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Mean kinetic properties of selected products from the fragmentation of Cu by 'H, He,
and ' C ions over energies ranging from 0.18 to 28 GeV/nucleon have been determined by
the thick-target, thick-catcher technique. Momentum transfer, as inferred from F/B ra-

tios, is observed to occur most efficiently for the lower velocity projectiles. Recoil proper-
ties of the target fragments, analyzed using the two step velocity vector model, vary

strongly with product mass. Rapidity (or some other velocity related parameter) is the
dominant projectile variable which governs momentum transfers to fragments from Cu.
This and previous observations of the importance of kinetic energy in determining frag-
ment yields are shown to be consistent with a simple kinematical model for the fragmen-

tation process. Major deviations from such simple behavior are observed for high-energy

heavy ions incident on heavy element targets.

NUCLEAR REACTIONS Cu fragmentation by 'H, He, and ' C,
T/A =0.18 to 28 GeV/nucleon, thick target, thick catchers; measured
F8', BR', and PW for six selected products: Na to Co, deduced

mean kinetic properties, natural targets, Ge(Li) detectors.

I. INTRODUCTION

The decade since the first successful acceleration
of heavy ions to relativistic energies' has seen
numerous investigations of their interactions with
complex nuclei. Many features of such reactions
can be understood in terms of a two-step mechan-
ism in which the excitation and deexcitation
stages are separated temporally. In the first or
abrasion step, as treated by the fireball, firestreak,
or rows-on-rows models, only those nucleons in
the region of overlap ("participants") take part in
the interaction between the target and passing pro-
jectile. Spectator parts of both —"prefragments"—
remain relatively undisturbed in their state of
motion (or rest) but may be excited and decay, e.g. ,
by particle emission, to the observed products in
the subsequent ablation step. These models em-
phasize the geometrical aspects of the collisions, in
particular the role of the impact parameter. They
suggest a division of products into three groups on
the basis of fragment velocities. Projectile frag-
ments appear in a distribution near the projectile
velocity; those from the target are found nearly at
rest in the laboratory system, with nucleons and
small fragments from the highly excited intersect-

ing region (fireball) appearing at intermediate
values. Central or near central collisions appear as
violent events in which both target and projectile
disintegrate into a high multiplicity shower of nu-
cleons and small fragments. The present work
focuses on the more probable, peripheral events
which lead to massive target (or projectile) resi-
dues, the role of target or projectile being deter-
mined by choice of the reference frame.

In addition to the above geometrical picture, two
hypotheses originally applied to energetic hadron-
hadron interactions have proven to be a useful
framework for describing nucleus-nucleus interac-
tions. ' The hypothesis of limiting fragmentation
predicts that both the cross section and energy
spectra of a fragment in its proper frame (either
projectile or target) should become independent of
bombarding energy at sufficiently high energies.
The second, factorization, asserts that these frag-
ment properties can be written as a product of tar-
get and beam factors. The distribution of target
fragments then will be independent of the nature of
the beam except for a constant term (the ratio of
projectile factors) and vice versa for projectile frag-
ments.

Evidence for the general validity of these notions

24 2162 1981. The American Physical Society



24 MOMENTUM TRANSFER IN THE FRAGMENTATION OF Cu BY. . . 2163

comes from studies" ' of the fragmentation of
' C, ' 0, and Fe projectiles on a variety of targets
and from data on the fragmentation of Cu, '

Ag ' ' Ta, ' Au Pb ' and U (Ref. 23} tar-
gets by projectiles ranging up to Ar. These ex-
periments indicate that projectile kinetic energy is
the important parameter in determining fragment
yield distributions. The onset of the limiting frag-
mentation region (as measured by the slope of the
mass yield curve} has been inferred to occur at -3
GeV kinetic energy for the Cu system. ' However,
other data show that appreciable differences persist
to higher energies for the heavier targets. %hen U
is irradiated with 25-GeV ' C ions, the mass yield
curve shows a peak at 160 &3 & 190 which has
no counterpart for other projectiles.

More detailed information on target fragmenta-
tion processes can be gained through measurements
of fragment kinematics. In particular, the thick-
target, thick-catcher technique can give informa-
tion on P~~, the velocity (in units of c) of the excited
prefragments after the abrasion step and on V, the
additional component of velocity imparted by abla-
tion. Experiments on the 25-GeV ' C and 28-
GeV 'H fragmentation of copper showed identical
values of V for the several products studied (from
A =58 to A =24), but enhanced (23%) values of P~~

for the heavy projectile. Comparing these data
with those for the proton and alpha particle spalla-
tion led to the conclusion that the limiting frag-
mentation region had not yet been reached for 25-
GeV ' C and further suggested that momentum
transfers in the abrasion step depended on projec-
tile rapidity (Y =tanh 'P) or some other velocity.
related variable, rather than its kinetic energy or
momentum. This is in contrast with results from
similar studies of Au targets where momentum
transfers to prefragments were found to be the
same for 25-GeV ' C and 28-GeV 'H projectiles,

suggesting, as was concluded from the cross section
studies, that kinetic energy is the determining
parameter. Recent results for 4.8-GeV ' C and
8.0-GeV Ne ions impinging on Ta and Au tar-
gets ' show that momentum transfers are sub-
stantially greater than those observed with 25-GeV
' C ions or 28-GeV protons and apparently greater
than those which would be observed at any proton
energy. The momentum transfers in the case of
Au were found to be essentially the same for 4.8-
GeV ' C and 7.6-GeV Ne projectiles.

The present experiment extends the previous
studies of the kinematics of fragmentation
processes in Cu targets to lower energies (4.8-GeV
'2C and 0.8-GeV 'H) and adds results for a projec-
tile of intermediate mass, He. A preliminary re-
port on some of the new results has been given.

II. EXPERIMENTAL

The experimental techniques used in the present
study are essentially those described previously.
Thick-target, thick-catcher stacks were irradiated
with a variety of light- and heavy-ion beams at
various accelerators. Table I summarizes this; it is
ordered by projectile kinetic energy per nucleon
(T/A) and lists the approximate fluence of parti-
cles. Target stacks consisted of 109-mg/cm Cu
foils with 18-rng/cm Mylar catcher foils on the
upstream and downstream sides. An additional
Mylar foil on the upstream side served as a blank,
and the four foils were vacuum encapsulated be-
tween pieces of 12-mg/cm heat-sealable Mylar. In
five of the irradiations, two such stacks, separated
by 10 cm, were exposed simultaneously. The beam
was incident normally on the first, but entered the
second at a 20' angle to its surface. Only the con-
figuration of normal incidence was used in the ex-

TABLE I. Proton and heavy-ion beams used in the thick-target, thick-catcher studies of
Cu target fragmentation.

Ion
Kinetic energy (T)

(GeV)
T/A

(GeV/nucleon) Rapidity Fluence Lab

4He
12C

4He
»C

0.72
4.8
0.81
4.0

25.2'
28.0'

0.18
0.40
0.81
1.0
2.1

28.0

0.612
0.896
1.241
1.358
1.849
4.129

2x 10"
1x 10'4

3X 10'
5x10'4
8X10»
1x10'4

SREL
LBL
BNL
LBL
LBL
BNL

'Results of these irradiations have been analyzed in part in Ref. 24.
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periment with 0.81-GeV protons.
After an irradiation, the activities of Na, Mg,

~Sc, " V 52Mn, and 58Co were determined in the
various foils from the counting rates of the more
intense y rays in each decay as measured with
shielded Ge(Li) detectors.

Basic results from each experiment are the three
quantities FW, BW, and PW which are listed in
Table II. F and 8 are the fractions of the activity
produced in the target of thickness W mg/cm
which were observed in the downstream and
upstream catchers, respectively, of the first stack.
The quantity P is the mean of the fractions ob-
served in the more-forward and more-backward
catchers of the inclined stack. Blanks due to ac-
tivation of impurities in the Mylar foils were negli-

gible for all isotopes except Na. Even in that
case, corrections were generally the order of a few

percent. In the worst case, that for 0.72-GeV He,
the tabulated value of BR' was reduced by 13%
from the raw value.

Some systematic trends are apparent in these ex-
perimental data without more detailed analysis:
First, for a given projectile and energy, FW, BW,
and PW decrease smoothly from the light products,

Na and Mg, to the heavier, near-target products
such as Co. Second, the entries in Table II for a
particular isotope appear to vary smoothly with
some function of the projectile's velocity. The
rows in Table II were ordered according to projec-
tile T/A to emphasize this effect. The general fall
of FW, rise of BW, and relative constancy of PW.
with increasing T/A are similar to dependencies
observed for proton induced reactions.

III. RESULTS AND DISCUSSION

It is informative to analyze the present results in
terms of a two-step model for the interaction,
a model commonly referred to as cascade plus eva-
poration in the case of incident nucleons, or what

TABLE II. Recoil properties of selected products from the interaction of energetic protons and heavy ions with

copper. '

Projectile, GeV/nucleon Mg 48V Mn "Co

FW (mg/cm )

4He,
12C

H',

4He,
12C

'8',

0.18
0.40
0.81
1.0
2.1 (Ref. 24)
28. (Ref. 24)

1.844(70)
1.770(17)
1.378(83)
1.302(37)
0.998(24)
0.957(32)

1.99(39)
1.79(08)
1.38(08)
1.36{17)
1.08(06)
0.96(03)

1.084(15)
0.851(08)
0.617(08)
0.631(10)
0.526(08)
0.460(05)

0.917(16)
0.673(04)
0.500(03)
0.495(21)
0.431(10)
0.364(04)

0.749(07)
0.530(05)
0.409(07)
0.409{10)
0.356(23)
o.3o7(o4)

0.330(13)
0.232(03)
0.191(03)
0.183(12)
0.171(12)
0.136(03)

BW (mg/cm')

4He,
12C

'H,
4He,
12C

'H,

0.18
0.40
0.81
1.0
2.1 (Ref. 24)
28. (Ref. 24)

0.179(55)
O. 198(O5)
0.356(34)
0.300(19)
0.376(13)
0.430(17)

0.33(19)
0.21(02)
0.36(03)
0.48(10)
0.40(04)
0.44(02)

0.037(02)
0.066(01)
0.099(02)
0.130(05)
0.156(05)
0.166(03)

0.040(06)
0.055(02)
0.083(02)
0.115(15)
0.134(07)
0.133(02)

0.021{02)
0.046(01)
0.068(01)
0.101(07)
0.111(06)
0.109(02)

0.022(05)
0.036(02)
0.042(O1)
0.062(10)
0.065(06)
0.058(02)

PW (mg/cm )

He, 0.18
' C, 0.40
'H, 0.81
He, 1.0
'C, 2.1

'H, 28.

0.810(30)
0.851(08)

0.727(13)
0.718(08)
0.654(04)

0.92{15)
0.87(03)

0.80(04)
0.66(03)
0.61(02)

0.390(03)
0.365(04)

0.333(05)
0.326(05)
0.291(02)

0.313{06)
0.299(03)

0.278(06)
0.284(04)
0.238(02)

0.261(02)
0.244(03)

0.226(03)
0.232(03)
0.198(01)

0.133(03)
0.121(02)

0.120(05)
0.127(04)
0.099(02)

'The error on each tabulated value is shown in parentheses, e.g., 1.844(70) is to read as 1.840+0.070.
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TABLE III. Summary of minimum b/a values consistent with the experimental data.

Projectile
Isotope

0.72 GeV
4He

4.8 GeV
12C

40 GeV
4He

25 GeV
12C

28 GeV

Na
Mg

~sc
48V

Mn
"Co

—0.18+0.36
+0.27+1.51
—0.12+0.08
+0.43+0.24
—0.10+0.09
—0.09+0.28

—0.37+0.04
—0.33+0.18
—0.20+0.06
—0.29+0.05
—0.36+0.05
—0.28+0.08

—0.11+0.13
+0.30+0.64
+0.01+0.10
—0.09+0.23
+0.06+0.14
—0.18+0.30

—0.37+0.07
+0.25+0.37
—0.15+0.08
—0.30+0.09
—0.26+0.18
—0.43+0.18

+0.08+0.16
+0.52+0.23
+0.06+0.05
—0.06+0.05
—0.05+0.05
—0.24+0.10

Mean —0.08+0.06 —0.32+0.02 —0.02+0,06 —0.28+0.04 —0.02+0.03

'Essentially identical values of b/a are calculated from the conventional equations (Ref. 33) when uj ——0. However, er-

ror estimates are not readily obtainable.

is equivalent, abrasion-ablation if the projectile is a
heavy ion. Such a treatment assumes that the
velocity distribution of a product can be resolved
into two components, a v resulting from the initial
projectile-target interaction, and a V arising from
the subsequent deexcitation of the excited prefrag-
ment to yield the observed product. The vector v

may have components u~~ and ut measured witIt
respect to the beam direction, and V may have an
anisotropic angular distribution in the moving sys-

tem conveniently parametrized in the form

(1+b/a cos 8)/(1+8/3a).
Procedures for the analysis of the present data

are described in the Appendix in detail as they
difFer somewhat from those in common use.
The systems are underdetermined, as unique values

of the four parameters v~~, vt, V, and b/a cannot,
in general, be inferred from the three measured
quantities. Rather, the data serve to establish
correlations between and limits on the parameters.
A typical example is given in the Appendix. It
shows that the strongest correlation is between b/a
and uz. Depending on their values, fragment emis-

sion observed at 90' {in PW) may either be
enhanced or depressed compared to that expected
for isotropic emission in a forward moving system

(v~) and V only}. Listed in Table III are values of
b/a deduced from the present experiment assum-

ing vq ——0. The values for incident protons and al-

pha particles scatter about and average close to
zero, consistent with isotropic emission. On the
other hand, those for incident ' C'ions at both en-

ergies are consistently negative. This is some evi-
dence for enhanced sideward emission, either a
negative anisotropy (b/a & 0) in the ablati, on step
or, what has the same eAect, a nonzero value of uz

(a sideward directed recoil from the abrasion step}.
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FIG. 1. Dependence of V [part (a)l and P~~ [part (b)]
on projectile rapidity. Filled points are from the present

work, those open are from Ref. 25. In each section of
the figure the curves have the same shape but are verti-

cally adjusted to fit the data for each isotope. The
dashed curves in (b) show the dependence expected if a
'H, He, or ' C projectile were captured by the Cu tar-

get. Projectile types for each group of points are indi-

cated with arrows above the abscissa scale.

While the present results are suggestive, more de-

tailed experiments on fragment angular distribu-

tions from thin targets are necessary to draw firm-

er conclusions. In the sections which follow we

focus on those quantities which are determined

better in experiments of the present type.
Values of V and

II)~~ (=u ~~/c) a«plot«d in Fig. 1

as a function of projectile rapidity Y. This is a
convenient velocity related variable
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TABLE IV. Comparison of different procedures for the analysis of Na production from
Cu by 4.8-GeV ' C ions.

Input Range curve V (MeV/nucleon)' U~~ (MeV/nucleon)' Notes

FW,BW
FW, BW
FW, BW
FW,BW

FW, BW,PW

k(T/A) ~

k(T/A)""
polynomial
k(T/A) i
polynomial

1.037+0.006
1.041+0.008
1.025+0.007
0.971+
1.061+0.038

0.474+0.003
0.474+0.005
0.481+0.005
0.483+
0.487+0.032

Ref. 24
this work
this work
Ref. 34'

this work

'The program used did not have provision for error analysis.

( Y=tanh 'a=0.5 ln [(1+P)/(1 —P)]). Filled
points are from the present experiment. Open
circles for Na at Y values of 0.68, 1.16, and 2.12
were obtained from the data of Crespo et al. for
0.88-GeV He, 0.70-GeV 'H, and 3-GeV 'H,
respectively, incident on Cu. Errors on the values
of V arising from errors on the measured I'8' 88'
and I'8' are comparable to the size of the points in
Fig. 1. Those on P~~ are somewhat larger, the larg-
est being indicated on the point for Co formed by
He ions at Y =1.36. We note that assumptions

implicit in the analysis can introduce additional
uncertainties beyond the purely statistical ones (see
Table IV and Fig. 7). Because the same procedures
were used throughout this work, Fig. 1 should give
an overall picture from which the major trends of
the kinematics of target fragmentation can be in-
ferred.

An important feature of Fig. 1 is the monotonic
dependence of both the abrasion step parameter P~~

and the ablation step parameter V on the mass of
the observed product. Focusing on a particular
product is tantamount, on the average, to selecting
a subset from the wide range of excitations which
occur in target fragmentation. In the study of 25-
GeV ' C and 28-GeV 'H interactions, both the
variation with target-product mass difference and
the absolute values of V were shown to agree with
those predicted by a semiempirical model for
deep-spallation reactions. The present results
[Fig. 1(a)] extend the range of that work and indi-
cate that V is remarkably independent of the nature
of the projectile (its mass or rapidity). There is
more extensive ablation associated with the lighter
products as expected. The straight lines in Fig.
1(a) suggest a small (17%) decrease in going from
the lowest to highest rapidities, an effect not much
larger than those which may be due to systematic
errors in the analysis procedures. ,The overall pic-
ture of independence of the decay (ablation) mode

from the formation mode suggests the validity of
the factorization hypothesis in a similar way to
that observed in cross section studies. In that case,
single particle inclusive cross sections were found
to depend on target-product mass difference but
depended on projectile type only via the total cross
section as a scaling factor.

Returning now to the first step of the reactions,
values of P~~ [Fig. 1(b)] show, in addition to the
dependence on final fragment mass, a much greater
dependence on projectile rapidity than was seen for
V. The solid lines in this figure have the same
shape but are vertically displaced for optimum
fits to points for the different isotopes. They show
the asymptotic behavior predicted by the limiting
fragmentation hypothesis and, to the extent that
points for different projectiles fall on a common
curve for a given isotope, support the idea of fac-
torization. In this case the projectile rapidity (or
some other velocity related variable) and the final
product mass are the important variables in deter-
mining momentum transfer in the abrasion phase
of a target fragmentation reaction.

The general shape of the curves in Fig. 1(b) is
similar to those observed for proton induced reac-
tions such as Al(p, 3pn) Na and '

Au(p, x)' Tb
which have been studied over a wide range of ener-
gies. ' The low values of P~~ and the inverse
correlation between P~~ and Y indicate only partial
momentum transfer between projectile and target
in the initial step of the reaction. Shown by the
three dashed curves in Fig. 1(b) are the values of
P~

~

appropriate for complete fusion between target
and projectile. Except for products well removed
from the target and at the lowest Y values, the
present results are not consistent with the capture
of even a single nucleon from the projectiles. We
do anticipate that a& some point there will be a
transition between the solid and dashed curves.
For the simple reaction, Na production from Al,
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Poskanzer's analysis suggests that it occurs at
Y =0.36 for 'H and at 0.18 for He projectiles. It
will be of considerable interest to explore this re-
gion in detail for reactions of the type studied in
the present work in order to connect complete-
fusion and deeply inelastic interactions on the low
side with the typical high-energy behavior which
occurs for Y)0.5.

Values of pII for V as a representative target
fragment are plotted as a function of projectile ki-
netic energy in Fig. 2(a). The solid curves were ob-
tained from the single curve for this isotope in Fig.
1 by the appropriate transformations from Y to T.
With this choice of abscissa, it is apparent that de-
viations of pII from the limiting fragmentation
value persist to progressively higher energies as
projectile mass increases. The dashed curve in Fig.
2(a) is a prediction for Kr, an ion which should
be available in useful intensities from the upgraded
LBL Bevalac. In this case, deviations of a factor
of 2 are expected at kinetic energies of several tens
of GeV.

The approach of the target fragment yield distri-
bution to its limiting shape is shown in Fig. 2(b).
This figure, taken from Ref. 16, is evidence both
for factorization (because points for different pro-
jectiles fall on the same curve) and for limiting
fragmentation (because of the energy independence

of the slope at kinetic energies above -3 GeV).
The importance of the comparison between Figs.
2(a) and 2(b) is that the yield distribution reaches
its asymptotic limit at an appreciably lower energy
than does the momentum transfer (as measured by

PII values) in the initial steps of the target fragmen-
tation process. While projectile kinetic energy may
appear to be a good scaling variable for one frag-
ment property, it may not be appropriate for
another. We will show in the section which fol-
lows that this behavior can be understood in terms
of simple models for the fragmentation process.

IV. MODELS FOR MOMENTUM TRANSFER

The above discussion of momentum transfer has
emphasized the qualitative ideas of factorization
and limiting fragmentation. A number of simple
models have been proposed to treat quantitatively
peripheral reactions involving small energy and
momentum transfers from the bombarding particle.
These all assume a two-step mechanism and treat
the result of the abrasion step as a quasi-two-body
system. Although differing in details of the initial
interaction, they all predict the same functional
form

pql!=AET[1+k(1 p )
~ ]

20—

IO—

I I 0 I I lli

~He

H

IZC 86K

I I I I I I I II

for the dependence of longitudinal momentum
transfer qI I

on the projectile's velocity p. Equation
(1) is consistent with the limiting fragmentation
hypothesis in that

q~~ approaches the constant AET
as p approaches unity and with factorization as

I IIII I I I I I IIII

well, if AET and k are independent of projectile.
These models identify AET with the energy

D
O

tu
0-

0a E0
0 g

20—

10—

I I I I I III I I I I I I III I I I I I I II

(b)

transferred to the prefragment. Strictly speaking,
EET includes the excitation E*of the prefragment
which is subsequently dissipated in the ablation
step, binding energy needed to remove nucleons (if
any) from the target in the abrasion step, and ki-

2
0.2

I I I I I III
0.5 I 2 5 IO

Kinetic Energy

lt
Ar

I I I I I I I II

20 50 I 00 200
(GeV)

FIG. 2. Dependence of pII for 'V formation [part (a)]
and the slope of the mass yield curve [part (b)] for
copper fragmentation on projectile kinetic energy.
Points in (a) are from the present experiment. The
curves were calculated from the curve for V shown in
Fig. 1(b). They are identified as to the appropriate pro-
jectile. {b) is taken from Ref. 16, which cites sources
and details.

netic energy of the recoiling prefragment. Howev-
er, E*. is the major contributor for most reactions.
Details of the assumed mechanism are contained in
the dimensionless constant k which determines
how rapidly the reduced momentum transfer pq II

rises above its limiting value as the projectile velo-
city decreases. The experimental observation [Fig.
1(b)] that momentum transfer is a universal func-
tion of projectile rapidity requires that k be in-
dependent of projectile mass. We will return to k
after first discussing the model independent quanti-
ty AF-z.
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~A=6'-ap
FIG. 3. Dependence of EEz-, the constant which

determines the asymptotic limiting-momentum transfer,
on mass number difference between the target and ob-
served product. Points are from the present work. The
curve labeled (n +p) indicates energy required for form-
ing the product by emission of individual nucleons. The
lower curve labeled (n +p +a) is that for maximum
emission of alpha particles.

40 50

Values of 4ET for products studied in the
present work are plotted in Fig. 3 as a function of
mass numbei' difference M between target and
product. These were obtained from the asymptotic
values of P~~ from Fig. 1(b) with the assumption
that the prefragment had A =63. Their uncertain-
ties are estimated to be the order of +10%.Figure
3 shows the expected strong correlation between
the length of the ablation cascade (as measured by
M) and the energy deposited in the abrasion step.
This may be quantified in terms of the energies
needed to reach the observed products. ' The up-
permost curve (nearly a straight line) in Fig. 3 la-
beled (n +p) traces the minimum energies required
to form the observed products by emission of indi-
vidual nucleons. As expected, points for Co to

Sc fall somewhat above this curve, the difference
reflecting the kinetic energy of the emitted nu-

cleons and nuclear recoil. For the lighter products,
particularly Na, there is essentially no excess,
suggesting some heavier aggregates are emitted.
The lower curve, that labeled (n +p +a) in Fig. 3,
is that for product formation with the emission of
the largest number of a particles. The general
trend of the present data suggests some emission of
nucleon aggregates during the longer ablation cas-
cades, consistent with a semiempirical analysis of
deep spallation reactions.

As noted above, details of the physics of the
various models are reflected in the constant k of
Eq. (1}. An early treatment of proton induced
reactions, the single fast nucleon (SFN) model,

assumed that the projectile was neither deflected
nor excited in its initial interaction. Such a model
predicts k =0 and a very weak (g ') dependence of

q~~ on projectile velocity.
A less restrictive model, which has been applied

extensively to proton induced reactions, has been
proposed by Turkevich. This assumes an elastic,
grazing collision between the projectile and a target
nucleon, in which the low-energy recoil nucleon is
captured by the target and contributes excitation
and momentum to the prefragment. For incident
protons this model predicts k =1, or in the more
general case, k =1/m~, where m„ is the projectile
mass. (In this and the following discussion, masses
are expressed in units of the nucleon mass. }

In the collective tube model (CTM), the projec-
tile is assumed to interact collectively with hmT of
the nucleons in the target. As applied to target
fragmentation reactions, this model leads to an
equation of the form of Eq, (1) with k =b,mTlm~.
For two well-studied, proton-induced reactions, k
was found to be 0.9+0.2 for Na production from

Al, and 3.1+0.4 for ' Tb production from ' Au.
Winsberg has extended this analysis to a variety
of other reactions and had deduced. values of k
ranging from near zero to 12.7. The larger values
were found to be associated with large mass losses
from heavy element targets.

Several models have been developed specifically
for heavy ion projectiles. The friction treatment of
Abul-Magd et al. considers the abrasion step in
terms of a multiple independent collision model
(MICM), each step of which involves transfer of a
small momentum to an individual target nucleon.
The "friction" loss as the struck nucleon climbs
out of the target potential well heats the nucleus

(giving rise to bFr) and transfers momentum
q~~

to
it. The kinematics of a single step leads to k =1.
If the velocity of the exciting projectile remains
nearly constant, then the result of a series of steps
will'have the same form as Eq. (1) with values of
DER and

q~~ appropriate for the overall process.
The dual nova model of Masuda and Uchiya-

ma assumes difFractive excitation of both beam
and target nuclei, with no exchange or loss of mass
or charge, to produce target and beam novas with
excitation energies hE, and AEz, respectively. For
this model, k =LE~/EET. As expected, when the
beam particle is not excited (EEs ——0) the kinemat-
ics become identical with those of the SFN model.

The dimensionless quantity alb, ET is plotted
vs (1—P )' in Fig. 4. This choice of ordinate
serves to remove the strong dependence of q~~ on
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product. Equation (1) predicts a linear relationship
between these variables, rising with slope k from a
unit intercept. The points in Fig. 4 exhibit this
general trend. Individual points for Co and Na
have been connected by short- and long-dashed
lines, respectively, to examine any dependence of k
on product. This generally appears to be small.
The solid line in Fig. 4 is that for k =1. The
points scatter about it with an rms deviation of
9'. Fitting all the data with k as a free parameter
gave a value of 1.11+0.13 with no significant im-

provement in the quality of the fit. Least squares
analyses for individual isotopes gave k values rang-

ing from 0.9 to 1.3 with relatively large errors of
+0.3. VA'nsberg has deduced that k =1.3+0.3
for Na production from Cu by high-energy pro-
tons, consistent with the present result for a wider
range of projectiles.

Figure 4 is clearly at variance with the k =0
predicted by the SFN model and the special case of
the dual nova model in which there is no beam ex-
citation. In the general case, k =&Rs/AFT We.
have evidence that AET is relatively independent of
projectile type from the near independence of V on
projectile mass or energy [Fig. 1(a)]. Constancy of
k then implies a commensurate independence of

I 200

I 000
0.4 A GeV

800

~F&. Since the density of states available is so dif-
ferent for 'H, He, and ' C projectiles, this would

appear to require an unlikely accident.
The reciprocal dependence of k on m~ predicted

by the original forms of the Turkevich model and
the CTM also is not consistent with the data. For
example, if k =1=hmT/m&, then for m& ——12,
bmT would equal 12, an absurd result for the for-
mation of Co from Cu. Such a failure might
have been expected when the projectile is a com-
plex nucleus. In a peripheral collision, only some
fraction b,m& of its mass may be effective and k
would become 1/hmz or b,mT/bmz for the Turke-
vich and CTM, respectively. In the absence of any
collective effects, both models reduce to k =1, the
same value predicted by MICM of the friction
type. It has been noted that significant collective
effects (k » 1) appear to be confined to targets ap-
preciably heavier than copper.

The general consistency of the data on copper
fragmentation with the hypotheses of limiting frag-
mentation and factorization and with the simple
kinematical model suggests that Eq. (1) might be a
useful framework for examining data from other
target systems. %'hile an extensive review is
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FIG. 4. Analysis of momentum transfers in the frag-
mentation of Cu by various projectiles in terms of an
equation [Eq. {1)]based on general kinetical considera-
tions. The points are from the present experiment. The
solid line is that predicted for k =1. The dotted and
dashed lines connect individual points for Na and Co,
respectively.
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FIG. 5. Comparison of momentum transfers to prod-
ucts of the fragmentation of gold with corresponding
products from copper. The upper and lower solid
curves are determined by the present results for 4.8- and
25-GeV ' C, respectively, incident on copper. The
points are for gold targets and 25-GeV ' C (0), 4.8-GeV
' C {o),or 7.6-GeU t Ne {8)projectiles from Refs. 26
and 49. The dashed curve shows the general trend of
the highest energy results.
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beyond the scope of the present paper, some com-
parisons will serve to point up the similarities and
differences between copper and heavier targets.

Momentum transfers in the fragmentation of
gold targets by heavy ions ' are compared in Fig.
5 with those observed in the present work. In this
comparison, the assumption has been made that
reactions requiring the same energy deposition
AET will have the same q~~

if k does not depend on
target. Furthermore, —Q, the energy needed to
form the product by nucleon emission, has been
used as an approximation to AET. A strong corre-
lation between LET and —Q has been shown in

Fig. 3. For targets over a narrower mass range,
comparison at constant M might be equally satis-
factory.

Data for 4.8-GeV ' C ions incjtdent on gold
(open circles) and for 7.6-GeV Ne (filled squares)
fall reasonably close to the curve labeled 0.4A GeV
in Fig. S which is defined by the present experi-
ments with 4.8-GeV ' C. Kaufman et al. have
noted the near equality of the momentum transfers
for these ' C and Ne ions which have nearly the
same velocity. This and the agreement with the
copper results are consistent with the k =1 form of
Eq. (1).

Major differences appear for the higher velocity
projectiles. Observed momentum transfers for 25-
GeV ' C ions incident on gold (filled circles in
Fig. 5) fall well below those observed when the
same projectile is incident on Cu (the lower solid
curve). However, the trend of the gold data as
shown by the dashed line suggests an approach to
the Cu curve if data for products nearer the target
were available.

Longitudinal momenta transferred to fragments
with A —149 by the interactions of energetic pro-
tons and heavy ions with gold are compared in
Fig. 6 in a form suggested by Eq. (1). Crosses are
results for '

. Tb production by protons. The
high velocity portion of these data [(1—P )'~

&0.4] has been taken as evidence for collective ef-

fects (k =3.1 as shown by the dashed line) in this
target system. However, bending of the solid
curve, which indicates the trend of the proton data,
shows that Eq. (1), with constant values of both
~T and k, is not valid, even for a single projec-
tile, over the whole range covered here.

Points for heavy projectiles in Fig. 6 are averages
of data ' for ' Gd, ' Gd, and ' Eu to reduce

. scatter. Momentum transfers for the lower energy
iona (4.8-GeV ' C and 7.6-GeV Ne) are consistent
with a reasonable extrapolation of the proton data

800

600

k =5.I
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FIG. 6. Coinparison of reduced moments Pq~~ for
fragmentation reactions in gold leading to products with
A —149. Symbols are: + for protons of several ener-

gies; 0 for 4.8-6eV ]2C; ~ for 25-6eV i2C; and g for
7.6-6eV Ne. The solid line traces the general trend of
the proton data. Dashed lines labeled k =3.1 and k =1
indicate the dependence predicted by the simple model

[Eq. (1)] with and without collective effects.
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as would be expected if factorization were valid.

However, the point for 2S-GeV ' C falls well below
the curve for protons at any velocity. Kaufman
et al. have suggested that this more rapid de-
crease might be due to greater collectivity for the
heavy ions. The apparently negative asymptotic
limiting value of

q~~
for the heavy projectiles is a

serious problem for such an interpretation in terms
of Eq. (1). It is interesting to note that the fireball
model could not account for spectra of energetic
particles from the highly excited participant region
when the bombarding particle was a 2.1A-GeV

Ne but did give satisfactory fits at 0.25A and
0.4A GeV.

Failure of any simple model to account for com-
plex reactions induced by high-energy heavy ions
in heavy element targets might have been anticipat-
ed from results when energetic protons are the
bombarding particle. Abnormally low momentum
transfers have been reported for a variety of prod-
ucts in these proton induced reactions. Thick-
target, thick-catcher studies ' have indicated essen-
.tially zero

q~~
for products such as V from gold

at 28 and 300 GeV, despite the fact that excitation
functions show that large deposition energies are
necessary for their formation. A recent analysis
of ' Ba production from U in terms of Eq. (1) has
given a surprisingly low value for ~&&-, 67 MeV,
for this reaction which involves loss of 110 nu-
cleons from the target, and a high value for k, 27.
Measurements of angular distributions have
shown, in addition to the development of sideward
peaking, that many fragments from both U and
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Au are emitted preferentially into the backward
hemisphere in the laboratory system.

Perhaps more importantly, some experimental
data indicate a failure of the two step picture
which underlies the models and the analysis of the
experimental results. For proton energies in the
2—6 GeV region, intensities of fragments such as

Na in the forward direction are too large to be
consistent with the observed values of qll.

7

Even more surprising is the observation that the
direction of the breakdown of the two step model
reverses at very high energies. At 400 GeV, the
observed excess of Sc fragments in the backward
direction is not the consequence of negative qll.

V. SUMMARY

Thick-target, thick-catcher studies of the interac-
tion of 'H, "He, and ' C with Cu have been
analyzed to give mean kinetic properties of the
abrasion and ablation steps of these fragmentation
reactions. Longitudinal momentum transfers in
the abrasion stage are shown to be a strong func-
tion of the mass of the final product and to depend
on the rapidity (or other velocity related variable)

of the projectile. These data and those existing for
fragment cross sections are discussed in terms of
the hypotheses of limiting fragmentation and fac-
torization. It is shown that the apparently con-
flicting dependences of yield pattern on projectile
kinetic energy and of the momenta on projectile
velocity can be reconciled in terms of a simple
kinematic model in which the initial interaction is
either a single collision between a projectile nu-
cleon and a target nucleon, or a series of such col-
hsions each involving small transfers of energy and
momenta. Extension of this picture to heavy tar-
get elements is only partially successful. Large de-
viations are observed for high-energy (2.1A GeV)
heavy ions for products 30 or more nucleons re-
moved from the target, although general agreement
is seen at 0.4A GeV for products as much as 50
nucleons removed. The behavior of the more ener-
getic heavy ions represents a continuation of trends
observed for high-energy protons which involve the
onset of reaction mechanisms which are not well
understood.

This research was performed under contract with
the U.S. Department of Energy.

APPENDIX: ANALYSIS OF THICK-TARGET
RECOIL DATA

Various procedures ' have been developed for
deriving the two-step model parameters vll, vz, V,

and b/a from the values of FW, BW, and I'W
measured in thick-target, thick-catcher recoil ex-
periments. In general, these entail truncation of
series expansions in the quantities nil

——v ll/V and

QJ —v J /V which may not be valid if pl l
or nq are

large. The procedure described below does not use
such expansions and permits examination of corre-
lations between parameters as well as effects of
some of the assumptions in other methods of data
analyses on them.

For the analysis of the present data, range-
energy curves for Sc, " V, Mn, and Co in Cu
were obtained as polynomial approximations to
log-log plots of the values tabulated by Northcliffe
and Schilling. ' For Na and Mg, more recent
data from W'insberg were used. We have com-
bined these range-energy curves with a numerical
integration procedure to calculate I'8', 88' and
PR'from trial values of the parameters V, vol, vz,
and b/a. This calculation was incorporated into a
nonlinear least-squares program which refined the
parameters for optimum agreement with experi-
mental values. %hile the system is underdeter-
mined in that, at most, three parameters can be
determined from the three input data (FW, BW,
and PW), we are able, by fixing values of the fourth
parameter, to explore sets of the parameters which
are consistent with the experimental data and to
estimate how sensitive the various derived quanti-
ties are to assumptions concerning the others.

The above procedure differs from those in com-
mon use ' in that it does not assume a power
law dependence of range on energy
(R =k(T/A) ~ ), or the validity of series expan-
sions if vz and b/a are n6nzero. It sti11, however,
assumes unique values of parameters rather than
distributions of them. The effects of some of these
changes are explored in Table III for the produc-
tion of Na by 4.8-GeV ' C ions. Line 1 gives
values of V and v

ll
obtained from FW and 88' us-

ing the conventional procedures which were used
in the previous work from this laboratory. "' Sub-
stitution of the numerical integration (line 2) for
the series expansions causes negligible changes as
expected since b/a and vj have been forced to
zero. Introduction of the polynomial range curve
(line 3) also results in small changes. Line 4 shows
results of an analysis using a procedure due to
Winsberg which includes a distribution of V but
none for v ~~. The derived value of V (average in
this case) is reduced by -5%, but v~~ remains
nearly the same.

The last line in Table IV shows the results of
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FIG. 7. Dependence of V, u~~, and U~ on values of
b/a assumed in analyzing the experimental data for

Na production from Cu by 4.8-GeV ' C ions. The
cross hatched rectangle is a measure of the effects of ex-
perimental errors in the analysis of the v&-(b/a) correla-
tion. It does not indicate this value is more to be pre-
ferred than any other along the curve labeled v&.
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forcing all three measured quantities, I'W, BW, and
PW, to fit two parameters. Higher values of both
V and u~~ are obtained and larger errors indicate
that the quality of the fit is -7 times poorer than
would have been expected from the errors on I'W,
BW, and PW. The observed value of PW is larger
than that expected for isotropic emission from a
forward moving system, suggesting that b/a or uz

are nonzero. This is explored in more detail in

Fig. 7. Here b/a plays the role of the independent
variable and V, u~ ~, and vz are adjusted by the
least-squares program for optimum fits to the input
data. To the left of the intersection of the uj curve
with the abscissa at b/a = —0.37, values of I'W,
BW, and PW cannot be fit exactly by the model.
A nonphysical uz &0 would be required in this re-
gion.

To the right of b la = —0.37, vq and bla play
competing roles with the curve denoted uz in Fig.
1 tracing the locus of pairs of values consistent
with the data. It is apparent from Fig. 1 that the
present sort of experiment cannot, over a wide
range of values, resolve whether the excess emis-
sion observed in the P catchers is due to a first
stage directed motion (Uz) or a second step aniso-

tropy (b/a). However, the value of v~~ depends
only slightly on either assumption while that of V
appears anticorrelated with uq, decreasing by 13/o
as uz increases from 0 to 0.58, in the region illus-
trated in Fig. 6.

The position of the intercept in Fig. 6 is useful
in characterizing preferred directions of emission.
In the illustrative case (negative intercept), excess
recoils are observed in the P catchers. If the inter-
cept were at b/a =0, the emission could not be
ruled out as occurring isotropically in a forward
moving system. On the other hand, an intercept at
b/a & 0 would imply a preference for forward-
backward emission. Results from the present ex-
periments are given in Table III.
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