
PHYSICAL REVIEW C VOLUME 23, NUMBER 6

Rapid Communications

JUNE 1981

1

2

pages and must be accompanied by an abstract and a keyword abstract. Page proofs are sent ro authors, but, because of'the rapid publica-
tion schedule, publication is not delayed for receipt of corrections unless requested by the author.

Algebraic approach to nuclear quasimolecular spectra

F. Iachello
A. W. Wright Nuclear Structure Laboratory, Yale University, New Haven, Connecticut 96511

and Kerqfysisch Versneller Instituut, University of Groningen, Groningen, The Netherlands

(Received 17 July 1980)

It is suggested that nuclear quasimolecular spectra are dominated by dipole rather than quad-

rupole degrees of freedom. An algebraic approach to these dipole modes in terms of the group

U(4) is proposed. One of the dynamical symmetries of the corresponding algebraic structure,

O(4), is discussed and shown to yield spectra of molecular rotation-vibration type.

NUCLEAR REACTIONS Quasimolecular spectra, algebraic approach, O(4) symmetry.

After the discovery' of isolated, narrow, reso-
nances in heavy-ion scattering around the Coulomb
barrier, several attempts have been made in order to
provide a quantitative description of their observed
properties. These attempts are based on the extrapo-
lation of ideas and techniques used in the description
of the low-lying collective nuclear states. Since these
states are dominated by quadrupole degrees of free-
dom, most interpretations suggest either the oc-
currence of quadrupole rotation-vibration spectra, ' or
of quadrupole excitations of the ions. ' Although
these approaches describe qualitatively the observed
features, no quantitative agreement with experiment
has yet been achieved.

In this Communication, I wish to point out that, if
molecular states are formed in the collision, it is
more likely that their structure is similar to that ob-
served in diatomic molecules, rather than being simi-
lar to that of low-lying nuclear states. In particular,
since it is well known that rotation-vibration spectra
of diatomic molecules are dominated by dipole de-
grees of freedom' (the fundamental quantity here be-

ing the vector R representing the distance between
the two atoms), one may expect that quasimolecular
states in heavy-ion collisions are also dominated by
dipole, rather than quadrupole, degrees of freedom.

A quantitative study of nuclear quasimolecular
spectra should then be done as in the case of molecu-
lar spectra. States of diatomic molecules are charac-
terized by two quantum numbers, a vibrational quan-
tum number, v, and the angular momentum L A

purely empirical description of the energy levels is
given by the Dunham expansion

E(v.L) = X Yg(u+ —,)'[L(L + 1)]' .
IJ

V(R) = $a„
b

'n

To adjust the coefficients a„ is a rather complex and
time consuming problem. In this Communication, I

would like to propose an alternative, algebraic, ap-

proach which is on one side relatively simple and on
the other side very detailed. This approach is based
on the realization that rotation-vibration spectra in r

Here, the coefficients Y„" are determined from experi-
ment and provide information on the moment of in-

ertia and on the vibrational frequency of the
molecule. However, since the rotation-vibration
bands in (l) have no cutoff, it is not possible to ex-
tract information on the molecular dissociation ener-

gy and thus on the configurations responsible for the
binding. A more fundamental description of the en-

ergy levels is obtained by constructing an interatomic
(in the present case internuclear) potential V(R),
and solving the corresponding Schrodinger equation.
Since V(R) is unknown, one usually expands it into
a set of known functions with arbitrary coefficients to
be determined from experiment. In the molecular
case, the functions are usually polynomials in R, '
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dimensions can be constructed using the Lie algebra
of the unitary groups in r +1 dimensions. ' Applica-
tions of these techniques to quadrupole (r =5) spec-
tra have led to a very detailed description of low-lying

collective states in nuclei. Thus, it is likely that the
application of these techniques to dipole (r =3) spec-
tra may lead to a similar description of molecular and
quasimolecular spectra.

For r = 3, the appropriate group is U(4). In order
to show explicitly that the algebraic approach leads to
molecular rotation-vibration spectra, it is convenient

to realize the algebra in terms of creation and annihi-
lation operators. To this end, I introduce a set of
four boson operators, divided into a scalar, L =0,
operator, denoted by cr, and a vector, L =1, operator
denoted by w„(ls-0, RI ). These operators are as-
sumed to have parity (—}~. The introduction of the
vector (rr) boson reflects the dipole nature of the
problem. In order to calculate energy spectra, I next
expand the Hamiltonian, 0, in terms of boson opera-
tors. If, for simplicity, one stops at quadratic terms,
this yields

H = a~( rr' g ) + s~( rr' rr ) + X —'(2L + I ) '"CL [[ rr' x rr']' ' x [rr x 8 ]' ']"'
I.W, 2

+up[[g" x g']"' x [g x g] "&]"'+u)[[rr' x rr']«' x [g x g]&'&+[g' x g']&" x [rr x rr]&'&]&'&

+ui[[m' x g']t" x [fr x g ]"&]&'& .

Here rr„( =}' "—rr „and the square brackets denote
tensor products. This expansion corresponds to the
expansion of the potential V(R) into a set of given
functions, Eq. (2). Energy spectra are now obtained
by diagonalizing H in the space [N] of the totally

symmetric irreducible representations of the group
U(4) generated by the 16 bilinear products
G, =b b, (a=I, 2, 3, 4; b =srr~) W, hile th. e po-

tential approach involves the solution of a differential
equation, the algebraic approach involves the solution
of a matrix equation and thus it is much simpler to
deal with. A computer program to solve this problem
has been written and it is available on request. ' In
addition, in the algebraic approach, it is possible to
construct in a simple way analytic solutions to the
eigenvalue problem. These simple cases correspond
to dynamical symmetries of the Hamiltonian, and

they can be found by performing a group theoretical
analysis of (3) similar to that performed in the quad-

rupole case. Here, there are only two dynamical
symmetries, corresponding to the group chains (I)
U(4) DO(4) DO(3) DO(2) and (II) U(4) DU(3)
DO(3) OO(2). For the purpose of displaying the
nature of the spectrum, I will explicitly construct the
solution corresponding to the symmetry (I). In this
case, the following quantum numbers, in addition to
N, classify uniquely the states: a quantum number,
rp, which characterizes the representations of O(4),
rp-N, N —2, . . . , 1 or 0 (N is odd or even); the an-

gular momentum, L, and its projection, M; the
values of L contained in each O(4) representation, rp,

are L 0, 1, . . . , co. Using techniques similar to
those discussed in Ref. 9, one can find the most gen-
eral solution corresponding to this symmetry type

E(N, a), L,M) A~ (N —a))(N+rp+2)+BL(L+I)

where A and Bare arbitrary constants. The structure
of the corresponding spectrum is shown in Fig. 1.
One can see that this structure is that typical of a dia-
tomic or dinuclear molecule. ' To make the connec-
tion even more apparent, ii is convenient to rewrite
(4), by introducing a vibrational quantum number
v = (N —ru) /2, as

E(v,L) =—A +A {N+2){v+—)2N+3 i

4 2

—A (v+ —,)t+BL(L +1) (5)

Comparing (5) with (I) one sees that a dynamical
O(4) symmetry corresponds to an empirical expan-
sion with only three coefficients K~0, F20, and Yo~, in
addition to the overall constant, E'00. Moreover,
Ylp/ Ypp = —(N +2).
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FIG. 1. Typical molecular spectrum with O(4) symmetry.
The energy levels are given by Eq. (4) with N 14, A 80
keV and 8 40 keV. The energy scale is that appropriate to
nuclear molecular spectra. For homonuclear molecules the
negative parity, 1,3, . . . states are missing because of
reflection symmetry (Ref. 5).
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The discussion above has been confined to a treat-
ment of molecular resonances as bound (or quasi-
bound) states arising from one particular channel.
Thus the states calculated in this way have no width
and are not coupled to other channels. A detailed
study of heavy-ion scattering shows that this is a
complex multichannel problem. In "C—"C scatter-
ing for example, at least the following channels
should be included: (1) the elastic channel; (2) the
inelastic channels in which "C is excited to the first
few low-lying levels (2+(4.44 MeV), 0+(7.65 MeV),
3 (9.64 MeV)); and (3) rearrangements channels
such as ' Ne+o. , "0+ Be. The multichannel prob-
lem can be attacked in a potential approach by intro-
ducing diagonal, V;;, and off-diagonal, V„" (j A i),
potentials, and solving the appropriate coupled chan-
nel equations (here i denotes the channels). The
same problem can be attacked in the algebraic ap-
proach by introducing an algebraic diagonal, HI, and
off-diagonal, 0», Hamiltonian and solving the corre-
sponding set of algebraic equations. The virtue of
the algebraic approach is that matrix equations are re-
latively more easy to solve than differential equa-
tions. One possible way in which this program can be
carried out in practice is to assign to the boson opera-
tors an additional, internal, quantum number,

i =1, . . . , n, which labels the various channels. The
corresponding operators become now an array, b I,
with group structure U(4) jgj U(n). The associated
algebraic problem can be solved either on a comput-
er, or, in some simpler cases, analytically. Work in
this direction is in progress.

In conclusion, I have pointed out that, if molecu-
larlike states are formed in heavy-ion collisions, the
structure of the corresponding spectrum should be
rather different from that observed in the low-lying
spectra of nuclei ~ I have also proposed a new ap-
proach to the study of molecular spectra, based on
the use of algebraic techniques. I have presented a
simple application of these techniques and suggested
a possible way to extend them to more complex situ-
ations.
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