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The interacting boson approximation has been used to calculate the positive pari-

ty states of ' 'Er below 2 MeV. A simple parametrization has been used which corre-
sponds to a description close to the SU(3) limit of the model. The predictions have been

compared with new results available from a recent experimental study. Particular atten-
tion has been paid to the absolute magnitude of predicted B(E2) values in assessing the
significance of discrepancies between theory and experiment. Estimates of absolute

strengths have also been obtained for M 1 transitions in the scheme. The calculations
correctly reproduce the complete sequence of E = 0+ and 2+ bands below the pairing

gap and provide an excellent overall description of their decay properties. Most impor-
tantly, the predicted dominance of the decay from the P to the y band, over that to the
ground state band, which represents a fundamental characteristic of the model in this re-

gion, is reflected by the experimental data. The reproduction of this feature from a band

mixing approach in the framework of the geometrical description is also discussed, and
the connection between the two descriptions is explored.

NUCLEAR STRUCTURE Interacting boson approximation applied
to ' 'Er. Calculated levels, B(E2), branching ratios. Single particle
estimates of B(M1), B(E2). Comparison with experimental and band-

mixing formalism in rotational model.

I. INTRODUCTION

In the past few years, considerable effort has
been applied to test the predictions of the interact-
ing boson approximation (IBA)' over a wide range
of nuclei, and the results have shown that the
model represents a very significant step forward in
the description of collective nuclear excitations.
The underlying SU(6) group structure of the model
basis leads to a simple Hamiltonian which is capa-
ble of describing both the three specific types of
collective structure with classical geometrical
analogs (vibrational, rotational, and y unstable)
and the transitional nuclei whose structures are in-
termediate. In addition, the three geometrical
descriptions emerge naturally as subgroups of
SU(6) with specific symmetries, such that vibra-

tional, rotational, and y-unstable nuclei correspond
to the SU(5), SU(3), and O(6) limits of the IBA
Hamiltonian.

Probably the most familiar and well understood
of the geometrical descriptions is that of the sym-
metric rotor, corresponding to the SU(3) hmit in
the IBA, and thus, a detailed study of the model in
a situation close to this limit should facilitate an
overall understanding of the correspondences and
differences between the two descriptions, which
will then be applicable to a broad class of nuclei.
In this respect, it should be noted that while for
any particular limiting symmetry of the IBA, the
predicted structure is very similar to that of the
corresponding geometrical limit, there are specific
differences which result from the symmetry of the
IBA Hamiltonian, from the explicit inclusion of
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I

the finite number of valence particles, and from the
adoption of a basis incorporating only pairs of
valence particles coupled to 1. = 0 and 2. Indeed,
questions raised concerning the validity of this
latter assumption in the presence of a deformed
field have recently led to considerable controversy,
and thus the region of deformed nuclei represents a
particularly crucial testing ground for the IBA at
this time.

The extent to which any model can be tested
depends on the amount of experimental informa-
tion available and, in particular, on the degree of
completeness of that information. Level schemes
established from reactions which populate states
with a specific type of structure leave open the pos-
sibility that some states have not been identified,
and hence, the correspondence between theory and
experiment may not be unambiguous. The (n, y)
reaction to a large extent overcomes these prob-
lems, since its nonspecific nature ensures the po.-
pulation of broad classes of states, irrespective of
their structure. In particular, the recent combina-
tion of the techniques of curved crystal spec-
trometry and average resonance capture (ARC) in
such (n, y) studies has led to the establishment of
level schemes with certain unique attributes. The
high resolution and sensitivity of the curved crystal
spectrometer data provide a great wealth of infor-
mation on the decay of the levels and, most impor-
tantly, permit the identification of weak, low ener-

gy transitions which deexcite levels at high excita-
tion energy and which, therefore, frequently
represent the dominant collective decay modes of
such levels. The use of the ARC technique can
provide a unique guarantee that all levels within a
given spin and excitation range have been identi-
fied.

The results of such studies have already led to
perhaps the most thorough test of the predictions
of the IBA to date, namely that for the Pt-Os nu-

clei which represent the transition from the O(6)
limit evidenced in ' Pt, towards the SU(3) limit
expected in midshell. A more recent investigation
of the ' Er(n, y)' Er reaction with the same tech-
niques has led to the establishment of a leyel

scheme for ' Er, shown in Fig. 1, which is un-

doubtedly the most detailed and complete level

scheme currently available for an even mass de-

formed nucleus. This detail is exemplified in Fig.
2, where the decay of the ground, y, and first two
excited 0+ bands are shown. It can be remarked
that, in the case of the y band, 28 out of the 29
deexciting transitions which are possible, simply
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FIG. 1. The complete set of levels identified in ' 'Er
in the study of Ref. 7.

from spin considerations, have been identified. In
addition, the overall level scheme is known to be
complete for all levels with J &' 6 and E„&2 MeV.
These data thus offer a unique opportunity to in-
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FIG. 2. A portion of the experimental level scheme of ' 'Er based upon the results of Ref. 7. The deexcitation

modes of the ground state band, gamma band, and the two 0+ bands are shown.

vestigate the applicability of the IBA model to a
well deformed nucleus, and hence, to study the
specific characteristics of the SU(3) limit of the
model. Some of the principal. results have already
been briefly reported elsewhere. The current study
is also aimed at exploring the relationship of such
an IBA description to the parallel one which could
be obtained in a geometrical framework, and at
quantifying, to some extent, the departures from
pure collectivity evidenced by the data.

In order to highlight the eft'ects of the SU(3)
symmetry, and to clarify the connection of the IBA
in this limit with the familiar concepts of the sym-
metric rotor, the perturbation to the rigorous limit
has been kept as simple as possible. The resulting
comparison between the two descriptions is dis-
cussed in Sec. V.

II. IBA CALCULATIONS

A. Energies

The calculations have been performed with the
code PHINT (IBA-1) and hence, no distinction has
been made between neutron and proton bosons.
The number of bosons implied by the number of
valence neutrons and protons in ' Er is 16 and-the

resulting number of basis states involved is thus
large. The inclusion of an f boson, to generate
negative parity states, then produces a severe corn-

putational problem in terms of the dimensions of
the matrices which must be diagonalized. In addi-

tion, given the transfer reaction data available for
this nucleus, the identification of a set of purely
collective octupole vibrational bands is dificult,
and it seems likely that the candidates for such ex-
citations may be significantly perturbed by interac-
tions with known two quasiparticle configurations.
Such perturbations lie outside the basis of the IBA,
and hence, for these reasons, the calculations have
been limited to the positive parity bands below the
pairing gap, estimated as 2 MeV. Note that in the
discussion which follows, the familiar terminology-
of "P" and "y" bands is used to describe the lowest
excited E = 0+ and 2+ bands predicted by the
model, although, as will be seen later, such a
description is not precise.

In keeping with the simple approach mentioned
previously, a truncated multipole expansion of the
IBA Hamilton was used in the calculations, name-

ly

H = —vQ. Q a'L L + v—"P. P .

The obvious starting point in an IBA description
of a well deformed nucleus is the SU(3) limit,
which describes a symmetric rotor with degenerate
P and y bands. This limit arises naturally from
the Hamiltonian of Eq. (1) when the last term is
zero. In such a case, the energies of states can be
described by the expression

E = (0.75m —a')J(J + 1) —«C(i, ,p),
where C(A, ,p) is the eigenvalue of the Casimir
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operator. ' The first term of Eq. (2) describes the
spacings within rotational bands, while the second,
dependent only on the Q Q interaction, determines
the intrinsic energies of the collective bands. Thus
the parameters a. and a' in the SU(3) limit can be
extracted from the energy of the first 2+ state,
which depends only on the first term of Eq. (2},
and from the energy difference of the second and
first 2+ states, which depends only on the second
term. The eigenvalue of the Casimir operator is
given by

C(A, ,p) = A, + p, + Adu + 3(A, +p) .

The ground band representation is denoted by
(A, ,p) while the next representation, ()I, —4, 2), in-
cludes the P and y bands of the geometrical
description. Then, Eqs. (2) and (3) lead to

~ = [E(22+ ) —E (2i+) j/6(A, —1),
(4)

ir' = 0.75m. —E(2i+)/6,

where A, is the number of valence particles in the
nucleus.

In the case of ' Er, any perturbation to the
rigorous SU(3) limit described above can be expect-
ed to lie in the direction of the O(6) limit, which
occurs towards the end of the shell. The following
procedure was therefore adopted in the current cal-
culations. The parameters a and ~' were calculated
from the energies of the 2~+ and 2~+ states, as
described in Eq. (4). This results in a level scheme
in which the ground and y bands are well repro-
duced, but in which the P band is degenerate with
the y band, and in which the higher lying bands lie
in degenerate groups also, corresponding to the
multiphonon excitations Py, yy, etc.) of the geome-
trical model. Clearly. from Figs. 1 and 2, this does
not correspond to the situation in ' Er. The pair-
ing term of Eq. (1), which is important in the O(6)
limit, was then introduced, and the parameter v"
varied to obtain the final calculated sequence of
levels. It should be emphasized, therefore, that the
complete sequence of predicted bands results effec-
tively from the variation of a single parameter
given that a. and ~' were fixed from two experimen-
tal energies Ã0 further a. ttempt to improve the
agreement between theory and experiment was

made since the philosophy of this calculation was
to investigate the validity of the IBA in a situation
as close as possible to the SU(3) limit.

B. 8(E2) values

The E2 operator in the IBA is given by

T(E2) =o,(dt's +std)' + ~ (dtd)~ ~

9e
(yi T(E2)

i )'=, ' Z', (6)

where 8, the nuclear radius, was taken as 1.2A '

fm. This gives a value of 0.0269 e b for the
8 (E2;0+~2+) single particle unit (s.p.u. ) in

Er. In addition, to facilitate comparison of the
strengths of branches to different bands, the square
of the appropriate Clebsch-Gordan coefficient has
been divided out to yield, for each transition, a
value for the square of the efFective intrinsic matrix
element, i.e.,

Relative 8 (E2) values thus depend on one parame-
ter, the ratio of P/a, while absolute 8(E2) values
depend on the absolute magnitude of u. In the
SU(3) limit, the ratio is —2.958, and in this limit,
the operator of Eq. (5) cannot connect states be-
longing to different representations (A, ,p). In the
O(6) limit, the ratio of P/a is zero, and hence, for

Er it can be expected to lie between the two lim-
iting values. In the present calculation, no attempt
was made to optimize this ratio. Instead, the mea-
sured values' of 8(E2;Oi+~2i+) and
8 (E2;0i+ ~22+) were used to calculate absolute
and unique values of p and a. This procedure
yielded a ratio of —0.68, and allowed absolute
8 (E2}values to be calculated for all transitions.
Thus it should be emphasized that there were no
free parameters associated with the calculation of
any other 8 (E2) values in this study.

%hile the experimental information available
from the (n, y) study involves, of course, branching
ratios and thus relative 8(E2) values, the extrac-
tion of absolute 8 (E2) values in the IBA calcula-
tion by the procedure mentioned above enabled the
predicted single particle strength of the collective
E2 transitions to be estimated. The Weisskopf es-
timate" for the matrix element of a single proton
transition was used, namely

I

(z/~m(E2) ~rc, ) =8(E2; I,z, ~l/z~)/(I 2m, rc/ —Ic, ~II')'x, rc, —IC

1 if ~E; —X/~ = 0.
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Note that the last factor in the denominator of the
right hand side of Eq. (7) takes account of the
cross terms involved in transitions between E = 0
and 2 bands.

III. RESULTS

A. Energies

The calculated level structure of ' Er is com-
pared with experiment in Fig. 3, and it can be seen
tha& the entire experimental sequence of states
below the pairing gap (2 MeV) has been well repro-
duced. Note that although, for convenience, the
bands have been labeled by K quantum numbers,
there is no assumption of K quantum number in-
herent in the IBA basis. Nevertheless, level se-
quences corresponding to ground, P, and y bands
appear, as well as sequences which, in a geometri-
cal description, would be labeled as multiphonon
excitations. The IBA wave functions can, of
course, be expressed in terms of a basis involving a
E quantum number but it is interesting to note
that such a transformation results in finite admix-

tures between different (pure K) bands, even in the
rigorous SU(3) limit. ' These and other aspects of
the correspondence between the IBA and geometri-
cal descriptions will be discussed in more detail in
Sec. V.

Thus, given the known comp/eteness of the ex-
perimental level scheme mentioned earlier, it can
be stated that all empirical bands below the pairing
gap are predicted. The one exception to this is a
E = 3+ band at 1653 keV which, by definition,
lies outside the basis of a description incorporating
only I. = 0 and 2 bosons. The origin of such a
band could be from quasiparticle excitations, or al-
ternately, could be described by the introduction of
a g boson (L = 4) into the IBA basis. It is, there-
fore, outside the scope of the present investigation
although the consequences of its introduction and
in particular the interaction of levels originating
from the g boson with those of the s-d boson basis
is an important question. '

Despite the excellent overall agreement between
theory and experiment, certain discrepancies em-
erge near the pairing gap. In particular, the
highest lying E =2+ band is predicted at too high
an energy, while the calculation also predicts a
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E = 4+ band at 1619 keV, whereas the lowest ly-

ing 4+ band found experimentally is at 2030 keV.
The appearance of these discrepancies is probably
not surprising since, at excitation energies near the
pairing gap, interactions with two quasiparticle de-

grees of freedom are likely to perturb the purely
collective description ofFered by the IBA. In addi-
tion, and as mentioned earlier, the restricti'on of the
IBA basis to only I. = 0 and 2 bosons may eventu-

ally become inadequate at higher excitation ener-

gies. In particular, the incorporation of a g boson in
the scheme, necessary to generate the E~ = 3+
band at 1653 keV, might also account for the
discrepancy in the E = 4+ band energy, since the

g boson is predicted to interact strongly with this
band. The (d, d') data of Ref. 13 shows that the
4+ member of the E = 3+ band is indeed popu-
lated with significant strength, while the (d,p) data
of Ref. 14 shows no significant population of this
band. Both sets of data thus support a collective
interpretation.

There is one other general discrepancy which
should be mentioned, namely the failure of the cal-
culation to reproduce the changes in the moment
of inertia between difFerent bands. This feature is,
in fact, inherent in the decision to employ the sim-

ple truncated Hamiltonian of Eq. (1), since such a
formalism results in almost constant rotational
spacing for each band. Thus the reproduction of,
for instance, the 25% increase in the moment of
inertia of the P band is outside the scope of the
treatment presented here. However, it should be
noted that the production of bands with differing
moments of inertia is not outside the scope of the
IBA model in general. Such effects might be pro-
duced by adding other perturbations to the Hamil-
tonian or by introducing higher order terms.

8. B(E2) values

Inspection of Table I shows that the agreement
between theory and experiment for transitions ori-

ginating within the y band is excellent. Not
surprisingly, the calculated relative B(E2) values

between intraband transitions or between interband
transitions alone follow closely the predictions of
the Alaga rules. ' Thus, although the rigorous
SU(3) symmetry has been broken by the introduc-
tion of the P.P term into the Hamiltonian, so that,
for example, the P and y bands are no longer de-

generate, the wave functions are still not greatly
different from those of the SU(3) limit, and hence,

in a geometrical description, the bands can still be
thought of as having good E quantum numbers.
The important additional achievement of the IBA
calculation is the correct reproduction of the ratio
of intraband to in, terband strengths, which depend
on the relative intrinsic matrix elements between
the bands. This feature depends mostly on the re-
lative sizes of the two terms in the E2 operator of
Eq. (5), rather than on the perturbation applied to
the SU(3) Hamiltonian. The only significant
discrepancy is that for the 8& —+ 7& intraband
transition which has a much greater measured in-

tensity than predicted. However, this transition is
very weak experimentally, with an intensity error
of 50%%uo. Also, no multipolarity determination
could be made, and hence, the M 1 component is
unknown.

The results of the B(E2) calculations for transi-
tions from the P band are given in Table II. It can
be seen that the overall agreement is again good,
although not as prescise as for the y band. In par-
ticular, the predicted intensities of the transitions
from the 4+ state to the 4& and 5& states are
severely overestimated. However, the most impres-
sive success of the calculation is again the repro-
duction of the overall observed branches between
bands, which span three orders of magnitude. One
crucial feature is evident, namely that the branch
to the y band is larger than that to the ground
band, in both theory and experiment. This domi-
nance is particularly significant, since it arises na-
turally in the IBA calculation as a result of the fact
that in the SU(3) limit the P and y bands both be-

long to the same SU(3) representation, and this
representation is different from that of the ground
band; hence, transitions between the P and ground
bands are forbidden. Thus, while the small pertur-
bation applied in the present calculations breaks
this symmetry to allow transitions to the ground
band, the dominance of the branch to the y band
still remains. The degree of this dominance, how-
ever, as mentioned earlier, depends strongly on the
ratio of the two coefficients of the E2 operator.
The closer this ratio is to the SU(3) value of -2.958,
the greater the predicted dominance of intra-
representation over inter=representation transi-
tions. Conversely, in the pure geometrical descrip-
tion, the intrinsic E2 matrix element between P
and y bands must be zero, since the transition
would require the destruction of one type of vibra-
tion and the creation of a different type. However,
as pointed out earlier, the IBA description, even in
the SU(3) limit, is related to a geometrical descrip-



INTERACTING BOSON APPROXIMATION DESCRIPTION OF. . . 1719

TABLE I. Comparison of experimental and theoretical B(E2) branching ratios from states of the gamma band in

168Er

Transition' Calculated absolute

B(E2; I; ~Ig)
(s.p.u.)

Calculated

(x, ~M (zz) ~z, )'
(s.p.u. )

Relative B(E2; I; ~I~)
ISA Exp.'

0+,0
2+ 0
4+„0

1.02
1.55
0.09

2.05
2.71
3.10

66.0
100.0

6.0

54.0
100.0

6.8

3+ 2+,0
4+,0
2+,2

1.80
0.85

66.23

2.52
2.97

185.0

2.7
1.3

100.0

2.6
1.7

100.0

2+,0
4+,0
6+,0
2+,2

0.55
1.85
0.22

22.08

2.29
2.63
3.54

184.0 '

2.5
8.3
1.0

100.0

1.6
8.1

1.1
100.0

5+ 4+,0
6+ 0
3+,2
4+,2

1.49
1.10

35.04
34.51

2.34
3.03

183.0
181.0

4.3
3.1

100.0
98.5

2.9
3.6

100.0
122.0

4+,0
6+,0
8+,0
4+ 2
5+,2

0.41
1.83
0.31

42.75
25.17

2.11
2.52
4.01

182.0
179.0

0.97
4.3
0.73

100.0
59.0

0.44
3.8
1.4

100.0
69.0

6+,0
5+,2
6+,2

1.29
47.19
18.58

2.15
179.0
172.0

2.7
100.0
39.0

0.74
100.0
59.0

8+ 6+,0 0.33 1.88 0.67 1.8
8+,0 1.74 2.36 3.5 5.1

6+,2 50.14 177.0 100.0 100;0
7+,2 14.49 170.0 29.0 135.0

The 4z ~ 3& transition was not observed in the measurement and no meaningful limit on its intensity could be ex-

tracted, since it was obscured by a strong line of similar energy. The 7&+ ~8~+ transition was measured to be of pure

M1 multipolarity. Thus both these transitions have been excluded from this comparison.

This column lists the squares of the intrinsic matrix elements in s.p.u. extracted from the IBA calculations according

to Eq. (7).' For all M = 0 or 1 transitions, up to and including the 7~ ~6+, multipolarities have been determined and measured

M1 components subtracted (Refs. 7 and 15). All other transitions have been assumed to be pure E2.

tion incorporating finite admixtures between bands.
It is thus of considerable interest to investigate
whether, and how, a calculation involving band-
mixing in the geometrical formalism can reproduce
this feature; this point will be dealt with in detail
in Sec. V.

The experimental information concerning decays
from the 03+ band is not as complete as for the

lower band, and hence, the comparison between
theory and experiment, given in Table III, includes
a large number of upper limits on intensities which
have been extracted from the experimental data of
Ref. 7. While the overall agreement seems to be
fair, one notable discrepancy seems to be that the
experimental branches to the ground band are sig-
nificantly stronger than predicted. However, in
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TABLE II. Comparison of experimental and theoretical B(E2) branching ratios from states of the 02+ band in ' 'Er.

Transition'

Ig, E
Calculated absolute

B(E2;I;~lg)
(s.p.u.)

Calculated

(Kt
~

M'{E2) ~M~)2
(s.p.u. )

Relative B(E2;I;~I~)
IBA Exp. '

0+ 2+,0
2+,2

0.19
3.36

0.19
1.68

5.5
100.0

5.5
(28.0

0+,0
4+,0
2 s 2
3+,2
0+,0'

0.03
0.11
0.87
1.66

33.75

0.17
0.21
1.53
1.66

169.0

0.10
0.32
2.6
4.9

100.0

0.23
1.4
4.0

=—4.9

2+,0
6+ 0
2+,2
3+,2
4+ 2
5+,2
2+,0'

0.04
0.11
0.02
0.30
1.04
1.32

47.47

0.14
0.24
1.16
1.33
1.48
1.70

166.0

0.09
0.23
0.04
0.63
2.2
2.8

100.0

0.02
0.11
0.03
0.35
0.52
0.19

100.0

6+ 4+,0 0.04 0.12 0.07 0.02
8+,0 0.11 0.25 0.21 0.07
4+,2 0.05 1.06 0.09 0.11
5+,2 0.38 1.22 0.73 0.32
6+,2 1.02 1.41 2.0 0.93
4+,0' 51.35 163.0 100.0 100.0

' The I~I transitions to the ground band were all measured to be of pure M1 multipolarity, and these transitions
have, therefore, been excluded from this comparison. The notation 0' refers to the 02+ band.

This column lists the squares of the intrinsic matrix elements in s.p.u. extracted from the IBA calculations according
to Eq, (7).
' No multipolarity determinations could be made for the 2+ ~2& and 2+ —+3~ transitions, which have, therefore, been
assumed to be pure E2 in this comparison. No meaningful limit could be obtained for the 2+ ~ 0+ intraband transi-
tion, and hence, the 2+ ~3~+ has been used for normalization in this case.

judging the implications of this discrepancy, the
predicted absolute E2 strengths should be con-
sidered. It can be seen from Table III that the
ground state transitions are calculated to have
strengths of —10 to 10 s.p.u. Thus, the ISA
predicts thai, in the purely collective basis, these
transitions are strongly hindered, and hence, rela-
tively minor perturbations to this pure collective
description may well be sufficient to account for
the observed discrepancies. This conclusion is, to a
certain extent, supported by consideration of the
I~I transitions between both 0+ bands and the
ground band, where multipolarities have been
determined to be essentially pure M 1 from the ex-
perimental data. A first impression might be that
such M 1 transitions represent significant
discrepancies between theory and experiment and
actually throw some doubt on the overall validity

of a collective interpretation for these bands. How-
ever, in the next section, it will be shown that these
transitions correspond to M1 strengths of —10
s.p.u. , and thus, that they do not indicate any sig-
nificant departure from collectivity, but rather arise
because of the weakness of the competing E2
modes.

In order to facilitate the overall comparison
between theory and experiment for 8 (E2) branch-
ing ratios, and to i11uminate the essential feature,
namely, the prediction of relative branches to dif
ferent bands, it is useful to consider the summed
8 (E2) strength from a given initial state to all
states in a particular final band. These sums are
plotted for the y band in Fig. 4, and for the two
0+ bands in Fig. 5. In the case of the y band, it
can be seen that the overall intraband to interband
branching is excellently reproduced in all cases.
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TABLE III. Comparison of experimental and theoretical B(E2) branching ratios from states of the 03+ band in ' Er.

Transition'

If,K
Calculated absolute

B(E2;I;~If )

(s.p.u. )

Calculated

(Ky i

M'(E2)
i
E( ) '

(s.p.u. )

Relative B(E2;I;~If )

IBA Exp.'

p+

2+

2+,0
2+,2
2+,0'

0+,0
4+,0
2+, 2
3+,2
4+ 2
p+ pl

2+,0'
4+ pt

0+,0"

0.01
2.79
0.01

0.002
0.007
0.74
1.38
0.66
0.001
0.004
0.009

32.24

0.01
1.40
0.01

0.01
0.01
1.30
1.38
1.52
0.007
0.01
0.02

161.0

0.43
100.0

0.46

0.006
0.02
2.3
4.3
2.0
0.004
0.01
0.03

100.0

= 0.43
& 0.8

& 59.0

0.09
1.0
1.4
2.0

=—2.0
& 7.0
& 7.0

& 3000.0
& 4000.0

0.01
0.34
0.08
0.08
0.48

& 0.4
& 4.0
& 3.0
100.0

0.005
0.01
0.04
0.58
2.4
1.1
0.002
0.01

100.0

0.004
0.006
0.01
0.69
1.7
2.0
0.90
0.001
0.03

100.0

2+,0
6+,0
2+,2
3+,2
5+,2
6+ 2
2+,0'
4+,0'
2+ Plt

0.008
0.015
1.15
1.17
1.40
1.69
0.004
0.025

159.0

0.002
0.007
0.02
0.26
1.08
0.48
0.001
0.007

45.47

0.05
0.48
0.32

& 0.3
& 40.0

& 0.6
& 6.0
& "'.6
& 6.0
100.0

6+ 4+,0 0.002 0.007
6+ 0 0.003 0.01
8+,0 0.007 0.02
5+,2 0.34 1.10
6+,2 0.86 1.18
7+,2 0.97 1.40
8+,2 0.44 1.89
4+,p' 0.0005 0.002
6+,0' 0.01 0.05
4+,0" 48.96 155.0

' The 2+—+2&+, 4+ ~4~+ transitions have been omitted since their multipolarities were determined to be pure M 1. In
addition, no meaningful limits for the 4+~ 63+ and 6+ ~4&+ trynsitons could be extracted from the data and, hence,

these have also been excluded. The notation 0',0" refers to the 02+ and 03+ bands, respectively.

This column lists the squares of the intrinsic matrix elements in s.p.u. extracted from the IBA calculations according

to Eq. (7).' M 1 components in the 4+ ~5~ and 6+ ~6~+ transitions have been determined and allowed for. No multipolarity

determinations could be made for the 2+~ 2z and 2+~ 3z transitions which have therefore been assumed to be pure
E2. The notation = defines the transitions used for normalization in case where an intraband transition was not measured.

For the P band (the left side of Fig. 5), the agree-
ment for the three possible branches is also good.
It should be noted at this point that, in plotting the
corresponding figure in Ref. 8, the experimental in-

tensity for the 2+ ~4&+ transition was inadvertent-

ly omitted from the sum for this branch and the
results of the addendum in Ref. 7 were not known.
However, the essential conclusion which can be
drawn from this figure remains unchanged, name-

ly, the dominance of the branch to the y band.
The right side of Fig. 5 shows the branches from
the 03+ band, and the similarity between the decay
patterns of the two 0+ bands is evident both for
theory and experiment. However, as mentioned

earlier, it is also clear that the ground state branch
from the 03+ band is far stronger experimentally
than predicted.

For the decays of the second and third 2+
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bands, found experimentally at 1848 and 1930 keV,
the relatively small amount of data available prohi-
bits the formulation of a detailed comparison, as
made for the lower bands. In particular, those
transitions that have been observed for the most
part have no multipolarity determinations associat-
ed with them, or have been measured as predom-
inantly M1. The IBA calculations predict that the
dominant branches from both these 2+ bands
should be to the first and second excited 0+ bands
followed by the branch to the y band, while the
branch to the ground state band is predicted to be
the weakest. Examination of the data shows some
indications that these trends are followed, but no
detailed conclusions can be drawn.

In considering the overall quality of the IBA
predictions for B(E2) values, the specific philoso-

phy behind the calculations presented here should
be recalled. The purpose of this study was to
reproduce the essential overall features of the ob-
served level scheme in a situation close to the
SU(3) limit so that the specific predictions result-

ing from that symmetry could be compared with
experiment. To this end, the parametrization of
the Hamiltonian was kept as simple as possible,
and there were no free parameters associated with
the E2 operator. Thus the reproduction of quanti-
tative details such as, for instance, the specific
magnitude of deviations from the Alaga rules evi-
denced by transitions from the y and P bands are
outside the scope of such a treatment. However,
the source and magnitude of the perturbations
which could give rise to these deviations will be
discussed more fully in Sec. V. While these
discrepancies in certain details are evident from
Tables I—III, the branching ratio data has specifi-
cally been presented in bar graph form in Figs. 4
and 5 to emphasize the important features, namely
the reproduction of gross intrinsic matrix elements
which range over three orders of magnitude.
Given this approach, examination of Tables I—III
and Figs. 4 and 5 show a very good overall repro-
duction of the data, but it is also clear that the de-
tailed agreement becomes less precise as the intrin-
sic excitation energy of the bands increase, the
most serious discrepancies involving the ground
state branches. These trends may be principally at-
tributable to two complementary effects. Firstly,
with increasing excitation energy, the amplitude of
admixtures of two quasiparticle and other excita-
tions, outside the IBA basis, is likely to increase;
secondly, it can be seen from Tables I—III that the
predicted absolute strengths of the ground state

branches become progressively weaker with in-

creasing bandhead energy. Thus the "purely col-
lective" strength becomes weaker while the noncol-
lective admixtures presumably become larger, and
hence, the discrepancies between theory and experi-
ment become greater. While there may certainly
be other explanations for specific discrepancies, it
seems reasonable that the above effects may contri-
bute to the overall trends observed. It should also
be noted that in the description of these very weak
transitions, it is possible that higher order terms in

both the IBA Hamiltonian and the E2 operator
may become significant. These considerations also
show the necessity, in a more general sense, of con-
sidering the absolute magnitude of transition
strengths in judging the significance of discrepan-
cies between theory and experiment. This point will
become even more apparent in the next section,
when the significance of observed M 1 components
is discussed. In the case of B(E2) values, it is in-

teresting to note that the level at which disagree-
ments become apparent is not, as might be naively
expected, 1 s.p.u. , but rather & 0.1 s.p.u. For in-

stance, the transitions between y and ground bands
are well reproduced and would certainly be thought
of as collective, yet their predicted absolute
strength is —1 s.p.u. An explanation can be
found by considering the microscopic structure of
the collective excitations. Since the E2 transition
strengths between two quasiparticle Nilsson basis
states are generally « 1 s.p.u. and since typical
amplitudes of component two quasiparticle states
in low lying levels are & 1, expected transition
rates should be. « 1 s.p.u. in the absence of
coherence. Thus, resultant strengths of 0.1 —1.0
s.p.u. must result from a coherent summation when
connecting two low lying composite states and, in
fact, represent definite collective enhancements.

Finally, in Tables I—III, the squares of the vari-
ous effective intrinsic. E2 matrix elements have
been listed. The constancy of these values for a set
of transitions to a given final band rejects the
closeness of the IBA predictions to those expected
from the application of the Alaga rules in the
geometrical description.

IV. M 1 TRANSITIONS

It was mentioned in the previous section that
one interesting experimental feature in the decay of
the two excited 0+ bands is the occurrence of a se-

quence of I—+I transitions to the ground state band
whose multipolarities have been determined as
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essentially pure M 1, and that such transitions
might throw some doubt on 'the validity of a col-
lective interpretation for these bands. It is thus
worthwhile to consider the significance of these
transitions in more detail.

The occurrence in deformed nuclei of transitions
from the y band with significant M 1 components
has been recognized for some time. The usual ex-
planations for such components have involved the
assumption of a small departure from collectivity
in terms of either a small difference between the g
factors of the ground and gamma bands, or small
admixtures of unobserved K = 1+ bands. Howev-
er, it has recently been shown' that the constancy
and size of the M 1 admixtures in the intraband
transitions in the gamma bands of deformed rare-
earth nuclei do not support this type of interpreta-
tion, but instead suggest that a collective efFect is
responsible. It was demonstrated that the theory of
Greiner, ' which deduces these M 1 admixtures
from a proposed difference in deformation of the
proton and neutron cores, meets with considerable
success. This comparison included, in fact, results
for the intraband y band transitions in ' Er.

In assessing the importance of M 1 transitions
from the 0+ bands, it is thus useful to consider the
strength of these transitions in absolute terms and
to compare them with their counterparts in the

gamma band. To this end, the empirical absolute
magnitudes (in single particle units) of several M 1

transitions in the gamma and 0+ bands have been .

calculated. These estimates have been extracted as
follows: For each ease the estimate has been based
on the value of the branching ratio between the
M 1 transition of interest and an intraband E2
transition. The Weisskopf single particle estimate"
for T(crA;,0~ A, ) was used to calculate each
branching ratio, and the IBA results were used to
predict the strength of the coIlective E2 transition
in each case. The experimental value for the
branching ratio then yields an estimate of the sin-

gle particle strength of the M 1 transition. The
steps in this procedure are listed in Tables IV and
V, where the first column in each case gives the
M 1 and E2 transitions in the branching ratio, the
second and third columns list the experimental and
%eisskopf values for this branching ratio, and the
fourth column lists the calculated strength of the
E2, transitions. .

The estimated absolute M 1 strengths for transi-
tions from the y band are listed in the final column
of Table IV. It can be seen that the constancy of the
strengths of the intraband M 1 components is con-
firmed in absolute terms, and is shown to be at the
level of 8 g 10 s.p.u. It is also worth noting that
the two interband transitions which could be es-

TABLE IV. Estimate of M 1 s.p. strengths for some transitions from the gamma band of
168E1'.

Transitions
M 1/E2

T(M 1)/T(E2)
Exp.' s.p. estimate"

Calculated
intraband

8(E2) (s.p.u. )

8(M 1)
(s.p.u. )

3'~2'
3'~2' 0.49 5.0 x 104 - 66.2 6.5 X 10-4

5+ 4+

5+ 3+ 0.03 0.10 X 10 35.0 1.1 x 10-'

6+ 5+

62+ 42+
0.01 0.06 X 104 42.8 7.2 X 10-4

7+ 6+
7+ 5+ 0.82 6.3 x 104 47.2 6.2 x 10

0.35 1.4 X 10
7+ 8+

1.2 x 10' 47.2
7)+ ~5)+
' The experimental ratios have been obtained from the data of Refs. 7 and 15.

The single particle estimates have been calculated using the Weisskopf estimate of
T(cri, ;0~A, ) for each member of the M1/E2 branching ratio listed in the first column.
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TABLE V. Estimate of M1 s.p. strengths for some transitions from the excited 0+ bands
of ' Er.

Transitions'
M 1/M2

T(M 1)/T(E2)
Exp." s.p. estimate'

Calculated
intraband

B(E2) (s.p.u. )

B(M 1)
(s.p.u. )

4+' 4+

4+ ~2+ 11.2 9.5 X 10' 47.5 5.7 )& 10-'

6+'

6+' 4+' 3.8 0.9 y 10' 51.4 2.2 X 10-'

4+ 4+

4+ ~2+ 132.4 6.6 g 10 45.5 9.2X 10 4

6+" 6+

6+ ~4+ 23.9 0.8 X 1o' 49.0 1.5y10 '

' The notation I+, I+ refers to states in the 02+ and 03+ bands, respectively.
The experimental ratios have been obtained from the data of Ref. 7.

' The single estimates have been calculated using the Weisskopf estimate of T(o.A, ;0~A, ) for
each member of the M1/E2 branching ratio listed in the first column.

timated show identical M1 strengths. Given their
constancy, the small size of these M 1 amplitudes
indeed supports a collective origin.

Turning now to the 0+ bands, Table V indicates
that the strengths of the pure M 1 I~I transitions
to the ground band are actually of the same order
of magnitude or less than those in the y band.
Thus these transitions do not indicate any signifi-
cant departure from collectivity but rather arise be-
cause of the weakness of the competing E2 modes
which, as can be seen in Tables II and III, are
predicted to lie at a level of & 0.1 s.p.u. It should
be noted that M 1 matrix elements have also been
extracted for the I~I transitioris between the 02+

and ground bands of ' Hf, again indicating a
strength of —10 s.p.u. in this case.

One further remark might be made concerning
the preceding analysis. Since the rigorous collec-
tive model forbids M 1 transitions in even-even nu-

clei, the small absolute M 1 strengths extracted in
the preceding analysis show that the perturbations
to this concept are indeed very small. Conversely,
however, the analysis also indicates that the use of
collectivity as an argument to justify the assumption
of pure E2 transitions in deformed even-even nu-
clei is dangerous, since 8(M 1) values of only
10 —10 s.p.u. can still result in significant, or
dominant, M1 components.

V. COMPARISON WITH A GEOMETRICAL
DESCRIPTION

It is hardly surprising that the results of an IBA
calculation for a well deformed nucleus such as

Er are similar to those which would be obtained
from the geometrical model, given the proven suc-
cess of the latter for this class of nuclei. It is thus
of considerable interest to study the relationship
between the two descriptions both to understand
the IBA predictions in a familiar framework and to
highlight the differences between the two ap-
proaches. In this section, therefore, the data for
the first three positive parity bands of ' Er have
been analyzed in terms of a band-mixing approach
and an attempt has been made to compare and
contrast the results and philosophy of such a treat-
ment with those of the IBA calculations presented
previously.

It was mentioned earlier that the IBA wave
functions eA'ectively incorporate finite admixtures
between different (pure K) bands, even in the SU(3)
limit. It was also pointed out that one of the fun-

damental characteristics of this limit was the pre-
diction of a dominant P~y E2 branch, in con-
trast to the selection rule of the geometrical model
which would forbid np ——1~n& ——1 transitions.
The question therefore arises as to the mechanism
producing this dominance in the IBA, expressed in
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the framework of a geometrical description. The
matrix elements connecting P and y bands in the
IBA, even in the SU(3) limit, contain two classes of
terms of different origin. One is a LK = 0 term
arising from finite, albeit small, admixtures of
E = 0 components in the y band which arise from
the transformation between Elliott and Vergados
bases and from the requirements of orthogonality.
This term is directly analogous to that producing
P~ y transitions in the geometrical description via

P —y band mixing (see below), except that its
strength goes to zero in the infinite dimensional
limit. The second type of term is a direct LK' = 2
term which has no precise analog in the geometri-
cal description although it can be introduced ad
hoc. This term does not go to zero in the infinite
dimensional limit and, indeed, is the one responsi-
ble for the IBA prediction of relative P —+y transi-
tion strengths that agree with the Alaga rules in
that limit.

It has long been recognized that the predictions
of the geometrical model for relative interband
transition strengths (i.e., Alaga rules) are not pre-
cisely followed and it has become standard practice
to introduce perturbations, in the form of explicit
band mixing, to account for these deviations. For
example, extensive literature (see, for example,
Refs. 3, 18, and 19) supports the conclusion that
significant improvement in the predictions of the
geometrical model for y~g transitions is obtained

by the introduction of two band y —g mixing, usu-

ally specified in terms of a mixing parameter z&.
Similar improvements, while less extensively docu-
mented due to lack of empirical information, are
obtained for the P~g transitions by the use of a
zp parameter to reflect P—g mixing. Finally, fine
tuning of some of the predicted E 2 P~g and
y~g branching ratios has sometimes been ob-
tained with the inclusion of direct P—y mixing in
a three-band mixing calculation.

It is clear that direct P—y mixing will also lead
to P~y transitions via amplitudes leading to effec-
tive intraband matrix elements. However, while
this implication of the often introduced P—y mix-

ing is inescapable, it has not been generally recog-
nized nor studied, again primarily due to the lack
of data. The recent results for ' Er, however, pro-
vide an ideal opportunity to test whether explicit
P—y mixing can account for the observed domi-
nance of P~y over P~g transitions and whether
the calculated relative P~y B(E2) values agree
with experiment.

To this end, we have performed three band mix-

ing calculations according to the usual formalism.
For y —+g and P—+g transitions, the formulas are
given in detail in Ref. 18 and the expressions for
specific transitions are tabulated. However, for
P~y transitions the required expression has not
yet been presented. It has been derived by Ried-
inger and its structure is informative. Assuming
that the direct ~= 2 P~y intrinsic matrix ele-
ment vanishes, one has

I

2Qoo'Q, '
B(E2 IY~Ip ) zpY[f2(I p )(IY220

~
Ip 2) f2(IY)(IY200

~
Ip0) ]

+ ~ zY f2(IY)(IY200~ IpO) + zp 2 fo(Ip)(IY22 —2 ~Ip0)
Qp'

24 Y
Q

2 Y Y
Q

2

(8)

B(E2:Os —+2Y) = 2QY [1 —zr+ 2zpY]

B(E2:Os~2p) = Qp [1 —6zp —4zpYQY /Qp ]

(10)

The constants Qp, QY, and Qoo may be deduced
from measured B(E2) values, and an assumed
set of z parameters.

where fo(I}= I(I + 1),
f2(I) = [(I —1)I(I+ 1)(I+ 2)]'Y, and the in-
trinsic E2 matrix elements Q are defined in terms
of the B(E2}values by the equations

B(E2:Os ~2s) = Qoo

2 2

B(E2 IY ~Ip) = zpY F (IY,Ip ),QOO QY

3Q 2 (12}

where F(IY,Ip ) is evident by comparison of

I
The first term in the bracket of Eq. (8) arises

from direct mixing of the P and y bands. The last
two arise from second order mixing via the ground
band. Noting that Qoo is an intraband matrix
element and that Qp is the relatively weak P~g
interband element, it is evident that the last two
terms are much smaller than the first. Neglecting
these for the moment, one has
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Eqs. (8) and (12).
Thus, one has the surprising result that the rela-

tive sizes of the various y~P B(E2) values are in
dependent of z~& while scaling approximately as

zp& . This independence is in striking contrast to
the strong dependence on z& and zp of the y~g
and P~g transitions where the mixing term is a
correction to a nonzero intrinsic matrix element.
Thus, the predicted P~ y E2 branching ratios are
independent of possible uncertainties in the adopted
value of z~z. For the sake of rigor in the calcula-
tions below, the full Eq. (8) is used rather than the
approximation of Eq. (12) but in all cases the
differences are negligible.

In performing a three band mixing calculation,
there are six parameters that must be fixed. Two
of these, B(E2:Og+ —+2s+) and B(E2:Os+—+2r+),
were taken from experiment and, as with the IBA

calculations, these ensure reasonably accurate intra-
band and interband E2 matrix elements for decays
from the y band. Realizing that z& has virtually no
effect on P~ y transitions, and that zitr has a
much smaller effect on y~g than on P~g transi-
tions (see Table III of Ref. 18), zr parameters for
each y —+g branching ratio were extracted by re-

quiring agreement of a two band mixing calcula-
tion with the data. The adopted value of
z& ——0.038 provides a reasonable reproduction of
the overall set of y —+g branching ratios. It is clear
from Eqs. (11) and (12) that the strength of P~y
transitions depends approximately on the quantity

z&r / B(E2:Os+ ~ 2p+ ). Reference to the formulas
of Ref. 18 shows that the P~g branching ratios
depend on z&r/B (E2:Os+~2it ) as well as zest. Note
that this B(E2) value is unknown empirically.
Thus the fitting procedure consisted of varying z~&

TABLE VI. Comparison of experimental and theoretical B(E2) values for the 02+ band in
168E

J IF gaf s

Calculated absolute
B(E2;I'~I~) (s.p.u.)

Relative B(E2:I;~Iy)'
Exp. IBA

0+,0
4+,0
2+,2
3+,2
0+,0'

0.007
0.04
0.11
0.05

42.85

0.02
0.10
0.27
0.12

100.0

0.005
0.03
0.10

:—0.12

0.002
0.008
0.06:—0.12

2+,0
6+,0
2+,2
3+,2
4+,2
5+,2
2+,0'

0.01
0.07
0.06
0.40
0.13
0.37

61..28

0.02
0.11
0.10
0.65
0.21
0.61

100.0

0.02
0.11
0.03
0.35
0.52
0.19

100.0

0.09
0.23
0.04
0.63
2.2
2.8

100.0

0.02
0.07
0.11
0.32
0.93

100.0

6+ 4+,0 0.02 0.04 0.07
8+,0 0.12 0.18 0.21
4+ 2 0.35 0.51 0.09
5+,2 0.96 1.42 0.73
6+,2 0.13 0.19 2.0
4+,0' 67.49 100.0 100.0

- ' The notation 0' refers to the 02+ band.
B(E2) values, calculated in the band-mixing framework, using 1 s.p.u. = 0.0269 e b . The

intraband transitions from the 4+ and 6+ levels were calculated assuming the simple rota-
tional limit dependence on Clebsch-Gordan coefficients. This neglects the small ( ( 2%)
correction on these transitions as well due to the mixing.

The column BM gives the relative B(E2) values calculated with the band-mixing forrnal-
ism discussed in the text [see Eq. (8)]. The IBA entries are the same as in Table II except
that, for convenience of comparison here, the normalization for the 2+ initial state is
changed to be the same as in the BM calculation. The experimental transitions are corrected
for M 1 admixtures and are normalized to an intraband transition except for the 2+ level,
where none was observed and the 2+ ~3+ transition was used instead.
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to obtain the desired p~ y dominance while at the
same time varying ztt and 8 (E2:Os+ ~ 2t+t) to ob-
tain reasonable p~g branching ratios and to set
the absolute scale of the p~g 8(E2) values by
forcing the calculated and experimental values to
agree for the 4~ —+6g+ transition. From these pro-
cedures, the values ztt ——0.038, z~r ———0.00086,
and 8(E2:Os+ ~2tt ) = 0.0010 e b were obtained.
Different sets of ztt and B(E2;Os+ ~2p+) parame-
ters would primarily affect only the p —+g branch-

ing ratios.
The essential results are the following: The cal-

culations excellently reproduce the y~g 8(E2)
values, the largest disagreements being typically
only 20 —30%%uo. The detailed results for transitions
from the p band are given in Table VI and it can
be seen that the P~g 8(E2) values are reason-
ably well accounted for.

Of course, given the fitting procedure described
earlier, the average p~y/p~g branching ratio is
reproduced. It is interesting, and at first glance
surprising, to note that this P~y dominance is
obtained with a very small z&& parameter value and
one that is fully consistent with, and indeed

perhaps smaller than, values typically extracted in
rare earth nuclei in the past. The clear implica-
tion, therefore, which matches that of the IBA, is
that one now expects a genera! p —+ y dominance in
most deformed rare earth nuclei In retro.spect it is
easy to see why this is so. It results from the
strength of the intrinsic intraband E2 matrix ele-

ment, which is admixed by the P-y band mixing,
over the p~g interband matrix element.

Lastly, in comparing the band-mixing calcula-

tions with the data one notes that although the
P~ y dominance is reproduced (or, more prtx:isely,

is defined to be reproduced and the requirtxl zttr is
thereby extracted), the detailed relative p~ y
B(E2) values are not in good agreement with the
data. It is worth recalling that these are essentially
invariant [see Eq. (12)] and, therefore, in the con-
text of this model cannot be improved.

Thus, to summarize at this stage, the empirical
p~ y dominance can be reproduced both in the
IBA basis, where it results naturally from the
underlying SU(3) symmetry, and in the band-mixing
formalism, using a z~& parameter of the same order
as deduced from previous studies of y~g and

p —+g transitions in rare earth nuclei. The quality
of the overall reproduction of branching ratios
from the p band is comparable in both models and
in fair agreement with the data, as can be seen in
Table VI. The essential difference between the two
descriptions lies in the mechanism by which the

p —+y dominance is reproduced. In the geometri-
cal description it results purely from mixing
between p and y bands; in the IBA it comes pri-
marily from an intrinsic p~y matrix element.

It is important, therefore, to enquire whether the
experimenta/ information can yield the source of
the dominance. To this end, following a suggestion
of Ref. 12, the data for the first three bands have
been analyzed using the first order I-dependent in-
tensity relations described in Ref. 3. This tech-
nique corresponds to treating the deviations from
the leading order (Alaga) intensity rules for transi-
tions between any two bands as resulting simply
from mixing between these two bands and can be
analyzed in the form of a graphical technique
known as a Mikhailov plot. ' The transition
strengths are given by

B(E2;I)E(~I2E2) = 2(I)E1221I2E2) [ Ml + M2[I2(I2 + 1) —I,(I, + 1)] ) (13)

for AC = 2 transitions, where

E2 ——Ei +2,
M) ——(E2

l
M(E2)

l E) ) —4(E) + 1)M2,
1/2

15
eQoe2M2 ——

Here, e2 is the spin independent amplitude describ-
ing the admixture of the two bands and Qo is the
intrinsic quadrupole moment, calculated from the
experimental value of 8(E2;Os+ —+2s+) to be 7.61 b
for ' sEr. Thus, the square root of Eq. (13) can be
represented by a straight line by plotting

—2M2

Mi + 4M2
(14)

For ~ = 0 transitions, the equivalent expressions
become

[8(E2;I)E)~I2E2)]' /~2(I)E)22 I I2E2)
against I2(I2 + 1) —I&(I, + 1). The slope M2
and intercept Mi then yield the mixing and intrin-
sic E2 matrix elements, respectively. Note that
this approach is exactly equivalent to that previ-
ously described in the two band mixing case, where

zp and zp& are zero. Then z& can be expressed as
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8 (E2;I,K~I2K) = (I)K20
I
I,K &'I m, + M, [r,(I2 + 1) —Ii(I) + 1] I

M, = (K IM(E2) IK),
' 1/2

5
M2 ——

16m
egoeo .

(15)

To the extent that three band mixing effects are
important, this approach will be inadequate. As
pointed out before, these effects are relatively unim-

portant for y —+g transitions, and they are negligi-
ble for p~ y transitions. The p~g transitions,
however, can be strongly perturbed by three band
mixing effects. The use of the two band approach,
which gives the leading order I-dependent expres-
sions, has, however, two advantages. Firstly, the
IBA results can be simply studied by this tech-
nique, and the effective coupling and intrinsic ma-
trix elements extracted. This is true only to the ex-
tent that the IBA intensities form a straight line
when plotted in the format of Eqs. (13) or (15).
Secondly, the analysis of the experimental p —+ y
transitions by this method will automatically yield
an intercept corresponding to the ad hoc introduc-
tion of an intrinsic p~y matrix element into the
geometrical description. Again, if the data points
can be fitted by a straight line, such an analysis
will provide an empirical value for this matrix ele-

ment, and thus distinguish which mechanism is
responsible for the observed p —+ y dominance.

Thus, both the IBA results and the experimental
data for the y~g, p~y, and p~g transitions
have been analyzed in the form of Mikhailov
plots, and the results for the first case are shown in
Fig. 6. It is evident from this figure that the IBA
results can be reasonably well approximated by a
straight line, and this is true for the other cases
also. The results of these analyses are presented in
Table VII, where the extracted values of M~ and

M2 are listed, as well as the implied values of the
intrinsic E2 matrix element. In addition, the im-

plied coupling matrix element h~ can be extracted
from the mixing amplitude e~ as follows:

hak ——oak(E(K2) —E(Ki )1 .

A study of Table VII provides answers to several
crucial questions. Consider first the intrinsic E2
matrix elements. The experimental data for p —+ y
transitions can be fitted with a straight line
(X = 0.5), and thus can be used to test for an in-
trinsic matrix element. As shown in Eq. (13), the
condition for a zero P~y E2 element, correspond-
ing. to a P~y dominance arising from P —y band

0.5—

Ao 0.4

CU
I

CU

-0.3
V

y —
g TRANSITIONS

l68Er

x ——x IBA
~—~ EXPERIMENT

0.0— —20 —IO 0 10

If(If+ I ) —I (I + I )

20 30

FIG. 6. Mikhailov plots for transitions between gam-
ma and ground bands in ' Er. The dashed line
represents a fit to the values predicted by the IBA calcu-
lation. The solid line represents a linear least squares fit
to the experimental data, using results for all transitions
originating from states up to and including the 6+
member of the gamma band. The absolute scale was
determined from the known value of B(E2;0~+ ~22+)
for transitions from the 2+ state, and from the predicted
absolute strength of the intraband transitions from the
higher states. Note that by the definitions of Eq. (13),
I2 ——I;, and Ii ——If, and hence, the positive slopes of
the two lines imply negative values of M2.

mixing alone, is given by

Mi ———4M2,

and it is evident that the data simply do not permit
such a conclusion and, in fact, give direct evidence
for a nonzero intrinsic E2 matrix element of
0.094(7) e b. This empirical result shows that the
mechanism for the p —+y dominance is exactly that
predicted by the IBA, and the value of the predict-
ed intrinsic element is within roughly a factor of 2
of the data. For p~g transitions the IBA intrin-
sic matrix element is again roughly a factor of 2
too high, so that the ratio of p~y/p~g matrix
elements is very similar in the data and the IBA.
The y —+g E2 matrix element was, of course, used
to fix the constants of the E2 operator in the IBA
calculation, and hence, the agreement with experi-
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TABLE VII. Comparison of values of intrinsic and coupling matrix elements extracted
from Mikhailov plots of the experimental data and the IBA predictions for ' Er.

2+ 0+,

Exp' IBA

Initial and final bands
0+ ~0+)

Exp" IBA
0+ 2+

Exp IBA

0.268(6) 0.069 0.201

0.0015

0.263 0.069 0.207

—0.11

0.269 0.039(2) 0.108(7)
(e b)

(e b)
—0.0045(5) —0.0014 —0.0006(1) —0.0005 —0.0036(6)

K~M(E2)~Ef o2$o(6)
(e b)

0.039(2) 0.094(7)

—O.57(6) —O. is( —O.29(5) —O.27 O.28(5)
(keV)

' The experimental values are extracted from a linear least squares fit using results for all
transitions originating from states up to and including the 6+ member of the gamma band.
Transitions from the two higher levels were not included because of uncertainties in the M 1

components. The absolute scale was determined from the known value of B(E2;0+~ ~2&+)
for the transitions from the 2+ state, and from the predicted absolute strength of the intra-
band transitions from the higher states.
" All transitions from the 4+ and 6+ members of the 02+ band were included in the linear
least squares fit, the absolute normalization being based on the absolute predicted strength
for the intraband transitions in each case. For the 02+~ 2~+ case, the strength of the
2+ ~3+ transitions, relatiue to the 2+ —+2+ strength, was included in the fit to the experi-
mental data.

ment is to be expected in this case.
Turning now to the values for the slopes of the

experimental and IBA lines, we observe that, while
the empirical value for the p~g transitions is well

reproduced, the y~g and p~y values deviate
from the data by factors of —3. However, the sig-
nificance of these deviations can be judged from
the corresponding values of the coupling matrix
elements, h~. It can then be seen that they imply,
at worst, differences of & 0.4 keV in the predicted
and experimental coupling matrix elements
between the bands. It is important to understand
this point and its implications. Inspection of Table
I, for example, shows that while the IBA provides
an excellent overall description of the relative
B(E2) values there are, nevertheless, discrepancies
of factors of 2 for certain interband transitions.
These seemingly large differences arise directly
from differences of —0.4 keV between the empiri-
cal and effective IBA mixing matrix elements be-
cause the resultant admixed amplitudes (- 10 )

correspond to those for intraband transitions and
thus their efFects are enormously magnified Given.
the philosophy and consequent simple parametriza-
tion behind the IBA calculations presented here,
such differences are neither surprising nor disturb-
ing.

The conclusion concerning the application of the

&BA to the p, y, and ground bands of '6sEr is thus
clear. The calculations have reproduced the abso-
lute intrinsic E2 matrix elements, which range
over three orders of magnitude experimentally, to
within a factor of 2 or better. The intrinsic cou-
pling matrix elements between bands have been
reproduced to within 0.4 keV. In addition, of
course, the complete sequence of experimental
bands below the pairing gap has been obtained
with the exception of the E = 3+ and 4+ bands
discussed previously. This complete description of
the collective states resulted from a total of five
parameters, four of which were fixed from simple
prescriptions and only one of which- was allowed to
vary freely.

The 03+ band deserves particular attention. This
band cannot, of course, be included in the three
band mixing formalism presented at the beginning
of this section, while the small 'amount of data
which exists for the brarich to the gamma band, for
instance, cannot be represented by the I-dependent
intensity rules. Inspection of Table III, however,
shows that in the case of transitions from the 4+
state, where an absolute normalization is available,
the branch to the gamma band is overestimated in
two cases by the IBA, each-by a factor of —5,
while in one case it is underestimated by a factor of
—2. Thus this information points to a predicted
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matrix element which is within a factor of 2 of the
data. The intensities to the ground band are
overestimated by an order of magnitude, and the
significance and possible sources of this discrepan-

cy have already been discussed in Sec. III.
In considering the analog of this band in the

geometrical model, the natural choice would be an

n& ——2 assignment. While such a correspondence

may be correct in part, it should be noted that in

the geometrical description, the 8 (E2) values for
n = 2 ~n& ——1 transitions would be expected to
equal those for nz ——1~nz ——0 transitions. In-
spection of the squares of the intrinsic matrix ele-

ments extracted from the IBA results for the corre-
sponding transitions, given in column 4 of Tables I
and III, shows that in the IBA, the intrinsic E2
matrix element between the 03+ band and gamma
band, is actually half that between the gamma and

ground bands. Thus it would appear that the
correspondence between the IBA and geometrical
descriptions for this and possibly higher bands is
no longer simple.

It could be suggested that, since application of
the first order I-dependent intensity rules, or band-

mixing formalism, gives comparable or better
results for the detailed relative E2 intensities, such

a technique represents a preferable description of
the nucleus. Such considerations should be tem-

pered by the realization that this formalism in-

volves the separate parametrization of the relative
transition strengths between each pair of bands, in

the form of an intrinsic E2 matrix element and a
mixing matrix element. Thus, two parameters
must be introduced for each pair of bands. In ad-

dition, for a complete description of the level

scheme, the bandhead energies and inertial con-
stants must be parametrized separately. Complete
multiparameter calculations along these lines have
indeed been performed in the past, and, not

surprisingly, show excellent agreement with the
data. However, while such an approach is certain-

ly valuable and instructive, it corresponds effective-
l.y to extracting the complete set of parameters
from the data. In contrast, the IBA aims at
predicting the same set of physical quantities from
a simple treatment of a Hamiltonian and operator
which are equally applicable both in neighboring
nuclei and in those with widely diAerent structure.

VI. SUMMARY AND CONCLUSIONS

The calculation described above represents the
most detailed test to date of the IBA in the region

of well deformed nuclei. The overall agreement
with the data is impressive, both in terms of the
correct prediction of the complete set of positive
parity states below the pairing gap, and the repro-
duction of the intrinsic E2 matrix elements, both
interband and intraband, which range over three
orders of magnitude experimentally. In judging the
quality of this agreement, it should be emphasized
again that the complete set of levels and branching
ratios stem from the use of only one free parame-
ter, the other four constants in the Hamiltonian
and E2 operator having been fixed from simple
prescriptions.

The prediction of absolute 8 (E2) values allowed

the significance of disagreements between theory
and experiment to be judged, and it has thus been
shown that in certain cases relatively small pertur-
bations would be suAicient to account for observed

discrepancies. Similar conclusions apply to the ob-

served M 1 components in the decay scheme, where
the absolute strengths have been estimated to lie in
the range of 10 —10 s.p.u. The additional fact
of the constancy of these small absolute M 1

strengths for the intraband transitions in the gam-
ma band supports the concept of an essentially col-
lective origin.

Undoubtedly, the most crucial result of this
study is the prediction of the dominance of the
gamma decay branch from the p to the y band,
over that to the ground band, which is in agree-
ment with the data. While it has been shown that
such a dominance can be reproduced in the Bohr-
Mottelson description for a particular nucleus by
the explicit introduction of p —y band mixing, in

the framework of the IBA, the natural appearance
of both a direct LUC = 2 intrinsic matrix element
and the specific band admixtures which give rise to
this feature represents a fundamental characteristic
arising from the underlying SU(3) symmetry of the
model basis and thus represents a globa/ prediction
for all deformed nuclei. The dominance of P —+y
transitions over p~g and, indeed, the sizes of
these relative to the intraband transitions, while
confirmed and established in mor'e detail by the
most recent study, are already implicit in a com-
parison of the earlier work of Michaelis et al.
and Koch. It is certainly possible, and indeed
seems likely, that the dominance of the p~ y
branch represents a general characteristic of de-

formed nuclei which has not yet been recognized
experimentally, although existing results from stud-
ies of ' Gd and ' Yb also demonstrate this domi-
nance. ' The consistent occurrence of this feature
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throughout the region of deformed nuclei would
lend considerable support to the utility of the IBA
Hamiltonian in providing an apt underlying basis
for the description of intrinsic collective excitations
in deformed nuclei.

Given the very simple parametrization chosen
for the model Hamiltonian, it is hardly surprising
that discrepancies appear in the detailed compar-
ison of relative branching ratios between particular
pairs of bands. Nevertheless, the analysis of Sec. V
indicates that these discrepancies result from differ-
ences of only a few tenths of a keV in the predicted
and experimental coupling matrix elements
between the bands. Such disagreements might be
partially rectified by "fine tuning" the parameters
of the Hamiltonian and/or by adding perturba-
tions. For instance, a reduction in the pairing term
will lead to a negative value for the P —y coupling
matrix element, in better agreement with the data.
However, to obtain near perfect agreement in all

cases, it would probably be necessary to introduce
higher order terms into both the Hamiltonian and
the E2 operator. There is an analogy here with
the approach used in conventional models. The
simplest geometrical model gives predictions of ro-
tational bands with constant moment of inertia,
harmonic vibrations, and transition intensities
obeying the Alaga rules. Deviations from this sim-

ple picture are introduced via perturbations and
higher order terms in both the Hamiltonian, to
describe, for instance, anharmonicities in the loca-
tion of multiphonon excitations and changes in the
moment of inertia, or in the operator; these lead to
the I-dependent intensity rules of Eqs. (13) and
(15). While the ISA description presented here al-

ready incorporates, to some extent, many of these
higher order effects, and in addition, of course,
yields automatically a large number of quantities
which have to be parametrized separately in the
geometrical model (energies, intrinsic matrix ele-

ments, etc.), it is certainly probable that analogous
higher order terms must be included in this IBA
formalism to explain the detailed discrepancies
which still remain.

To conclude, it should be emphasized once again
that while a comparison of the IBA and geometri-
cal descriptions is extremely useful in terms of
understanding the successes and failures of the
former in a familiar framework, a comparison of
the relative quality or usefulness of the two
descriptions can only be made if the different phi-

losophies behind each approach are understood.
The geometrical model as used here involves a for-
malism applicable specifically to deformed nuclei,
which allows the extraction of all the parameters
necessary to describe a given nucleus. The IBA
uses a Hamiltonian which is applicable across a
wide range of nuclei, and which for a certain com-
bination of terms, provides a prediction for de-
formed nuclei involving very few parameters. The
most striking example of this is the prediction of a
dominant P —+y branch which, although unrecog-
nized up to now, has been shown in retrospect to
arise naturally from the usual bandmixing formal-
ism also; the origin of the dominance in the two
approaches is, however, different, and it has been
shown that the data for ' Er support the existence
of a direct ddC = 2 matrix element, as predicted by
the IBA. Clearly this question deserves further
study in other deformed nuclei. The two ap-
proaches, therefore, extractive and predictive, are
complementary and the analytic techniques avail-
able in the geometrical framework can provide a
powerful tool to study the source and magnitude of
additional terms and perturbations that could be
incorporated in the IBA treatment to perfect the
description of a particular nucleus.
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