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Particle-core coupling for heavy odd-odd and oN-even Sb nuclei: A shell model approach
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Particle-core coupling calculations on heavy odd-odd and odd-even Sb nuclei have been carried out, starting from a
shell-model description. Starting from a description of the core system {Sn nuclei) and a multipole-multipole proton-
neutron interaction, we have derived particle-core coupling matrix elements {applicable to odd-mass as well as to
odd-odd nuclei). Detailed calculations have been carried out for '""'"Sb. In the latter case, extensive comparison
is made with macroscopic particle-core coupling calculations.

NUCLEAR STRUCTURE Particle-core coupling, shell-model approach. Appli-
cation to i32, 130~ 129Sb

I. INTRODUCTION

In describing nuclei where the number of valence
nucleons is not far from a closed shell configura-
tion (+I, +2, +3, +4), specific nucleon configura-
tions remain such as to make a description in
terms of collective excitations difficult or impos-
sible. This happens to be the case for the heavy
Sn nuclei' ' near the Z = 50, N = 82 doubly-closed
shell configuration. "g'""s'Sn In trying to
couple the extra proton in Sb nuclei with the ex-
citations of the underlying core, one observes
large deviations from the macroscopic particle-
core coupling mechanism. ' " Very specific one-
proton-n-neutron-hole excitations remain. In
order to attempt a complete description of the
core system as well as of the particle-core cou-
pled states, one has to start from a shell-model
approach.

In Sec. II, we derive the basic equations for the
shell-model approach to particle-core coupling,
being able to describe odd-odd as well as odd-even
nuclei. A connection with the macroscopic parti-
cle-core coupling matrix element is pointed out.
Finally, in Sec. III, application to the 1p-3h and
1p-4h nuclei of Sb will be made and comparison

with the macroscopic particle-core coupling (in
the latter case of "'Sb) will be carried out.

II. METHODS AND SHELL-MODEL INGREDIENTS

A. Methods

In an earlier article, "we derived a general
expression for calculating matrix elements de-
scribing an interacting system of n, protons and

n, neutrons. Let us call ~C,J',M, ) (~C+Pfg) the
resulting wave function of n, protons (n~ neutrons),
C, (C,) being all other quantum numbers necessary
to label the wave function uniquely. These wave
functions are obtained by diagonalizing for the
particular nuclei with n, protons (n), neutrons)
the residual proton-proton (neutron-neutron) inter-
action. We mill not go into the details of the con-
struction of the orthonormal basis states, "nor
of the explicit construction of energy matrices
which, for n„nh&4, can become a very cumber-
some and time consuming task. " Some pertinent
results for '"Sn mill be discussed in Sec. II B.

The proton-neutron residual interaction V~„
results in the following matrix element":

(c(J(,cp';J))'&„)cz„cJ;J}= I U((p') )(n'n) J')(-)} &' N
gt

pp'nn' J
x (Ci J'J((p'p) J'[)C,J,)(C', J)[((h'h) J'I(C),&,) . (2.1)

In the particular case n, proton particles (p, p') and n, neutron holes (h', h), we make use of the follow-
ing definitions:

A

U((p'p)(h'h), J') =J" 'J(- I)'p'~ "))"i ' ' " (p~h~-iJ
~
I )ph 1J )~x TP 1 Ptt 1

~h ~P
(2.2)
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where (p'h' ';J, I V~„ lph '; Z,) is the matrix ele-
ment of the proton particle neutron hole inter-
action, and

(C,'J)I(p'p) J'IIC(J() —= —.
, (Cp", ll[up u, ]'IIC;&;&, (2.3)

TABLE I. The parameters for the proton-proton,
neutron-neutron, an& proton-neutron interactions as well
as the proton single-parti. cle and neutron single-hole
energies. For the nucleus Sn we have used Z'i~
=0.20 MeV and 4 =0.30 MeV.~i/2

Vp„= X„@„r (2.4)

[s',a ]" meaning the usual vector coupling.
In this paper we have restricted the Vp„ inter-

action to a sum of multipole-multipole forces in
order to allow for a fruitful comparison with the
more mascroscopic approach of the unified model.

Then with

E'' ~/2

&5/2

&3/2

1/2

Vp

Proton

0.0
1.0
2.0

2,4

2.0
39

+3/2

t/2

rs/2

Vp

Neutron

0.0
0.3

0.4

2.4

2.8

-39
with +0.2

Vj =-84 (MeV fm3)

t =5

+ 0.2

one gets easily by a straightforward calculation

(p, c„z„;~MI v,„lp, c,z„zM&

= g X„(-I)'~"~'"
ip Jip

x(p'llq„lip)&c', ~', II@„llc,z,) . (2.5)

Expression (2.5) is completely equivalent with
the macroscopic particle-core matrix element.
The core matrix elements (2.5), however, are
defined in terms of their shell-model description,
whereas in the macroscopic vibrational model,
core matrix elements are related to boson co-
efficients of fractional parentage (cfp's).

B. Parameters, results for Sn nuclei

Application of the 2h, 3h, and 4h nuclei"'"""'Sn has been carried out. Here, the
complete space of neutron hole states, i.e. ,
2d3/, ', 3sj/, ', 1hjj/, ', 2d, /, ', and 1g, /,

' is
taken into account. The force considered was a
Gaussian interaction with spin exchange admix-
ture, as used already for this particular mass
region with considerable success. """ The force
strength, exchange admixture, and neutron single-
particle energies are given in Table I.

In discussing the pertinent results for '"Sn, one
immediately observes a clear separation between
the three lowest states ~j ajy ~j Qjy and the
next higher-lying group of 3 hole states (Fig. 1).
In correlating the wave functions for these three
lowest states with the J' =O' '"Sn ground state
wave function (described within the same con-
figuration space as 0.65 I 2d, &, ', 0') +0.40 I 3s», ',
0') —0.58l 1k»» ',.0')), a direct product repre-
sentation

serves as a very good approximation to these
wave functions. Comparison with the scarce
amount of experimental data is not very compel-
ling, "4 although a gap between the three low-lying
J;= &'„~,, a,

' levels and the other states starting
from E,—= 1 MeV reproduces the experimental
situation well. %e have also calculated the re-
duced E2 core matrix elements (J,IIM(E2}IIJ&)
between the lowest-lying (E„&1.5 MeV) levels in
order to obtain information on the E2 collective
structure within the space of Sh excitations. From
these results (Table II), one clearly observes
strong E2 reduced matrix elements connecting
the J', =223 2j &23 r'j states with the Jy 2j ground
state, pointing towards a relation within the more
macroscopic approach of a hole-quadrupole
vibrational I 2d», '2i('"Sn)) configuration for
the former states. Moreover, the 4,'=&,', —,",
states are strongly connected to the first excited
J& = &'j level, pointing towards a relation with
macroscopic I 3s,i, 'S2i("'Sn}) configurations.

So one can conclude that the 3 hole shell-model
calculation separates in a very distinct way into
single-hole configurations and multiplets obtained
by coupling single-hole configurations with the
J', =2', state in "'Sn. From the theoretical results
one also observes rather low-lying high spin
states (Jt = ~s,', E, =1.61 MeV; ~9'„E,=1.66 MeV).
As a consequence, isomeric levels can probably
occur within the y decay in ' Sn.

III. APPLICATION TO ODD-MASS AND ODD-ODD
Sb NUCLEI

A. Strength of multipole force

IJM&=- lj '&e lo;, "'Sn&6„, (2.6)
In order to perform the shell-model particle

core-coupling calculations, as described in Eq.
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levels passes through a very flat maximum in the
range X, = -0.14 to -0.20 MeV. The same hap-
pens in '3'Sb. In '"Sb, one can try to fix g, by
putting the constraint of reproducing the excita-
tion energy for the two (~9, ~)' states at 1.321
and 1.134 MeV. Again, this is possible by
choosing a value of X, = —0.15 MeV. Therefore,
in all further calculations, we always use X,
= -0.15 MeV. In order to study the dependence
on X„we show the 1p-1h, 1p-3h, and 1p-4h
spectra (using )t,= —0.15 MeV) in Fig. 2. Only
those levels which are strongly affected are
drawn (relative to the ground state) T.hus we
present the following remarks.

(i) In the odd-odd nuclei, a particular set of
states, mainly originating from the I lb»»(v),
~», (v);&') configuration (Z' =0', 1', 2', 3', . . . ), is
lowered dramatically with growing X,. This
originates from a strong coupling with the higher
lying I 2d, y, (v)2;(v); J') configurations due to the
very large non-spin-flip (2d, &,[[F,[[]h„») reduced
matrix element.

(ii) In the odd-even nucleus "'Sb, the same
happens for the J

&

= pj and ~j levels due to the
same type of coupling matrix element. Here, one
can fix y, such as to get the J,'. = —,

"level on the ex-
perimental value, with a result of X, = -0.070 MeV.
Using this value, the experimental (0, 1)' level
in 'Sb could correspond with the theoretical
J', =0', or 1', level.

So we deduce the multipole force with X, = -0.15
MeV and X, = -0.070 MeV to be used in all further
calculations.

B. The odd-odd nuclei

11/2

0.0 3/2
11/2

3/2—

(2.5), one first has to determine the strengths
of the multipole-multipole forces. Moreover, to
be able to compare with the purely macroscopic
core-coupling calculations where both X =2 and
X =3 multipole orders are considered, we take
as a residual proton-neutron interaction

~» x.Q. Q, +x.Q. Q. . (3.1)

The strengths X„X,will be determined in order
to obtain as good an agreement as possible with
the experimental data in '"""""Sb.The depen-
dence on X, in all cases is very smooth. In '3'Sb
the energy separation of the lowest J' =4' to 3'

FIG. 1. The 3 hole energy spectrum for Sn as com-
pared with the experimental data. Levels marked with
a black dot are taken into account for calculating re-
duced E2 core matrix elements as given in Table II.

Using the proton and neutron single-particle
energies as already discussed (see also Table
I), and using the shell-model particle-core cou-
pling approach, spectra are calculated for the
odd-odd nuclei "'Sb (Fig. 3) and '"Sb (Fig. 4). In
the particular case of the 1p-1h nucleus '"Sb we
also made the comparison with a zero-range
residual proton-neutron interaction with spin ex-
change [V= —V5(r~ -r„)(Pz+t'Pr), see also Table
I], as used in Refs. 16 and 17.

Comparing the multipole force with the zero-
range force, one observes more closely spaced
multiplets in the latter case. Comparing now with
experiment, ' one cannot prefer one force over
the other, since the agreement goes well in both
cases. Looking to some more specific details,
one recognizes that the 4' = 5' level [mainly
Ig, &,(v)2d», '(v) j occurs much lower in excitation
energy using the 5 force as compared to using the
multipole force. Also, using the latter force, the
lowest negative parity level from the Ig, &,(v)-
Ih»» '(v) multiplet is not the J;= 8, level as re-
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TABLE II. The reduced 3 hole core E2 matrix elements, defined as (J&tIQ2([ J&) for the
low-lying (E„&1.5 MeV) positive parity states (marked with a dot in Fig. 1). The unit is e
and the neutron effective charge e„'~ =1 is used. The small line indicates either a nonexisting
or a very small (&0.01) matrix element.

3+
2i

3+
22

3+
23

j+
22

5+

22

3+ 0.84

-0.91

-2.22 0.84 -0.66

2 %77 -1.22 0.23 -0.70

3+
23

f+
22

-1.36

2.19

1.90 0.07

-1.14

1.10

0.57

-2.60

1.77

0.14

-1.62 -0.42

2+
22

-0.03 -1.32 -2.55 +0.45 -1.81 0.11 -2.12 -0.02

20—
20

132 gb 130sb —20

produced with the 5 function interaction.
For ",',Sb„, the calculated energy spectrum is

compared with experiment' in Fig. 4. A first
point stems from the fact that experimentally,
the J; = 5', level has become the ground state,
whereas theoretically no important changes with
respect to the 1p-1h system '"Sb occur. Also
for the negative parity multiplet 11g,y2(s)~, (&);
J'), the sequence as observed experimentally is
not reproduced in detail. Since the relative posi-
tion of the Jg 5y and Sj levels is not known ex-
perimentally, we have arbitrarily placed the
J' =8 level at the same energy as the J' =5'
positive parity state. Concerning the levels
between 0.5 MeV& E,&1.0 MeV, indeed two theo-
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FIG. 2. For the nuclei 9' 3 ~ 2Sb; the dependence on

g only for those levels that are strongly affected by the
octupole force. The reference state is J f=4f for Sb,
J'= ~ ' for 2 Sb, and J'=7f for Sb.

FIG. 3. For the 1p-1h nucleus Sb we compare the
experimental data with both the results from a delta
interaction and a multipole residual proton-neutron
interaction. The different multiplets are indicated with,
respectively, an open circle [coupling of 1g7~2(7r) or
2dg2(7t ) with 2dg2 (v), 1h ff/2'(v)) and a black dot fcoupl-
ing of 1g7~2(7)') and 2d@2(7r) with the Ssg2(v) config-
uration).
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with the multipole force calculation. Here the different
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(1g7/2(7r) 2 f (v)};black square, (2ds/2(7I) z f (v)}; open
triangle, (M&/2(7)) 2 f (v)}.

tions within the I lg», (w) ~,(v);J') multiplet, giving
for the corresponding theoretical value 100:8.

From knowing the spin values of the lower states
(Zt =7„6„8,), and considering the experimental
strong y feeding of only the J', =7, state from the
higher-lying negative parity states, given as
(6, 7, 8), one can try to calculate the theoretical
possibilities consistent with experiment. As a
result, no conclusive points can be made, since
both the J', = 6, , 7, , and 8, levels populate the
J& =7, , 6, , 8, levels without a definite preference
for the J&=7, level.

Furthermore, the J; =32, levels deexcite
preferentially towards the J'=4', level with theo-j
retical branching ratios for the J' =3' -J'

2w3
=4'„2» 5,' transitions of 100:0.2:5 and 100:2:
& 0.1, respectively (experimentally for the 0.813
MeV J' =3' level one gets 100:20:3.5). The theo-
retical transition rates from the J; =1', , levels
towards the J

&
=2'» 3'„3', levels have also been

calculated with a result of almost pure feeding
of the d& =2', level (the others being fed almost
negligibly), which again is qualitatively in agree-
ment with experiment, showing a preferential
feeding of the J& =2', level from both the (0, 1)'
0.697 MeV and 1' 1.024 MeV levels.

retical J' =3' levels are calculated. Also, twoJ' =1' levels and one J' =0' level are calculated
that could probably correspond to the experimen-
tal (0, 1)' and 1' states.

Because in the calculation of the core system
(3 hole nucleus), clearly separated J;=-,"„~
levels are obtained, also in the proton-core
coupled system the low-lying multiplets I lg, &,(w)-
—,",(v),J'), Ilg, p, (w)~ (v);8'), and I lg», (w)-,';(v);
J') clearly stand out (indicated with, respectively,
a black dot, open dot, and black triangle). In the
energy region E„p1.0 MeV, however, more
complex 3 hole configurations start to be excited
and can couple strongly with the 12d», (w)I;(v);
J') (1;= —,", ~, —,",) levels occurring in the same
energy interval.

For the negative parity multiplet Ig, ~,(w)~, (v);
J') (J'=2, . . . , 8 ), as already pointed out, the
experimental ordering is not reproduced correct-
ly, although the experimental data' cannot give
conclusive arguments about the lowest negative
parity level, as P feeding from the 's'Sn (7 level)
occurs. The next higher negative parity levels
(near E,=1.5 MeV) will be mainly built from the
I 2d, ),(w)~ (v);d') configuration and thus y tran-
sitions to the corresponding levels of the lower
I lg», (w)~ (v);J') multiplet are expected toj
proceed via fast E2 transitions.

The experimental 7j 8j to 7j 6j branching
ratio (100:53) is consistent with fast Ml transi-
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values of $3 (as discussed in the text) for 29Sb.
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C. The oddwven nudeus Sb

By again using Eq. (2.5) with the separable
multipole force, the shell-model particle-core
coupling calculations have been performed. In
this case, macroscopic particle-core coupling
calculations were also carried out'"" with the
same proton single-particle energies as used
here (Table I) and collective parameters R~„R&o,
(the 2; and 3, excitation energy in "'Sn), (, =1.35
and $, =1.50. Here, the calculation with f, =0
was also done in order to study the octupole force
dependence for the macroscopic calculation too.
The results are shown in Fig. 5, where the ex-

perimental data" +' are also indicated. Here, one
immediately observes the strong dependence of
the 4; =-,", and ~ levels on $„ the octupole cou-
pling strength. In the macroscopic calculations,
this strong $, dependence for the J', =-,", and ~
level position is mainly due to the strong non-
spin-flip octupole coupling matrix element con-
taining both (2d», ((Y,bJ[lb»~„3;—2') and

(Iit»&, (]Ysbs((2d»s, 3;~ ), whereas for the Ig»,
orbit, spin-flip reduced matrix elements occur
(being one order of magnitude smaller). This
geometrical property is retained in the more
microscopic calculations since a multipole force
was also used as proton-neutron residual inter-

TA]3LE JQ. Qomparison of the macroscopic and mi, croscopic wave functions for the levels containing mainly proton
single-particle character. The configurations are indicated as ~lj, J&), where i is the index labeling the levels of the
core according to the shell-model description. The asterisk denotes the corresponding macroscopic core states (see
also text). The numbers on the right refer to the macroscopic model whereas the numbers to the left give the she11-
model particle-core coupling results.
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action.
%'e now discuss in some detail the similarities

and differences between both the macroscopic
and shell-model calculations (see wave functions,
Tables III-V). Here we would like to point out
that the configurations in Tables III-V are labeled
according to the shell-model core coupling con-
figurations. These configurations are also used
for the macroscopic core coupling wave functions,
although in this approach, the corresponding
macroscopic quadrupole and octupole configura-
tions, which have a meaning, are marked by an
asterisk (see also Ref. 3) (i.e. , 2', and 4', cor-
respond with the two quadrupole 2» and 4,',~
states, respectively; 34 and 3, both correspond
to the single octupole 3,,„state). We can make
the following remarks concerning the single-par-
ticle states (see Table III).

(i)TheZ; =& state has about equal single-par-
ticle character in both models. The strongest
coupling occurs with the I lg»„& ) configuration
in both the shell-model and macroscopic calcu-
lations.

(ii)The 8; = &', level has again comparable
single-particle character in both models. For the
I ih, »„3;—,") configuration, about equal admix-
tures occur, although in the shell-model calcu-
lation the coupling with two high-lying 4' =3
levels occurs preferentially [[lb||i„3$(3.85
MeV) and I lit»», 3,) (3.9V MeV}; compare the
unperturbed energy with Sw, =2.9 MeV in the
macroscopic model].

(iii) The Jf = ~n, state also has comparable
single-particle character in both calculations.

For the I 2d, i„3) configuration, the same com-
ments as for the +; Qy level apply.

(iv} For the J; =-',;, levels, some differences
occur when comparing both calculations. In the
macroscopic calculation the J; =—,", state is mainly
the I lg»„2;) configuration, as is the case also
in the shell-model calculation. In the shell-model
calculation, a 4; =&,' level occurs, containing as
the most important configuration I lg, i„2;), a
configuration with no counterpart in the macro-
scopic model.

(v) For the 8;=-,", state, about equal fractions
of the 3s, i, and the 12d, i„2;) configurations re-
sult in both descriptions. A second —,'"level (J;
=»} is described in the macroscopic model as
mainly the I lg»„4;,g configuration, and in the
shell-model c"lculation the corresponding
I lg, g„4;) configuration dominates.

As a conclusion, we find very strong similarities
between both models. For the quadrupole degree
of freedom, in both the macroscopic and shell-
model descriptions, coupling of the single-par-
ticle configuration goes preferentially via the
inf j, 2,") configurations. For the octupole degree
of freedom, high-lying Inlj, 3,) configurations
are admixed via the 3, and 3, levels (E„=4.0
MeV). Also, the strong octupole force depend-
ence is completely analogous in both models due
to the large non-spin-flip reduced Y, matrix
element obtained in both models.

Concerning the one quadrupole I lg, i„2;,J')
multiplet, the following points can be made (see
Table IV).

(i) The octupole force dependence is very weak

TABLE IV. Comparison of the macroscopic and microscopic wave functions for the levels
containing mainly the particle-core coupled I 1g&it 2i+) configuration. The configurations are
indicated as Iij, J&), where i is the index labeling the levels of the core according to the
sheQ-model description. The asterisk denotes the corresponding macroscopic core states
(see also text). The numbers on the right refer to the macroscopic model whereas the num-
bere to the left give the shell-model particle-core coupling results.
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-0.15

-0.27
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TABLE V. Comparison of the macroscopic and microscopic wave functions for the levels
mainly built from particle-core configurations with negative parity core excitations (i.e.,
JP =st, 7& mainly). The configurations are indicated as ~lj, Z~&l, where i is the index label-
ing the levels of the core according to the shell-model description. The asterisk denotes the
corresponding macroscopic core states (see also text). The numbers on the right refer to the
macroscopic model whereas the numbers to the left give the she11-model particle-core
coupling results.

g7/2» 71

g7/2s 72

g7/2

&7/2. 53

g'7/2 61

g7/2s 63

g7/2 81

hii/2

ds/2, 71

d3/2, 74

ds/2 67

d5/2, 51

9 ~
21

+0;23

+0.74

-0.18

+0.38

-0.26

-0.21

+0.16

21

0.77

0.21

0.25

-0.18

0.29

+ 0.18

-0.28

0.75

0.21

-0.24

0.78

-0.26

Q
22

0.44 -0.40

13
22

-0.50

0.17

-0.19

0.81

-0.33

0.33

0.17

0.18

0.91

—0.17

0.19

0.23

17

0.20

-0.18

in both models.
(ii) The I lg»„2;) amplitude in all J' levels

(—,",. . . , ~') is very large (=0.90).
(iii) The single-particle admixture for the Z,

leve ls is almost equal in both models.
(iv) In the shell-model approach, the I 1g, &„2;)

configuration couples most strongly with both
the

~ Ig7&„4~) and
~ Ig,&„24) configurations

for the J,"=&' states, a result in agreement
with the macroscopic model, where the strongest
coupling results for the two quadrupole phonon
I lg»» 2;,a) and I ig, ~»4;,g configurations.

Now for the I lg»„7,) and I lg»„5,) configura-
tions, negative parity multiplets result that are
not easily obtained in the macroscopic model
(see Table V).

IV. CONCLUSION

In this study, we have proposed a shell-model
approach to particle-core coupling near closed-
shell configurations. We first performed a shell-
model treatment of the core nuclei with 2 hole,
3 hole, 4 hole configurations (exactly). Going
beyond will need certain approximations such as
taking only the lowest 0' and 2' 2 hole states acting
on the 4 hole spectrum; in producing 6 hole, 8
hole, . . . configurations.

In describing the most simple core nuclei (2h,
3h, 4h) we obtain results in good agreement with

the generalized seniority classification of N par-
ticles (- holes) distributed over a number of
degenerate j shells, i.e. , the vibrational spectrum
of double-even nuclei is obtained. (see also Ref.
3). Reduced core E2 matrix elements, resembling
very much the quadrupole boson cfp values
(although anharmonicities do play an important
role) also result. The general expression (2.5)
has been obtained and applied to odd-odd as well
as to odd-even nuclei. Application was made to
""'s'Sb and 's'Sb where, in the former case,
extensive comparison with the macroscopic par-
ticle core coupling model is carried out. Here,
we obtain a description of the experimental data
which is as good as that for the macroscopic
model. Moreover, due to the shell-model de-
scription of the core system, all types of more
complex particle-core coupled configurations can
result which are not at all considered in the purely
macroscopic approach.

Therefore, the method discussed here can
serve as a shell-model version of the macro-
scopic particle-core coupling model, being able
to extend the limit of validity to excitations not
easily obtained in the latter model.
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