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Woods-Saxon potential parameters optimized to the high spin spectra in the lead region
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The parametrization of the spin-orbit part of the Woods-Saxon potential was optimized taking into account the
single-particle energies corrected for nucleon-nucleus interaction and the high-spin spectra of '~Pb and '"Rn. With
the spin-orbit potential strength parameters A. = 36.0 and the radius parameter (r,) =1.3 fm for both protons
and neutrons, both types of empirical data are reproduced well. The configurations of the calculated high-spin
states are identical with the shell-model results.
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I. INTRODUCTION

Recent interest in nuclear high-spin spectra led
to the observation of individual states with spins
as high as I- (30-36)h, thus providing a good
basis for testing the quality of the calculated
single-particle energy levels. In particular, by
investigating the high-spin spectra of nuclei that
are expected to preserve their spherical or oblate
shapes, as, e.g. , some nuclei with Zand N around
Z0=82 and NO=126 or around Z, =64 and NO=82,
one can analyze simultaneously the relative posi-
tions of many of the single-particle levels in-
volved in particle-hole excitations, which play a
dominant role in the deexcitation schemes of these
nuclei. In the Zo= 64 region, however, a com-
parison of the calculated and experimental data
does not distinguish between effects from single-
particle levels and those from residual, as, e.g. ,
pairing, interactions. In this respect the Z, = 82
region is much cleaner since, due to the presence
of large neutron and proton gaps in the single-
particle spectra, the pairing Bardeen-Cooper-
Schrieffer (BCS) energies a, and ~ (solutions to
the BCS equations) are zero; consequently, the
particle-hole excitations generally do not contain
any pairing contributions.

Here, the shell-correction plus particle-hole
analysis is used in order to obtain the high-spin
excitations. The method is based on the single-
particle spectra calculated with the Woods-Saxon
potential. The method of generating the potential,
which is generally deformed, and solving the
corresponding Schrodinger equation is taken from
Ref. 2 and thus will not be presented.

The shell-correction plus particle-hole analysis
used here does not take into account possible

interactions between single-particle and collective
degrees of freedom. Consequently, the lowest
lying states, close to the characteristic 3 octu-
pole vibrational states and thus possibly contain-
ing admixtures of collective components in their
wave functions, are not reproduced well by a
pure particle-hole analysis. We thus compare
with experiment the relatively high-spin (f ~ 10')
excitation energies of "'Hn and '~Pb which are
expected to be free from such deficiencies.

In previous studies of high-spin states, both the
¹ilsson' and the Woods-Saxon' potential were
used. The Nilsson model potential was shown to
provide a slightly incorrect single-particle level
order in the lead region. In particular, the im-
portant f»& (proton) and j,&, (neutron} levels ob-
tained with the best parameter set had to be re-
arranged artificially in order to reproduce the
experimental level order. ' Further systematic
differences between the Nilsson and Woods-Saxon
spectra are discussed in Ref. 4 with respect to
high-spin nuclear properties. Calculations based
on the Woods-Saxon potential with Rost param-
eters' gave more satisfactory results; but the
results for the high-spin spectra of the two nuclei
investigated extensively in experiment, "'Rn (Ref.
6} and '~Pb (Ref. 7), can be improved signifi-
cantly. Calculations making use of the Rost' and
Chepurnov' parameters showed' that the former
reproduces the "'Rn results slightly better where-
as the latter does so for the ' I'b results. More-
over, compared to experiment the average slopes
of the calculated yrast lines were not completely
satisfactory, although the I ' assignments along
the yrast line were basically correct.

The aim of the present investigation is twofold:
(i) to provide a uniform set of parameters of the
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Woods-Saxon potential which will reproduce the
high-spin spectra in the lead region as well as the
updated results for the single-particle excitations
in this region; and (ii) to compare the calculated
single-particle configurations with the shell model
results in order to establish the relationship be-
tween the shell-model and shell-correction plus
particle-hole analysis methods.
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II. OPTIMIZATION OF THE WOODS-SAXON
POTENTIAL PARAMETERS

The potential is calculated as
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VoVr;P;Ro =
1+ exp[dist(T", P; x,)ls] '

where dist(T", P; r,) is by definition equal to the
distance of a point $ from the nuclear surface Z
defined in terms of quadrupole and hexadecapole
deformations, P, and P4, respectively, by

Z: R(8) =R,c(p)[1+ p, Y20(cosdj + p, Y„(cose)].

Here, P =—(P2, P4); c(P) is calculated from the
constant volume condition, and R, = r,&~'.

The spin-orbit part of the potential was obtained
as usually by formula

It' ev„=-x~ (vvI„, ,„, . P) (3)

in which R, was substituted by R„=(r,)„&'~.
Since the single-particle level spectrum, and the
level order, depend sensitively on the parameters
of the spin-orbit potential, the central part of the
potential controlling mainly the number of levels
in the potential well, the optimization should be
accomplished by choosing its parameters properly.

The parameter optimization was begun by com-
paring the experimental results for the single-
particle energies in '"Pb (Ref. 10 and references
cited therein) with the Woods-Saxon potential
spectra calculated according to several paramet-
rizations, as proposed in the literature. In this
comparison the parameters proposed in Ref. 5 are
among the best; we thus attempted the optimiza-
tion using those parameters as starting values.

In this parametrization the strength X of the
spin-orbit potential for neutrons is characteristi-
cally almost twoice as large as that for protons
(X= 31.50 and X= 17.80 for neutrons and protons,
respectively). The (ro},neutron and proton para-
meters also differ significantly [(r,)„=1.28 fm
and (r,)„=0.93 fm for neutrons and protons, re-
spectively]. In Chepurnov's parametrization, '
however, X = 33.87 and (ro)„=1.24 fm for both
neutrons and protons. A relation between the two
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FIG. 1. St,ngle-particle proton levels as functions of
the spin-orbit strength parameter X gower scale) and
the spin-orbit radius parameter (xp)8~ (upper scale). All
other parameter values are identical with those of Rost.
Rost's and Chepurnov's values are explicitly indicated.
At A. ~ 36.0 and (rp)~o 1 3 fm (not displayed) the 2f~~2
and 3p3~2 levels will already have crossed, and thus the
level order is reestablished.

parametrizations is illustrated in Fig. 1: Starting
from the Rost values, the simultaneous increase
of 1 and (r,)„c aeusast the beginning several
intersections of levels, but at X = 36.0 and r„=1.3
fm, i.e., after 2f~ and 3p cross again, the
single-particle level order is again correct. Sim-
ple geometrical considerations lead to the con-
clusion that decreasing the spin-orbit potential
radius parameter with respect to the central po-
tential radius pronounces the role of the former
by strongly influencing the slope of the effective
potential (Vccnt, + V, ); increasing the strength
parameter X acts similarly. Consequently, the
effects due to relatively drastic changes of X and
(r,}„(seeFig. 1), when occuring simultaneously,
partly cancel each other', one should bear in mind,
however, that the overall dependence of single-
particle states on the potential parameters is very
nonlinear, and thus the above argumentation re-
mains qualitative.

A similar transition from Rost to Chepurnov
[X, (r,}„]parameter values is illustrated in Fig.
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2 for neutrons. Now the increase of A. and de-
crease of (yo}„complement each other, thus in-
creasing the effect on (Vcm~+ V„); the range of
parameter variation is much smaller here than in

Fig. 1. In both figures Rost values are assumed
for all other potential parameters, and thus one
should not conclude about the quality of Chep-
urnov's fit. We expected to reproduce the single-
particle level order for neutrons and protons
using X and. (ro)„values common for both kinds
of particles. This expectation is supported quali-
tatively by the results of Fig. 2: The increase of
A. from 31.50 to 33.87 to 36.0 can be compensated
for by increasing (r,)„from 1.28 to 1.30 fm. The
corresponding calculations are illustrated in Figs.
3 and 4 for protons and neutrons, respectively.
In addition to the experimental data given for com-
parison, the more detailed analysis results of
Werner and co-workers, "denoted in the figures
by "EXP."+CORR, indicate the "real" single-
particle levels, i.e. , experimental values which
were corrected for the fact that a nucleon in the
nucleus is subjected to some interaction with its
partners. In other words, a single-particle state
is excited not only by promoting a particle from
its initial to its final level, as calculated from the
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FIG. 3. Single-particle proton levels as functions of
the spin-orbit potential strength parameter (~ —= A~a) for
(rp)sp fixed at 1.3 fm. The experimental values (data
from Ref. 10 and references cited therein), denoted by
EXP., are corrected for nucleon-nucleus interaction
(Ref. 11) (EXP.+ CORR).

independent particle model, e.g. , the Woods-Saxon
model, but also by overcoming the interaction with
all other nucleons

E'&= e'~+ Oe' '
~

I/ V P (4)

ln formula (4}E'„' denotes the single-particle ener-
gy levels, e'„~ the corresponding observed quanti-
ties which differ" from the former by a correction
term 5e„'that accounts for the interaction of a
nucleon with the nucleus. Whereas the proton
spectrum is not influenced greatly by the correc-
tion terms, in the neutron spectrum the most pro-
nounced modification takes place when the distance
between the 1i»&, and 1j»& levels decreases sig-
nificantly. Since the choice of X=36.0 and (x,)„
= 1.3 fm for both neutrons and protons is in agree-
ment with the discussed empirical data, we ac-
cepted it as input for further tests in the high-spin
state analysis (all parameter values are collected
in Table 1).
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FIG. 2. Single-particle neutron levels as functions of
the spin-orbit strength parameter A, Dower scale) and
the spin-orbit radius parameter (rp)8o (upper scale).
Here, the increase of A, and the decrease of (rp)~, both
strengthen the effect of the spin-orbit part of the poten-
tial (see also Fig. 4).
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FIG. 4. Single-particle neutron levels as functions of
the spin-orbit potential strength parameter (A, =—X,J.
For further explanations see caption to Fig. 3.
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TABLE I. The final parameter values reproducing the single-particle level spectra of Pb
and high-spin excitations of Rn and 2 4Pb. The parameter Vo(Z, N) =V[1+f(;(N —Z)/(N+Z)],
with the plus sign for protons and the minus sign for neutrons. The Coulomb potential of
protons was taken in the form of the classical electrostatic field generated by a uniform
charge distribution with the radius equal to R, =Ra = (~0)~A 2. With this parameter choice,
discrepancies between the calculated and empirical data (Figs. 3 and 4) generally do not ex-
ceed 1 Me V, except for the 2f&g2 state which, however, lies deeply enough not to be able to
influence the high-spin calculation results. Slight changes in V act on the single-particle
spectrum, roughly speaking, by shifting the single-particle levels in the energy scale; this
property can be used to adjust better the nucleonic binding energies.

Particles V (Me V) ro (fm)
Parameters

a (fm) (~0)~ (fm) a (fm)

Neutrons
Protons

-49.6
-49.6

0.86
0.86

1.347
1.275

0.70
0.70

36.0
36.0

1.30
1.30

0.70
0.70

E(P,I}= E,.(P)+ oE~~(P)+ 6E,„(P,I), (5)

with 5Eahon calculated from the Strutinsky method
and

The high-spin excitations are calculated using
the shell-correction plus particle-hole analysis
method. '4 The total energy is calculated from the
relation

pared in Fig. 6 with the experimental ones and with
analogous results of calculations based on the
shell model. " The spherical shell model results"
generally agree with experiment very well for
spin values which are not too high. On the other
hand, the shell model employs a number of ad-
justable parameters that are taken from a com-

OE h(P, I)= Q e~ —Q e„,
ne{H ag{af

(6)

where {p)and {h)denote the set of particle and
hole states, respectively. The quantity E„(p)
represents the liquid drop model energy with the
parameters taken from Myers and Swiatecki"; in

the Strutinsky type calculations the smoothing
parameter @was equal to 1.2 x(41/A" }MeV, and

the highest order p of the smoothing polynomial
was set equal to 6 (for details see Refs. 13 and 14}.

In the high-spin calculations the proton and neu-
tron particle-hole excitation energies were gener-
ated first at the deformations P, = 0, -0.04, -0.08,
-0.012, -0.16 (p, =0). Then the proton and neu-
tron contributions at a given deformation were
added up and the sequence of a few lowest energy
states for a given spin I (0 & I/II & 50) was found.
Finally, the yrast energies were calculated as
those realizing a minimum with respect to the
deformation.

The results of these calculations are presented
in Figs. 5 and 6 for '~pb and "'Rn, respectively.
Since this method does not take into account any
coupling with collective degrees of freedom, we
arbitrarily normalized the experimental and
theoretical spectra to zero at I'=9 for '~Pb and
I'= l2' for "'Rn. The proposed set of parameters
(Table I) offers a good description of the high-
spin states in '~Pb; as usual, the calculations
predict some yrast states which were not yet ob-
served experimentally.

The calculated high-spin states of "'Rn are com-
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FIG. 5. Yrast energies of +Pb (experixnentaJ uata
froxn Ref. 7). The calculated results correspond to op-
timized parameters g'able I).
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TABLE II. Configurations of the excited high-spin
states of Rn. All the configurations for I ~20jg agree
with those of Ref. 15 (higher spin states were not anal-
yzed in Ref. 15). Our configurations of the 25, 27, and
30+ states agree with those obtained in Ref. 17 rather
than with those proposed in Ref. 6.
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FIG. 6. Yrast energies of Rn (experimental data
from Ref. 6). The shell-correction plus particle-hole
analysis results based on the Woods-Saxon single-parti-
cle levels with the parameters from Table I are denoted

by WS. For comparison, the shell model results of Ref.
15 (S.M. ) are also shown.
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parison of spectra of several nuclei from the
neighborhood of the investigated one. The shell-
correction plus particle-hole analysis, however,
can easily be extended to deformed (oblate) shapes
and to very high spin excitations, the latter being
rather difficult to achieve within the shell model
methods due to the fast increase of dimensions of
the matrices involved.

It is also interesting to compare the calculated
single-particle structure of the high spin states as
calculated with the two approaches (Table II; see
also Ref. 16 for further details). In fact, for such
a comparison it was sufficient to display the re-
sults of only one method, since both the shell-cor-
rection plus particle-hole analysis and the shell
model results" predict identical conf igurations.
The results of the former approach are presented
in Tables II and III.

The deformation resulting from these calcula-
tions is weak but significant: For the lowest spin
states it is close to zero and decreases, with
negative quadrupole deformation signifying oblate
shapes, to P, =(-0.08, -0.10) for the highest spin
states considered.

III. SUMMARY AND CONCLUSIONS

The knowledge of high-spin excitations in spheri-
cal or oblate nuclei allows us to examine the

single-particle nucleon spectra in addition to the
traditional one- or two-particle transfer reaction
methods. We employed the high-spin excitation
and particle transfer reaction data to deduce the
best Woods-Saxon potential parameter values for
the nuclei of the lead region.

The proposed parameter set reproduces well
the experimental data. The spin-orbit potential
parameters obtained are identical for both neu-
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~ -1 2
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TABLE III. Configurations of the excited high-spin
states of Pb. According to the interpretation proposed
in Tables II and III the I ~208 states of Pb presumably
test the neutron configurations, while the I &22K states
of Rn presumably test the proton configurations.
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trons and protons; all other parameters are taken
from Rost' (the final parameter values are col-
lected in Table I}.

The resulting single-particle configurations of
the "Rn high-spin states are compared with the
shell model calculation results; both methods are

shown to interpret the structure of yrast states
identically. This is considered to be evidence for
the validity of the shell-correction plus particle-
hole analysis method which, in contrast to the
spherical shell model, can easily be extended to
very high spins and large oblate deformations.
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