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Delta-hole formalism of pion-nucleus single charge exchange scattering
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The pion-nucleus single charge exchange scattering matrix is described by the nonstatic theory based on the delta-
hole formalism which is quate successful for the pion-nucleus elastic scattering in the (3,3) resonance energy region.
The calculated excitation function of the "C(m+, rr')"N„charge exchange scattering cross section becomes flat
between the pion kinetic energies 70 and 230 MeV, but the theoretical integrated cross sections are roughly a factor
of 3 less than the observed ones. The observed shape of angular distribution at 150 MeV is well reproduced by our
theory, although the absolute values of the calculated angular distribution are slightly smaller than the
measurements.

NUCLEAR REACTIONS Pion-nucleus single charge exchange scattering.
Delta-hole formalism, pion energy 70-230 MeV.

I. INTRQDU|"TIGN

The "C(v', v') "N, , charge exchange (CE) scat-
tering theoretically looks like a simple reaction
to reproduce experimental data. Considering this
process in the distorted-wave impulse approxima-
tion (DWIA), only the monopole type transition
density contributes to this CE scattering. Most
theories, however, predict a dip in the excitation
function of the "C(m', m'}"N, , integrated cross
section in the (3, 3) resonance region, whereas
experiment' shows the integrated cross section
to be roughly independent of energy, and also
shows that the observed cross sections are roughly
a factor of 2 to 5 larger than the theoretical pre-
dictions. Various theoretical methods' ' were
proposed to attack the above problem. See Bef.
10 for a review of the theoretical methods. The
pion-nucleus higher order optical potential, es-
pecially the contribution from the true pion ab-
sorption to the optical potential and the Pauli-
quenching effect for the delta, have not been ser-
iously considered in every theory. The true pion
absorption cross section accounts for about 50
percent of the total inelastic cross section. There-
fore, the contribution from this channel to the
optical potential cannot be neglected. The energy
dependence of the true pion absorption cross sec-
tion is different from that of the quasi-elastic
cross section. Therefore, the inclusion of the
higher order optical potential will change the
shape of the excitation function of the
"C(p', z') "N, , CE scattering cross section.

In this paper the nonstatic theory based on the
delta-hol. e formalism" "is applied to charge
exchange scattering. This theory is quite success-
ful in describing the pion-nucleus elastic scatter-
ing in the (3, 3) resonance energy region. The

isobar doorway model" had already been applied
to the charge exchange scattering. ' Although it
reproduced the data quite well, the calculation of
Bef. 14 was phenomenological, and the assump-
tions introduced to obtain the final equation were
not always physically understandable. It is nec-
essary that the problem of the "C(m', ~')"N, ,
CE scattering be reexamined using a more rigor-
ous formula than that of Bef. 14.

Our calculation includes recoil and binding cor-
rections to the pion-nucleon amplitude which are
used to define the Hamiltonian of the delta. Fur-
thermore, the spreading potential for the delta,
and the Paul. i-quenching effect for the decay of
the delta. into a pion and a, nucleon, are taken into
account. The spreading potential represents the
coupling effect of the delta-hole states to the more
complicated states.

In Sec. II the CE scattering matrix for the
"C(w", w')"N, , is described by the delta-hole
formalism. The results of our analysis and the
next step to obtain the absot. ute cross section of
the "C(v', z'}"N, , CE scattering are discussed
in Sec. III. We conclude with a short summary
in Sec. IV.

II. OUTLINE OF FORMALISM

The nonstatic theory" "is applied to the charge
exchange scattering (CE). Miller and Spencer'
have shown that the effect of Coulomb distortion
on the charge-exchange reactions is very small
for pion energies greater than or equal to 100 MeV.
Therefore, the isospin formalism is used here by
omitting the Coulomb interaction between a pion
and a nucleus and the mass differences of various
charged particles. Then the CE scattering matrix
T» in the case of the "C(w', v')"N, , scattering
is given by
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T, (k', k;E) = [T (k', k;E) —T, (k', k;E)],

where k and k' are the initial and the final pion
momenta, respectively, and T,~, and T„,are the
scattering matrices of the isospins t = 2 and t = 2,
respectively. Thus the calculation of the CE
scattering becomes the same as that of the elastic
scattering in the isospin space. In this case, the
treatment of Ref. 12 can be easily extended to the
pion and odd nucleus system. Qur formalism is
briefly explained.

The scattering matrix T, for the isospin t is
written in terms of the optical potential U, for the
isospin t as

P
T~ = U~+ U~

—T~ (2)

where @=1—P r, is d.efined .by

7'. =V +V —7'.i i;i~ i& (6)

where P is the projection operator which projects
out the lowest state of the nucleus which is
coupled to the pion to make the total isospin t.
The propagator e is given by

e =(E- HA)'-P'- i ',
where H„ is the Hamiltonian for the target nucleus
consisting of A. nucleons, and p and p, are the mo-
mentum and the mass of the pion. The potential

U, is divided into two parts,

U~sg+ Ut33 '

The first part is built from partial waves other
than the P33 wave in the pion-nucleon scattering,
and is represented by U,.

~ . It is replaced by the
usual first order optical potential U,"„'. The sec-
ond part consists of the P33 partial wave, and is
represented by Uf33.

In the following, we give an outline of the con-
struction of U, 33 Qur starting point is the optical
potential expansion of the Watson multiple scatter-
ing theory. The optical potential is written as

A A

U = 7'. + 7'.—~g'+ ~ ~ ~, (6)'e

where V, is the interaction potential between a
pion and the ith nucleon. First, U is approximated
by U"' =g, 7', Let us now introduce the e N-scat-
tering matrix for a nucleon in the target nucleus

(k', K' if, ik, R )

=g'(Tc')(k'+R~iD '(E —HA) ik+K„)g(Tc), (9)

where z =(Mk- EK„)/(M+E) and g(~) =gT'8' Tc/

(g2+ a'). The denominator function D(E —HA) is
expanded up to the first order in H~,

D(E —Hg =D(E) —y(E)H~,

where D(E) =E —Es(E) + (i/2) I's(E) and y(E) = 1
—(BEE/BE) +(i/2)(BI'z/BE). From Egs. (6) and (7)
v' is rewritten as

(10)

P P
7 =t-t —r =t —t —7'.

The projection operator P is extended to include
P -P+Q~~,

~

PVt }(PVf
~

in order to take into ac-
count the Pauli-quenching effect for the decay of
the isobar into a pion and a, nucleon. ~PVf } repre
sents the Pauli-violating state. The direct product
of the incident pion and the lowest state of the nu-
cleus is expressed as ~kPt), where P represents
the lowest state of the nucleus. For the final state
k is replaced by k'. Using Eqs. (9) and (ll), the
optical potential Ug33 is written, within the limit of
the first and second order in the Pauli quenching
effect, as

1t. = V. + V- —t.i. i ig i&

and the scattering matrix with the modified pro-
pagator e~

t,.~= V,.+ V,.—t,.~,
1

d,

where eA=(E —HA)' —[1+(E/M)]P„' —p', and

H~ = T~ + V~+ H/ y Here, T~ is the kinetic oper-
ator of the m-N center of mass, and V~ the binding
potential which is chosen so as to make the differ-
ence between t, and t,.~ as small as possible. So
t~ is replaced by t«. The suffix i is dropped from
now on. The t matrix t~ in the momentum repre-
sentation can be expressed as follows:

Uq, (k', k;E) =(k'Pt Q r) KPt)

Fp~.~.-i, k' PA'N' t E —H~ —V~ —V~ ~ P~ t F~~~-i, k

+ 5, „,Q E*, (k')(a'
~
[D(E —H ) —V~] '

~
4)E~(k), (12)
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where E~~„-i,(k) =(~N 't Ig(7c) IkPt) and E~~=(b, ~g(Z) ~kPt= —',). The matrix elements of V~ and V~ p are
diagramatically shown in Figs. 1(a) and (b), respectively. The quantities Vz and V~ ~ represent the Pauli-
violation terms. The interaction V~ ~ appears only in the pion-nonclosed shell nucleus scattering, and the
matrix element of V~ ~depends on the isospin t and the total angular momentum t, where J =l.,+j . It is
known that the optical potential of Eq. (12) produces a much too pronounced resonance structure in the
elastic cross section, the total cross section, and the real part of the forward amplitude. " The P~ 'f,

states or the 6 states must be coupled to more complicated states. In order to take into account the coup-
ling of the P~ 'f, states or the 6 states to those other states, we introduce the spreading potential g ', into
the denominators in Eq. (12) phenomenologically, although recently a microscopic treatment for the
spreading potential has been proposed. " For simplicity g,' is assumed to have the same shape and range
as the potential V~.

Now, the intermediate isobar-nuclear states IPd V 't) and
I
M = —,) are represented by

I

dt). Using Eqs.
(1), (2), and (4) the CE scattering matrix T», like the "C(m', mo) "N. . . is written as

K2
~o(k', k; E) =- [T~~ (k', k; E) —T~~~(2(k', k; ) ]

+
3 Q E*„,(k')(d'g

I
E —Es(E) +2 I's(E) —y(E)H~

d 3/2 I

d' 3/2

—V~ —V~ z —W', —V~ „—V~ ~„ Id—)E„,e( )

I

—g Z„*.„,(%.')(d'-,'I E E(E)+--r" (E} y(E)a, -V, —V, ——W', "-V, „ Id-.')F„„,( ),
d 1/2

(13)

where

and p,„- is the distorted wave due to Uu„' of a
pion. The matrix elements of V~ „and V~ ~„are
shown by the diagrams of Figs. 2(a) and (b). The-
pion propagator includes U,~'. The interactions
V~ „and V~ ~„come from the pion multiple scatter-
ing by the nucleus. The pion receives the distor-
tion by the residual nucleus through the interaction
V~ ~„during interaction with a nucleon outside
the closed shel. l.

In Befs. 16 and 17 the difference in energy of the
isospin 2 and & first-order optical potential was
treated as a free parameter to fit the data. Once
the static approximation is used, the physical

I

origin of the difference does not become clear.
The introduction into the theory of an ambiguous
parameter which cannot sufficiently reproduce
the energy dependence of the total cross section,
the integrated cross section, and the true pion
absorption cross section may lead to confusion.
If we must look for the origin of such a difference
in our formalism, the spreading potential 5", and
the interaction V~ ~ correspond to it.

III. CALCULATION RESULTS OF THE
C(n'+, m ) N, CHARGE

EXCHANGE SCATTERING

The scattering matrix T,o is decomposed into
the partial wave amplitudes as usual. The ground

]( r
]4

FIG. 1. (a) Fock diagram for A. (b) Diagram of the
4-particle exchange interaction.

FIG. 2. (a) Diagram of the 6-hole interaction. (b)
Diagram of the interaction between 6 and pAN con-
figurations.
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states of "C and "N are approximately described
as the P,&, single particle state. The pion partial
waves cannot couple. each other because the total
angular momenta of the initial and final target
states are ~. So, calculations become fairly
simple. The energy-dependent resonance energy

'

Ez(E), the width 1'z(E), and the form factor range
p are determined from the pion-nucleon P33 phase
shifts. For V~ the same potential as the one for
the nucleon which reproduces the binding energies
of the single-particle orbits well is used. The
binding potential V~ for delta is given by

V~(x) = —Vo[1+ , vr'—]exp(-vr ),
where V, =66 MeV and v=0.34 fm '. The spread-
ing potential W', is assumed to have the same shape
and range as V~,

lV,' = (u, +i v,) [1+ ,' vx'—Jexp( —vx') .

Although n, and v, should be determined from the
forward amplitudes of the v+ —"C and p —"C
elastic scatteririgs, the values determined from
the m —"C elastic scattering data" are used be-
cause of a lack of m-"C elastic scattering data.
It was assumed that 5","= W',"because S",' itself
is not well known, although 9", ' is different from
W', ' in general. A case where W,'" is not equal to
W'," is discussed in the latter half of this section.

The calculations are performed in a shell-model
base. The hole and particle states are described
by harmonic oscillator wave functions, and the
isobar wave functions are expanded on the same
base. Each denominator of the right-hand side in
Eg. (13) is diagonalized in the one particle-one
6-one hole and one 6 configuration spaces. The
total cross sections, real parts of the forward
amplitudes, and integrated elastic cross sections
in the "C(7I,m )"C elastic scattering are calcu-

TABLE I. The complex strength of spreading poten-
tial fixed from the C(g, x ) C elastic scattering and
used for the analysis of the 3C(x', x ) NL charge ex-
change scattering.

T, (MeV)

70
100
150
180
230

-3 -i44
-15 -j53
-27 -i47
-26 —j56
+ 14 —g50

lated to fix the strength parameters of the spread-
ing potential. The results are shown in Fig. 3.
The complex values of the spreading potential g,
are given in Table I. The spreading potential
shows the strong energy dependence. Very re-
cently it has been pointed out that the introduction
of a 6-nucleus spin-orbit potential leads to a
smooth energy dependence of the central part of
the spreading potential. " %le maintain our spread-
ing potential form because the introduction of the
4-nucleus spin-orbit potential does not influence
the integrated CE scattering cross sections very
much. Now there is no free parameter to calcu-
late the CE scattering cross sections. The in-
tegrated cross sections of the "C(z', w )"N, , CE
scattering are shown as the function of pion kinetic
energy in Fig. 4. The dotted line shows the re-
sults obtained without the spreading potential.
The excitation function has a small bump around
the pion kinetic energy 100 MeV. In this case the
elastic and total cross sections also have a too
pronounced resonance structure. Next, the
spreading potential is included, but since the
complex strength of the spreading potential was
fixed from the n -"C elastic scattering without the

( mb)

700
Ref(0)
(fm)

600

Ref (0)

&eltot

1.0—

0.5—

200

50 150

Tir (MeV)

250

FIG. 3. Total cross sections, real parts of forward
amplitudes, and integrated elastic cross sections in the
vr —2C elastic scattering. The data are from Ref. 18.
The theoretical curves are obtained by choosing I and
tf, so as to fit Ot, t and Ref(0).

I l I I I t

70 90 110 130 150 170 190 210 230
T (weY)

FIG. 4. The experimental and theoretical
C(x', m )'3N~, integrated cross sections as a function

of the pion energy. The data are from Ref. 1. The
dotted line is obtained without the spreading potential,
and the dashed line with the spreading potential but
without H~ and W~ for single 6 states. The solid line is
obtained by including everything.
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connection with a nucleon outside the closed shell,
H~ and W,' are omitted for single 6 states (a kind
of impulse approximation). In this case (the
dashed line) the bump disappears. The variation
of the integrated cross section is fairly strong
between 150 and 180 MeV. This may be due to
the fact that the free half width of the delta at
180 MeV is about 10 MeV larger than that at 150
MeV and the reduction of width from the Pauli-

quenching is smaller at 180 than at 150 MeV. The
full calculations are shown by the solid line. The
variation of cross sections between the pion kine-
tic energies of 70 and 230 MeV is very small. The
full. y calculated cross sections become smaller
than ones shown by the dashed line, and much
smaller than the experimental ones. The inclusion
of the spreading potential for the single delta states
general, ly makes the amplitude of the isospin &

decrease. Up to now any reasonable theoretical
calculation has not been able to reproduce the ex-
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FIG. 5. The angular distributions of the C(x', x ) N~ 8 charge exchange scattering. The data in (c) are from Hef.
20. The dash-dotted line in (d) corresponds to W, =-30-i47 Mev and W ~ =-21-i66 MeV. Other lines are the
same as in Fig. 4.
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I'IG. 5. (Continued) .

The angular distribution of the elastic scattering
obtained by this choice for W'," and W'," is little
different from the one calculated by taking W,'~'

In the CE scattering the absolute values
of the cross sections are very different from each
other as a matter of course, and the angle of the
first minimum in the former shifts to the larger
angle by about 5 more than the one in the latter.
This difference between W,'" and W'," is very
large. The difference between W', ' and W', ' may
become large because here the whole effects
which contribute to the increase of the cross sec-
tion are artificially charged to the self-energy
(the spreading potential) of the delta. In this
paper the important charge exchange mechanisms,
as shown in Fig. 6, were not taken into account.
The pion can exchange the charge with the nucleon
outside the closed shell through the true pion ab-
sorption and the multiple reflection. The dia-
grams in Fig. 6 cannot be described by the self-
energy form of the delta. If the contributions of
these diagrams are taken into account, the differ-
ence between W',"and W', ' may be reduced. "

perimental value s.
I et us now discuss the angular distribution. The

calculated results are shown in Fig. 5. The de-
finitions of the dotted, dashed, and solid lines
are the same as those in Fig. 4. Unfortunately,
up to now an angular distribution is observed only
at the pion kinetic energy 150 MeV, and also has
been measured only at four angles. " At 150 MeV
the dashed line agrees reasonably with the experi-
ment. This may be rather accidental. The im-
portant point is that both the shapes of the solid
and dashed lines are not very different from each
other up to 60, although the absolute values of the
cross sections are different. The introduction of
the spreading potential into the propagator for the
single 6 states leads to the damping of the CE
transition amplitude, roughly speaking. In general,
the contributions from the lower pion partial
waves (0, I', 2'} are larger in the nonstatic treat-
ment than in the static treatment, because the
pion can get more deeply into the inside of the
nucleus due to the 6-hole propagation. The angle
of the first minimum in the angular distribution
is about 10' larger in the nonstatic treatment than
in the static treatment.

I.et us consider the case where W'," is not equal
to W',". The difference between W', ' and W', ' has
to be made large to obtain a close cross section
to the observed value. For example, at the pion
kinetic energy 180 MeV, M', '+iv,' ' and u' '+i@' '
become -30- i47 and -21- i66 MeV, respectively,
to obtain the integrated cross section of 0.7 mb.

IV. SUMMARY

The transition matrix in the pion-nucleus sys-
tem to the isobaric analog state between the mir-
ror nuclei was described on the same level as
the elastic scattering formulation by using the
delta-hole formalism. If the binding correction,
the Pauli-quenching correction, and the spreading
potential are taken into account all. together, the
calculated excitation function of the "C(n', m') "N, ,
CE scattering cross section becomes flat, and the
shape of the calculated angular distribution at the
pion kinetic energy 150 MeV is reasonably consis-
tent with the experimental data. However, the
magnitude of the integrated cross section is rough-
ly factor of 3 less than the experimental value
(about I mb). We examined how iarge the inte-
grated cross section becomes when the spreading
potential. W',"of the isospin & is not equal to the
spreading potential gi", ' of the isospin —,'. It was

(a)

FIG. 6. The pion-nucleus charge exchange diagrams
being brought about by the true pion absorption (a) and
the multiple reQection (b).
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necessary to make the difference between the
spreading potentials W',"and W'," large to repro-
duce the observed cross section. The additional
charge exchange mechanism which may be able to
reduce the difference between the spreading poten-
tials W',"and W', "was discussed.

Note added. Recently, the DWBA treatment
based on the delta-hole formalism has been per-
formed for the "N(m', m')"0, , charge exchange
scattering, and the flat excitation function has
been obtained between the pion kinetic energies

140 and 230 MeV, although the big bump appears
around 100 MeV."
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