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Differential cross sections for pp ~@4++, pp ~ph+, and m+p ~p 5++ at high ener-

gies, pt =3—16 GeV/c, and small momentum transfers, 0&
~

t
~

&0.3 GeV/c, have been

analyzed using a Reggeized one pion exchange mechanism with form factors of the mono-

pole and the dual model type. Results strongly confirm the dual model prediction that
F NN(t)=F zz(t)=F ~(t) when the pion is the only virtual (off the mass shell) particle in
each vertex and the form factors are all normalized to unity at t =p . No evidence has
been found for non-one-pion exchange contributions in the kinematic region under con-
sideration thus leading to a model independent determination of the range and asymptotic
rate parameters of the three-point functions. The results are A =800—1000 MeV and

P =2.5 —3, in good agreement with earlier determinations from NN charge exchange
scattering and pion photoproduction.

NUCLEAR REACTIONS Quasi-two-body hadronic reactions at high

energy; extraction of the ~ÃN and other hadronic form factors at small

momentum transfers; one pion exchange potential.

I. INTRODUCTION

A knowledge of the off mass shell and analytic
structure of the elastic and inelastic pionic form
factors of the nucleon' is of great importance in
nuclear physics. Information on the range of the
three-point functions is usually obtained by
parametrizing them with monopole or dipole
forms. For example, in the case of the mNX form
factor (see Fig. 1), where X can be a nucleon,
a 5(1236), etc., if the pion is the only virtual parti-
cle in the vertex then the monopole reads

2 2
2 ~~WX —P~F ~x(q )=

AmNx

where the range A Nx is normally treated as a free
parameter to be determined independently. Al-

though attractive from a computational point of
view, Eq. :(1) lacks physical motivation and leaves
unanswered several fundamental questions. One of
them is the fully off mass shell structure of the ver-
tex, i.e., if p& QMN, p2 QMx, and q Qp corre-
sponding to all three particles being virtual (off
mass shell), the question is how should Eq. (1) be

generalized. The dependence of A ~~ on hadron X
is also another important question which clearly
cannot be answered unless Eq. (1) were to follow
from a well defined dynamical model. Further-
more, the asymptotic behavior of Eq. (1) as q ~—ao

is most likely incorrect. '"

In order to stress the importance of these issues
let us consider as an example the iteration of the
one-pion exchange (OPE) potential in the frame-
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FIG. 1. The mNX vertex.
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work of the Blankenbecler-Sugar equation. Tradi-
tionally, dynamical calculations have been carried
out using the simple form Eq. (1) for the mNN

form factor with no off mass shell nucleon depen-
dence, despite the fact that after the first iteration
all particles in the vertex become virtual. A priori
there is no reason to expect off mass shell nucleon
effects to be negligible and, therefore, this approach
is basically incorrect. If this problem, as well as a
whole variety of others, is to be treated correctly
then it is necessary to go beyond the simple mind-
ed monopole form, Eq. (1), and formulate a
dynamical model for hadronic three point functions
starting from first principles. A major step for-
ward in this direction has been taken recently with
the proposal of a dual unitarizable model for fully
off mass shell form factors. In connection with
the above example it has been shown in Ref. 5 that
the off mass shell nature of the nucleons in the
iterated OPE potential gives rise to some rather
dramatic effects in XE phase shifts at intermediate
energies. ' The various physical assumptions
needed to build the model, e.g., Lorentz invariance,
analyticity, asymptotic power behavior, Regge tra-
jectories, mass spectrum, etc., are fairly well esta-
blished' and have been discussed already in Ref. 5.
The general expression of the form factor for a ver-
tex made out of particles of four-momenta p&, p2,
and p3 reads

F123(pl ~P2 ~P3
2 2 2

This prediction has been tested recently by analyz-
ing separately XX charge exchange scattering and
pion photoproduction at high energies and small
momentum transfers. In the former reaction the
GPE amplitudes contain two powers of
F ~Iv(q, M,M ) while the latter involves the
product F„~iv(q,M,M )F r(q,p, O) (see Fig.
2). Since the only virtual particle in all these ver-

tices is the pion, factorization implies that
F r(q,p, O) should be identical to
F ~~(q,M,M ) when both form factors are nor-
malized to unity at the fully on shell point, a pre-
diction that has been confirmed by the above men-
tioned analyses. Furthermore, the value of P ob-
tained from those fits, i.e., P 2.5 —3, implies that
for small pion four momentum squared Eq. (2) can
be approximated very well by Eq.(1) with
A 800—1000 MeV. Hence, the dual model pro-
vides the physical justification for the monopole
form factor in the restricted region 0 & —q &p~;
as —q —+ Do, however, Eq. (2) predicts that
F &z(q, M, M ) —( q)' —in agreement with
the constituent interchange quark model predic-
tion. It must be emphasized, though, that this
type of analysis does not test directly the full off
shell structure of Eq. (2) and, therefore, factoriza-
tion is tested only in the limited sense described
above, i.e., the pionic part of the form factor is the
same in different vertices that involve one virtual

-pion.
In this paper, I wish to discuss some additional

tests of the dual model that involve the form fac-
tors F zz(q, M, M ), F Na(q, M,M& ), and
F z(q,p,M& ) as they appear in the quasi-two-
body reactions pp ~n b ++, pp ~p 5+, and

(2)
N

Iil Eq. (2) F]23 has been normalized to unity at the
fully on mass shell point, S; and M; are the spin
and mass of the ith particle, cx'=1/2M =0.83
GeV is the universal Regge slope, P; are free
parameters that govern the asymptotic behavior of
F123 as p; —+ —oo, and the zero-width (nonunitary)
approximation has been assumed for simplicity.
For P; =S;+1,Eq (2) reduc. es to the one-particle
approximation or no vertex structure. Equation (2)
exhibits the factorization property of the model
which implies that once a free parameter P has
been somehow determined for a given hadron in a
particular vertex it should have the same value in
any other vertex where that hadron participates.
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FIG. 2. One-pion exchange diagrams for (a) NN
scattering and (b) charged pion photoproduction on nu-
cleons. Factorization implies that all vertex functions
are identical to F zz(t) when normalized to unity at

2t=p
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FIG. 3. One-pion exchange diagrams for the three
quasi-two-body reactions studied here. (a) pp ~nb++,
(b) pp~p4+, and (c) w+p~p Q++.

n+p~p 6++ (see Fig. 3}. According to factoriza-
tion all these three vertex functions should be
identical (if they are all normalized to unity at the
respective on mass shell points). There are some
indications from a dispersion theory analysis' that

if F N~ and I' N~ are both parametrized by mono-

poles, then A z~ A ~~ in agreement with the

dual model prediction. The analysis to be present-
ed here, however, is essentially model independent
since it is based an the Reggeized OPE parametri-
zation of high energy scattering amplitudes. At
small momentum transfers, 0&

~

r
~

&0.3 (GeV/c),
the diagrams in Fig. 3 are expected ta account for
basically all of the cross sections, in which case the
only unknowns in the problem are the form fac-
tors.

Differential cross sections for the three reactions
in the energy ranges 3 —16 GeV and momentum
transfers

~

r
~

&0.3 (GeV/c) have been fitted with

the following results. First, no evidence has been
found far non-OPE contributions in the kinematic
range under consideration, thus leading to a model
independent analysis. Second, the results are in
agreement with factorization, i.e., A zz
=A~Na A~~p= ——A„and—P~NN P~Na

——P~~r =P——„,
when only one pion is off the mass shell. The
values obtained from the fits, i.e., A =800—1000
MeV and P =2.5 —3, are in good agreement with
the results of earlier analyses of NN charge ex-
change scattering and pion photoproduction.

II. FORMALISM

The three quasi-two-body reactions to be studied here are (a) pp~n6++, (b) pp~pb, +, and

(c) m+p ~pod, ++. The dominant OPE diagrams are illustrated in Fig. 3 and it should be recalled that at

high energies the pion propagator must be properly Reggeized. " Reactions (a) and (b) are clearly related by

isospin but since there are independent data for them they will be treated separately. The calculation of dif-

ferential cross sections has been discussed in the literature' and the results are

dO'
(pp —+n b, ++

) = 7r

dt 24M p

2

F NN (t)
4m

2

X F Na (t) [t —(Ma+M) ] [t —(Ma M) ]R (r),—
4~ JM„Mg

(3)

do p 7T(~+p ~p Q++ )
1

dt 612 mp Ma2 [s —(P +.M) ][s —(P, —M) J

2 2
~pa~+ ~+ 8~+pg+ +F,P2(t) p F.N. 2{t)

4m.

~[@, +m~)2 —t][m —p )'—t][Ma —M)' —t][(M&+M}2—t]'R'(t) . (4)

The cross section for pp~pA+ has the same
mathematical form as Eq. (3}except for an obvious

change in coupling constants. In Eqs. (3) and (4)

the form factors are defined with the pion pole re-

moved and are narmalized to unity at t =p, I'I
is the laboratory three-momentum of the incident
proton, s the square of the center of mass energy in

the direct channel, and the Reggeized pion propa-

I

gator R (t) is given by

—isa (f)

R (r) =ma'[1+2a (t)]
2sin ma (t)

I [-, +a.(r)] ',
X—

~vr I"[1+a (t)] 2so
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In Eq. (5) the pion Regge trajectory a (t) is

where

a'= 0 83 GeV
2M'

and u is the standard Mandelstam variable, viz. ,
s +t +u =g,. ,M; . For small values of t, Eq.
(5) can be approximated by

a (t)
S —0
2so

which shows explicitly the effects of Reggeization
of the pion propagator. The various coupling con-
stants have the values'

= 14.28;
4m

2 2
'

g+~ —2
4m. 4~

(8)

2
g~+~g++ =0.3—0.5,

4m

2
2 ~mph++
3 4m

2
gpo~+~+ =3

4m.

or by the dual model, i.e.,

(10)

where A or P are the parameters to be determined
by the fits discussed in the next section.

III. FITS

For energies above the resonance region but
below intersecting storage rings (ISR) values, ' i.e,

The form factors will be parametrized by monopole
formulas, i.e.,

2 & PL & 20 GeV/c„and small t, the three reactions
considered here are expected to be dominated by
one-pion exchange. The presence of additional
contributions such as, e.g., other Regge poles (p,
Aq, etc.), Regge cuts, and pole-cut interferences,
can be easily tested by modifying the Reggeized
OPE formulas, (3) and (4), accordingly and rerun-

ning the fits to the data. In the kinematic region

studied here, i.e., PL -3—16 (GeV/c) and

~

t
~

& 0.3 (GeV/c), no evidence has been found
for non-OPE contributions and, therefore, the fol-

lowing analysis will be based entirely on Eqs. (3)
and (4). The Regge parameters that determine the
pion Regge trajectory are known independently and

thus, a priori, the only unknowns are the two form
factors. However, the ~PL coupling constant is
known less accurately than the md% coupling con-
stant so that it might be convenient to consider the
former as a free parameter together with the form
factor ranges A or the asymptotic rates P. An ad-

ditional advantage of this procedure is that by al-

lowing the coupling constant to float we can study

the compatibihty of the various sets of data mea-

sured at different energies and at different labora-
tories. This is important because it is known that
the data on the reactions under consideration'

may suffer from non-negligible normalization un-

certainties.
The data sets used in the analysis are the follow-

ing. ' For pp ~n 6++„differential cross sections
do Idt at PL,

——2.8, 6.6, 8.1, and 10.0 GeV/c; for

pp ~pA+, du/dt at PL,
——4.55, 6.06, 7.88, and 9.9

GeV/c; for m+p +p b, ++, (poodo Id—t') at PL ——5.45
and 16 GeV/c and (pcodoldt) at PL, ——7.1, where
t'=t —t;„and poo is the spin density matrix ele-

ment which asymptotically isolates the unnatural

spin parity exchange contribution to the helicity
zero state. For each reaction, fits to the cross sec-
tions have been performed separately at each ener-

gy in order to determine the magnitude of the nor-
malization uncertainties. If the data on a given
reaction at different energies was compatible as in-

dicated by the fitted value of the +X' coupling
constant then a simultaneous fit to all the data was
carried out. This turned out to be the case basical-

ly for all three reactions where the various results
for g ~~ /4m. were in fair agreement with one
another as well as with the experimental range

given in Eq. (8). In any case, it was found that the
form factor parameters were highly insensitive to
changes in normalization.

The results of the fits are shown in Table I and
Pigs. 4—7 and they can be summarized as follows.
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TABLE I. Form factor parameters. from Reggeized OPE fits to differential cross sections.

Reaction Form factor
A

(MeV)

pp ~n 6++

~+p ~pop++

Monopole
Dual model
Monopole
Dual model
Monopole
Dual model

788+20

807+37

850—1000

3.7+0.3

3.4+0.4

2.5 —3.1

1.3
1.3
1

1

1 —2
1 —2

First, the prediction of the dual model, that I'~&z
should be equal to I" &~ and to F

&
when only

the pion is virtual and all form factors are normal-
ized to unity at the pole, has been amply con-
firmed. In fact, using the monopole or the dual
model with different initial parameters for the
mNN, ~NA, and map vertices one obtains as a
result of the fits that A„~~——A ~g ——A„p=A and

p zz ——p za=p z=p . This result actually holds
with a higher confidence level than what the stand-
ard deviations or the values of the chi squared per
degree of freedom, X~, in Table I seem to indicate.
Second, the results obtained for A and P are in

good agreement with previous determinations from
NN charge exchange scattering and charged pion

photoproduction. Last but not least, it should be
pointed out that the presence of the form factors
has been unequivocally established by attempting
to fit the data with F ~~(t) = l, in which case the
resulting XF increased by as much as 450, with

typical values in the range XF —30—100.

IV. CONCLUSIONS

Additional evidence has been presented here sup-

porting the prediction of the dual model that the
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FIG. 4. Experimental data on pp~nA++ at
PL ——2.8, 6.6, 8.1, and 10.0 GeV/c. Solid curves are the
predictions of Eq. (3) with the form factor parameters of
Table I.
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FIG. 5. Experimental data on pp ~pb, + at PL ——4.55,
6.06, and 7.88 GeV/c. The PL ——9.9 GeV/c data is not
shown for clarity but it has been used in the fits. Solid
curves are the predictions of Eq. (3) with the form factor
parameters of Table I.



2616 C. A. DOMINGUEZ 24

IO.O IO.O

2.0—

5.0—

(u 1.0—)
C3

05
E

-oi-a 0.2-
3

O.I—

PL= 5A5 (Gev/c)

) 2.0—
(3
JD
E

1.0—

0.5— P = 7 I (Gev/c)

0.05—

0.02—

PL= I

0.2—

O.OI 0.05 O.IO O.I5 0.20 0.25 0.30
—t' (Gev/c)

O.I
I I I I I I

0.05 0.10 O.I5 0.20 0.25 0.30
2-t {Gev/c)

FIG. 6. Experimental data on m+p —+p 6++ at
PL ——5.45 and 16 GeV/c. Solid curves are the predic-
tions of Eq.l4) with the form factor parameters of
Table I.

FIG. '7. Experimental data on m+p —+p Q++ at
PI. ——7.1 GeV/c. Solid curve is the prediction of Eq. {4)
with the form factor parameters of Table I.

pionic piece of any vertex function, with only one
pion off the mass shell, is universal. Although this
universality (which follows from factorization) is
much more general, the very nature of the present
analysis restricts the test to pionic vertices with
two particles on the mass shell. Although the tests
have been performed in the zero-width approxima-
tion, no major changes are expected from a unitar-
ized version of the model since unitarity correc-
tions have been shown to be minimal in the space-
like region. '

At the same time, new independent determina-
tions of the range and asymptotic rate parameters
of the n.NE vertex function have been performed

with the result that A 800—1000 MeV and

P 2.5 —3. This agrees with earlier determina-
tions ' based on the same method i.e., Reggeized
OPE parametrization of scattering amplitudes at
high energies and small momentum transfers, as
well as with the other extractions. ' .
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