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A semirealistic parametrization in momentum space is used for the matrix elements of the effective nucleon-

nucleon interaction. In this model, the nucleons only interact in a relative s-wave state and essentially via an

exponential potential. In the Hartree-Fock approximation, algebraic expressions are derived for the self-energy and

the effective mass. The strength and the range of the nucleon-nucleon interaction are chosen in such a way that these

quantities are in fair agreement with the empirical values. We calculate analytically the frequency dependence of the

imaginary part of the polarization and correlation contributions to the. self-energy. The real part of these

contributions can then be computed very accurately with the help of dispersion relations. Their frequency

dependence can most conveniently be described in terms of a frequency mass m. It is found that m has an

enhancement peak, typically 30 MeV wide, centered on the Fermi energy. The contributions of the correlation and

of the polarization graphs to this local enhancement are disentangled. The contribution to m of the polarization

graph peaks somewhat above the Fermi energy, and that of the correlation graph somewhat below the Fermi energy.

The total peak is approximately symmetric about the Fermi energy. We identify the range of excitation energy of
those core excited states which mainly contribute to the enhancement. The enhancement peak is more pronounced

at low density and for long-range interactions. The usual effective mass also displays an enhancement at the Fermi
surface. The momentum distribution in the correlated ground state is calculated. The effect of introducing a hard

core in the nucleon-nucleon interaction is studied.

NUCLEAR STRUCTURE Second order approximation to self-energy of nucleons
in nuclear matter.

I. INTRODUCTION

In the independent-particle model, the nucleons
are assumed to move independently of one another
in an average potential field. In the Hartree-Fock
approximation, this average field is nonlocal and

independent of the frequency of the nucleon.
Higher order corrections to the Hartree-Fock ap-
proximation introduce a frequency dependence into
the average field. Much interest has recently
been devoted to this frequency dependence, ' ' to
which the present paper is mainly devoted. Em-
pirical hints to the existence of a striking and siz-
able frequency dependence had first been pointed
out by Brown, Gunn, and Gould. ' These authors
exhibited the following problem. The Hartree-
Fock approximation to the average single-particle
field yields a strongly nonlocal single-particle
potential which accounts well for the properties of
the scattering pnd of the deeply bound single-par-
ticle states, but fails to yield the density of sing-
le-particle levels near the Fermi surface. In-
deed, the latter can be reproduced with a purely
Eocgl field. The existence of this problem has
since been repeatedly confirmed. ' Bertsch and

Kuo showed that it is likely to be qualitatively
solved if one takes into account the fact that
single-particle states are shifted due to their
coupling to low-lying core excited states. This
coupling gives rise to a frequency dependence of
the average nuclear field. The effect of this fre-

quency dependence appears to approximately can-
cel that of the nonlocality near the Fermi surface,
and is believed to disappear far from the Fermi
surface. In the work of Bertsch and Kuo, the
core excited states were taken as mixed particle-
hole excitations. They were described as vibra-
tional phenons by Hamamoto and Siemens' and as
random-phase approximation excitations by
Bernard and Van Giai. ' While these more recent
works confirm that single-particle energies are
compressed in the vicinity of the Fermi surface,
they are unabl. e to give a measure of the size of
the energy domain in which this compression takes
place. It has recently been shown that this size
plays an important role. '~' -An estimate is given
in Refs. 2 and 9. It is very hard to perform it in
a reliable way, partly because of the limited con-
figuration space which can in practice be included,
and partly because of the difficulty of uniquely
identifying a quasiparticle stat& in a calculation
which yields fragmented singl. e-particle states.
It is thus of interest to study infinite nuclear mat-
ter, where the quasiparticle states can be unam-
biguously defined, and where, furthermore, all
relevant quantities can be plotted as smooth func-
tions of the quasiparticle frequency or momen-
tum. Our results also provide an instructive and
explicit illustration in the case of nuclear matter
of the arguments which have been used in Ref. 2
to estimate the size of the energy domain in which
the compression of the single-particle level den-
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sity takes place.
When the standard Brueckner-Hartree-Fock

approximation is modified so as to include loce-
5ying one-particle-one-hole excitations, a strik-
ing frequency dependence of the single-particle
field is found, "which appears to' semiquantita-
tively account for the compression of single-par-
ticle energies near the Fermi surface. '"" The
Brueckner-Hartree-Fock approximation presents
the benefit of enabling one to use realistic nu-
cleon-nucleon interactions. In the present con-
text, however, it suffers from the following draw-
backs. Firstly, it only sums particle-particl. e
ladders, and therefore does not include the so-
called correlation (or Pauli rearrangement) term.
This is a severe disadvantage since this correla-
tion term is shown below to play a very significant
role in the frequency dependence of the field near
the Fermi surface. Secondly, it is very hard to
carry out a Brueckner-Hartree-Fock calculation
with a numerical accuracy sufficient to investigate
in detail phenomena which are localized in a nar-
row frequency domain. Thirdly, the physical or-
igin of the numerical results is rather difficult to
ascertain because of the complexity of the calcu-
lation. This prompted the present work in which
we use a simple analytical model originally due
to Brueckner. "

In Sec. II, we briefly recall a few basic defin-
itions and properties. The analytical model" is
introduced and discussed in Sec. III; it is closely
related to an exponential effective nucleon-nucleon
interaction which acts only in relative s-wave
states. In Sec. IV, we derive analytic expressions
for the first order (Hartree-Fock) approximation
to the single-particle field and to the effective
mass. We establish contact with the Landau theory
of Fermi liquids. We also discuss the choice of
the input parameters contained in the model. Sec.
V is devoted to the polarization contribution to the
average field, which arises from the fact that the
addition of a nucleon to the ground state of nuclear
matter gives rise to core excited states. We cal-
culate analytically the frequency dependence of the
imaginary part of the polarization graph. The
real part of this contribution is then computed
from a dispersion relation. The accuracy is ex-
tremely good, and we can thus show in full detail
that the frequency dependence of the real part is
enhanced in the vicinity of the Fermi surface.
We analyze how this enhancement depends upon
the nuclear matter density and upon the range of
the effective nucleon-nucleon interaction. The ef-
fect of a hard core is investigated. We also iden-
tify the energy of those core excited states which
mainly contribute to the enhancement. In Sec. VI,
we investigate the correlation graph, which ac-

counts for the fact that in the presence of an ad-
ditional nucleon some virtual excitations of the
correlated ground state of nuclear matter are for-
bidden by the Pauli principle. This graph had

never been accurately computed previously, ex-
cept in the somewhat academic case of the dilute
hard sphere Fermi gas model. " 'The other pre-
vious evaluations" "were too inaccurate to yield
the frequency dependence of this graph. We use
here a dispersion relation approach as in the case
of the polarization contribution. The frequency
dependence of the polarization and of the correla-
tion graphs is intimately related to the momentum
distribution of the nucleons in the correlated
ground state, which we thus also calculate. Sec-
tion VII is devoted to the effective mass which de-
termines the density of the single-particle states.
'The sum of the Hartree-Fock, of the polarization,
and of the correlation graphs yields an effective
mass which is state dependent and displays a nar-
row enhancement at the Fermi surface. Section
VDI contains a brief summary and our main re-
sults.

II. DEFINITIONS AND PROPERTIES

The single-particle field can be identified with
the self-energy (or mass operator). " This is a
nonlocal, complex, and frequency-dependent op-
erator that we denote by z(r, r', ~)+i%'(r, r', ~).
In infinite nuclear matter, it only depends on the
frequency e and on tr -r'~ . A Fourier transfor-
mation over the latter variable yields the momen-
turn and frequency dependent mean field

The first three terms of the expansion of Z(k; ~)
in powers of the strength of the nucleon-nucleon
interaction are represented in Fig. 1. The first

j a b 'j

(COj

FIG. 1. Graphical representation of the first three
terms of the perturbation expansion of the single-parti-
cle Geld. The exchange terms are not drawn, for sim-
plicity. A horizontal dashed line is associated with the
nucleon-nucleon interaction. An upward pointing arrow
corresponds to a particle intermediate state and a
downward pointing arrow corresponds to a hole inter-
mediate state. The graph labeled HF shows the Hartree-
Fock approximation, while graphs PO and CO represent
the second-order polarization and correlation contribu-
tions, respectively.
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order contribution is labeled (HF) and corresponds
to the Hartree-Fock approximation. It is indepen-
dent of frequency and its algebraic expression
reads

~co(k'") =k Q n((j)n, (J)n, (a)
$, T, a

I (j, ll v Ik, a —a, k)i'
(u+ e(a}—e(j) —e(l) i—rJ

Z„p(k; o&) = V„p(k)

gn((j)(k J Ivlk j j ' ) (2.2)

lf Wpo(k;~) and W«(k;~) approach zero as
I

o&I

tends towards infinity, a dispersion relation holds,
which will be used in the following:

Here

n((j) =1-n&(j)= IJ(kg -j), (2.3}

( )
P "

Wpo(k;o&')d
po (d - CO'

4lp
(2.7)

(2.8)
where k~ denotes the Fermi momentum and v the
nucleon-nucleon interaction. We dropped explicit
reference to the spin and isospin degrees of free-
dom. The second order contribution labeled (PO)
is the polarization graph. Its algebraic expression
reads

Here P refers to a principal value integral,
while ~p= e(kp) is the Hartree-Fock approximation
to the Fermi energy.

III. THE MODEL

Zpo (k; co) =-,' g n&(a)n&(b)n((j}
K, b, 3

l(a, b I v lk, j —j,k) I

o&+ e(j) —e(a}—e(b) —fp '

where e(j}is defined by the energy-momentum re-
lation (5=1}

'The dependence upon relative momentum of the
diagonal elements of the Brueckner reaction ma-
trix between two plane waves can be reproduced
fairly well by an effective potential which has fin-
ite range and only acts in low, even relative par-
tial waves. ""In order to minimize the number
of parameters, we adopt here a spin- and isospin-
independent exponential potential

2

e(j)=2 +V~(i), (2.S) v(r) = v, exp(-p. r) (3.1)

where m is the nucleon mass. Graph (CO) in Fig. 1

represents the second order correlation contribu-
tion. One has

and we let it act only in the s-partial wave. The
matrix elements of v between plane wave states
can be calculated in a straightforward manner.
One finds

[w'+ (~ I k —j I )'+ (-,
'

I a —b I )']' —(~ I a —bi I k -j I )2
(3.2)

In order to further simplify the model, and to re-
trieve a model previously considered in Refs. 11
and 13, we drop the last term in the denominator
on the right-hand side of Eq. (3.2). The model
s-wave interaction used in the present paper is
thus defined by the following equation:

(»JIv
I
»b)=, - -. , - -, ~ (3 3)

(u, '+-,' Ik- j I'+-,'
I
a-bi' '

IV. HARTREE-FOCK APPROXIMATION

The model interaction (3.3}contains two para-
meters, namely the potential strength v, and the
potential range jLJ, '. Note that p, has the meaning
of a range in momentum space, In the present
context, one sensible way of determining typical
values for these parameters appears to consist
in requiring that the Hartree-Fock approximation
be in fair agreement with empirical evidence con-
cerning the single-particle field. The Hartree-

Fock approximation to the single-particle field in
the present model can be calculated analytically.
We find

1 (k+kp)'+ 2p, '

Empirically, it is known that the depth of the
single-particle field at the nuclear center and at
low energy is equal to approximately -54 MeV."
This may be used to fix the value of the potential
strength for a given range p. '. It is convenient to
characterize the potential strength by the ratio
vo/g', to which the volume integral of the expon-
ential interaction (3.1) is proportional. In Fig. 2,
we plot the Hartree-Fock potential V„p(k) for the
Fermi momentum k~=1.35 fm ' and for the follow-
ing two sets of parameter values
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FIG. 2. Dependence upon k/kz of the Hartree-Fock
approximation to the single-particle field for kz =1.35
fm and fox' the'yarameter sets (4.2a) (full curve) and
(4.2b) (dashed curve).

v, /p'= 30 MeV fm', p'= 4 fm ', (4.2a)

PPl d
nz(k)=m 1+——Var(k) (4.3)

v, /p'=70. 6 MeVfm', p'= 1 fm~. (4.2b)

These two sets yield the same potential depth at
the Fermi surface, namely Var(kz)=-54. 2 MeV
for k„=1.35 fm '. %'e now argue that the corres-
ponding values of p,

' encompass the plausible range
of values. One must be somewhat careful when in-
terpreting p ' as the range of the effective nucleon-
nucleon interaction, since the "range" depends on
the radial dependence of v(v}. Many empirical an-
alyses assume that v(r} has a Yukawa shape"
vr(~)=v„'exp(-Pr)IPr. In order to compare the
"ranges" of different interactions, it is useful to
consider their mean square radius (r'&. In the
case of the exponential form factor (3.1) one has
gv'&= l2 p ', while the Yukawa shape yields (r„'&
= 6p 2. For the exponential potential (3.1), one
has g„'&= 12 fm' for p,

' = 1 fm ', and (r„'&= 3 fm'
for p, '=4 fm~. This should be compared with
6"r'& =12.7 fm' in the case of a Yukawa potential
associated with one-pion exchange, and (r„'&
=3.2 fm' in the case of two-pion exchange.

Figure 2 shows that the Hartree-Fock fields
which correspond to the two parameter sets (4.2a)
and (4.2b) have a, quite different momentum de-
pendence. 'The latter can be characterized by the
following quantity that was called "k mass" in Ref.
11 and that we henceforth call the "momentum
mass".

w(k, j)= P f~pz(cosQ), (4 4a)

where Q is the angle between k and j. From
Galilean invariance, one derives the relation
m*/m =1+&E, between the effective mass m ' mea-
sured at the Fermi surface and the Landau para-
meter F,=2w 'm*kzf, . In the framework of the
Hartree- Fock approximation, one has2'

w( j)=(" jlvl" j& & llvlj "& (4. )

A straightforward calculation yields

v ~ 2o" 1+a')f =9w ~o'.~ —ln(1+2a')1+ 2a' (4 5)

where o'=k„/p. It can be checked that the expres-
sion of m calculated from Eq. (4.5) is identical to
the one which is obtained from Eqs. (4.1}and (4.3).

V. CONTRIBUTION OF THE POLARIZATION GRAPH

A. Introduction

The second-order polarization contribution to
the single-particle field is represented by the
graph labeled (PO} in Fig. 1. Its physical inter-

1.0

0.8

E
'E 06-

/

0 4~~~
= 4fm

k/kf.-

FIG. 3. Dependence upon k/k~ of the momentum mass
m measured in units of the bare mass m for k„=1.35
fm ~ and for the parameter sets (4.2a) (full curve) and
(4.2b) (dashed curve).

'The usual "effective mass" m* reduces to m in
the Hartree-Fock approximation. Figure 3 shows
that m(k) is a rather smooth function of k in the
domain 1.5 k~& k& 0.5 k~ in which we shall mainly
be interested. Unless otherwise specified, all
values of rn quoted below are evaluated at the
Fermi surface, i.e. , m = m(k~). The fact that rn

differs from m corresponds to the property that the
Fourier transform 'Var (l r - r'

l
) of V„r (k) is a non-

local potential.
'The effective mass is one of the fundamental

parameters of Landau's theory of Fermi liquids.
There, the particle hole interaction w(k, j) for
k= j=k„ is expanded in multipoles
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pretation is the following [see Eq. (2.4)]. When a
nucleon with momentum k and frequency {d is
added to the ground state of nuclear matter, it can
interact with a nucleon with momentum j. As a
result, a two-particle-one-hole intermediate state
is formed. This intermediate state is a real ex-
citation if energy is conserved, i.e. , if ~= e(a)
+ e(b) -e(j); otherwise it is a virtual excitation.
The real excitations give rise to an imaginary
component of the mean field, namely

(a)n (b)n (j I (i,blvik, j -j,k)i'
X, b,

(5.2)

where the summation sign implies a principal
value integral whenever the energy denominator
on the right-hand side vanishes. Momentum con-
servation requires that

k+ j= i+b(=2p). (5.3)

Here, we shall mainly be interested in the de-
pendence upon ~ of the derivatives sV»(k; ~)/8&v
and SVco(k; ~)/s~. These quantities strongly de-
pend upon & in the vicinity of the Fermi energy

The detailed investigation of this phenomenon
implies the calculation of second derivatives with
respect to ~ of V»(k; &u) and Vc o(k; ur). Even the re-
course to Monte Carlo integration techniques" "
does not yield sufficient accuracy for this purpose,
whence the interest in considering simplified models
in which most of the calculation can be performed
analytically. To our knowledge, only two such
models have been considered in the past. The
first one is the dilute hard sphere Fermi gas mo-
del." The other model is the one which is studied
here. It had been introduced by Brueckner, "who
evaluated the derivative BV»(k; w)/s~ at u= e(k).
Brueckner's study was restricted to the domain
k& k~ in which the denominator on the right-hand
side of Eq. (5.2) does not vanish. Jeukenne et al."
have extended Brueckner's work to the domain
k& k~, in which difficulties arise since there one
is not allowed to commute the summation sign in
Eq. (5.2) with a derivative with respect to &u. In
Refs. 11 and 13 a perturbation expansion in powers
of (k —kr)'/p' was used, as well as several ap-
proximations (e.g. , p =ke) which we have found to
be quite inaccurate. Furthermore, these authors
had not been able to apply their perturbation tech-

W (k;~)=- Q n (a)n (b)n (j)
X,b, 3

xl(a, blvlk, j j k)l'
x 5{m+ e(j) —e(a) —e(b)) . (5.1)

'The real part of the polarization graph reads

nique to the correlation graph. This is a serious
limitation since the correlation graph is as impor-
tant as the polarization graph near the Fermi sur-
face. For these reasons, and also because this
will lead to a better physical interpretation of
our results, we shall in the present paper use
the same approach as the one which was adopted
in Ref. 12 in the case of the dilute hard sphere
Fermi gas. We shall thus first derive an analytic
expression for the imaginary part of the polariza-
tion graph and then calculate the real part and its
derivative from the dispersion relation (2.7). The
same approach will be used for the correlation
graph in Sec. VI.

W»((v)=vm Q n)(a)n)(b)n((j)
&ebv f

x l (i, b
l
v

l
k, j - j,k )l

'
x 6{2m~+j' —a' —b') . (5.4)

Quite lengthy calculations lead to unwieldy alge-

B. Imaginary part of the polarization graph

The main reason why the imaginary part of the
polarization graph is easier to evaluate than its
real part is that the 6 function on the right-hand
side of Eq. (5.1) reduces the problem to the cal-
culation of a three-dimensional integral; the inte-
grand, moreover, has a simpler form in Eq. (5.1)
than in Eq. (5.2). In the case of the dilute hard
sphere Fermi gas, straightforward but very
lengthy calculations lead to algebraic expressions
for W~so (k; &u) in the whole (k; ur) plane. " pre be-
lieve that this could also be achieved in the present
model. In view of the forbidding character of these
calculations we shall, however, limit ourselves
here to the calculation of the second order graphs
at k=k~. This is justified by the fact that we are
mainly interested in the domain 1.5 k~& k& 0.5 k~
in which the dependence of W»(k; ~) and Wco(k; ~)
upon k is much weaker than their dependence upon
&.""Accordingly, we henceforth usually drop
explicit reference to the argument k~ and write,
for instance, Wpo(k~;~)= W»(~). The results
presented below are thus exact at k= k~ but may
be inaccurate by typically twenty percent for
lk —kzl =0.5 kz. This inaccuracy is quite tolerable
in view of the semirealistic character of the mo-
del.

If one limits oneself to second order in the
strength of the nucleon-nucleon interaction one
may replace the energy e(q) by q'/2m in the de-
nominator on the right-hand side of Eqs. (2.4) and
(2.6). A better approximation consists in taking
e(q)= q'/2m, where rR is the momentum mass dis-
cussed in Sec. IV. Equation (5.1) then becomes
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braic expression of the right-hand side of Eq.
(5.4). These can be provided upon request. These
algebraic results enable us to compute W»(&u) and

all related quantities with very good accuracy. 'The

dePendence of Spo uPon (d —(d~ is shown in Fig. 4.
The fact that W»(~) vanishes at'Id= &uz directly
reflects the decrease of the density of two-par-
ticle-one-hole states at the Fermi surface. For (d

close to ~~, one has indeed

Wso (~)=,(m}'(~ —~„)'(v ~', '(5.5)

where Lv(' denotes an average value of ((a, b~
x v ~kz, l —j,kz)('. Note that ~v(' slightly depends
upon kz. For large values of &u, Wso(u&) decreases
with increasing & and becomes approximately
proportional to the density p. This can be under-
stood on the basis of the impulse approximation.
In the present model, one can check that for large
~ one has

2

Wso(k~; &u)
- I y.'k„'(m~) '~'.

7T
(5.6)

2
W p~o (k; &)-—k~(k~e) (5.7)

In that case, one must thus use a subtracted form
of the dispersion relation (2.7), namely

15-

Qz 10-

I

~F =1.35~m '
I I

= 5fm2 -2

~2 4)m 2

=1tm 22 -2

100

—60

—40

x5

—20

I -I-
200 400

td- ~F (~ev I

FIG. 4. Dependence upon the difference fd —coF of the
imaginary part of the polarization graph, for kz =1.35
fm, and for pm=1 fm (dgah-and-dot curve), p =4
fm t (full curve), or pt = 5 fm t (dashes). Here, v o/p
=30 MeV fm.

The asymptotic laws (5.5) and (5.6) imply that,
with increasing (u, W»(+) first increases, reaches
a maximum, and then decreases. This behavior
is quite general; it is independent of the input pa-
rameters. The high-energy behavior (5.6) ensures
that the dispersion relation (5.7} can be used as it
stands in the case of the present model. This is to
be contrasted with the hard sphere Fermi gas mo-
del, where one has for large

V„(k;~)= V,o (k; ~,)+ (~, —~)-1

W»(ki c")
((d —(d')((d —(d') (5.8}

where &, is arbitrary

Vpo(k; ~) —Vpo(k; u)F)
" W»(k;&uz+z)

0 Z 8 &-&g (5.9)

This relation and the asymptotic behavior (5.5)
show that at &o= &u~ the real part V(k; ~) has a log-
arithmic singularity of the type"

(~ —v~ }'In(u& —u&~) . (5.10)

This singularity is quite weak. It implies, how-
ever, that the second derivative (8/»)[8V»
x (k~;~)/8co] is infinite at v= ~„. The numerical
investigation of this property requires a very ac-
curate calculation of V»(k; ~). This is feasible
here since we know Wpo(&u) in analytical form,
and since Eq. (2.7) can then be used to obtain
Vvo(v) with arbitrary accuracy. This is the main
advantage of the present model and approach.

The quantity Vvo((u) is represented in the lower
part of Fig. 5. Its main features can be understood
from the dispersion relation (2.7}. For u& smaller
than &~, and by continuity a,iso at least for (d

somewhat larger than az, Eq. (2.7) implies that
V»(cd) is negative. This is also clear from Eq.
(5.2). For u&& ~~, one can write

8 P W»(u )V (~)»
8 (d 1l 40 (df

(aIg
(5.11)

so that Vpo ((u) is then a decreasing function of &u.

The relation (5.11) does not hold for &u& &o~. In-
deed, the integral sign in Eq. (2.7} may in general
not be commuted with the operator 8/8&v when the
integrand is singular. As a matter of fact, the
shape of Wvo(&u) implies that V»(~) must change
sign in the domain ~& ~. Its derivative must thus
be negative at (d =(d~ and positive at large co.

%'e now discuss the dependence of the polariza-
tion graph upon the parameter p. As noted before,
the latter has the physical meaning of a potential
range in momentum space. Figure 4 shows that
for a given value of v, /p', the imaginary part
W»(~) strongly decreases with decreasing p',

C. Real part of the polarization graph

Since W»(kz, (a&) is known, we can calculate the
real part V»(kz, &u} of the polarization graph from
the dispersion relation (2.7) or, equivalently,
from the subtracted dispersion relation (5.8). If
we take , = ~&, the latter reads
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The energy (d~ of a quasiparticle with momentum
k is determined by the energy-momentum relation

)
10-

kF -1.35fm + V(k;~,).2m (5.12)

In the Hartree-Fock approximation one has (d,
=e(k). The dependence of the potential energy
V(~~) = V(k; &u') upon the quasiparticle energy is
characterized by the effective mass m *, with

0
's m* d=1 — V(~,).

m dI,
(5.13)

The effective mass can be written as a product of
a quantity m/m which characterizes the dependence
of V(k;~} upon the momentum k by a frequency
mass m which characterizes the dependence of
V(k; tu) upon the frequency ~:

-10—

-100
I I

100 200

e-eF I MeV)

400300
I I

m* m m

m m m'
I

m= m a 1

1+——V(k;&u)m= k ak

(5.14)

(5.15)

FIG. 5. The full curves represent the dependence
upon cu —~z of the quantities W~ (co) (upper part) and

Vpp(co) (lowerpart) for p =4 fm, 0+=1.35 fm, and

vp/p =30 Me& fm3. The dashes correspond to a modi-
fication of the model as described by Eq. (5.28), in
order to simulate the effect of a hard core repulsion.

except for very small values of (d —~~. The dis-
persion relation (2.7) then implies that ~V»(~)~
decreases when p' decreases. The origin of the
decrease of W»(~) with decreasing p,

' is the fol-
lowing. The density of two-particle-one-hole
states is independent of p. . When p' is small, the
strength with which the channels labeled by the
momenta (a, b, j) are coupled to the single-particle
states (k, tu) strongly decreases with increasing
~a-b~ or ~k-.](. Then the effective interaction
provides only inefficient coupling to all channels
except those which correspond to low-lying exci-
tations, for which

~

a —b[ and ~k —j [
are smaller

than p, . The latter remark also explains why the
location of the maximum of W»(w) drifts towards
smaller values of ~ —&~ when p,

' decreases. We
finally turn to the dependence of W»(u&) upon the
Fermi momentum. For (d close to ~, the asymp-
totic behavior (5.5) indicates that W»(~) does not
depend much upon k~. For large (d —(d~, the im-
pulse approximation shows that W»(&u} is propor-
tional to k~'. These arguments indicate that the
location of the maximum of W»(tu} drifts towards
smaller values of (d —~ when k~ decreases. This
has been checked numerically.

—=1 ——V(k;~)
m 8

(5.16)
m 8&

The quantity Z'= m/m measures the overlap be-
tween a true single-particle state and its quasi-
particle approximation. It is called the spectro-
scopic factor, "the reduced amplitude, "or the
quasiparticle pole strength. " The effective mass
is directly related to the density of single-particle
states, since the number of proton (or neutron)
single-particle states per unit energy and per unit
volume is given by km*/v'

E. Contribution of the polarization graph to the
frequency mass

m(k) m»(k) moo(k)
m m m

(5.17)

with

m»(k) S „)
„=e(a)

co(k) s
)m & ~~(g)

(5.18)

(5.19)

In the present section we investigate the quantity
mpp i.e. , the value that the frequency mass would

In the Hartree-Fock approximation, one has
m = m and m ~= m. The nonvanishing contributions
to the difference m -m therefore arise from the
second-order polarization and correlation graphs
and from higher order graphs. Limiting ourselves
to second order, we write
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FIG. 6. Dependence upon the difference (d —(d& of the
qumtity m~/m defined in Eq. (5.20) for kz =1.35 fm
and p2 =5 fm 2 (dashes) 4 fm 2 (full curve) or 1 fm 2

(dash-and-dot curve). The left-hand scale corresponds
to the strength yp/p, =30 MeV fm and the right-hand
scale to vp/$3=70. 6 MeV fm .3

take if one only included the contribution of the
second-order polarization graph. In keeping with
Sec. VC, we maintain k fixed and equal to the
Fermi momentum, and we calculate the quantity

mvo ((d) 8
po Ey=1-—V (k ~) (5.20)

From the dispersion relation (2. f ) and from the
asymptotic behavior (5.7) of Wvo(k„; &u), one con-
cludes that mz, o (e) has a maximum somewhat
above &~ and then decreases and becomes smaller
than m. Although this behavior is in keeping with
the value of V~o(&o) shown in Fig. 5, we note that
the latter do not exhibit any spectacular + depen-
dence near u~. This is why it is very difficult

as a function of (d. This quantity can be obtained
with great accuracy from the values of Vpp ((Ip}

found in Sec. VC. The results are plotted versus
the difference &-(d~ in Figs. 6 and 7, for various
values of the parameters p', pp and k~.

We first discuss the striking feature that mvo(&o)
presents an enhancement slightly above the Fermi
surface. " Equation (5.11) implies that in the do-
main v& (or the quantity mvo (ur) is increasing with
co and is larger than m. At = ~~, the logarithmic
singularity (5.10) shows that mpo(ur) has an infinite
positive slope since

d mvo((o)
d

FIG. 7. Dependence upon cp —~z of the quantity
Myp/m for v p/p = 30 MeV fm, p =4 fm, and kz =1.35
fm (full curve) or k~ =1.00 fm (dashed curve).

to obtain detailed information on the dependence of
m o upon & without an analytical model as me use
here. Figure 7 shows that the enhancement peak
becomes narromer when k~ decreases. In a local
density approximation, this would correspond to
the property that the enhancement of mvo(~) is
less pronounced at high density, i.e. , in the nu-
clear interior, than at low density, i.e. , at the
nuclear surface. We emphasize, homever, that
here this is not related to the existence of surface
vibrations, nor of a density-dependent interaction.
'The narrowing of the enhancement peak with de-
creasing k~ reflects the shift towards smaller
values of (d of the location of the maximum of
Wvo(ur),

We now turn to a comparison between our results
and the perturbation approach of Ref. 11. There,
the quantities Vvo(k; ~) and m»(k) [Eq. (5.18)]
mere estimated analytically for k close to k~ and
& close to (d~, in the framework of a perturbation
expansion in powers of the ratio

~
k —kz,

~
/p. We

found significant differences between our results
and those presented in Ref. 11. These originate
from the fact that several inaccurate approxima-
tions were made in Ref. 11. In particular, it was
assumed there as well as in Ref. 13 that the quan-
tity p defined in Eq. (5.3) is close to k~, and that
furthermore some integrals over

~
a-b~ can be

extended to infinity.

F. Momentum distribution

One of the interests of the decomposition (5.1V)
of the frequency mass is that the quantities
mvo(k)/m and moo(k}/m are directly related to
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the momentum distribution in the correlated
ground state, as we now briefly recall. In the
uncorrelated ground state, the momentum distri-
bution is given by n&(k) [Eq. (2.3)]; all momentum
states k are fully occupied up to the Fermi momen-
turn k~ and are empty for k&k~. In the presence
of correlations, nucleons can be excited above the
Fermi surface. In second order, the momentum
distribution in the correlated ground state is given
by

1000

600
E

9 ———"S
0

9

fm 2

fm

p(k) = 2 —[mpo (k)/m]

for k&k» and by

p(k) = [m (k)/m] —1

(5.22)

(5.23)

for k&k~. As above, we shall approximate the
quantity mp&&(k) which is defined in Eq. (5.18) by
the quantity mao [e(k)) defined in Eqs. (2.5) and

(5.20). This is quite accurate but is exact only
for k=kr. The dependence of p(k) upon the ratio
k/kr is represented in Fig. 8. The domain k& kz
will be discussed in Sec. VI. As expected from
Sec. V. E, cf. Figs. 8 and 7, p(k) has a vertical
slope at k=k& -0. This property holds for any
normal Fermi system. " We note that it only
emerges from approximation schemes which in-
clude low-lying excitations of the system. In par-
ticular, it did not appear in the standard version
of the Brueckner-Hartree- Fock approximation in
which these low-lying excitations were excluded.
It also does not appear in most variational calcu-
lations, 27~4 because these use for the correlation
function an expression which does not account for
the existence of long-range correlations.

200

kF -1.35fm

1

( fm-1)

FIG. 9. The diagonal element (5.24) of the model in-
teraction is represented by the full curve for p =4 fm
v p/p =30 MeV fm, and by the dash-and-three-dots
curve for p, =1 fm, vp/p =30 MeV fm . The diagonal
elements of Brueckner's g matrix (Ref. 35) are repre-
sented by the full curve for the ~S channel and by the
dash-and-dot curve for the S channel, for kF =1.35
fm-'.

action used in the present model with the matrix
elements of Brueckner's reaction matrix g. In
Fig. 9, we compare the diagonal element

= 1fm2= -2

0.9—
vo/g = 30 Mev fm

kF = 1.3S fm "

0.1—

0 1 2
k/kF

FIG. 8. Momentum distribution in the correlated
ground state of nuclear matter for up/p =30 MeV fm,
k =1.35 fm, and p =4 fm (full curve) or p =1 fm
(dashed curve).

G. Comparison with realistic interactions

In the present section, we briefly compare the
matrix elements (3.3) of the nucleon-nucleon inter-

(5.24)

where q = a(k —j), with the diagonal elements
(q ~g~ q) of the reaction matrix in the 'S and ~S

channels, as calculated by Siemens" from Reid's
soft core interaction and for p =2 ~k+ j

~

= 0.14 fm '.
We see that the parameter set (4.2a) yields fair
agreement with the diagonal elements of the reac-
tion matrix. This nice agreement unfortunately
does not apply to the off-diagonal elements of the
g matrix. This gives rise to the following problem.
The depletion of the Fermi sea can be character-
ized by the quantity z= 1 —p(k„), where k„=0.75 kz
is the average momentum of a nucleon in the Fer-
mi sea. 'The quantity z is the "smallness para-
meter" which governs the rate of convergence of
the Bethe-Brueckner hole line expansion for the
binding energy of nuclear matter. " In the present
model one has g= 0.035 for the parameter set
(4.2a) at the Fermi momentum kr = 1.35 fm '. This
value of.g is much smaller than the one obtained
from the Brueckner-Hartree- Fock approximation
with a realistic nucleon-nucleon interaction. For
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instance, Reid's hard core nucleon-nucleon inter-
action yields &=0.25." Thus, our model does not
appear to give a realistic value for g, nor conse-
quently for m»/m, whenever the input parameters
are adjusted in such a way that the first-order
approximation to the self-energy' is reasonably
accurate. We now discuss the origin of this prob-
lem.

In our model the nucleon-nucleon interaction
only acts in relative s-wave states. A more real-
istic model should take into account the existence
of a tensor force which couples the 'S, and 'D,
states. This tensor force yields the dominant
contribution to g. For instance, Table 6 of Ref.
37 indicates that this coupling accounts for ap-
proximately fifty percent of the value of &. This
suggests that it would be reasonable to renormal-
ize our results for (m»/m) -1 by about a factor
of 2. In the case p'=4 fm ' for instance, this re-
normalization would correspond to favoring a
strength vo/@~ = 50 MeVfm~ over the value vo/p'
= 30 MeVfm'. Several questions arise in this
connection. The first one consists in wondering
whether it is not inconsistent to use different
interaction strengths for the first order graph
on the one hand and for the second order graphs
on the other hand. We believe that this is not ne-
cessarily so. Indeed, the tensor part of the effec-
tive interaction does not contribute to the Hartree
term and only yields a small contribution to the
Fock (exchange) term. Hence, the first order
graph is not very sensitive to the omission of the
tensor interaction, in contradistinction to the
value of g. A more serious problem concerns
the validity of trying to make the model more
realistic by simply readjusting the strength v, /p
so as to make the corresponding value of g coin-
cide with that calculated from a realistic nu-
cleon-nucleon interaction. This appears quite
dubious. Indeed, the range of the tensor force in
momentum space is larger than that of the central
force. Hence, the tensor force is able to excite
high-lying intermediate states, very much like a
hard core interaction. This would be likely to add
a smooth background to m»/m, rather than to
contribute to the enhancement peak proper. This
is discussed below.

H. Dependence upon core excitation energies

The imaginary part of the optical-model potential
at the energy &' differs from zero because of the
existence of open decay channels. In the present
framework, the analogous statement is that
W»(&o~) differs from zero because of the existence
of one-particle-one-hole core excited states
with excitation energy smaller than ' —+„.

P "~'"& W» u')
Vpo( )=- d~'

Alp

(5.25)

corresponds to the value that the real part of the
polarization graph would take if one would not in-
clude in the calculation any core state with excita-
tion energy larger than (d„. The dependence of
Vvo(ur) upon to„ is of practical interest for the
following reason: When calculating the polariza-
tion graph in finite nuclei one is forced to truncate
the configuration space. A question thus arises
concerning the importance of the omitted core
excitations. Hamamoto and Siemens" find that
core states at several tens MeV excitation energy
still yield a sizable contribution to Vpp and to
pplpp While we agree with this finding, we now
show that these high-lying states only provide a
smooth background to mpo/m in the vicinity of the
Fermi surface.

'The quantity

m~o ((u) a

8 (5.26)

is represented in Fig. 10 for the cutoff energies

o.e 0.8

k/kF

1.0 1.2 1.35

---HC
—.—.—~M -125 MeV

-"-- eM -60 MeV

kF - 1.35 fm

-4, fm

M 30 MeV1.1-

1.0

I

40
I

-20-40 200

e-eF (MeV)

FIG. 10. The full curve represents the value of
QgpQ (cy)/m, as calculated from our 'model for kz =1.35
fm, p =4 fm, and v 0/p = 30 MeV fm . The value of
m~+(ro)/m fEq. (5.26)] is represented by the dash-and-
dot line (co~ =125 MeU), the dash-and-three-dots curve
(co& =60 MeV), and the dash-and-two-dots curve (v&=30
MeV). The dashed line corresponds to the model modi-
fied in order to simulate the effect of a hard core; see
Eq. (5.28).

Hence, one way of studying the effect upon m»(&u)
of low-lying core excited states consists in setting
a cutoff energy &„ in the dispersion integral
which appears in Eq. (2.7). We thus assume tha. t
the quantity
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&„=30, 60, and 125 MeV. 'The great similarity
between the curves demonstrates that high-lying
core excited states indeed only give rise to a
smooth background to mao(&u), and essentially do
not contribute to the enhancement peak proper.
These results make one expect that, conversely,
the effect of a short range repulsion would essen-
tially amount to adding a smooth background to
the value of mpo(~)/m calculated from our model.
This is what we now confirm.

A hard core repulsion mainly influences the ex-
citation of high-lying core states, and accordingly
the value of Wpo(&u) at high energy. This is illus-
trated by the differerence between the asymptotic
behavior (5.6) which holds in our model and the
asymptotic behavior (5.7) of Winos which corres-
ponds to the hard sphere Fermi gas model. In
order to simulate the effect of a hard core, let
us add to Wpo(~) for large &u a function which has
the same asymptotic behavior as Wsaos(&u}. More
explicitly, let us retain the value of W»(~) given
by our model up to the frequency ~, for which
W~o((u, } is maximum. In the example g'=4 fm
k~=1.35 fm ', one has (d, -~=125 MeV. For
&u& ~„ let us add to Wso(~) the following function
Wz",~(~), chosen in such a way that its derivative
vanishes at (d = (d, and that it has the asymptotic
behavior (5.7):

W"o(~}=-(h c)a, (a' +u& ' '/2(u

'The only additional parameter contained in this
modified model is the hard sphere radius c. Let
us take c = 0.52 fm as in Ref. 12. In the modified
model, the imaginary part of the polarization
graph is given by

Wpo = Wvo(&u}+ Wpo((u}; (5.28)

it is represented by the dashed curve in the upper
part of Fig. 5. 'The corresponding real part of the
polarization graph as calculated from the subtract-
ed dispersion relation (5.8) is represented by the
dashed curve in the lower part of Fig. 5. The as-
sociated frequency mass is represented by the
dashed curves in Fig. 11. There the component

Wvo (&u) has been computed for p'= 4 fm ', with a
strength vo/p, '= 56 MeVfm' chosen in such a way
that g" = 0.25. ~e note that this modified model is
in very good agreement with the value of mpo(~)/m
calculated from the Brueckner-Hartree-Fock ap-
proximation with Reid's hard core interaction.
In contradistinction, our unmodified model would
yield too high and too narrow an enhancement peak
if one simply renormalized the strength to the val-
ue v, /p'= 77 MeV fm' which corresponds to

kF - 1.35 fm p2=4 fm 2
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FIG. 12. Dependence upon the difference cu —cuF of
the imaginary part of the correlation graph for A+ =1.35
fm and for p, =1 fm (dash-and-dot curve), @2=4
fm (full curve), or p2 =5 fm (dashes). The 1eft-
hand scale corresponds to the potential strength v 0/p
=$0 MeV fms and the right-hand scale to v o/g =70.6
MeVfm .

k/kF

FIG. 11. The triangles, dots, and squares are taken
from Ref. 11. They represent values of mpp/m calcu-
lated from the Brueckner-Hartree-Fock approximation
with Reid's hard core nucleon-nucleon interaction, for
kz =1.35 fm ~. The fu11 line corresponds to the present
model, withvo/p =77 MeV fm and @2=4 fm . The
dashed curve takes into account the effect of a hard core
as indicated by Eq. (5.28) with v 0/p3 = 56 MeV fm, p
=4 fm



SELF-ENERGY IN A SEMIREALISTIC MODEL OF NUCLEAR. . . 899

&=0.25. This is illustrated by the full curve in
Fig. 11. Similar results hold for k~ = 1.10 fm '.

VI. CONTRIBUTION OF THE CORRELATION GRAPH

10

)
QE 5-
o

A. Introduction

Qne of the main interests of the present study is
that we are able to calculate accurately the contri-
bution of the correlation graph to the frequency
mass. This had previously only been achieved in
the case of the dilute hard sphere Fermi gas mo-
del." Let us first paraphrase the discussion of
the polarization graph in Sec. VA. The second or-
der polarization contribution to the single-particle
field is represented by the graph labeled (CO) in
Fig. 1. For k& k~ its physical interpretation is
the following: When a nucleon with momentum
k& k~ is added to the correlated ground state of
nuclear matter, the Pauli principle blocks the ad-
mixture in this correlated ground state of those
two-particle-two-hole configurations in which one
of the particles has momentum k; whence the ex-
pression "correlation graph. " In the case k& k~,
the physical interpretation of this graph is the
following [see Eq. (2.6)]: If a hole with momentum
k and frequency & is punched into the ground state
of nuclear matter, it can excite a two-hole ( j,1),
one-particle (a) configuration. This is a real ex-
citation if energy is conserved, i.e. , if e=e(j)
+ e(l) —e(a); otherwise it is a virtual excitation.
The real excitations give rise to an imaginary
component of the mean field, namely

Woo(k; ur) =- Q n(( j)n((l)n&(a)
$,j,it

x [(j,ltv(k, i-a, k)t
x 6((o+e(a) —e(j) —e(l)). (6 I)

The real part of the correlation graph reads

Vco(&}=k Z n((j) ((I}n&(a)
s, L&

l(j, llv tk, i —i,k) 1'
(u+ e(j) —e(a) —e(b)

(6.2)

where the summation sign implies a principal val-
ue integral whenever the energy denominator on the
right-hand side vanishes. Momentum conservation
requires that

kF 1.35 fm-1

5- p2=4fm 2

X

O
0

-5 I

-400 -300 -200 -100

u) eF (MeV)

100

FIG. 13. Dependence upon ~ —~& of the quantities
p (Q7) (Upper part) and V(~) gower part) in the case

p, =4 fm, @~=1.35 fm, andvp/p =30 MeV fm .

Wco(&u)= Wco(kz., ~) of the correlation graph, and
to subsequently calculate the real part V«(~)
= Vco (br; ~) from the dispersion relation (2.8).
We shall use the effective mass approximation
e(q) = q'/2m.

B. Imaginary part of the correlation graph

The algebraic expression of W«(~) is too lengthy
to be given here; it is available upon request. The
dependence of W«(co} upon the difference &u —&or

is shown in Fig. 12, These results can be com-
pared with those shown in Fig. 4 for W»(~}. One
sees that Wco(~) is practically equal to W»(co)
for

~

&u —&oe~ & 60 MeV. This is due to the fact that
the asymptotic behavior of Wco(u&) for u& close to
~r is also given by Eq. (5.5). For large values
of

~

~ —&uz~, however, Wco(~) decreases faster
than W»(&u); this is a general feature. Indeed,
the asymptotic value of W»(cu} is given by Eq.
(5.6); this corresponds to a smooth decrease with
increasing ~ —ter. In contradistinction, Woo(&u)
identically vanishes for & —~~& -8&& as a conse-
quence of energy and momentum conservation. "
We can conclude from this discussion that Woo(ra)
has a peak which is narrower than that of W»(~),
with a maximum which occurs at a somewhat
smaller value of )(u —cue~.

j+ I= k+ a(= 2p) . (6.3) C. Real part of the correlation graph

As in the case of the polarization graph, it is ad-
vantageous to first calculate the imaginary part

The dispersion relation (2.8} shows that V«(&u}
is positive and has a negative slope for (d larger
than &~; by continuity this remains true for &
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somewhat smaller than &o~. Hence, Vco(co) and

V»(e} have opposite signs for &u close to &u~.

However, their derivatives have the same sign.
The fact that W»(u&) is in general larger than

W«(~) ent»ls that
~

V»(~, )
~

&
~

Vco(~, ) ~. We
note incidentally the erroneous character of one
claim made in Ref. 9, where it was stated that
V»(~z) is equal to -V«(~~) for an infinite Fermi
gas. The shape of Wco(tu} and the dispersion rela-
tion (2.8) imply that Vco(~) has a typical disper-
sive wiggle below the Fermi surface. This is dis-
played in Fig. 13.

E
o
C3

IE

1.0

kF =1.35 fm-1

———kF = 1.00 fm
-1

= 4fm

D. Contribution of the correlation graph to the frequency
mass

We now discuss the quantity

-40 -20 20

mco(+)
m a~

=1-—V (&u) (6.4)
FIG. 15. Dependence upon ~ —cu& of the quantity

m&o/rn for p =4 fm, vp/@3=30 MeV fm, and k+ =1.35
fm (full curve) or kz =1.00 fm (dashed curve).

-5 fm

-4 fm

g2 1 f 2

—1.8

1.0 ——10

-40 -20

~-~F (MeV j

20 40

FIG. 14. Dependence upon the difference cv —co~ of the
quantity mco/m defined in Eq. (6.4) for k~ =1.35 fm
and p =5 fm (dashes), 4 fm (full curve), or 1 fm
(dash-and-dot curve). The left-hand scale corresponds
to the strength v p/p = 30 MeV fms and the right-hand
scale to v p/p =70.6 MeV fm .

which represents the value that the frequency
mass takes when only the correlation graph is in-
cluded. The discussion can follow that of mpp in
Sec. V. The quantity m«(&u) has an infinite nega. -
tive slope at &u= ~r. From the shape of Vco(~}
shown in Fig. 13, one concludes that mco(&u) has a
maximum for & somewhat smaller than ~. This
is exhibited in Figs. 14 and 15. 'The comparison
of these figures with Figs. 6 and 7 shows that at
a semiquantitative level mco(&u) and m»(~) are
almost symmetric of one another with respect to
COp .

Equation (5.23) shows that the momentum dis-
tribution above the Fermi surface is given by

(6.5)

where the sign = corresponds to our approxima-
tion of keeping k fixed and equal to k~ when com-
puting mco(+). The curves shown in Figs. 9 and
10 for k& k~ have been calculated from Eq. (6.5).
The sum rule

3k„p k k dk-1
0

(6.6)

(6.7)

It can be identified with the value that the correla-
tion graph would take if one would include all one
hole excited states with excitation energy larger
than u„. 'The associated quantity

is exactly fulfilled when m»(k) and m«(k) are
calculated from Eqs. (5.22) and (5.23). A measure
of the error introduced by setting k=k~ when cal-
culating nsco(~) and mac(~} therefore consists in
checking to what extent the sum rule (6.6) is vio-
lated. In the case p.'=4 fm ', k& = 1.35 fm ' for
instance, the full curve shown in Fig. 8 yields the
value 1.066 for the left-hand side of Eq. (6.6). We
conclude that our approximation for calculating
mco(u) is fairly accurate, especially in the domain
0.5 kz & k& 1.5 kz in which we are mainly interested
in the present context.

By proceding in the same way as in Sec. V H we
can study the dependence of nzco((d} upon the size
of the configuration space by introducing cutoff
energies in the dispersion relation (2.8). We thus
define the quantity
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FIG. 16. The full curve represents the value « ~g/~
as calculated from our model for kz =1.35 fm ~, p2 =4
fm ~, andya/p =30 Mevfm . The value of mg~)/m
[Eq. (6.8)) is represented by the dashed curve for co&
= -60 MeV and by the dash-and-dot line for (dz = -30
MeV.

(6.8)

is represented in Fig. 16. We see that the high-
energy excitations essentially contribute to a
smooth background the value of mco(v). The
enhancement peak is thus due to low-lying excita-
tions, as was also the case for the quantity

klkF

FIG. 18. Dependence upon the difference ~ —gz of
the quantities mpp/m (dash-and-dot curve), mcp/m
(dashes), and m /m (fuQ curve), in the case p =4 fm 2,

kp =1.35 fm, and vp/p = 30 MeV fm .

mpo (lU) In the hard sphere Fermi gas model,
all intermediate states have the same coupling to
the single-particle states, since in that model the
matrix elements (k, j)v(a, b) are replaced by a
constant. In that model, low-lying excitations are
therefore not preferentially excited and we expect
a weaker enhancement of mao(co) and of mco(&u)
near the Fermi energy. This is exhibited in Fig. 17.

VII. THE EFFECTIVE MASS

A. The frequency mass

The second-order approximation to the frequency
mass m is written in Eq. (5.17) as the sum of the
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FIG. 17. The full and the dashed curves represent the
values of m~(u)/m and mcp(co)/tn, respectively, as
calculated from the present model with k~ =1.35 fm

-1

p =4 fm", and vp/p, =30 MeV fm . The dash-and-
three-dots curve and the dash-and-dot line represent
the values of Rpo(co)/m and of ~o(~)/m, respectively,
as calculated from the dQute hard sphere Fermi. gas
model. 2 They are normalized so as to correspond to
the same value of the depletion K as the present madel.

-40 -20

F (MeV)

20 40

FIG. 19. Dependence of the quantity m/m upon the
difference cu —u&~ for k&=1.35 fm, and p =5 fm
(dashes), p =4 fm (full curve), or p =]. fm (dash-
and-dot curve). The left-hand scale corresponds to
vp/p = 30 MeV fm and the right-hand scale to vp/p,
=70.6 MeV fm .
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IE

I
I

I
I

I
I \
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I

———kF = 1.00fm -1

kF "-1.35fm

= 4fm

function m/m when this quantity is plotted versus
k/k~. The width 4 of the function m/m when
plotted versus the energy ~, as in Figs. 19 and
20 is given by

When k~ decreases for fixed p, I' increases less
rapidly than &~ =kz'/2m decreases. Consequently,
4 rapidly decreases when k„decreases. This is
exhibited in Fig. 20. For instance, one has
A, =48 MeV for k~=1.35 fm ', and &=28 MeV for
k~=1.00 fm ', in the case p, '=4 fm '.

1.0

1

-40

I
I
I

I
I

-20

tkI- ~F f MeV)

\

I

20 40

FIG. 20. Dependence of the quantity m/m upon ~ -co~
for p =4 fm, vp/p, =30 MeVfm3, and k+=1.00 fm
(dashes) or k~ =1.35 fm (full curve).

two skew-symmetric quantities mpo (m) and

m«(e). Figures 18-20 show that the enhancement
peak of m is practically symmetric about &= ~~.
It is therefore possible to define rather unam-
biguously the width I' of this enhancement peak.
The parameters of our model are v„p, and k~.
When m/m is plotted versus k/kz, the width 1" is
independent of v„which only determines the or-

dinate scale. Since k~ sets the momentum scale,
the width I is a well-defined function of the ratio
p, /kr of the momentum range to the Fermi mo-
mentum. Figure 21 shows that 1 decreases when

g decreases, for fixed k~. It also decreases when

k~ increases. One must, however, keep in mind
that F is the width of the enhancement peak of the

B. The effective mass

Equation (5.14}states that the full effective mass
m* is the product of m/m by the momentum mass
m. The quantity m'/m is plotted versus k/kr in
Fig. 22, in the case p'=4 fm k~=1.35 fm ',
and v, /p'=30 MeVfm'. As we discussed in Sec.
VG, our model underestimates the background
value of m/m. In order to correct for this de-
ficiency, let us tentatively multiply m by a modi-
fied m/m calculated as follows. We take mvo(&u)/m
from the dashed curve in Fig. 13. This corres-
ponds to the inclusion of a hard sphere tail to
Wvo(~} and to the parameter values p'=4 fm ',
v, /g'= 56 MeVfm'. The latter value of v, /p' is
now adopted for calculating the modified mco/m.
The resulting m*/m is represented in Figs. 23 and
24. While we admit that this is the result of ap-

———m/m

m" /m

0.8

0.6

0.0
0.5 1.0 1.5

41k@

2.0 2.5
0.5 1.0

k/kF

1.5 2.0

FIG. 21. Dependence upon p, /kz of the width 1 of the
enhancement peak that m/m displays when it is plotted
versus k/kz.

FIG. 22. Dependence upon k /kz of the quantities m/m
(dashed curve) and m~/m (full curve), as calculated at
k~=1.35 fm for p =4 fm and vp/p =30 MeVfm.
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FIG. 23. The dashed line represents m/m for p =4
fm, kv =1.33 fm ~, and vet p = 30 MeV fm . The full
curve corresponds to the value of m~/m that is obtained

by multiplying m/m by an effective mass m which in-
cludes semi. quantitatively the effect of a tensor interac-
tion and of a short-range repulsion, as described at the
end of Sec. VII B.

proximate manipulations, we believe that Figs. 23
and 24 give semiquantitative information on the
behavior of the effective mass in the realistic
case, for k~ = 1.35 fm ' and k~ = 1.10 fm ', respec-
tively. We note that the enhancement peak is much
more pronounced and is narrower at low than at
high density.

VIII. SUMMARY

In the present paper, we investigated in detail
the frequency dependence of the self-energy of
nuclear matter near the Fermi energy. The self-
energy is calculated up to second order in the
strength of the nucleon-nucleon interaction. We
used a simple parametrization for the matrix
elements of the nucleon-nucleon interaction. We
saw in Secs. IV and V G that our parametrization.
of the diagonal matrix elements is fairly real-
istic; the corresponding Hartree-Fock field is thus
satisfactory. 'The off-diagonal elements of our in-
teraction are less realistic mainly because we do
not include the effect of a tensor interaction and

1

kjkF

FIG. 24. Same as Fig. 23 for kz =1.10 fm

of a hard core repulsion. We showed in Secs. VG,
VH, and VID that these omitted features would
only yield a smooth background contribution to
most of the quantities of interest, in particular
to the effective mass. Hence, our model can be
considered as semirealistic. Moreover, we des-
cribed in Sec. V 6 that the model can be modified
so as to yield very good agreement with the fre-
quency dependence of the polarization graph as
calculated from the Brueckner-Hartree-Fock cal-
culation with a realistic nucleon-nucleon interac-
tion. We have been able to calculate the correla-
tion graph and its contribution to the effective
mass and to the momentum distribution. This had
previously been possible only for the much more
academic case of the dilute hard sphere Fermi gas
model. This represents a significant improvement
since the role of the correlation graph turns out to
be as important as that of the polarization graph.
We confirmed and investigated in detail the fact
that the contribution of the polarization graph to
the effective mass has a narrow and skew peak
which reaches its maximum somewhat above the
Fermi surface. We showed that the contribution of
the correlation graph to the effective mass also
has a narrow and skew peak, which in this case
reaches its maximum somewhat below the Fermi
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surface. We demonstrated that these features
are quite independent of the detailed nature of the
interaction. When plotted as a function of the
quasiparticle energy, the sum of the polarization
and correlation contributions yields a peak which
is nearly symmetric about the Fermi energy.
We note that this is at variance with the para-
metrization adopted in Ref. 5 where only the pol-
arization graph was taken into account. 'The width
of the enhancement peak decreases with decreas-
ing nuclear density. It also decreases when the
range of the effective nucleon-nucleon interaction
increases. The latter property reflects the dom-
inant role played by the low-lying excitations in
the enhancement of the effective mass near the

Fermi surface. This was illustrated in Secs. V H

and VID, where we showed that highly excited in-
termediate states only provide a smooth positive
background to the effective mass. Qualitatively,
we thus expect that in the case of finite nuclei
the enhancement of the single-particle level den-
sity near the Fermi surface will be more pro-
nounced and more localized because of the exis-
tence of low-lying collective states which are
strongly coupled to single-particle levels. '
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