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We report here the results of the numerical calculations of the gamma-neutrino angular correlation coefficients in

the capture of polarized muons by the "Sinucleus. Closed expressions for these coefficients are derived taking into

account the relativistic terms in the muon capture Hamiltonian, in the impulse approximation. Relations among

these coefficients, the average and the longitudinal polarization of the recoil nucleus in muon capture, are derived

and are shown to be independent of nuclear models and muon-capture coupling constants. By comparing with

experimental data, we obtain a value for the induced pseudoscalar coupling constant gP, as (13.5 + 3.5, —5.5)g„,

indicating a possible absence of quenching ofg~ in the "Si nucleus. The effect of meson exchange currents on these

correlation coefficients are discussed.

NU&LE~ REA&~&ONS Si(p, &v„Al, &-neutrino angular correlation, po].ar-
ized muon capture, particle-hole model, induced pseudoscalar, second c]ass

current, induced tensor coupling constants, meson exchange corrections.

I. INTRODUCTION

In an earlier paper' (hereafter referred to as I)
we considered a simple formalism based on the
density matrix methods to study the y -neutrino
angular correlations in the capture of unpolarized
muons by the "Si nucleus, namely,

+"Si(0')—"Al~ (1'; 2202 keV) + v„,
"AV'(1'2202 keV) -"Al(0'; 9'l2 keV) +y. (1)

It is the purpose of this paper to extend the same
formalism as in I, to the capture of polarized
muons, in the above process. Now the angular
distribution of y rays with respect to the neutrino
direction, can be given in the following form so as
to make an easy comparison with the measurement
of the William and Mary group'.

I(8„„)=I(0)[1+aP,(cos8„„)+p, (P ~ y)(y v)P, (cos8„„)

+ p, (P. y)(y. v)], (2)

where P is the polarization of the muon in the
atomic K orbit at the instant of capture' (~P ~

16fp
in "Si), y and v are the unit vectors along photon
and neutrino momenta, respectively. It is clear
from Eq. (2) that P, and P, arise due to the muon
polarization and they involve different angular
dependence from that of e in I. These are the
coefficients of our present interest, for the fol-
lowing reasons: (i) The correlation coefficient
z, studied in I, provided a wide range for g~
when compared with the experiment, ' due to the
large experimental uncertainties. As P, has been
measured by the same group rather accurately,
we hope to obtain a closer range for g~ which will
be useful in discussing the possible existence of
the second class axial currents within the impulse
approximation. (ii) We wish to examine possible

relations among a, Pi I32 and other observables
in nuclear muon capture, similar to that of z and

P~ in L (iii) The disagreement between the earlier
calculations of Ciechanowicz' and the experiment'
for P, and P, necessitates further analysis. (iv)
In view of the importance of meson exchange cor-
rections to the impulse approximation in muon

capture, ' we wish to study the effect of these cor-
rections on a, P„and P, .

The theory of y-neutrino angular correlation in
polarized muon capture has been considered in a
series of papers by Popov et al. ' and Oziewicz and
Pikulskii, ' using the multipole expansion of the
weak hadronic currents in close analogy with the
orbital electron capture and by Devanathan and
Subramanian' using the density matrix methods.
We' have considered a simple approach to the y-
neutrino angular correlation in an allowed Gamow-
Teller muon capture transition followed by M1
gamma decay. The choice of a simple Hamil-
tonian for the M1 gamma decay part, ' greatly
simplifies the treatment and is particularly use-
ful for our present purpose. Recently Kobayashi,
Ohtsuka, Ohtsubo, and Morita" applied the for-
malism based on the spherical representation
of the effective muon capture Hamiltonian de-
veloped by Morita" and Ohtsubo, Kume, and
Ohtsuka" to the ca.lculation "B(1';g s) average
recoil polarization, but so far they have not con-
sidered the y-neutrino angular correlations. In
this paper, we extend our formalism in I. It con-
sists in using the effective muon capture Hamil-
tonian of Fujii and Primakoff" to construct the
density matrix of the final nucleus in its spin
space preserving the angular identity of the neu-
trino, using the operator for y emission as j „~A~
following Rose, ' where j„is the nucleon current
and A is the vector potential of the y ray of cir-
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II. y-NEUTRINO ANGULAR CORRELATION
COEFFICIENTS IN POLARIZED MUON CAPTURE

Consider the nuclear transition

i
J'(Mi) "

=
i J~Mi) " = [Z M ) (3)

with the initial nuclear state unpolarized and with
the muon of polarization P. Let us confine our-
selves to the Gamow-Teller muon capture transi-
tion followed by M1 y decay, relevant to our
purpose of discussing the process (1). The con-
struction of the density matrix p& for the inter-

cular polarization P(= +I), to construct the density
matrix of the final nucleus after gamma decay,
using the impulse approximation and summing over
P(= +I}. The details of these steps are given in
Sec. II and the relevant expressions in Appendix
A. As discussed in I, we use the particle-hole
wave functions of Donnelly and Walker" to de-
scribe "Al*(1';2202 keV) as this can be con-
sidered to be the isobaric ana. log of "Si(1';13.6I
MeV). These particle-hole wave functions are
obtained by diagonalizing the nuclear Hamiltonian
in the 2 S~ shell model space and the residual
interaction is described by the Serber-Yukawa
force. These wave functions satisfactorily re-
produce the inelastic electron scattering data. "
The closed expressions for P, and P, are given
in the Appendix B. In Sec. III we give the relations
among e, p„p„P~, and I'~ and obtain bounds
on the numerical values of P, and ]I3,. Numerical
results for P„P„and u (for comparison) for
the process (1) are presented in Sec. IV along
with the comparison with the experiment. ' The
effect of the meson exchange currents on a, P„
and P, are discussed in the same section.

We briefly summarize our main results as fol-
lows: (i) P, is found to be nuclear model insensi-
tive to a large extent while P, is sensitive to the
nuclear wave functions. (ii) Using the experi-
mentai2 value of P„we obtain g = (13.5+3.5, -5.5}
g„, a value to a large extent free from nuclear
wave function uncertainties. (iii) With a partially
conserved axial-vector current (PCAC) estimate
of g, our results indicate gr = (6+3.5, —5.5)g„.
(iv) With canonical values of muon capture cou-
pling constants, P, and P, are found to be in satis-
factory agreement with the measurement of the
William and Mary group, ' indicating the absence
of quenching of g in the "Si nucleus. (v) The
effect of the meson exchange corrections on

a, p» and p, are found to be small.
Throughout this paper we use the f=m„=c =1

system of units and the notation of Rose" for an-
gular momentum coefficients.

mediate nucleus
~
J+1&) in its (2J&+ I)-dimensional

spin space, in polarized muon capture has been
discussed in general by Devanathan, parthasara-
thy, and Ramachandran" [their Eq. (15)]and in
particular for a 0'-1' transition by Devanathan,
Parthasarathy, and Subramanian" [their Eq. (11)].
As we are now interested in the y-neutrino angular
distribution, the integration over neutrino direc-
tions should not be carried out, thus the expres-
sion for p& will be different from that given in
Ref. 17. The expression for the matrix element
of p in the case of unpolarized muon capture has
already been given by Eq. (2) of I and we give here
only the additional terms due to the muon polari-
zation, in the Appendix A. It is to be noted that
these additional terms involve the spherical har-
monics yszz(v)(p ~ v) and [yc(v) x y, (P)]~&~ which are
different from the simple ys~~(v) of Eq. (2) of I.
Thus Eq. (Al) and Eq. (2) of I define the matrix
element of p& in the polarized muon capture, ap-
propriate to our purpose of discussing the pro-
cess (1).

Denoting this density matrix element by (p&)». ,
that of

~ JISM+) in Eq. (3) after the y decay can
f NyNyy

be obtained by using Eqs. (5) and (6) of I. The
details of this part are contained in I. However,
owing to the additional spherical harmonics in

Eq. (Al), it seems to be convenient to use the
following kinematics: y direction is chosen to
be the z axis and an integration over the unphy-
sical azimuth angle Q„of the neutrino is carried
out using Eqs. (A2) and (A3). The resulting angu-
lar distribution of y rays with respect to neutrino
direction is given in Eq. (A4), relevant for our
present purpose. From Eq. (A4), it can be seen
that when the summation over J is carried out
the terms with J =0 and which do not contain p,
become independent of the angle 6)„„. These terms
with appropriate muon capture coupling constants
define f(0) and are factored out. The terms with
J=1 do not contribute due to the property of the
parity Clebsch-Qordan coefficients. The terms
with J=2 and without the muon polarization yield
the P, (cos8„„)angular dependence discussed in I.
The terms with J=2 and with muon polarization
yield (P y}(y v)P, (cos8„„)and (P ~ y)(y v), with
the coefficients defining P, and J3„respectively,

Eq. (2)." The explicit expressions for p, and

p, are given in Eqs. (Bl) and (B2), respectively.
These constitute one of our main results. It is
to be noted that these are derived including the
relativistic terms in the Fujii-Primakoff Hamil-
tonian and taking into account higher order partial
waves of the neutrino.

In order to obtain an idea of the dependence of
Py and P, on the muon capture coup ling constants
without going through the details of the numerical
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computation (which are carried out in Sec. IV), we
shall examine them in the Fujii-Primakoff ap-
proximation by neglecting the relativistic terms
and confining our study to S-wave neutrinos only.
In this scheme the nuclear reduced matrix ele-
ments are cancelled and we obtain

6, =G '/(3G„'+G ' —2G G„),
I)2=(3GA -GP }/(3 A +GP 2 PG~)

(4)

(5)

From these equations it is clear that p, will be
more sensitive to g~ than P, and P, =0; P, =1 for a
pure Gamow-Teller transition, neglecting the
induced interactions.

p, =1 —ap„/p,

p2
= —1+;P„/P —2P~,

p, +p, =1+o. .
(6)

We have examined the validity of these relations
taking into account the relativistic terms in the
Fujii-Primakoff Hamiltonian and higher order
partial waves of the neutrino. This procedure
is straightforward and it consists in using Kqs.
(Bl) and (B2) for il, and P„Eq. (9) of I for a,
Ref. 17 for P„, and Ref. 19 for P~, with the stan-
dard angular momentum algebra. The relations
in Eq. (6) are independent of nuclear models and
muon capture couplings. It seems that these can
be derived on more general grounds by using
helicity formalism and the rotational invariance
of the problem, as shown by Bernabeu. " We wish
to point out that we have obtained these indepen-
dently by starting from the explicit muon capture
Hamiltonian, deriving the complete expressions
for P, and P„and comparing them with those for
a, PN, andP

A few remarks about the relations in Eq. (6)
are now in order. The first relation in Eq. (6)
provides an estimate of the average recoil nuclear
polarization of the intermediate nucleus in the
sequence (3). For the process (1), using the
measured' value of P„ the 28AI~(1'; 2202 keV)
average recoil polarization turns out to be
-0.6533, which can be verified by an independent

III. RELATIONS AMONG n, p), p2, P~, AND P

In I, we derived a simple relation between e and

P~ and discussed its usefulness. In this section,
we shall attempt similar relations for the addi-
tional correlation coefficients P, and P, . We start
first by examining the expression for P„P„P~,
and P~ under the Fujii-Primakoff approximation.
Using Eqs. (10) and (11) of I for a and Pz, re-
spectively, Eqs. (4) and (5} of the previous sec-
tion for p, and p„and Eq. (37) of Ref. 17 for P„,
we obtain

measurement. The second relation in Eq. (6) and
the first, yield

P ~
= ——,

'
(P, +P,), (7)

which gives for a pure Gamow-Teller transition
(P, =0; 8, =1), P~ = ——,. However, upon using the
measured' values of P, and P„we find the longi-
tudinal polarization of "Al"(1 +; 2202 keV) to be
——(0.7599+0.085), which when compared to the
ideal value —-'„ indicates that the strong inter-
action induced effects could enhance

~
P~

~
by

about 15%. The third relation in Eq. (6) shows
that among the three correlation coefficients only
two are linearly independent. This relation is
found to be satisfied by the experimental values
of a, p„and p, by the William and Mary group'
within the quoted experimental uncertainties. Fur-
ther the relations in Eq. (6) provide bounds on
P, and P, . Using the bounds on Pz (0 and —1) by
Bernabeu" on the basis of time reversal invar-
iance and the bounds on P„(-—', and -', ) by Rao
et al. ,

"we obtain
0& p, &1.5, '1.5& p &1.5. (8)

Similar bounds have been obtained by Oziewicz. "
The measured values' of p, and p, for the process
(1) satisfy these bounds. Now we proceed to give
the numerical results of P, and P„and study their
dependence on the induced pseudoscalar coupling
constant.

IV. NUMERICAL RESULTS AND DISCUSSION

Equations (Bl) and (B2) give the y-neutrino
angular correlation coefficients P, and P„re-
spectively, taking into account the relativistic
terms and higher order partial waves of the neu-
trino. They involve nuclear reduced matrix ele-
ments which are evaluated using the particle-
hole model of Donnelly and Walker, "the details
of which were discussed in I. We use the following
numerical values for the muon capture coupling
constants g„(0}=0.987G; g„(0}= —1.25g„(0},g„(0)
=3.7g~(0), ga(0) =0, and G =1.02 x10 '/M', where
M is the proton mass. Since g~ and g~ occur in the
linear combination (g +gr), and since gr could
possibly exist in muon capture although recent
experiments'4 show its absence in beta decay, we
study the behavior of p, and p, on (g +gr}. The
effects of meson exchange corrections are also
studied and it is found that these corrections are
negligible in n, p„and p, . The results will be
discussed at the end of this section.

The numerical results of P, and P, are given in
Table I along with those of a (Ref. 25) for com-
parison. In this table, models I and II correspond
to the results without and with the relativistic
terms. It is clear from the results that these
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TABLE I. Numerical values of p-neutrino angular correlation coefficients ~, P&, and P2
defined in Eq. (3). It is to be noted that the relation 1+n =P

& +P2 is satisfied for the com-
plete set of numerical values, almost exactly showing the correctness of the numerical com-
putation of these coefficients. Models I and II are without and with nucleon-momentum de-
pendent terms.

(gp+ gy)l g/ Model II
pg

Model I Model II
P2

Model I Model II

-10.0
-7.5
-5.0
-2.5

0
2.5
5.0
7.5

10.0
12.5
15.0
17.5
20.0
22.5
25.0
27.5
30.0

-0.077 99
-0.020 30
-0.039 34
0.100 26
0.16160
0.222 21
0.280 76
0.335 69
0.385 31
0.427 89
0.461 78
0.485 53
0.498 10
0.498 90
0.487 89
0.465 58
0.432 98

0.02441
0.084 65
0.145 66
0.20645
0.265 81
0.322 31
0.374 35
0.420 26
0.458 39
0.487 21
0.505 52
0.51248
0.507 80
0.491 66
0.464 82
0.428 40
0.383 89

0.004 42
0.000 32
0.001 19
0.007 99
0.021 70
0.043 25
0.073 49
0.11309
0.162 43
0.221 50
0.289 86
0.366 56
0.450 18
0.538 93
0.630 69
0.723 29
0.814 56

0.005 81
0.009 62
0.019 69
0.036 94
0.062 23
0.096 29
0.13963
0.192 43
0.254 49
0.325 14
0.403 27
0.487 35
0.575 51
0.665 69
0.755 81
0.843 89
0.928 21

0.91759
0.979 38
1.038 10
1.092 20
1.13980
1.178 90
1.207 20
1.224 60
1.222 80
1.206 30
1.17190
1.118 90
1.047 90
0.959 97
0.857 19
0.742 29
0.61842

1.018 50
1.07500
1.12590
1.16950
1.203 50
1.22600
1.23470
1.227 80
1.203 80
1.162 00
1.102 20
1.025 10
0.932 28
0.825 97
0.709 00
0.58451
0.455 67

terms significantly contribute to n and P, but not
so much to J3,. For example, with g~ =V.5g„
(P(;A(: estimate) and gr =0, these correction
terms enhance z and P, by 25% and VO%%up, respec-
tively. Qne of the purposes of displaying the nu-
merical values of Q' Py and P2 in the form of a
table is to exhibit the fact that these values satisfy
almost exactly the relation & +Q Py+P2 for a wide
range of values of (g +gr) indicating the cor-
rectness of the numerical computations.

In Table II, we present the numerical values of
a, P„and J3, for the PCAC estimate of g~ with

g~ =0, in the Fujii-Primakoff approximation
(FPA) —models I and II along with the earlier
theoretical results4 and the measured values. '
It is seen that our results are in reasonably good
agreement with the experiment. The disagreement

between earlier calculation4 and the experiment is
to be noted. In order to analyze the dependence
of correlation coefficients on nuclear models we
proceed as follows. Firstly, in FPA one neglects
relativistic terms and considers only the S-wave
neutrino and the coefficients are independent of
nuclear models. Model I is obtained by including
higher order partial waves for the neutrino but
neglecting relativistic terms, while model II in-
cludes both and hence is complete. From Table II,
a comparison between the results of a, P„and
p, in FPA and model I shows that the higher order
partial waves of the neutrino contribute signifi-
cantly to o. and P, but not so much to P, . Secondly,
a comparison between the results in models I and
II reveals the fact that the relativistic terms con-
tribute significantly to n and P, but not so much to

TABLE II. Comparison of of, P~, and P& in FPA, other theoretical estimates, in models I
and II (see Table I for captions) along with experimental data for the PCAC estimate of gz
with g~=0.

p-neutrino acicular
correlation coefficients

Ciechanawicz 's
values as given

by Mukhopadhyay
(Ref. 20) FPA Model I Model II

Experiment of
Miller et al.

(Ref. 2)

pg

P2

0,4

0.88
0.53

0.0809 0.11309
1.2115 1.224 6

0.19243
1.227 8

0.2925 0.335 7 0.420 3 0.15 + 0.25
0.29 + 0.30
0.02 + 0.03
1.12 +'0.10
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P, . Thirdly, comparing the results in FPA and
model II, we observe that a and p, are very sen-
sitive to the nuclear wave functions while P, is
relatively insensitive. We have also calculated
these coefficients in the independent particle mo-
del for the nucleus and found that P, is nuclear
model insensitive, while a and P, depend very
much on them. This contradicts the conclusion of
Popov et al. ' who have cia.imed that all the coef-
ficients are nearly nuclear model insensitive. Qur
analysis shows that P„being free from nuclear
wave function uncertainties to a large extent, can
be used to obtain a value for g as in the case of
recoil nuclear polarization. "'" That is, there
exists another observable in nuclear muon capture
which can provide reliable information about g .
We have also investigated the dependence of P, on

g„and found that it is very insensitive to g„over
a wide range of values for g„. It is rather fortu-
nate that this important observable, namely P„
involves fewer experimental uncertainties than
a and P, in the measurement' for process (1).
Before proceeding to obtain a value for (g~+gr)
in the impulse approximation, we shall examine
the meson exchange effects briefly. Kubodera,
Delorme, and Rho" have shown for axial current
that the time component of the meson exchange
amplitude goes like O(1) while the space com-
ponent like O(P/M), to be compared with O(P/M)
and O(1}, respectively, for the single particle
operator (in impulse approximation) where p is
nucleon momentum. Thus for muon capture
transitions dominated by the space part of the
axial current in impulse approximation [allowed
Qamow-Teller transition such as the process (1)],
the meson exchange current contribution will be
O(P/M), while for muon capture transitions dom-
inated by the time part of the axial current in

impulse approximation (forbidden transition such
as 0'-0 in "0},the meson exchange current
contribution will be O(1} and hence significant.
The importance of such exchange corrections to
the 0'-0 transition in "Q has been studied by
Guichon et al. ' However, detailed calculations
including core deformation of "0by Guichon and
Samour" and Koshigiri, Ohtsubo, and Morita"
indicate that the exchange currents are not found
to be large. It is obvious from the above argu-
ments that the exchange corrections to e, P„and
P, in process (1), an allowed Qamow-Teller
transition, will be qualitatively small. In order
to obtain quantitative results, we include the time
part of the mesonic exchange amplitude as a cor-
rection to the impulse approximation. This will
enhance the time part of single particle axial cur-
rent operator by z(AJ, where (A,) is the matrix
element of the time part of single particle axial

current after nonrelativistic reduction and z is
defined in Ref. 27. The numerical value of z
seems to be uniform and qualitatively independent
of the nucleus. ""In order to obtain a quantitative
estimate, we have chosen z =1.2 and 1.5, namely
20%%uo and 50%%uo meson exchange corrections to (A,).
For a representative value of g~ =7.5g„and g~ =0,
P, turns out to be 1.2319 and 1.2394 to be compared
with the impulse approximation (z =1) value
1.2278, showing that the exchange effects are very
small. Similar numbers for a are 0.4341 and
0.4562 to be compared with 0.4203, the impulse
approximation value, and for P, are 0.2022 and
0.2167 to be compared with the impulse approxi-
mation value 0.1924. These features are found
for a wide range of values of (g +gr), indicating
that the meson exchange corrections to impulse
approximation values of n, P„and P, are very
small.

By comparing our calculations for P» which is
measured' more accurately than z and P„we
obtain

(g, +Z, ) =(».5+3 5, -5 5)Z„,

a closer range for (g +g ) than in 1 as aimed
for in the Introduction. This value is to a large
extent free from nuclear wave function uncertain-
ties and the meson exchange corrections do not
change the value much. This is in agreement with
our analysis of "B(1';g ~ s) recoil nuclear po-
larization" and with that of Kobayashi et al."and

in contradiction with that of Ciechanowicz4 who

finds —4.9 & (g~+gr)/g„& 1.2. Our estimate, be-
sides satisfying the PCAC value, indicates a re-
mote possibility of the quenching of g in "Si.
Using g =7.5g„we find gr=(6+3. 5, -5.5)g„, in
agreement with Kubodera et al."and Parthasarathy
and Waghmare. "

We summarize our results below:
(i) The correlation coefficient P, is found to be

nuclear model sensitive similar to n inI, while

P, is to a large extent free from nuclear wave
function uncertainties.

(ii} The correlation coefficients are not affected
much by the mesonic exchange corrections through
the time part of the axial current.

(iii) A comparison of P, with experiment' yields
(g~+gr) =(13.5+3.5, -5.5)g„, in agreement with
our earlier calculations.

(iv) Withg~ =7.5g„, gr=(6+3.5, -5.5)g„,
agreeing with Bafs. 30 and 31.

(v) The relations among n, p„and p, in Sec.
III are independent of nuclear models and muon
capture coupling constants. These provide esti-
mates of P„and Pz of 28Al~(1'; 2202 keV) which
can be verified by future measurements.
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APPENDIX A

The additional terms in (p&)„„,due to the muon polarization are
g NyN'

Qi Y~~(v)(p v) Q (i)' '[l][l']S(llJ(, l'IJ))[G„2(-I)' ~)'C(Il'J;00)W(J(IJI';IJ()
rr

—G 2[Ji] 'C(11'., 00)C(l'IJ~i00)C(J~JQ;00)]

—2G ~g Q )( 2(i) "' "[l)[l'][1][1]C(l'lX;00)C(lhl;00)W(Jylzl;I'l)W(J~hT)l; lJ)
rr'x

x 9(IIJy, I'IJ OJ~) —2G ~ Q (i) "~t"(-1)" is [i][A][J ] 'C(JyJi J;00)
r)t

x c(110;00)2(((2;7 12(ix)I

+ Y~ ~ XYiP ~ J J~ '3 2G+-G~G~ i' 'll' Cl1J~;00C J~l'
ll

x W(J&l'Jl; zJz)s(ll J&, I'I J&)

+2G„~Q (i) (0~i+2[I][1]C(IJ~i'.; 00)W(Jqi Jqki IJ}g(lIJ~,Jil AIJI)

x (- I)sy, ~ C (J~Jp; MyM+ ~) 2—
(4n')'~ J (Al)

where (IIJ&, l'IJi) and 9(llJi, J&111Ji)are defined by Eqs. (3) and (4), respectively, in I.
Relations used to combine spherical harmonics in Eq. (Al) and with that in Eq. (6) of I so as to reduce

the form to Eq. (3) are

~ ~

2f
(p. v)Pz(cos8„„)d(t)„=2sg C(J1L;00)2(p y)PL(cos8„„), (A2)

r (4m/3)' Y+G(y)[Yc(v)xY, (P)]~zdg„= C(21L;00)(P y)P&(cos8„„)
0

The complete expression for f(8„„)using Eqs. (Al)-(A3) and Eqs. (2) and (6) of I, for process (1) is

x Q i Q (i}' '[I][l']s(Ill; I' ll)
& re

x P cosa„„3G„-1' 'C ll'J;00 W 11Jl';l1 + G '-2G G C l11;00 C l'11;00
x C(11J;00) + ( P ~ y) [C(J1J+1;00)GP z„(cos8„„)+qzC(J1J —1;00)'P z, (cos8„„)]

x (3G„'(-1)' 'C(II'Ji00)W(11Jl';ll) —G 'C(Ill;00)C(l'll;00)C(11J;00)

—2(G„—0 )G„g 1)I I(C( Ol (()((00C; ( ()0W(00';0'()(((1C; 0)00(00G22, „)(O y

+ Q (i)'~(- I)" '[l][(1]C(l11i00)C(llJ;00)9(ill; 11X11)
r)t

(A3)
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x 2 G -G ~P cosa„„—2G ~ C J1J+1 00 P „cos8„„

+2 C(212 —(;DD)'P, (cess,„)I(P 2)

+2G„D Q )/ 2(i)' '"[/'][1) [/][][]C(/'1][;00)C(/aj;00)W(llal;/'1)W(l][l/;1J)
1E')},

x 9(/11; /'1101) (Pz(cos8„„)+ [C(ilJ +1;00)2Pz„(cos8„„)+qzC(J1Z —1;00}'

xP, (cos8„„)](P y))

+2G~ " Q, (i)' 2(-1)"s[][][/'][1][ ]C(d/lg; 00)W(l/' jl; li!)C(lgJ;00)9(/'ll; 11][11}
t'XL.

x P (cos8„„)( P ~ y) i
C(11/; 1 —1},

where g~=1 for J&0 and 0 for J=O.
(A4)

The closed expression for p, in Eq. (2) is

APPENDIX B

Q (i)' '[/][/']&(/ll;/'11)[3G„'(-1)' 'C(//'2;00)W(112/';/1) —G '('2)2~C(/11;00)C(/'ll;00}
71

+ 10(G„—G )G„C(/11;00)C (/' l 3;00)W(3111;/' 2) ]

~s(

+ Q (i)' 2[/][][]9(/11;11][ll) 2G ~ (-1)"(-', )'~C(/ll ~ 00) +10G„~(-1)"C(l/3 ~ 00)W(l/21 ~ 13)

where

+2C„Q M2(')' '"[ ]([ )][ ]S[l] C( ((2 D')D 2(l 2(), 1 )2)(Sll 2(l )(2( ')((; (((lD)
I

D,
t r'a

(i)' '8 (/ll; /'ll) —G„'0„,—(G~' —2G G„) C(/11;00)C(/'ll;00)[/][/ ]
ri'

—2(Gr -G„)~Q (i)' '(- 1)" ' C(/11; 00)g (/11; 1 lyl 1 }
1X

+2G„~Q M2 (i)' ' s[/]D~3 C(/1/ i 00)W(ll/'li /1)9(/'lli /1101)
rt'

The closed expression for p, in Eq. (2) is

(Bl)

//, = g(z)' 's (/11;/'ll)
~

—G„'52(. + C(/11;00}C(/'ll;00)

9 C /'l3 00x Gp +2 Gp Gp Gp 1 W 1111 j l 2 3 + I W 3111
p l 2 3

+ Q (i)'~(-1)" ' C(/11;00)9(/11; llzll)

i
2G ~ —2G ~ 1 — W(l/21;11)(2) + ' W(1/21;13)2x&

+6G„~Q M2 (i)' 'Ds[/]C(/1/'; 00)W(11/'1; /l)9(/' ll; /1101 B .
EE

(B2)
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