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Shell effects on the detesusination of neutron densities from hadron scattering
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The influence of spin-unsaturated subshells on the coupling between hadronic probes
and the target nucleons is studied for the case of elastic scattering. Particular attention is
focused on the case of pion scattering from nuclei where the o'n term in the pion-nucleon
t matrix gives rise to a surface correction term to the m -nucleus optical potential. A
closed form expression for this term is given and its effects on a few cases of m-nucleus

scattering are estimated. Similar estimates are made for proton-nucleus scattering at 800
MeV bombarding energy.

NUCLEAR REACTIONS Pion-nucleus and proton-nucleus elastic
scattering. Estimates of shell effects on determination of neutron den-

sities.

One of the major activities in intermediate ener-

gy physics over the past several years has been
focused on extracting the neutron and proton com-
position of both ground-state densities and transi-
tion densities. Although electron scattering is now
providing detailed information about the proton (or
more precisely the charged) component of the den-

sity, it provides little or no direct information
about neutron densities. To learn about neutron
densities, complementary studies of hadron scatter-
ing must be made. Because of uncertainties in the
strong interaction, the interpretation of hadron
scattering experiments is not nearly as transparent
as for electron scattering. Here we focus attention
on ground-state densities; most of the present con-
siderations also have counterparts in ine&astic

scattering.
For nuclei with X =Z one expects very small

differences between r„and r&, the rms radii of neu-
trons and protons, respectively. Somewhat larger
differences are expected for X& Z nuclei since the
excess neutrons occupy different shell model states
than those of the protons. Considering only even-
even nuclei for simplicity, ' O, Ca, Zr, " Sn,

and Pb would appear good candidates for
measuring r„or r„—rz, and such measurements
have been reported. ' A common characteristic of
each of the above nuclei (and many others with
N &Z as well) is that a significant fraction of the
neutron excess is believed to occupy spin-unsatu-
rated subshells (SUS) in which the j=I + —, orbit
is largely occupied and the j=I ——, orbit is largely

empty. The effects of these SUS on the scattering
of electrons have been discussed by Bertozzi et al.
and are non-negligible. Here we investigate the
analogous structure effect on the scattering of pions
and protons which arises from the o'n part of the
projectile-nucleon coupling where 0. is the spin of
the target nucleon. Just as the o'n part of the
projectile-nucleon coupling gives rise to a correc-
tion to the spin-independent part of the projectile-
nucleus coupling, the terms in the t matrix bilinear
in the spin operators acting on the target nucleons
and projectile can contribute to the projectile-
nucleus spin-orbit potential, and this has been dis-
cussed previously. Here we focus on corrections
to the optical model potential arising from the 0' n
term in the t matrix, since it is present even for
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where k(k') is the initial (final) momentum of the
pion in the m-N cm. When only p waves are im-

portant in t& it is convenient to write
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where
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and tI is independent of angle. The vector k may
to a good approximation be expressed as

projectiles with spin = 0.
For definiteness, we consider the elastic scatter-

ing of pions. Although it has been stated that the
o.~.n term is small for pion scattering from heavy
nuclei at low energies, we explore here its effects on
the delicate issue of extracting neutron rms radii.
The pion-nucleon (vr N) t-matrix in the m Nc.m-.

system is given by

and k~(kN ) is the momentum of the pion (target
nucleon) in the n.-nucleus c m. s.ystem, EN(E ) is
the total energy of the nucleon (pion) in the lab
frame, and M =E —P, the square of the four-
momentum. Terms of order 1/A have been

dropped. The tp term gives rise to the usual +-
nucleus optical potential; the t& term may, at each
bombarding energy, be regarded as the momen-
tum-space matrix element of the operator

+

t, (r')= e 'q "(qXV, ) 0'
k (2m)

r=r —r~ .
In a folding-model context this term contributes to
the m-nucleus optical-model potential a term

EU(r )=r1 I e
k (2n)

X p e qXV &~ p

(7)

k =a k —a&k&,

where

E~ M —E~ E
EN+E ' M E +E

(4) where 1()0 is the ground state wave function of the
nucleus assumed to have zero total angular
momentum, and r1=(e~N/E EN), where e; is the
total energy of particle i in the ~-N system; g con-
verts the t matrix to the lab system. Parity and
angular momentum considerations forbid the parti-
cipationof V and lead to (r~—+r):

(8)

which displays explicitly the sensitivity to the
correlation of the spin and orbital motion of the
target nucleons; j„ is a spherical Bessel function.
[The contribution of t) to Eq. (8) is a special case
of the term 4a from Eq. (5) of Ref. 8]. Apart from
its (suppressed) isospin dependence, the nuclear
matrix element in Eq. (8) is proportional to that
given by Bertozzi et al. for corrections to the
charge form factor. It is also proportional to a
finite-q version of the model-dependent M 1 sum
rule of Kurath. The integration over q may be
done, giving

aN I
b U(r) =

2 g t) [1'+(i(2) (1+1)Ni ()g2))—
4+k

1 dx —, [ru„,'(r)],r2 dr

I
where

f M„Ir dr= 1,0

NJ. is the ground state occupation number of the
level (nlj ), and the sum includes occupied proton
and neutron orbitals with the appropriate isospin
average of t&. Using the relationship between the
scattering amplitude f and the t matrix

e~+e'Nt= 2n.(lie)f, f—)
=

Ikxk I

gives
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1 d~U(r) = —(~ ) y [1N(+, (—l +1)N, ]— [ru„(r)],
n'+ N N nl 7' dp' (12)

fi ——c+d t~ rN,

where

(13a)

a correction -to the optical potential which typically
changes sign near the nuclear surface.

The reduced scattering amplitude fi is a matrix
in isospin space'

where T is the isospin operator of the nucleus and

U (U+) is the optical potential for m. (m.+) elas-

tic scattering.
Near the (3,3) resonance where measurements are

often made:

c=2d=, 5=&(3,3) .
3k

1

c = —,[ai3—a»+2a33 2a3i]

(13b)

If the SUS are all neutrons as in Ca, pion
scattering near the (3,3} resonance gives

1

d = —,[ai i
—ai3+a33 —a31],

e' sin5
+2T2J k & ~ ~2T2J ~ (13c)

and t (rN /2) is the isospin operator of the pion
(nucleon). The spin-independent part of the rr N-
amplitude may similarly be written as

3d

fi
2d

N —Z

for U

for U+
for Up

for U]

(14)fo ——a+b t
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It is this part off N which is usually assumed'
responsible for the m-nucleus optical potential.
Contributions from the c term in Eq. (13) clearly
modify the isoscalar part of the m nucleus optical
potential; the d term in Eq. (13) modifies the iso-
vector part of the optical potential and should give
rise to differences between m+ and m. scattering
beyond that implied by the b term in Eq. (14).
The (m+, n)reactio. n' should be even more sensi-
tive to hU associated with the d term, since in this
case only the neutron excess is sampled. To in-
clude single charge exchange (SCX) we write the
n.-nucleus optical potential as

)

in Eq. (12). The relatively large isovector o 'n term

for ~-N scattering is in sharp contrast to that in
E-N scattering at intermediate energies. "

An estimate of the size of the effect of hU on

the extraction of mean square radii may be made

using the local Laplacian model' for U. If the
moments of U are defined by

J„=4irf r +"dr U(r), (18)
p

then &r3) =J2/Jo. From Eq. (9) it is seen that hU
contributes nothing to Jp but changes J2 by

4~(r )' k. fi512= 7 2, 7: XLN' —
N)N,(& +&N) k k'

(19)
U +U+U= Up+ Ui t 'T, Up ——

U —U+
X—Z

(15) where y~l (N —Z) if the entire neutron excess is
in a single j= l + —, subshell. Near the (3,3} reso-

nance' with y=l (N —Z),

2

d N &
3)' l } (1 —)+Z& ')'(1+—)+ 2 E. I

+ E +E k2 g + 2

and where

—8 Pic) (21)

(20b) & r )„ is the mean square radius of the point neu-
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(22)

so that in the Laplacian model an extracted value

of (r )„will be smaller than the true value of
(r )„by ~5(r )„~. Near the (3,3) resonance
5r„—0.026 and —0.020 fm for" Ca and Zr,
respectively. Equation (22) may be compared with
the corresponding change in the mean square ra-
dius of the charge distribution due to SUS contri-
butions from Ref. 3,

iPN
(N —Z)

z mNC

tron distribution, and J+(J ) is for m+(n).
scattering. For both m+ and m. scattering, the
lowest order effect of b, U is to change the effective
mean square radius of the neutrons by-

5( g)
—&~ l (N —Z)5r n E+E I2 N

(E =300 MeV)

0.22l fm2
iY

of r„—rz).
For single charge exchange scattering the rela-

tive importance of SUS is enhanced, since in Eq.
(22) (N Z)—/N~l for nuclei like Ca and Zr,
where the rms radii of the neutron excess are de-
creased by 0.07 and 0.09 fm, respectively. This
correction should roughly unaffect SCX measure-
ments at 0 ', since 5J0, the change in the forward
scattering (q =0) t matrix in Born approximation,
vanishes.

The effects of SUS can be more important away
from the (3,3) resonance. For example, the large
predicted' cancellation between s- and p- wave

contributions near T =80 MeV for SCX scattering
increases the sensitivity of the overall process to
SUS corrections.

Similar corrections should be present for the
scattering of other hadrons. For proton scattering
the size of these effects may be estimated within
the impulse approximation, ' where the Fourier
transform ( U} of the central part of the optical po-
tential is given by

p~ ———1.91,
(23)

U(q)=t(q)p(q)

which gives 5{r ),'( = —0.014 fm for Ca and

5{r ),'( = —0.01 fm for Zr. The case of Pb
is of interest since both the 1h»&2 proton and li

]3/2 neutron shells are presumably full but their
spin-orbit partners are empty. The contributions of
SUS from protons and neutrons to {r ),h nearly
cancel, while the analogous contributions to m+-

scattering from Eq. (22) change the apparent rms
radii by 5r„—0.013 fm and 5r& —0.015 fm
near the (3,3) resonance.

Although the estimated changes in the rms radii
due to hU are small, they are comparable to analo-

gous electromagnetic corrections arising from the
same shell effects and to other sources of error
quoted' in the determination of (r )„. Changes in

(r )„are, however, much harder to detect (than
changes in (r )& ), but estimates using Eq. (22)
suggest a limit to the determination of {r )„
without explicit consideration of shell effects. (5r„
may be as large as 20/o of presently quoted values

2 JPP
=ZJ~g 1 —q {r') +

JPP

J(ll
+NJ'" 1 —q (r') +0 6 n

0

+ 0 ~ ~ (24}

'w' 2

2Mc
(25)

where j labels n or p. For the scattering of 800
MeV protons (H~and a, from Ref. 13, solution 2,

Ca, Table I) Eqs. (24) and (25) lead to

and J~ and J~" are the moments of the central
parts of the effective pp and pn interactions as de-
fined by Eq. (18}. 5J2 may be evaluated for proton
scattering using Eq. (19) with k~(E~) replaced by

kz(E& ). In the notation of Ref. 12,

4SG 208pb

Re 5r„=0.04 (0.05) Sr„=0.02 (0.02), 5r~ =—0.06 ( —0.35)
Im 5r„=—0.02 (0.005) 5r„=—0.01 (0.003), 5r~ = —0.01 (+ 0.003),
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where the 5r=5(r )' are in fm. A negative
value of 5r„, for example, implies that conventional
arI.alyses of scattering data which do not explicitly
include SUS effects should lead to values of r„
which are too small by

~

5r„~. The relatively large
changes in Re5r are due to the very small Refo at
800 MeV; their significance is unclear. The
changes in Im5r are smaller and within the uncer-
tainties of the currently quoted' ' differences
between proton and neutron rms radii and isotopic
differences in neutron radii. They are also compar-
able to those changes for pion scattering estimated
above. The numbers in parentheses correspond to
more recent unpublished values of Opj Aj and J~
provided by Ray. ' SUS corrections arising from
the two-body electromagnetic interaction' were es-
timated to be small.

The importance of the SUS term for other pro-
jectiles (p) may be estimated by using

(26)

where Jz(uI ) is the moment of r for that part of
projectile-nucleon interaction multiplying 1 o..

In summary, the effects of SUS on the extraction
of r„r~ —(or isotopic differences in r„) are found
to be relatively small but comparable to several
other currently quoted sources of error. The effects
of SUS on single charge exchange reactions are re-
latively more important providing' approximately
20% of the (n.+,n ) cross section near T =50
MeV.
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