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We present the giant electric-dipole and electric-quadrupole cross sections of" Ca and
Ca measured by inelastic electron scattering with incident energies between 124 and 250

MeV. Spectra were decomposed into dipole, quadrupole, and other higher multipole com-
ponents. The giant dipole resonances in both nuclei have a large width of approximately
12 MeV, with at least two gross resonance structures. The quadrupole resonances are dis-

tributed in several clusters between 10 and 22 MeV, depleting (61+9)% in Ca and

(46+7)% in Ca of the isoscalar energy-weighted sum rule, respectively. Higher mul-

tipole resonances were also found in the same excitation energy region; The observed
structure in the dipole and quadrupole resonances are examined in terms of the collective
model, and it is suggested that the splitting of the dipole resonance revealed in Ca may
reflect the effect of nuclear deformation.

NUCLEAR REACTIONS Ca (e,e') and Ca (e,e'), E=124-250
MeV, q =0.4-1.2 fm ', enriched target, measured cr(E', 0) up to 35
MeV in excitation energy; deduced electric-dipole, electric-quadrupole,

and higher multipole strength in the giant resonance region.

I. INTRODUCTION

The giant electric-dipole and electric-quadrupole
resonances (GDR and GQR) in the doubly magic

Ca nucleus have been studied quite extensively
through photonuclear reactions, ' inelastic electron,
scattering, and inelastic hadron scattering such as
(a,a'), (p,p'), etc. However, little is known about
the giant multipole resonances in other calcium
isotopes.

Recently, measurements of the Ca (y,p), '

42Ca(y, n),7 and Ca(y, p) (Ref. 8) cross sections
have been performed by the Tohoku and Mel-
bourne groups. One of the interesting features of
these cross sections is that the photoneutron cross
sections increase rapidly with increasing neutron
number, contrary to the photoproton cross sec-
tions. Also, the peak positions of (y, n) cross sec-
tions were observed generally several MeV lower
than those of (y,p) cross sections. Furthermore,

the two gross peaks of the GDR have been ob-
served in Ca and Ca by the 'K(p, yo} Ca (Ref.
9} and Ca(y, po) (Ref. 8) reactions. Their results
indicate that the peak positions are roughly in ac-
cord with the isospin splitting theory' but the
strengths of the peaks assigned as T& (T-upper)
states at 20.4 MeV in Ca and at 21.3 MeV in

Ca 'were too strong to be explained by the theory.
According to the inelastic scattering of hadron

experiments, "the GQR in Ca is centered at 18
MeV, depleting about a half of the isoscalar
energy-weighted sum rule (EWSR). The result of
the electron scattering experiment, however,
showed a much broader GQR in Ca. The isos-
calar GQR's in Ca and Ca were measured very
recently by the inelastic scattering of Li parti-
cles, ' and E splitting due to the nuclear deforma-
tion was suggested.

In the present work the inelastic electron scatter-
ing from Ca and Ca in the region of giant reso-

1969 1981 The American Physical Society



1970 K. ITOH, Y.M. SHIN, T. SAITO, AND Y. TORIZUKA 24

nance was studied over a wide momentum transfer
range in order to identify and measure the GDR
and GQR strengths in the calcium isotopes T. he
experimental results have been analyzed by the
method of multipole expansion, ' ' and various
multipole cross sections have been obtained. A
very preliminary result for Ca has been given in
Ref. 15.

II. EXPERIMENT AND ANALYSIS
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The present experiment is an extension of the
study of the giant multipole resonances in Ca
(Ref. 3} and was performed using electron beams
from the 300 MeV electron linear accelerator of
Tohoku University. Self-supporting metallic tar-
gets of Ca and Ca were used. The target
thicknesses of isotopically enriched Ca (94.4%)
and Ca (98.6%) were 48.9 and 44.3 mg/cm,
respectively. Inelastically scattered electrons were
detected at forward angles by a 100 cm radius dou-
ble focusing magnetic spectrometer equipped with
33 channel solid state detectors. ' The incident
beam energies and scattering angles used in this ex-
periment were 150 MeV (35'), 183 MeV (35'), and
250 MeV (35', 45', 55' } for Ca; 124 M V (35'),
150 MeV (35'), 183 MeV (35'), and 250 MeV (35',
42, 50 ) for Ca. These energies and angles pro-
vided momentum transfers ranging from 0.4 to 1.2
fm '. Scattered electron spectra were measured up
to 35 MeV in excitation energy, with an overall ex-
perimental energy resolution of 0.12%.

The measured spectra were unfolded for radia-
tive corrections using the same iterative method
used for Ca. The radiation tail was calculated
using the peaking approximation, including a radi-
ation process proportional to the square of the tar-
get thickness. ' The elastic cross sections of Ca

Ca at various incident dectron energies were

included in the tail function and the elastic form
factors were obtained by the phase shift calcula-
tion, ' adopting a three-parameter charge distribu-
tion for the ground state. ' The cross section was
obtained by comparison with the elastic scattering
cross section of ' C.

In the first order Born approximation it is well

known that the form factor of a state is given by

where o.M is the Mott cross section for a point
charge Ze including the recoil factor, FL (q) and

F7.(q) are the longitudinal and transverse form fac-
tors, respectively, q& is the four momentum
transfer while q denotes the three momentum
transfer, and 8 is the scattering angle of the outgo-
ing electrons. If the measurements were made at
forward angles as in the present experiment, the
transverse form factor contributes little to the mea-
sured cross section and analysis of the experimental
data becomes easier since only the longitudinal
form factor FL (q) is dealt with.

For continuum states it is convenient to intro-
duce a longitudinal diA'erential form factor in exci-
tation energy co defined by

(2)

alld

(3)

If the observed resonance consists of unresolved
states of diA'erent multipole excitations, then the
observed form factor is an algebraic sum of the
form factors belonging to the multipole excitations
involved in the reaction, i.e.,

where I denotes the multipole order.
In general, the differential form factor for an l-

pole excitation may be written as a product of two
functions, ' one which depends on the momen-
tum transfer q, the other on the excitation energy

I

W'g (q,a))
I
=g

I
Wr (q, co)

I

1

=gf~(q)g~(~),
1

(5)

where g~(co) could be represented by a Lorentzian
or a Breit-%igner shape for a well defined reso-
nance. Thus, if the q dependence of the l-pole exci-
tation f~(q) is known for each I then the energy
dependence gt(co) can be obtained from the ob-
served inelastic electron spectra. Conversely, if
g~(co) is known, then f~(q) can be determined. In
practice, however, neither g~(co) nor f~(q) for Ca
and Ca is known, and one must assume the func-
tional form of either one of these two functions for
each l.
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In the present analysis, the q dependence of the
electric-dipole resonance fi(q) was taken from the
Goldhaber-Teller model as in the analysis of Ca.
This choice was based on the fact that not only
does it explain the giant dipole resonance reason-
ably well, but also its predictions are supported
by a microscopic model calculation. For higher
multipole excitations the Tassie model was used.
In these models the transition charge density is
given by

where

(6)

ps, (r) =pp( I+exp[(r —c„)l(t«/4. 40)] j

The ground state parameters cp=3.60 fm and

tp =2.50 fm (Ref. 25) were used as c„and t„ for
the dipole (Cl) and for the quadrupole (C2) excita-
tions. These parameters also describe very well the
first diffraction pattern of the first 2+ state in

Ca. The parameters used for the C3 excitation
were c«=0.89cp and t«=0.91tp, while those for
C5 were c« ——0.82cp and t« ——0.75tp. These values
are the same as those for the first 3 and 5 state
in the ~Ca and Ca. ' For the C4 and C6 exci-
tation c« ——0.95cp and t« ——0.95tp were used so
that the calculated form factor reproduces the ex-

perimental point at q =1.9 fm ' when all mul-

tipole excitations up to l =6 are included in the
analysis.

Since the number of data sets is limited, the
decomposition of the differential form factor

~
Wt. (q, co)

~

into all the multipole components

gt(co) loses its physical significance. Therefore each
spectrum was decomposed into three
contributions —the. dipole, the quadrupole, and the
sum of all multipole transitions higher than the oc-
tupole excitations up to and including l =6. For
the q dependence of the composite form factor

f~(q) for 1 & 3, the relative contribution of each
multipole (3 &1 & 6) was obtained by assuming that
each multipole transition exhausts both the isos-
cal'ar and isovector energy-weighted sum rule given

b 28

Si = Jco 8(Cil, co )dc'

1(21+1) fi Z 2( 2l 2)4. 2M
''

where

(r2l —2) J r2I —2 (r)dP

and J denotes the sum for all discrete states and

integrals for continuum states. If the eigenfrequen-
cies co~ of the higher multipole resonances are
known, then 8(Cl) can be obtained. In the present
analysis the resonance energies of the higher mul-

tipole excitation (I & 3) were taken from the predic-
tion of the hydrodynamic model that the reso-
nance energy increases with increasing multipolari-

ty.
Finally, a small correction due to transverse ex-

citation contributions in the observed spectra was

made before applying the method described above.

Since in the present experiment the transverse exci-

tation contribution was not measured, it was as-

sumed that the transverse spectra and the form fac-

tor are the same as those measured for Ca. The
effect due to the difference of the transverse excita-
tion between the isotopes on the extracted mul-

tipole strength is estimated to be less than l%%uo, be-

cause most of the transverse strength comes from

the continuum spectra, and the cross section of the
quasielastic scattering is proportional to
Zp +N12+ . ' The measured transverse spectra
of Ca in the giant resonance region are well ap-

proximated within a statistical error by

I
Wz (q, co)

~

=(aco+b)fT(q).

The values of a and b obtained by fitting the data
for Ca and used in the present analysis are given
in Table I. The measured

~
FT(q)

~

which is
shown in Fig. 1 seems to peak at q =0.7 fm
After subtracting the contribution of the transverse

part, the inelastic electron spectrum was divided
into small energy iritervals dao=350 keV and the
measured differential form factor between m and
co+Aco at a momentum transfer q was expanded
according to Eq. (5). The data at different q's thus
provided a set of parametric equations for gi(co)'s
and a X fit yielded gi(co) for each
1[=1,2, X(l & 3)].

III. RESULTS

The total form factors for Ca and Ca which
are obtained by integrating from co=10 to 25 MeV
are shown in Fig. 1 together with the previous
results of Ca (Ref. 3) and Ca. The transverse
form factor of Ca as well as the calculated
electric-dipole transverse form factor using the
wave function of the particle-hole model is also
shown in the same figure for comparison.

The effects of the higher multipole excitations on
the extraction of dipole and quadrupole transition
strengths have been investigated by varying the
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i i I i dipole and quadrupole strength introduced by the
different assumptions are +7%%u~ and +15%, respec-
tively.

After subtracting the transverse contributions,
the energy dependence of electric dipole g~(to),
electric quadrupole g~(co), and the sum of higher
multipole excitation functions gx(co) have been ob-
tained by the method described earlier and the
results are shown in Figs. 2 and 3. The smooth
curves are obtained by overlapping with another
expansion shifted by 175 keV energy bins. The re-
duced X for the curves is of the order of unity.
The errors indicated occasionally are the errors as-
sociated with the least square method. The ab-
sence of the excitation curves for Ca above 27
MeV results from the fact that the spectra above
this energy were not measured in some cases. The
integrated form factors for each multipole excita-
tion are shown in Fig. 4.

f0 I

0.5 I.O

q(frn 1

l.5

IV. DISCUSSION

A. Giant dipole resonance (GDR)

FIG. 1. The total form factor integrated from 10 to
25 MeV for Ca and Ca, together with the experimen-
tal results of Ca (Ref. 3). The measured form factors
at q =1.9 fm ' are taken. from Ref. 27. The shaded
area labeled XCI (l )3) is the investigated ange of the
contributions of the higher multipole excitation for C
T

ao

he solid and dashed curves are the sum of the all mul-
tipole excitations in Ca and Ca, respectively. Also
the measured transverse form factor of Ca integrated
in the same energy range is shown. The electric-dipole
transverse form factor calculated using the particle-hole
wave functions (Ref. 32) is shown by the dot-dashed
curve.

parameters c„and t„ in Eq. (6) from 0.90co and
0.90t0 to the full values of c0 to t0, the range of
which should be sufHcient for the inelastic electron
scattering process for the calcium isotopes for the q
range currently investigated. At the same time
the position of the l-pole resonance energy cuI in
Eq. (7) has also been varied according to the pre-
diction of the hydrodynamic model, or assumed to
be at co~

——20 MeV for all 3 & l & 6. The shaded
area in Fig. 1 indicates the range investigated in
the analysis. As is apparent, different sets of as-
sumptions have little effect on the extracted dipole
and quadrupole form factors at low momentum
transfer (q (1.2 fm '), and the uncertainties in the

The present results have revealed considerable
structure in the GDR over a wide range of excita-
tion energy in Ca and Ca, in contrast to a
single-peaked GDR in Ca. ' The dipole peaks
have been observed at various energies between 9
and 28 MeV in both nuclei, with at least two re-
gions of gross structure. As is scen in Figs. 2, 3,
and 5, these bumps are relatively broad and the
centroid energies obtained by fitting to two Breit-
Wigner shapes are 17.8 and 23.0 MeV in Ca 16.2

44
~

p ~

and 21.3 MeV in Ca. The observed positions of
the dipole resonances, the reduced transition proba-
bilities 8(C1), and the percentage depletion of the
isovector EWSR are shown in Table II. The di-
pole strengths integrated up to 22 MeV in both
42 44Ca and Ca exhaust the isovector dipole ESWR
(classical dipole sum rule) and exceeds by 70%
when integrated up to 35 MeV excitation energy.
The obtained strength of the GDR's is comparable
to the measured total photoabsorption cross section

40 1for Ca, where the classical dipole sum is ex-
hausted approximately at 26 MeV and exceeds be s y
50% at 47 MeV in excitation energy.

Effects of isospin splitting

The splitting of the GDR in medium-weight nu-
clei with the ground state isospin T0 ~ 0 has large-
ly been explained by the isospin effect. The
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TABLE I. The total form factors integrated from 10 to 25 MeV and the transverse excitation contributions. a and b
are parameters of spectral shape of the transverse excitation

I
Wr I

=aco+b A. lso shown is the ratio of the transverse
components to the total strength. Errors in the total form factors are +4%%uo.

(MeV) (deg)

IF I'

(10 )

I Ft. I

'

(10 ) (10 /MeV) (10 /MeV)

1/2+tan' —
I F„ I

'/I I' I'
2

(%)

150
183
250
250
250

124
150
183
250
250
250

35
35
35
45
55

35
35
35
35
42
50

5.02
6.37
7.56
6.49
5.30

4.70
5.31
5.91
7.33
7.39
5.28

0.47
0.74
1.30
1.10
0.62

0.37
0.47
0.74
1.30
1.20
0.80

42Ca

2.2
2.2
2.2
2.5
2.8

44Ca

0.84
2.2
2.2
2.2
2.4
2.6

-1.97
-0.89
1.30
0.60

-1.78

0.0
-2.00
-0.89
1.30
0.97

-0.78

5.8
7.2

11.1
11.9
9.3

4.8
5.2
7.8

11.4
11.2
11.3

42C

CO

5-
0
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250 MeV 45' (q=0.94 frn')

IO 30
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FIG. 2. The longitudinal differential form factor of Ca at various momentum transfers. The error bars show the
experimental results sorted by 150 keV. The thin curve, thick curve, and dashed curve show the dipole, quadrupole,
and higher multipole (3(C1 (6) excitations, respectively. Also shown is the sum of the all multipole excitations by
thin curve. The occasional error bars on the curves indicate errors associated with the least square method.
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FIG. 3. The longitudinal differential form factor of Ca at various momentum transfers. See caption of Fig. 2.

where UD 60TO/A (MeV—)—is the effective sym-

metry energy for the dipole state. The relative
strength of the two states is given by

J I
wL (q, co)

I
de

I I ~L,'(q~

1 1 —1.5To/A ~

(10)

For the calcium isotopes, the ratios of the strength
of the T& resonance to that of the T& resonance
are 0.76 for Ca (To ——1) and 0.34 for Ca
(To 2). Equation (9) lea——ds to the energy split-
tings of 2.9 MeV for Ca and 4.1 MeV for Ca.

theory predicts' that the GDR may split into two
peaks corresponding to the isospin T& ——To and
T&

——To+ 1, with the separation energy of

b,a) =co(T) ) co(T()= UD 1+—1
To

As is seen in Fig. 5, the comparable strengths of
the two peaks in Ca is not explainable by the pre-
diction, and the obtained splitting energies of 5.2
MeV in Ca and 5.1 MeV in Ca by fitting to two
Breit-Wigner shapes are also not in agreement with
the theory.

Similar features of the splitting into the isospin
states in Ca were also obtained by Diener et al.
in a particle-hole model calculation using Kuo-
Brown 6 matrix, although both components are
fragmented into a number of states. As shown in

Fig. 5, their calculation indicates that the T&
——1

state is concentrated around 17 MeV with smaller
peaks'at 20 and 23 MeV, while T& ——2 strength is
shared by two states at 19.3 and 19.9 MeV. The
dipole strength ratio of the sum of T& and T&
states and the splitting energy are in close agree-
ment with the phenomenological prediction of Eqs.
(9) and (10).

In Fig. 6, the present results on the dipole reso-
nances are compared with the Ca (y,p), '

Ca(y, n), and Ca(y, p), as well as with the
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FIG. 5. The longitudinal dipole differential form fac-
tors of" Ca and Ca at q =0.43 fm '. The shaded area
shows the errors arising from the least square method.
The two gross resonances in both isotopes are fitted by
two Breit-Wigner shape cross sections. The K splitting
of the Suzuki-Rowe model (Refs. 40 and 42) is com-
pared with the spectra. Shell model calculation (Ref. 9)
is also shown by solid lines for the T( state and dashed
lines for the T) state. Both T& and T) strengths are

multiplied by a factor of 2.

(frn ')

FIG. 4. The longitudinal form factors integrated

from 10 to 25 MeV for Ca and Ca, together with the

result of the multipole expansion. The dashed, dash-

dotted, and long dashed curves are the C1, C2, and

XCl (l & 3) components, respectively. The solid curve is

the sum of the all multipole excitation. The occasional

error bars on the C1, C2, and XCI (l & 3) curves include

statistical error and model dependence of the higher

multipole excitations.

Ca(y, n) cross section derived from the measure-
ment for the natural calcium. The Goldhaber-
Teller model was used to convert these photoreac-
tion cross sections to the point q =0.43 fm
Since proton or neutron emission is the major de-

cay mode of the GDR, the sum of these cross sec-

tions should be close to the dipole spectra obtained

by the electron scattering experiment. As is seen
in Fig. 6, the magnitudes of the photonuclear cross
sections in Ca are considerably smaller than the
result obtained in the present work. Our result for

TABLE II. Reduced transition probabilities B(C1,&) obtained by the multipole expansion and the depletion of the
isovector electric dipole EWSR (Si). The positions of dipole peaks are indicated in square brackets. Errors in 8(C1)
and Si are +10%, which include errors arising from the model dependence on the higher multipole transitions.

(MeV)

Ca
8(C1)
(e fm )

Si
(%) (MeV)

8(C1)
(e fm)

S]
(%)

9.0-12.5 [9.4, 11.2]
12.5-14.5 [13.3, 13.9]
14.S-18.0 [16.2, 17.5]
18.0-21.0 [18.3, 19.2]
21.0-26.0 [22.5]
26.0-30.0 [26.7]
30.0-35.0
10.0-25.0
9.0-35.0

1.49
1.34
3.06
2.81
3.19
1.39
0.64

11.0
13.9

10.2
11.5
31.9
35.1
48.1

25.0
13.3

129
173

9.0-12.1 [10.0, 11.7]
12.1-14.5 [13.0, 14.1]
14.5-18.S [15.3. 16.2, 17.3]
18.5-23.0 [19.6, 20.3, 21.4, 22.0]
23.0-25.0 [22.9]
25.0-27.0

10.0-25.0

1.46
1.60
3.78
4.33
1.52
0.96

12.2

9.4
13.3
38.4
55.3
22.4
15.3

138
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FIG. 6. The longitudinal dipole differential form fac-
tors of Ca and Ca at q =0.43 fm ' are compared
with photoreaction cross sections. See caption of Fig. 5.
The 'Ca (y,p) (Ref. 6), Ca (y, n) (Ref. 7), ~Ca (y,p)
(Ref. 8), and Ca (y, n) (Ref. 34) cross sections were
converted to the point q =0.43 fm

cr
~ of the (y,p) and the (y, n) cross sections in

1.23 for Ca. However, if we assume that the ob-
served strength centered at approximately 18 MeV
is due to neutron decay in Ca, the ratio becomes
0.52, which is in closer agreement with the value of
0.76 predicted by Eq. (10). For Ca, if we assume
that the result of subtracting the proton decay
cross section from the total dipole spectrum is all
neutron decay cross section, the ratio would be
0.09. These numbers correctly reflect the trend of
the prediction that the ratio of the T& over T&
decreases with increasing neutron numbers.

The centroid energies of the proton and the neu-
tron decay cross sections were obtained at q =0.43
fm ' by

Ca indicates that there should be more dipole
strength at the excitation energy less than 20 MeV,
which probably decay by emitting neutrons. In

Ca the result shows that a considerable dipole
strength is missing at the higher excitation energy
above 16 MeV, which suggests that the major part
of the GDR in Ca would decay through the neu-
tron channel. It is noted that some dipole strength
observed below (y, n) threshold may relate to y and
a decay cross sections.

In the medium-weight nuclei, the major part of
the (y, n) and (y,p) cross sections are known to
represent T& and T states, respectively. ' The
ratio of the bremsstrahlung-weighted cross section

The splitting energies and the ratio of the strength
of the T& and T& states, as well as the predictions
of the isospin splitting theory, are given in Table
III. The obtained splitting energies are in fair
agreement with the predictions. The results of the
present discussion may be changed to some extent
by the fact that some part of the proton decay
cross section may be T& state, while a small
amount of the neutron decay cross section may be
T& state. ' In addi'. on, the cross sections of the
other decay channels such as (y, 2n), (y,pn) were ig-
nored in the present discussion. However, from
the above discussion the gross resonance structures
around 21 MeV in Ca appear to be made up from
an appreciable amount of the T& component.

TABLE III. Comparison of the gross structures of the giant resonance with isospin split-
ting theory. The predictions of the theory are shown in square brackets.

co(T& )

(MeV)

co(T) )

(MeV) (MeV)

Ca

42C

19.6 (y, n)'
17.3 (present)

18.3 (present)

21.6 (y,p)"

22.0 (y,p)'

2.0
4.3

[2.9]

3.7
[4 1]

1.23
O.S2

[0.76]

0.09
[0.34]

'Evaluated from the data of Ref. 7.
Evaluated from the data of Refs. 5 and 6.

'Evaluated from the data of Ref. 8.
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The study of the "K(p,yo) Ca reaction also re-

vealed two peaks at 17.4 and 20.4 MeV in the
gross GDR structure, and each peak was assigned
as T& and T'& states, respectively. The energy

difference of these two peaks is in good agreement

with the isospin splitting theory, but the observed

strength ratio of 6.6 in favor of the upper peak is

not. The lower peak observed in the 'K(p, yo) Ca
reaction may correspond to the peak cross section

around 18 MeV in the present spectra, where the

presence of the large neutron decay channel is in-

ferred. The existence of the 20.4 MeV peak is not

evident in the present result. This could arise from

the fact that the ground state y transition amounts

to only 8% of the classical dipole sum rule, while

the currently obtained spectra essentially corre-

spond to the total photoabsorption cross section

scaled by the C 1 form factor. In the Ca(y,po)
reaction, two peaks were also observed at 17.5 and

21.3 MeV. The separation energy of these peaks

roughly agrees with the isospin splitting theory,

but the intensity ratio is again 1.3 in favor of the

upper peak. It is noted that both the Ca(y,p„„i)
(Refs. 5,6) and the Ca(y,p„„i} (Ref. 8} cross sec-

tions exhibit totally different shapes from the

(y,po) reactions.

Ca, respectively. These pz values are comparable
to those of 0.234 for Ca and 0.258 for Ca,
which Trager obtained recently from the charge
distributions of the calcium isotopes measured by
laser spectroscopy. The intrinsic quadrupole mo-
ment is also related to the deformation parameter
by

3
Qo= Z &0' I3z

5m
(13)

which leads to (0.69+0.04) b and (0.81+0.08) b for
Ca and Ca, respectively. These quadrupole mo-

ments can be considered to arise from the core-
excited deformed state and (fp)" configurations. It
is noted that Towsley et al. deduced the intrinsic
quadrupole moment of -1.25 b for the complex
states in Ca ( the lowest K =0+ band, starting
from the 1.84 MeV, 0+ state) from the known
B(E2) values for the inband and the interband

transitions between the (fp)" dominant and the de-
formed complex states in the framework of the
coexistence model.

Based on the vibrating potential model (VPM),
Suzuki and Rowe predict a splitting of the GDR
into I( =0 and I( =1 resonances for deformed nu-

clei. The resonance energy co& in the VPM is
given by

2. Effects of nuclear deformation cox o-80/A '~'( I ——,8)

The low-lying structure in the calcium isotopes
has been successfully explained by the mixtures of
a prolately deformed core-excited rotational band
and (fp)" configurations. ' Inelastic a-scattering
data showed that the admixtures of the deformed
components in the ground states of Ca and Ca
are 30%, in contrast to those of 10% and 4% in

Ca and Ca, respectively. These studies may
suggest that the nuclear deformation plays an im-

portant role even in the high-lying giant resonance
regions in Ca and Ca.

The form factors for the first 2+ states were also

measured in the present experiment, and

B(E2,t)=(470+23} e fm for Ca (Ref. 26) and

(658+60) e fm for Ca were obtained by DWBA
analysis. In the rotational picture the deformation
parameter Pz is related to the reduced transition

probability B(E2) by

and (14)

o 80/A ~(1 q5)

dP0 v d 3
p&,(r) ~ + +—p~(r),

dr v 5 dr r
L

where

(15)

where 5=0.95'. We find the IC-splitting energies
to be 5.2 MeV in Ca and 5.9 MeV in Ca. The
classical hydrodynamic model gives ' a similar
splitting energy by the relation of 0.861Pzco~tc
based on the static deformation of the ground state.

By applying a model independent sum rule,
Suzuki and Rowe have also shown that the dipole
transition charge density is expressed in terms of
Pq via the relation

Pq
— [B(E2,t)]'

0
(12)

—2

po(r)=~4~ 1+ lP, l'c, '

Using the currently obtained B(E2) values, the
Pq's were found to be 0.241 for Ca and 0.276 for

+
4 l&~l co +"' p„(r)

1 a'
4m. ar'
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a
pz(r) = P2—co

BI'

1/2

+ — P~'co, +. .

and v=2 for E=O, —1 for E=1 mode. The
strengths of the E =0 and E =1 resonances is
given in the Born approximation by

1/2
~4ll 2 1

1+&sp [24IAa)s]'~

Xq Jpp(rj)p(qr)r dr

p2{r)J'2{qr)r drv5

v/2
b,cog -(fuui —ficop) + Er, (17)

where

quoi ——70/A 'i (1+0.290p2 + 0.092p2 +" ),

~o=70/3 {1—0.580p2 + 0 366p 2+...}

The y-vibrational energy E& is taken to be the en-

ergy of the first 2+ state in the E =2+ band.
Comparison of the low-lying structure in Ca with

The positions and the strengths of the E =0 and
E =1 states at q =0.43 fm ' are compared with
the dipole spectra in Fig. 5. Since the factor
80/A ' in Eq. (14) may be larger in the region of
A -40 (Ref. 43), we used 19.5 MeV for this factor
which is the peak position of the GDR in Ca.
The predicted splitting energies are large enough to
explain the observed broadening; however, the
strength for the E =1 mode is predicted to be
larger than that of the E =0 mode. This situation
is also encountered in the classical hydrodynamic
mode). 4'

The splitting of the GDR in heavy deformed nu-

clei has been explained by the dynamic colective
model (DCM), where the surface vibrations and
rotations are coupled to the dipole oscillation. The
existence of the rotational structures, and the rela-
tively large strength of the transition probabilities
of the first 2+ states in the calcium isotopes may
suggest the presence of coupling effects to the
GDR. In the DCM an approximate splitting ener-

gy Ace~ between the E =0 and E =1 modes for
the calcium isotopes is given by

Ca has shown that the 2+, E=2+ state is
most likely at 3.39 MeV in Ca, and the similar
structure of the low-lying states in Ca and Ca
suggests that nearly the same energy could be used
for Ca. We find the E-splitting energies to be 5.6
MeV for Ca and 6.0 MeV for Ca, which are
about the same magnitude as the predictions of the
VPM.

One of the most prominent features of the DCM
is the splitting of the E = 1 state into S =1 and
S = —1 states, reflecting the occurrence of a
dynamic triaxiality in the GDR. The splitting en-

ergy Leo, between S= 1 and S = —1 states is given
by45

boo, (K = 1}= leo)G2(3K)'~
E

1/2

p2, {18}

[~2/4r{~2/4}]2
r[(~2+2)/2] (19)

which gives the ratio of 0.67 for Ca and 0.6S for
Ca. These features obtained in the DCM are

about the same as those found in the calculations
for heavy deformed nuclei.

In summary, the current available theories such
as the VPM and the DCM predict the E =0 and
E= I resonances in the GDR to split by approxi-
mately 6 MeV, if they are applied to the calcium
isotopes. The strength of the E =1 state is gen-
erally predicted to be larger than that of the E =0
state. The comparison of the theory with the ob-
served dipole spectra, therefore, suggests that the
gross resonance structure in Ca may reflect the
eA'ect of nuclear deformation; however, the origin
of the broadening observed in Ca is not apparent.
It is also worth mentioning that two resonance
structures of the GDR were also observed in some
of the titanium isotopes.

B. Giant quadrupole resonance (GQR)

The GQR's are well separated in the present
analysis over the whole excitation energy region

where e =A' /2g p and G2 is a function of P2. Us-
ing 0.095 MeV for e, ' we find the splitting ener-

gies of the E =1 state to be 1.7 MeV in Ca and
2.0 MeV for Ca. The relative dipole strength of
the E = 1 to the E =0 state in the DCM is re-
duced to

8(K =0 1,S=0 +1)
8 (K =0 =O,S =0-+0}

2( —0.654+0. 114p2—0.14pg )

(0 925+.0 33p2+. 0 323p2. )
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currently investigated. The collective part of the
quadrupole resonance located between 10 and 22
MeV is regarded as isoscalar type. The strength in
this energy region exhausts the isoscalar EWSR by
(61+9)% in Ca and (46+7)% in Ca. As is
seen in Figs. 2 and 3, the GQR in these nuclei con-
sists of several clusters of quadrupole states. The
observed positions and the strengths of these clus-
ters are summarized in Table IV. In contrast to
the GQR's in heavy nuclei, which are generally
concentrated in a narrow energy range of a few

MeV, the GQR's in the calcium isotopes are broad
and split into several clusters. Similar broadening
and clustering of the GQR has been observed in
the sd-shell nuclei. ' ' However, the GQR's in the
calcium isotopes appear to have a narrower width
than those in sd-shell nuclei and retain some
characteristics of those in the heavier nuclei. The
centroid energies of the GQR calculated by Eq.
(11) are 16.0 MeV in Ca, 16.3 MeV in Ca, and

. 15A MeV in Ca, and their total widths (FWHM)
span approximately 7.0 MeV in Ca, 11 MeV in

Ca, and 7.5 MeV in ~Ca.
The obtained quadrupole cross sections are com-

pared with the result for Ca in Fig. 7. It is noted
that the result of the electron scattering experiment
on Ca shows a broader quadrupole resonance
than the result of the inelastic hadron scattering
where the GQR was reported to be concentrated at
(18+0.3) MeV with a width of (3.5+0.3) MeV. '"

The splitting of the isoscalar GQR has been ob-
served in heavy deformed nuclei, and the VPM
also predicts that the isoscalar GQR be split into

q=0.74fm

I-)
IO

O
2-

3
CT

I

IQ

l5 20
42

20
4Q

O
—

I

CU +-
- 0.5

LL

0.5

E =0, 1, and 2 modes. The eigenfrequencies of
each state are given by

co~ p ~2fuo(1 ——,6),

co~ ) ~2fico(1 ——,5),

cog 2 v2fico(1+ —,5),——
(20)

15 20

Excitation Energy (MeV)

FIG. 7. The longitudinal quadrupole differential
form factors of Ca and Ca at q =0.74 fm ' are com-
pared with the result of Ca (Ref. 3). The shaded area
for Ca was obtained by combining the result of Ca at
q =0.67 fm ' and q=0.81 fm ', while those of Ca
and Ca show the errors arising from the least square
method. The K splitting of the Suzuki-Rowe model is
also shown.

TABLE IV. Reduced transition probabilities B(C2, f ) obtained by the multipole expansion and the depletion of the
isoscalar electric quadrupole EWSR (S2), or the isovector quadrupole EWSR (S2 denoted by4 ). Also shown is the de-
pletion of the isoscalar monopole EWSR (Sp). The positions of the quadrupole peaks are given in square brackets. Er-
rors in B(C2) and S2 are +17% which include errors from the model dependence on the higher multipole transitions.

(MeV)

42C

B(C2) S2
(e fm ) (%)

Sp
(%) (MeV)

44C

B(C2)
(e fm )

S2
(%)

Sp

9.5-11.3 [9.9, 10.8]
11.3-13.4 [11.8, 12.2, 12.8]
13.4-15.9 [13.7, 14.5, 14.9]

15.9-19.2 [16.8, 18.2]
19.2-22.0 [19.5, 20.6]

22.0-25.0
25.0-30.0
30.0-35.0
10.0-22.0
22.0-35.0

37.5
62.0
74.7

118
81.0
41.5
84.4
74.3

373
200

4.0
7.8

11.2
21.3
17.1

21.8'
22.7*
61.4
53.7

(6.1)
{11.7)
(17.1)
(32.6)
(26.1)
(14.0)
{33.3)
(34.7)

9.5-11.4 [9.6, 10.9]
11.4-14.1 [12.1, 13.4]
14.1-16.2 [14.5, 15.7]

16.2-19.6 [16.7, 17.8, 18.6]
19.6-22.0 [20.1]

22.0-25.0
25.0-27.0

10.0-22.0

31.3
60.8
59.7

102
23.4
23.6
21.3

277

3.4
8.3
9.7

19.7
5.2
4.9*

4.9*

46.3

(5.2)
(12.7)
(14.8)
(30.1)
(8.0)
(7.5)
(7.5)
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where v 2fuu= 58/A '~ MeV. The strengths for
each state were also obtained in a similar way to

the GDR. The form factor for the E =0 mode,
for example, is given here:

p&(q)= q fpo(r)J'&(qr)r dr+ fp2(r)[7j &(qr) —3j3(qr))r dr
1

2Zm [S(2,0)cox o]' 7 5
(21)

where

5A (r') Qo

4am ~ (r2)

The measured mean square radii are 3.51 fm for
both isotopes. ' The calculated positions and the
strengths at q =0.74 fm ' are compared with the
observed quadrupole spectra in Fig. 7.

The predicted splitting energies betwen E =0
and E =2 states are 2.5 MeV for Ca and 2.8
MeV for Ca. As is seen in Fig. 7, the predicted
positions are confined to a rather narrow region,
contrary to the broad quadrupole spectra.

Very recently the study of the inelastic scattering
of Li particles has also revealed' the broadening
of the GQR in Ca and Ca as compared with
those in Ca and Ca. The observed broadening
was analyzed in terms of the overlapping reso-
nances of each E state. The currently obtained
quadrupole spectra, however, indicate the presence
of more structure due to clustering of GQR states
in the calcium. isotopes.

Some possibilities also exist for the excitation of
the monopole resonance among the currently as-

signed quadrupole resonances at the low-energy
side of the GQR, since various microscopic calcu-
la,tions predict the presence of the monopole reso-
nance in Ca at 13.7 (Skyrme II) or 16.5 MeV
(Skyrme I), at 14 MeV, and around 16 MeV as
well as at higher excitation energies. ' No definite
evidence of the monopole state was seen in a recent
forward-angle measurement of a-particle scattering
in Ca, although some evidence for the weak
monopole resonance (8% of EWSR) was reported
at the same excitation energies of the GQR in a
He-scattering experiment. In Table IV the mono-

pole strengths are also given for- each cluster.
In addition to the isoscalar GQR, the monotonic

quadrupole excitations were separated above 22
MeV, as is seen in Figs. 2 and 3. These quadru-
pole resonances are considered a part of the isovec-
-tor quadrupole resonance, which is known to lie at
120—130/3 ' MeV in medium and heavy riu-

clei. ' It seems that the isovector quadrupole res-
onances in the calcium isotopes are too broad to be
observed as a single resonance.

As is seen in Figs. 2, 3, and 8, the higher mul-

tipole excitations are a major part of the whole
spectra at higher momentum transfer. They con-
sist of several resonances between 9 and 25 MeV
and a continuum spectra over the entire excitation
energy range presently studied. In order to extract
the resonant part in the spectra, the following
phenomenological shape has often been used for
the shape of continuum

~

8'(q, co)
~

=a(co —coo)' ", (22)

where coo is the threshold energy of particle emis-
sion, u and n are fitting parameters to be adjusted
to the continuum spectra above the resonance re-
gion. In our earlier paper the validity of the
phenomenological shape of Eq. (22) was investigat-
ed in a framework of a shell model including iso-
vector quadrupole, octupole, and all other higher
multipole transitions. It was shown that Eq. (22)
is a quite reasonable approximation. It should be
also noted that such phenomenology is used in the
work of hadron scattering.

An attempt was made here to obtain the
strength of the higher multipole transition assum-
ing the shape of Eq. (22) for the continuum, as is
shown in Fig. 8. The strengths of the resonant
part of the higher multipole transitions deplete
30—45/o of the isoscalar octupole EWSR,
although some parts of these resonances may be
C4 and C5 transitions. The obtained strength and
the distribution of the higher multipole resonance
in Ca and Ca appear to be very similar to
those in Ca, and it is concluded that the octu-
pole resonances in the calcium isotopes are spread
over a broader energy region than for medium and
heavy nuclei.

Highly excited octupole states in Ca have been
calculated using microscopic models. ' These
calculations also predict fragmentation of the octu-
pole states between 8 and 45 MeV. For instance,
Hammerstein et al. predicted a strength of
2. 1& 10 e fm for the isoscalar octupole, and
6.4g 10 e fm for the isovector octupole reso-
nance. Krewald and Speth ' calculated 5.1)&10

I

C. Higher multipole excitations and nuclear continuum
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3
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C3

5-
250 MeV 55' (q= 1.12fm )
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C2

) i i I I e

15 20 25

Excitation Energy(MeV)
30

FIG. 8. The total differential form factor of Ca at 183 MeV 35 and 250 MeV 55'. The short-dashed curve is the
sum of the transverse excitations (labeled T,) and the higher multipole (I & 3) excitations. The dot-dashed curve in the
lower figure indicates the phenomenological shape for the continuum, which was used to deduce the resonant part of
the octupole strength. The contribution of the dipole strength to the spectra at 250 MeV 55' is negligibly small.

e fm for the octupole transition. These values2 6

are consistent with the present result of =1.0& 10
2 6e fm for the octupole strength derived using Eq.

(22). However, the underlying continuum, which
may contain octupole transitions, should be taken
into account for complete comparison.

V. SUMMARY

The spectra of inelastic electron scattering at the
momentum transfers between 0.43 and 1.13 fm
were decomposed into dipole, quadrupole, and oth-
er higher multipole transitions using the least
square method. The giant dipole resonances in
both nuclei have widths of approximately 12 MeV,
considerably broader than those of Ca. The di-
pole strength exceeds the EWSR when integrated
up to 22 MeV. In addition, at least two gross reso-
nance structures were observed in both Ca and
44Ca. These gross structures can be consistently
explained by the isospin splitting theory when the
present data is combined with the photoreaction
results, suggesting that the T-lower excitations
dominate even in the upper resonance region in
44Ca. From the comparison with the Suzuki-Rowe
model and the dynamic collective model, it is sug-
gested that the splitting of the GDR observed in

Ca is most likely due to the nuclear deformation.
However, the origin of the broadening of the GDR
observed in Ca is not clear.

The GQR is distributed over a broad excitation
region in both Ca and Ca, with the centroid en-

ergies at 16.3 MeV in Ca and 15.4 MeV in Ca.
The quadrupole resonance spans approximtely 11
MeV in Ca and 7.5 MeV in Ca, with splitting
into several clusters. The strengths of the GQR
deplete the isoscalar EWSR by (61+9)% in Ca
and (46+7)%%uo in Ca. The clustering of the GQR
suggests the possible effects of nuclear deformation
on the quadrupole resonance; however, the ob-
served quadrupole resonances are distributed over
broader excitation energies than the simple applica-
tion of the Suzuki-Rowe model, which has been
developed primarily for heavy deformed nuclei,
suggests. The collective higher multipole reso-
nances (3 & l & 6) are also found between 10 and 25
MeV excitation energy. If the octupole transitions
are assumed for the collective resonant part of the
higher multipole resonance, 30—45% of the isos-
calar octupole EWSR is exhausted. The major
part of the higher multipole resonances, however,
forms continuum spectra at and above the giant
resonance region.
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