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Nuclear level density and the mass distribution of fission fragments
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Using the single particle energy spectrum and Bethe's formula for nuclear level density,
the mass distribution of fission fragments is calculated for nuclei U, Fm, and ~ Pu,
and also for the compound systems ' Kr + "U and ' Xe+ ' Au at different excitation

energies. The results are in reasonable agreement with experimental yield curves.

RADIOACTIVITY, FISSION Nuclear level density, mass and charge

distribution of fission fragments.

I. INTRODUCTION

The mass distribution of fission fragments has
been a subject of great interest in the recent past.
There have been two major approaches to the prob-
lem of nuclear fission. One is the statistical method
due to Pong' and the other is the microscopic
method developed by Greiner and his co-workers '

using the two center shell model and Strutinsky's

prescription for shell correction. It is shown in Ref.
5 that the shell corrections in the separated frag-
Inents dominate and play a decisive role in the fis-

sioning mode. This had been realized earlier by
Wilkins eI; al. , who made an elaborate study of the
nuclear fission process by calculating the total ener-

gy of the fissioning system at the scission point. Ac-
cording to them, the probability of finding a frag-
mentation with mass numbers 3

&
and A2 is given

by

P(A i, A2) = f f exp[ —V(A i, A»Pi, P»r)/T„iJdPidP&

In the above expression the total energy
V(A i, A 2,pi,p2, 7 ) includes the temperature ( r),
dependent shell corrections, and the deformation

degrees of freedom (pi,pi) of the individual frag-

ments, and T„~ is taken as a constant equal to 1

MeV. However, it may be remarked that the ther-

modynamical probability for an ensemble is given

by exp(S), where S is the entropy, and hence, it is

proportional to the level density. This forms the
basis for Fong's method.

According to the statistical theory of fission pro-
posed by Fong, the probability of a fission mode
depends upon. the density of quantum states avail-

able for the fissioning nucleus at the point of scis-
sion. This density can be taken to be equal to the
product of nuclear level densities of the two frag-
ments (3 i,Z i) and (A 2,Z2) with excitation energies

E& and E2, respectively. To calculate the individual

nuclear level densities, Fong has used an approxi-

I

mate expression which takes into account only the

exponential dependence of the excitation energy.
The total excitation nuclear energy E( =Ei + E2)
has been calculated using the principle of conserva-

tion of energy

E = M*(A,Z) —M(A, ,Z, )

—M (A 2,Z2) —IC —D

where M*(A,Z) is the mass of the excited com-

pound nucleus undergoing fission and M (3 i,Z i)
and M (A2,Z2) are masses of the fission fragments
in their ground states. E is the total kinetic energy
of the fragments and D is the total deformation en-

ergy of the fragments. So, E is different for dif-

ferent mass divisions, different charge divisions, and

different kinetic energy values. Correspondingly,
the fissioning nucleus exhibits a mass distribution,
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charge distribution, and kinetic energy distribution
of fission fragments.

Although Fong's theory was successful in repro-
ducing the mass distribution curve for fissioning of
the compound system U, it failed in other cases.
For instance, it yielded a four-humped curve for

Pu instead of the observed two-humped behavior.
Furthermore, Fong's theory does not yield the fine
structure that is-observed in the mass yield curve for
fission of U with thermal neutrons.

Fong's theory, in its original form&, did not take
into account the shell structure. In a later contribu-
tion, he introduced the shell effects through the
two-center shell model calculation, but there, too,
the dependence of the single particle level density
parameter a on shell structure and nuclear tempera-
ture was not included. '

Ignatyuk" tried to use the level density of Er-
icson' which includes the pairing effects, but the
results obtained were not encouraging in the sense
that they did not reproduce the experimentally ob-
served most probable fission fragments. One reason
for its failure may be that the thermal equilibrium

which is the basic assumption in statistical fission

theories has not been strictly observed in the calcu-
lations. Furthermore, the constant values of the
Nilsson parameters used by the author for all shells

could possibly have affected the calculations and
lead to wrong results. These two deficiencies have

been removed in the present calculations in which

we use the well tested parameters of Seeger'; also
the temperature of the fragments has been kept con-
stant. These modifications have yielded good results

which are in qualitative agreement with experimen-
tal values. For example, in the case of U in

which fine structures (see Ref. 17) are observed in

the yield curve between masses 134 and 144, the
present theory reproduces the fine structures well,
although the yield of the most probable fission frag-
ment is slightly enhanced. The temperatures used
are less than 2 MeV, for which the shell effects
remain pronounced. The excitation energies for dif-

ferent fragmentation vary within 10 MeV of the
average value which is within the shell correction
limits.

Bethe's formula for nuclear level density is used
and the excitation energy is calculated from the mi-

croscopic single-particle energy spectrum. Thereby,
the shell structure of the' fragments is incorporated
in the theory. Besides, the- nuclear temperature
serves as a convenient parameter to determine the
total excitation energy as well as excitation energies
of the individual fragments. With these modifica-

The probability of nuclear fission P in a particular
mode yielding fragments (A i,Z i) and (A 2,Zz) is

proportional to the product of nuclear level densities

p& and p2 of the fission fragments

P ~ pip2

The nuclear level density p(E) in turn can be ex-

pressed as a function of excitation energy E by
means of Bethe's formula

p(E) = „(n/a—)'~ E. ~ exp(2VaE )

where a is the single-particle level density parameter

given by'

a = (ir /6)go ——E/T

with

go= gi, (~E)+ g. (~P ) . (6)

The nuclear temperature T should be the same for
both fragments since they are in thermal equilibrium

at the fiss'ioning stage. g& and g„are the single-

particle level densities for protons and neutrons,

respectively, and eg and eg are the corresponding
Fermi energies. The excitation energy E is given by

N, Z

g tliei g ei

where n; is the fermion occupation probability of
the single-particle state i with energy e;.

n; = j 1+ exp[(e; —e~)/T] )

The method of calculation is outlined below. The
single-particle levels e; are generated using the
Nilsson Hamiltonian as given in Refs. 15 and 16.
The Hamiltonian is diagonalized using a cylindrical
basis and Seeger parameters" are used for the I - s
and l terms. This allows the use of single-particle
levels over a wide range of nuclei. Then the excita-
tion energies E

~
and E2 of the two fragments are

calculated using expressions (7) and (8) at any given
nuclear temperature T. The single-particle level

density parameters a i and a 2 are obtained from Eq.

tions, the statistical theory yields the observed mass

distribution curves for 2 U, ~Pu, and SFm.

Also, the study of quasifission reaction compounds,
such as Kr+ U and ' Xe+ ' Au, yields
results in agreement with earlier theories and experi-
ments.

II. THE METHOD
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FIG. 4. The mass yield curve for the quasifission reac-
tion Kr + U at a temperature T = 2 MeV. The
sequential fission (SF) curve for the mass number
A = 198 is also shown. The experimental data corre-
spond to projectile energy E&,b ——600 MeV and are taken
from Ref. 20.

the experimental yield curve, ' one observes that
they are only the finer details not fully observed in
experiments. These fluctuations tend to vanish at
slightly higher temperatures. On the other hand,
the theoretical curve of excitation energy versus
fragment mass ratio obtained in Ref. 8 shows four
humps, well separated, implying disagreement with

experiment.
The. study has been extended to the quasifission

reaction ' ' Kr + U. The theoretical mass
yield curve in Fig. 4 shows two peaks, one at mass
number 125 and the other at 197. If one takes into
account the sequential fission of the heavier frag-
ment, it is possible to realize the experimental curve.
In Fig. 4, a specific case of sequential fission of the
fragment with mass number 198 is shown. The
charge distribution in the quasifission reaction of

Xe+ ' Au has been nicely reproduced (see
Fig. S).

As is usually the practice in all fission calcula-
tions, the present theory assumes the ideal situation
of binary fission and does not consider the prompt
neutron emission. Although the inclusion of the
emission of 2 —3 prompt neutrons is beset with
theoretical uncertainty, it may not significantly alter
the yield curves but cause only small variations in
the mass-yield distributions of light and heavy frag-

Charge number

FIG. 5. The charge distribution curve for the quasifis-

sion reaction ' Xe + ' Au at a temperature T = 2
MeV. The most probable charge numbers of the fission

fragments obtained are in agreement with the data report-
ed in Ref. 20. The experimental data correspond to pro-
jectile energy El,b ——761 MeV.

ments as observed by Farrar and Tomlinson. '

The success of the modified statistical theory out-
lined here is essentially due to (1) the extraction of
the single-particle level density parameter from the
single-particle energy spectrum and (2) the inclusion
of the dependence of the parameter on the nuclear
temperature of the fragments. The latter incor-
porates into the theory in a natural way the depen-
dence of the mass distribution of the fission frag-
ments on the excitation energy of the fissioning nu-
cleus.

Still the theory is a naive one and further refine-
ments are possible. One may study the eAect of in-

clusion of pairing in the level density calculations
and also the change in the probability of fission
yield with respect to the deformation of the frag-
ments. If one takes into account deformed frag-
ments there is no a priori rule to suppose that the
fissioning fragments are already in their equi1ibrium

shape and all that can be done is to allow the defor-
mation degree of freedom to vary for each fragment
combination and sum the probabilities over the de-
formation parameters cz& following %ilkins et a1.
The yield will then be

(10)

These refinements are expected to modulate the
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yield curves only slightly but the main results of this

paper will not be affected. However, as pointed out
by Wigner, there is a conceptual difficulty in

understanding the nuclear level density of a de-

formed excited nucleus, since "in the excited state
the nucleus will have different deformations. " So,
we have refrained from including the deformation
degree of freedom in our calculation and the yield
curves presented here are obtained by assuming the
fragments to be spherical. Besides, the yield curves
reported in this paper correspond to nuclear tem-
peratures T = 1.5 and 2 MeV and consequently,

the excitations of the nuclei are sufficiently large for
the results to be affected by pairing correlations.

The study can also be extended to ternary fission
and to rotating fragments. It is possible to intro-
duce the angular momentum degree of freedom to
the fissioning fragments by using the partition func-
tion of the rotating nuclei.
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