s

(5.7

If only the first term were present in Eq. (5.7), the
total phases AX and X would also satisfy the rela-
tion (5.6) and P and Q would be identical to their
eikonal values except perhaps in the vicinity of the
minima of the differential cross sections. This is not
true in practice because the second term in Eq. (5.7)
is small compared to the first only for such large
values of the impact parameters b that the lowest
order AX) is overwhelming. However, due to the

102

do/dQ) [mb/sr]

e

10'F

102 L

q[fm=1]4

FIG. 2. Unpolarized differential cross section for
p-'2 C elastic scattering at 800 MeV. Here the long
dashed curve would be undistinguishable from the solid
one.

dominance of the imaginary part of ¥, in Eq. (5.1a),
V% and X, are mainly real so that the difference
between the relations (5.6) and (5.7) generates pri-
marily an extra phase in the g amplitude with
respect to the f. This results only in a slight change
in P and Q with P2 + Q2 almost invariant, and this
is clearly seen in the graphs of Fig. 2. This proper-
ty is independent of the sign of the real part of V.

VI. CONCLUSION AND DISCUSSION

Using two different techniques discussed by Wal-
lace** we have been able to generalize his eikonal
corrections to the case of spin-dependent potentials.
The two methods give similar results except for
minor terms, which are at least 1/kR smaller than
the principal ones, arising form the truncation of the
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eikonal propagator expansion. In Sec. V we showed
that the first correction terms of Eq. (3.13) could be
significant in the description of the polarization
parameters in medium energy elastic proton-nucleus
scattering, and that in such a case it would be coun-
terproductive to keep just the correction to the
spin-independent amplitude. We contented our-
selves with the elucidation of only the first correc-
tion though in the WKB approach of Sec. III spin
is an “inessential complication” and we can work to
as high an order in the Wallace expansion as in the
spinless case.

The only other attempt to investigate eikonal
corrections for spin-half (proton) scattering is that of
Bleszynski and Osland.!® Their method, which is
based upon an expansion of the free propagator in
powers of 1/k plus certain other ad hoc assump-
tions, was developed in terms of multiple scattering
from the constituents of a nucleus. However, the
single potential limit can easily be obtained by let-
ting the constituent overlap in an independent parti-
cle model be total and taking the limit of a large
number of nucleons, though this might weaken the
justification for some of the approximations. Defin-
ing the spin-orbit potential as in Eq. (5.1b) through
an auxiliary function H (r)

vin=L%Hu ©.1)
r dr

it follows from their work'® that the first corrections
to the eikonal phases should be

X1(b) = X, (b) + k%0 X + R (b) , (6.2a)

AX((b) = 2kbX5(b) + R ,(b) , (6.2b)

where

m2 — + o )
Rib)=— -V, [ HYndz ,  (63a)

m?
k2 ab

Apart from the quantities R ; and R ,, which cannot
be expressed simply as functions of ¥V, the relations
in Eq. (6.2) coincide with those of the eikonal ex-
pansion derived in Sec. IV. To second order in the
potential the R | term does not contribute to the
scattering amplitude f in the forward direction.
From an integration by parts it is seen to be
equivalent to a term proportional to g?H? which, in
the Wallace® approach, is expected to be canceled
by higher order corrections which we have not con-
sidered in the derivation of Sec. IV. On the other
hand, the R, term does not vanish in the forward
direction and will contribute to AX; though not sig-
nificantly at large b. Since the long range parts are
the least damped by the exponential in Eq. (3.6), the
differences with our results should be minimized. It
is, however, interesting to note that in the special
case where H (r) = &V, (r) in Eq. (5.5) the R, con-
tribution exactly cancels that of the second term in
Eq. (5.7) so that Eq. (5.6) would be approximately
valid for the total phases, and the Bleszynski and
Osland'® approach should lead to smaller noneikon-
al effects for the P and Q parameters than the ones
presented in Fig. 2.

Ry(b) =— f H(rV(r)dz . (6.3b)
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