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Relativistic model of interacting nucleons and mesons
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We construct a relativistic model of interacting nucleons and mesons. The character of the model is
phenomenological in that we make extensive use of the relativistic quasipotentials obtained in the study of the one-
boson-exchange model of nuclear forces. We show that in the static limit for the meson field we can derive a
relativistic version of the Bethe-Brueckner theory of nuclear matter. (The corrections due to the nonstatic aspects of
the field are expected to be small. j The method may be extended to provide a basis for a relativistic Brueckner-
Hartree-Fock theory of finite nuclei.

NUCLEAR STRUCTURE Relativistic many-body theory; derivation of relativis-
tic Bethe-Brueckner theory of nuclear matter.

I. INTRODUCTION

There has been a good deal of interest in recent
years in the formul, ation of a relativistic theory of
nuclear matter and of finite nuclei. ' The mean-
field approximation of Walecka has been extensive-
ly investigated in this connection. (The mean-
field approximation corresponds closely to the
Dirac-Hartree approximation. ) Various calcula-
tions which we have made have convinced us that
correlation corrections are quite important and
the Hartree or Hartree-Fock approximations are
only of limited applicability. We are therefore
interested in formulating a relativistic theory of
interacting nucleons and mesons that includes
short-range correlation effects. We should note
that one may approach this problem from two
points of view. For example, if one uses the rela-
tivistic mean-field theory of Walecka one must in-
troduce effective coupling constants for the o and

& fields which contain implicitly the effects of cor-
relations and the effects of mesons (such as the e
meson} which do not appear explicitly in the the-
ory. One can correlate a good deal of experimen-
tal data if one uses the Walecka theory with effec-
tive coupling constants determined phenomenolog-
ical.ly. Alternatively, one may attempt to calcu-
late the properties of nuclear matter and finite nu-
clei using a theory that has no adjustable parame-
ters. In this case one uses nucleon-nucleon inter-
actions that have been determined from the study
of nucleon-nucleon scattering and from the prop-
erties of the deuteron. ' In this work we develop a
program based upon the latter scheme.

All previous attempts to calculate the properties
of nuclear matter and/or finite nuclei using inter-
actions obtained from the study of nucleon-nucleon
scattering have used nonrelativistic many-body
theories or theories in which the nucleon wave
function is written in terms of positive-energy

spinors only. ' Our studies have shown that this
program has failed (on the whole} because of the
use of the nonrel. ativistic approximation or the use
of an incomplete rel.ativistic description of the nu-
cleon wave function. In this work we hope to pro-
vide a theoretical basis for a relativistic theory
of nuclear matter (and of finite nuclei). In the
following work we show that a systematic applica-
tion of these ideas leads to a reasonably success-
ful description of the properties of nuclear matter.
Since negative energy states may be shown to play
an extremely important role in the saturation
properties of nuclear matter, the reason for the
lack of success of the nonrelativistic theories is
clear. 4

Of the various attempts to formulate a rel.ativis-
tic field-theoretic model of interacting nucleons
and mesons, the most ambitious is that of Wilets
and collaborators. ~ This model had only limited
success in that an attempt was made, as a first
step, to provide a theory of the nucleon based
upon a model of a nucleon field interacting with a
pion field. Extensive effort was devoted to deter-
mine the single-nucleon Green's function and only
limited application was made in the study of the
many-body system. Our goal is much less ambi-
tious; since the nucleons and mesons are now be-
lieved to be composite objects we do not expect to
be able to develop a theory of interacting nucleons
and mesons from first principles. Rather, we are
interested in constructing a model which is pat-
terned after the models used to understand nu-
cleon-nucleon scattering and the properties of the
deuteron. The simplest relativistic model we con-
sider is the one-boson-exchange model of nuclear
forces. 3 In the application of this model one
chooses a particular set of mesons and associated
interaction I,agrangians. The mesons
(e,v, p, ~, . . . ) do not represent fundamental fields
and therefore we do not concern ourselves with the
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question of renormalization, etc. After a series
of approximations (use of positive-energy inter-
mediate states, summation of ladder graphs, etc.}
one is able to determine, in the context of the one-
boson exchange (OBE) model, a set of masses,
coupling constants, and form factors for the vari-
ous mesons of the theory (o,v, ~,p, . . .). Since we
hope to construct a model that incorporates this
phenomenological information, we believe it is
necessary to make approximations in the many-
body theory which are similar to those used in the
OBE model. For example, in our analysis, the
use of a complicated form for the nucleon's
Green's function (such as that discussed in Ref. 5)
is inappropriate since only simple propagators are
used in the OBE model analysis of the scattering
data. ' The detailed correspondence between our
approximations for the description of the interact-
ing nucleon-nucleon system in the medium (nuclear
matter} and the procedures used in the OBE model
will become apparent as we proceed.

The plan of our work is as follows: In Sec. II we
review some aspects of the OBE model of nuclear
forces that are pertinent to our work. In Sec. III
we write the Hamiltonian for a system of nucleons
interacting with a scalar meson field. [The form
of the equations of the theory for the interaction of
nucleons with pseudoscalar mesons (v) and vector
mesons (p, ~) will be given in an Appendix. The
structure of the theory and the nature of our ap-
proximations can be adequately described if we
limit the discussion to the consideration of nu-
cleons interacting with scalar mesons. ] In Sec. III
we show that the Hamiltonian can be put into an
especially simple form if one makes the static ap-
proximation for the meson field. (Nonstatic cor-
rections to the energy can be calculated, but these
are expected to be small. )

In Sec. IV we define various many-particle
Green's functions following the notation of Wilets. '
Various useful relations between these Green's
functions are noted.

In Sec. V we discuss the energy of the system
and show how the energy may be expressed in
terms of the Green's functions defined in Sec. IV.
Section VI is concerned with the structure of the
simplest many-body Green's function G(x,x'}. We
write a simple form for this Green's function ap-
propriate to the formulation of a relativistic
Bethe-Brueckner theory of nuclear matter.

In the static approximation, the Hamiltonian may
be written as a sum of a"Dirac Hamiltonian" and
an interaction term. In Sec. VII we obtain the ex-
pectation value of the Dirac Hamiltonian. (See
Sec. III.) In the nonrelativistic limit this expecta-
tion value is equal to the mass of the system plus
the kinetic energy of a noninteracting Fermi gas.

II. THE ONE-BOSON-EXCHANGE MODEL
OF NUCLEAR FORCES

In this section we provide a few comments on
the one-boson-exchange model of nuclear forces'
since we will make some correspondence between
the approximations used in this model and the
model for the many-body system we discuss in
this work.

In discussing nucleon-nucleon scattering one may
start with the Bethe-Salpeter equation

M =K+KGgM, (2.1)

In the relativistic theory there are important cor-
rections due to the presence of negative-energy
components in the nucleon wave function.

Section VID is devoted to a discussion of a rela-
tivistic Hartree-Fock approximation. In Sec. IX
we show how we may go beyond the Hartree-Fock
approximation and introduce correlation effects.
Based upon the discussion of Sec. IX, we introduce
the equations of a relativistic Brueckner-Hartree-
Fock theory of nuclear matter in Sec. X. [We note
that while there is no question as to wave-function
self-consistency in the nonrelativistic Bethe-
Brueckner theory, in the relativistic theories of
nuclear matter the (relativistic) wave function of
the nucleon should be determined in a self-consis-
tent fashion. ] In a future work, we make use of a
different formulation and will show that our choice
of the self-consistent representation can be related
to the requirement that the residual interaction
not admix one-particle one-hole states into the
wave function in perturbation theory. ' (Here "hole"
refers to both positive and negative energy oc-
cupied states. ) The basic result of our analysis is
given by Eq. (10.5} which is the expression for the
energy in terms of the self-consistent spinor wave
functions. This expression goes over to that of
the Bethe-Brueckner theory at low densities,
where one can neglect the negative-energy spinor
components in the self-consistent spinor wave
functions. The essential point is that the transi-
tion potentials which excite pair currents are
large and coherent and that therefore there are
very large corrections to the standard nonrelativ-
istic theories arising from admixtures of the
particle-hole type, where hole here refers to an
occupied negative-energy state. (We remark that
in nuclear matter, particle-hole admixtures,
where the holes have positive energy, are ex-
cluded by momentum conservation. )

Finally in Sec. XI we make some concluding
comments and describe some applications of the
theory. We reserve detailed investigation of the
nonstatic aspects of the theory to a future work.
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where G~ is the Feynman propagator for the inter-
mediate state nucleons and M is the invariant scat-
tering amplitude. The kernal K may be eliminated
in favor of a quasipotential U by writing two equa-
tions which are equivalent to Eq. (2.1):

M =U+UgM,

U =K+K(Gw -g}U.
(2.2)

(2.3)

The propagator g is taken to have the same right-
hand cut as G~ and is usually chosen to contain
spinor projection operators which restrict the in-
termediate nucleons to positive-energy states. In
making the latter choice, we write g =g". Indeed,
for the study of nucleon-nucleon scattering with

g =g" we may write Eq. (2.2) as

M++++ U++++ + U++++ ++/4+++

where the notation is such that

(2.4)

(ps,qs,
I

M--
I
p's,'fi's,')

(m ~' (p)m~2)(q) IM lu "1'(p')u "2'(q')), (2.5)

etc. Therefore we see that with g=g" we need
only matrix elements of M and U taken between
positive-energy spinor states in order to study the
nucleon- nucleon scattering problem.

Now the procedure used in the OBE model of
nuclear forces is to parametrize the quasipotential
U in terms of coupling constants, masses, and
form factors of the exchanged mesons (w, o, p,
&o, . . . ). As remarked above, for the study of
nucleon-nucleon scattering one requires only a
limited set of matrix elements of U, i.e. , those
sufficient to construct U'"'.

Now in our analysis of the relativistic many-
body problem, which is based upon phenomeno-
logical information obtained from the OBE model,
we should be careful to use similar approximations
to introduce correlation effects. Since ours is a
phenomenological theory it would be inappropriate
to use propagators and form factors of greater
complexity than those used in the OBE model. As
an example, we remark that when performing lad-
der summations of interactions in the many-body
theory we restrict ourselves to positive-energy
intermediate states as in the OBE model. (The
attempt to use more complicated nucleon propaga-
tors in the intermediate states in the many-body
theory would require us to go back and reanalyze
the nucleon-nucleon scattering problem. )

For future reference we define a reaction matrix
M for use in many-body studies via the equation

M = U+Ug'M (2.6)

The discussion of Secs. IX and X and the Appendi-
ces will provide support for the use of Eq. (2.6) in
the calculation of the properties of nuclear matter.

Here P" differs from g" in that g" contains a
Pauli operator appropriate to the calculation of the
nucleon-nucleon scattering amplitude in the medi-
um. This Pauli operator restricts the intermedi-
ate state nucleons to have momenta greater than
k~. We further note that we are assuming that we
need not modity the quasipotential U in the medi-
um. We will again refer to M in Secs. IX and X
when we discuss the role of two-body correlations
in a relativistic Brueckner-Hartree-Fock theory
of nuclear matter. In Appendix A we present an
alternate approach to the derivation of Eq. (2.6).
(We exhibit explicit forms for g" and g".)

III. A HAMILTONIAN FOR A SYSTEM
OF INTERACTING NUCLEONS AND MESONS

where

(3.2)

Z~( = g,7))(x)g(x) P-(x) .

(3.3)

(3.4)

The field equation for the scalar field is (&= 6,'
v2)

()j+ p')0(x) =-g,7((x)4(x). (3.6)

The Hamiltonian density is constructed as usual,

36 = w(x)(t) (x}+w, (x)g(X) —Z(x) (3.6)

='K,„„(x)+X,(x}+36~,(x),

where

&D(„,=1))(x) y —. v+m y(x),

16, =-,'[w'(x)+ V@(x) Vy(x)+ p'y2(x)],

and

(3.7)

(3.6)

(3.9)

K,„,=g,g(x) g(x) . (3.10)

The Hamiltonian is obtained from the Hamilton-

We consider a model in which the nucleon inter-
acts with various mesons such as the 0, m, p, and
~ mesons. Of these the p and w mesons have T =1
and the a and ~ have T =0. Now in order to avoid
writing an excessive number of formulas in the
text we will limit our consideration to nucleons
interacting with the scalar o field. (For complete-
ness we present some additional formulas in Ap-
pendix B appropriate to the more complicated
couplings of the w, p, and (d mesons. ) The essen-
tial points can be made by considering the simpl-
est case.

We begin by considering the following Lagran-
gian densities,

(3.1)
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ian density by integrating over the spatial coordin-
ate:

IV. GREEN'S FUNCTIONS FOR THE MANY-BODY
SYSTEM

H=H +H +H „
where

)) ..= .&%)(*)(~ -&+ ) )t(*),

(3.11}

(3.12)

(3.13)

We again follow the notation and conventions of
Ref. 5. It is useful to introduce Green's functions
which describe the properties of the many-body
system. We will work in the zero temperature
limit. (The nucleon coordinates are denoted by
integers, e.g. , 1 stands for x, and i,.)

The nucleon Green's function is given by

G (I, . . . , n;1 . . .n )=-P(T{y(1).. . y(&)T)(& ). . . y(1 }}),
(4.1}

H~, =g d%tt) x g (s.i4)

(v' —i) ')4) (r) ~g,7))(x))i)(&)

to rewrite H, as follows

It is useful at this point to note the relations
which follow if we assume that the meson field is
static. In this case we can set m=fI5 =0 and use the
equation of motion [Eq. (3.5)) in the form

where T is the Wick time-ordering symbol which
includes a factor (- lg. Here p is the number of
permutations required to go from the time-ordered
sequence to that shown above. The expectation
value is taken with respect to the ground state of
the system. For simplicity we can consider sym-
metric nuclear matter (N=Z). Similarly, one
introduces meson Green's functions which are de-
fined as

H, =-, dx &ps ~ &ft)x+p, f x

"~If[ 4(z)&'-@(x)+u'0'(z)l

=--'g, J g(z)4(z)4(z)

where again T denotes the Wick time-ordering
operator and contains no factor of (- 1))'. Further,
one introduces mixed Green's functions which are
defined as

(s.is)

Equations such as (3.15) are rather general for
fields coupled linearly to the source. (See Appen-
dix B.) Thus we find, in the static limit for the
meson field,

(3.16)

We will make important use of the static limit in
the following. We will also discuss the nonstatic
terms of the theory; however, we defer that dis-
cussion to a point after the introduction of many-
body Green's functions.

We note that if one takes the expectation value of
~H~, in the ground state,

(s.iv)

and use the simplest factorization, ($(x)&p(z)4)(&))
=(7))(x}g(z))(P(z)), one readily derives the Hartree-
Dirac theory Note tha. t (Q(x)) can be obtained
from Eq. (3.5} after taking the ground state matrix
element of that equation. The introduction of
many-body Green's functions allows us to go be-
yond this approximation. (We will return to a dis-
cussion of the Hartree approximation in Sec. VIII.}

(4.3)

Here the Wick time-ordering operator contains a
factor (-1})', where P counts the permutations for
the fermion fields only. Further, [m/2] is the
largest integer less than or equal to m/2. The
following Green's functions will be of particular
importance for our work:

G(11')= i(T{)t)(1)T))(1')}),

9($(') = i(T{g($))f)(g')}),

G, ,~2(11'$,) = i(T{)i)(l)T))(1')@((,)}),
G2(12; 1'2') = i (T{$(1))i)(2)g(2')7))(I ')}).

(4.4)

(4.6)

(4.6)

(4.7)

Various relations among these functions may be
found in Ref. 5. For example, we note that, with

&(34(') g, 6(%,-x,)6(x, —$')

x 6(i, t, —O)6(i, -f,,),
G, ,g,(21', () = (Nag')A(3 $')4(G2341'),

(4.8)

where 9'($t') is the free meson's Green's function
which satisfies the wave equation



2262 M. R. ANASTASIO, L. S. CELENZA, AND C. M. SHAKIN

((-}+}t )g ($f') = 6($('). (4.9)

The solution of this equation which has the approp-
riate boundary conditions may be written

with

r

90($)r) — P 90( po)&iy' it t') iP ttt ttt-t (4 10)
(2 )4 P~

got *0)= (4.11)

Another important relation which we will need is'

(&+ p, ')9 ($&') = 5(fg') —t'II(12$)Q(34$" }

x G,(24; 13)g'($"$') . (4.12)

with

(12
~

v
~

34) = —&(13$)g'($$')Il(24&'),

and

(4.15)

[G (12)] '=(-y ~ P, +m)5(x, —x,). (4.16)

Of particular importance is the mass operator
which one defines through the relation

Z(12)G(21') = —t(12
~

v
~
34)G,(34; 21') .

Thus, one may write Eq. (4.14) as

(4.17)

[G'(12}] 'G(21') = 6(11') —Z (12')G(2'1'), (4.18)

or
(- y ~ ft, + m)G(11') + Z(12)G(21'}= 5(ll'}. (4.19)

The mass operator is particularly useful in the
construction of G(11'). We may write Eq. (4.19}in
momentum space as

[y p —y'ft'+m+Z(p, p')]G(p, p') =l. (4.20)

One may consider various approximations for the
construction of Z(p, P ) which correspond to vari-
ous approximations to G,(34, 21') of Eq. (4.17).
For example, Z(p, P') may be calculated in the

Hartree or Hartree-Fock approximation or in an
approximation which includes correlation effects.
(See Fig. 1.)

In general one may write

This follows from the use of the field equation for
the meson field and Eq. (4.8).

Let us now consider the equation for the one
nucleon Green's function, '

( —y ~ P, + m)G(11') = 6(11') —Q(12$)G«~, (21'$) .
(4.13}

(Here m denotes the renormalized nucleon mass. )
Now if we use Eq. (4.8) this can be written as

[G'(l2)] 'G(21') = 6(11')+ t'(12
~

v
~

34)G,(34; 21')

(4.14)
(4.21)Z(P, p') =&(p, p')+y'&(p, p')+ &(p, p'),

with the result that y'Z(p, P') is a Hermitian oper-
ator. [We remark that the effective single-body
Hamiltonian is H„= n ~ p+y'm+y Z(p, p } and
therefore we see that y'Z(p, P') must be Hermit-
ian. ] The procedures used in the construction of
Z(p, P ) will be discussed in the following paper.
At this point it is useful to consider the various
eigenfunctions of H„. It will be quite useful to
consider H as depending on p' as a parameter
and therefore we will write H„(P ). We may in-
troduce the solution of the equation

(4.22)& (f')4"'(p, f')=~(p, p')0"'(p, p'),
where «(p, P'}&0. We remark that a negative-en-
ergy solution of Eq. (4.22) may be obtained from
0"'(p P'}.

8 "(p,f') =y'y'e"'(p, f'),
and since, with H„(ft')=—H (p') —B(p,p'),

ff„(P')y'y'= y'y'ff„(P')—,

we see that

(4.23)

(4.24)

(P )8"'(P,P ) = —&(P, P )8 '(P, P ), (4.25)

whe~e c(p, P') =e(p, P') —2&(p, P'). It is also usefui
to introduce a quantity f(p) which is obtained from
the solution of the equation P'=a(p, P'). We define
e(p)=P'(p). Similarly we can also introduce e(p)

(b)

FIG. 1. Various approximations used in the construc-
tion of the mass operator g(p, p ). (a) The Hartree-
Fock approximation is obtained from the calculation
of these diagrams. (The Hartree approximation is
obtained if one neglects the exchange diagram. ) Here
the dashed lines represent the meson propagator and
the small open circles are vertex functions. The cal-
culation is made in a self-consistent fashion since the
vertex functions depend upon the mass operator. In
general the nucleon of momentum (p, p ) is off its mass
shell. (b) A relativistic Brueckner approximation is
obtained by calculating the mass operator for an off-

pmass-shell nucleon of momentum (p, p ) using a reaction
matrix g. Procedures for constructing the reaction
matrix are discussed in the text.
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which is obtained from the solution of P + t(P, P')
=0, that is, e(p)—= -p (p). It is also useful to in-
troduce the wave functions (P "'(p) and e"'$) de-
fined by the relations

0 '{p}=-0''[p,&(p}],

e"'(p)-=e '[p, -&(p}].

(4.as)

(4.27)

These wave functions arise when one evaluates
residues of the single-particle Green's function
[see Eqs. (6.12) and (6.13)] at the quasiparticle
poles located at e(p} and at —t(p).

One can show that with p along the z axis we may
write

m
0 "(p)= E [s(p}u "(p)+&$)(- )' "v'"(-p)l,.E(5).

(4.2s)

f"'(p, p') and I(("'(p, p'):

m
4 '(p, p'}= z- f"'(p, p'),Ep

m
e «){p po) g ($)(p po)

E(pm) x x

and make the further definitions:

f"'(p}=f"'[p, ~(p)l,

& "(p}=&''[p, —&(p}l.

Using Eqs. (4.26) and (4.27) we see that

m
0 "(p) = E(-) f"'(p),

- m-~~2
9 (p} (m, )

k {p)E p

(4.ss)

(4.34)

(4.35)

(4.ss)

(4.37)

(4.38)

where u «'(p) and v( "(-p) are those solutions of
the Dirac equation without interaction as defined
by Bjorken and Drell. ' For convenience we also
define

u «'$) -=v ' "(-p) = r'r'u '(p) . (4.2s)

For p in an arbitrary direction we may write Eq.
(4.as) ~

m
(p «&{p) sf)u «)(p)E$),

+h(p) ~&'ill pls& "'(p» .
S

(4.so)

(4.31)

and

Of course, Eq. (4.30) reduces to Eq. (4.23) if p is
taken along the z axis.

Now we note that there is little that we know
about Z(p, p') for p'&0, and therefore we will fur-
ther define our model by assuming that Z(p, p') is
negligible for p'&0. Therefore for p'&0 we have

'(p p'}= u«'(p) po&0
E(p).

If we do not make the Hartree, Hartree-Fock,
or (relativistic) Brueckner-Hartree-Fock approx-
imation we must label our solutions in a more
complex fashion since, in general, the interacting
system can have many states of momentum p and
spin s. We discuss this general situation in Sec.
VI and then go on to write G(11'} in the form ap-
propriate to the various relativistic self-consis-
tent field approximations mentioned above (Har-
tree, Hartree-pock, and Brueckner-Hartree-
Fock).

V. THE ENERGY OF THE INTERACTING SYSTEM

In this section we wish to express the expecta-
tion vat, ue of the energy in terms of the Green's
functions introduced previously. We note that

«&'(» '}=(4(1 )()(I)},
so that

(5.1}

((( „„)=(( Xx y
' —.v, +m)[(G (x(; x ((]. '

x'~x 1

(5 2)

m "~~2
8"'5,p') = "(p), p'.E(p)

(4.sa) Now we consider'

The neglect of Zg, p') for p'& 0 is somewhat arbi-
trary. In an alternate formulation7 we drop this
assumption and formulate a theory where states
with p'&0 and p'&0 are treated more symmetri-
cally. (A particularly simple theory results if one
completely neglects the dependence of the self-
energy on p'. } The essential features of the theory
are unmodified in the new formulation. The re-
maining ambiguities have their origin in our in-
ability to provide a satisfactory calculation of the
mass of the nucleon at this time.

For future reference we may define spinors

(H.) =(-,' dx [v'(x}+v(p(x) ~ v(p(x) + p'(p'(x)])

282= —
J

dx &+ V' -, 9{55'}
2 Bt2

C *C

Using Eq. (4.12) we may write

g(ft ')=g ($t') —&g (g$")g(12$")a+34('")

x G,(24; 13)90(~"'~ ' },
so that Eq. (5.3) may be rewritten as

(5.3)

(5.4)
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)

(H,) =i dxy Q0($$ ')
4 C0 4

+
J dx 0 ,'-5(-$$") Q(12$ ")Q(34$")

Combining this with Eq. (5.5} we have

80g0
(H, )+(H),()= ~ dx z Q(12$")Q(34(")

xG, (24; 13)g'($ "'$ ') (5.5) "G0(24'13)9'(5 "'& '
)

O' C

As Wilets remarks, the first term on the right-
hand side is the vacuum energy for the noninter-
acting meson fiel, d and can be dropped.

We now turn to the interaction term H„& of Eq.
(3.14). It is not difficult to see that the ground
state matrix element can be expressed immediate-
ly in terms of G, , ~t of Eq. (4.6). If use is made
of Eq. (4.8) we can then write

f& ()((=)()()()(( )(:rt)4; ())9'(('() .
(5.6)

+ 0 dx Q(12$)Q(34$ ')Gt(24; 13)g ($ '$) .

(5.7)

In Eq. (5.7), the first term on the right hand side
is a specific nonstatic contribution to the energy
and the second term is a" potential energy" term
that survives in the static limit. We will return to
the evaluation of this term in Secs. VIII-X. How-
ever, we will first provide a more detailed dis-
cussion of the Green's function G(ll').

VI. CONSTRUCTION OF THE GREEN'S FUNCTION G(1 & ') - SELF&ONSISTENT FIELD APPROXIMATIONS

In this section we discuss procedures for constructing the Green's function G(x, x'}. We define

G', , (x,x ') = i(()-()x ')()(x))), (6.1)

(6.2)

Thus one can write

where ~, n are spinor and isospin indices. One approach to the construction of this quantity is the intro-
duction of a complete set of states between ))),(x} and g, (x ') and the use of the relation

())(x t) —e(s)-( P' x q(0}e ls +((sx

dp(01&"(x'}I» -P. ~)&» -p -sit.(x) I0)

n0g

where

, exp [-i(E0 -E"„'}(t-t')+ip ( «')](p(".")(p)(p,'"")(p},
(2v}'

I

p plane. It is also useful to write

(6.3)

Qa""'(p) =(n, -p, -s
I ()(a(0) I 0)(2v) (6.4)

In these equations the index n serves to differen-
tiate the various states of momentum -p and spin
projection -s.

If we also define the Fourier transform of
G', .(x,x'} through the relation

G' .(x x') = d4pG( (P p0) ( (x I0) (0 (t t )aa' ~ (2&)4

(6.5)

we find that

4) (I)ca)(p)4 (a yta)(p)

p0 E ) ~ E

(6.6)

This function is singular in the upper half of the

m
4) (ass)( ) f ((),s)( )P —E(-) P ~

for [E", -E"„'(p))& 0 and with

q t/2
y

(II ~at)( ) h(ass)( )E(p)

for [E", E"„"(p))& 0, -
we have

(6.8)

(6.9)

E". '(P} -E0 =(E0 ' -E0)+ [E". '(p) -E0 ']
= —A+&a(p) ~ (6.7)

where p, =Ep Ep ' is defined as the chemical po-
tential. The 0„(p) are the excitation energies in
the system with baryon number A —1. It is useful
to divide G'(p, p') into two parts. With the defini-
tion
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s ( p )
—

( () (Zr'."' N(r.' "N( „.(((, -(,Z ." "(s( .' "S( „- -(((((I
E(P} Is, P'- }(+e„gi}—iq „,P' —P, +4„(P}-i3} (6.10)

It can be seen that the two parts of Eq. (6.10) cor-
respond to the division of G', (x,x') of Eq. (6.1)
into terms determined from the negative and pos-
itive frequency parts of the field g(x):

G'..(x,x') = —t&T(."'( ')4."(x)}—i&T(.' '(x')4.' '(x)& .
(6.11)

I

states contribute to G' we have

( p) ( 1) gf (PP)f '(PP)
E(p) . P' e(p-, p')+in

xe(IpI-h, ).
We now may write

(6.15)

We now turn from these rather general con-
siderations to the construction of G'(p, p') in a
self-consistent f3'eld approximation. In this case
there is only a single state for each momentum p
and spin s. We assume Z(p, p') is constructed in
a relativistic self-consistent field approximation
(Hartree, Hartree-Fock, or Brueckner-Hartree-
Fock). One simple way to obtain G'(p, p') is to
write

Note the completeness relation

(6.12)

QI.f"'(l~ P')f""(P,p')+h"'(0, p')h""(p p')j =Etp
S

(6.12}

In this manner we find for P &0,

(6.14)

where we have kept in mind the fact that only oc-
cupied states (of positive and negative energy)
contribute to G'(p, p'). Noting that only unoccupied

G'(p, p')=(-1) g ., ' '. e(h, —IPI)E$), P'-~(p P'}-tn

g h(s)(p po)h(s)(p po)
P'+ e(P, P') —i~

G..(P P') =G'..(p P')+G' (p P'). (6.16)

We remark that for p'&0 we have neglected Z(p, p')
so that for ps&0,

G..(p, p')=(—I)
E(~) d, (-)' . e(IpI —h„)

S

+ gs(.'"(P%."'(P")
e(h I- I). P'-E(t})- ~

,g ~."'(P. "'(P)', P' E(p)- ~

(6.17)

We further note that if we only have a single free
nucleon, i.e., hr = i(=0, we have G, ,(p, p') —G', ,

(p, p'), where

E(t}) P'- E(p)+ tn

g 3(("'(P)N(",'(P)

, p'+ E(p) —iq

(6.18)

=(-1)(y ps- y ~ p —m+ig} '. (6.19,)

We are now able to use Eqs. (6.14)-(6.17) to
evaluate various expressions for the energy de-
rived previously.

VII. EVALUATION OF THE DIRAC HAMILTONIAN

We consider in this section the evaluation of (H~,) given in Eq. (5.2). Making use of Eq. (6.14) we find

( ~ ( t)g
" ' 'f"'(, ')( p )f"(p, ')

(„
I I)(2v)4 E(p) p' —c(p, p') i3)—

' d'p m h'(p, p')(y p m)h"'(p, p') (7.1)
~ (2v)s(E(p) p'+7(p, p') trI—

If we evaluate the integrals over p and close the contours in the upper-half p plane we have, neglecting
the renormalization of the quasiparticle pole,

2 .E - f"'(P)(y 0+m}f"'(P}e(h~- IPI)

((~ r

+ Q (2 )3 E( }
3(("'(P)(y P +m)3v"'(P) (7.2)
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to obtain (7.5)

CP
&H,~}= Q 2,E(p)a'(p) —Q

2
)2&(p)&'(p)

S

=Z(2+) J )'4 &()ilf '(il-(i*0')1

(7 6)

=Z(2, .) f )'d) &(ii)((-»*(P)1,

(7.7}

where we have used the fact that

where we have made use of the relations f'"(p)
=f("[p,2(p)] and u)"'(p) =h("[p, -E(p)]. [We re-
call that for p' & 0 we considered Z(p, p') to be
negligible and therefore h("(p, p') is a negative-
energy solution of the free Dirac equation. ] The
second term in Eq. (7.2) is an infinite quantity
which is associated with the energy of the vacuum
and may be discarded. Thus

(H„ }

p y p+m '"p 8k+ — p

(7.4)
We may now use [see Eq. (4.30)],

f"'(p) =a(p)u"'(p)+5(p) Q(s'~o p~ s&20(")(p)

The relativistic Hartree-Fock approximation is
obtained via the factorization of G, :

G2H2(24;13) = G~)(F(21)G~ (43) —G~H2(23)G~HF(41) .
(8.3)

Indeed, inserting Eq. (8.3) into Eq. (8.1) we have

V„F=p dxG„„ 21 0 12(' g $']"' A 34$"' G„„43

dxG„F 23 0 12$' 9 g'$'")0 34$'" G„„41

(8.4)

If this relation is rewritten in momentum space
one obtains various terms which may be repre-
sented diagrammatically. In Fig. 2(a) we show

the terms referring to the exchange of mesons
between particles in positive-energy states and in

Fig. 2(b) we show the exchange of mesons between
particles in negative-energy states. These latter
effects can be discarded since they represent part
of the vacuum energy.

Note that the factorization given in Eq. (8.3) im-
plies that the self-energy operator Z(P, p0) is cal-
culated in the Hartree-Fock approximation. [See
Fig. 1(a).]

Evaluation of Eq. (8.4), with neglect of retar-
dation in the exchange term, leads to,

a'(p) +5'(p) =1. (7.8)

If we divide (HD(,) by the number of nucleons, A,
we have P q q

k~Dime) 2d E ( )[I 252( )]
F

(7 9)

The last term in Eq. (7.9) reflects the reduction
of the energy of the Dirac field when negative-
energy states are introduced into the wave func-
tion.

y=' dx012(" g' ("~"'034~'" G, 24;13 .
(8.1)

For the moment we do not consider the nonstatic
term in Eq. (5.7),

82 0(
V = dx ', Q(12(")Q(34$'")

f3t(

x G2(24;13)g'(]"']')
(8.2)

VIII. THE RELATIVISTIC HARTREE-FOCK
APPROXIMATION

We consider the second term in Eq. (5.7) which
we denote as V:

(b)

—~-
P q q

FIG. 2. Diagrammatic representation of terms appear-
ing when use is made of the relativistic Hartree-Fock
approximation in the evaluation of the expectation value
of the interaction Hamiltonian. The heavy solid lines
represent self-consistent spinor wave functions p '(p)
and the dashed lines are meson propagators. (a) Direct
and exchange contribution to the Hartree-Fock inter-
action energy. [See Eq. (8.5).] (b) Here the double lines
represent negative-energy states. These terms are
dropped in passing from Eq. (8.4) to Eq. (8.5) since
they represent part of the vacuum energy. (c) Dia-
grammatic representation of the two terms obtained
from the evaluation of Eq. (8.7) in momentum space.
These represent non static contributions to the energy in
the Hartree-Pock approximation. [See discussion in the
text after Eq. (8 7).]
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V 1 (s) ~ —(s') ~
U &s) (s') (s) (s') ~

U (s') ~ (s)
ss

I p I
}e0$ —

I ql }. (8.5)

Further, the neglect of retardation in the calculation of the exchange term in Eq. (8.5) allows us to
also write

(8.6)

(8.S)

v = '~ (f"'(p)f ' ( }I (I — }lf"'(p}f"'( }) (tt —
I I } (It —lql).HF v~ (2v)$ (2&t)$ E(q) E(p} 12 F F

Here P» is the operator which exchanges the coordinates of particles 1 and 2.
We now turn to a consideration of the nonstatic term V given by Eq. (8.2). Using Eq. (8.3) we have

82
V = dxG~ 21 0 12$" 2g g]" g f, '"$' 0 34(" G~ 43

0dx G„F(23}Q(12(") 29o(lt(")9 (]"'It')Q(34$'")G„(41)

9ot~ o) (p }
Ppo(po)2+ tt2

(8.9)

Again we can rewrite this expression in momen-
tum space. The new feature is the appearance of
the propagator 9'(p, p'). We denote this propaga-
tor by a dashed line with a black dot at the end-
see Fig. 2(c). (The ordinary propagator 9' is de-
noted by a dashed line as before. } It is not diffi-
cult to see that the first diagram of Fig. 2(c),
which represents the nonstatic effect in the Har-
tree term, is equal to zero. This is clear since
the meson being exchanged in the Hartree term
corresponds to "forward scattering" of the nu-
cleons and therefore carries zero four-momen-
tum. In the exchange term shown in Fig. 2(c) the
meson carries four-momentum p —q=(p —q, p'
—q'}. Thus, relative to the Fock term shown in
Fig. 2(a), the nonstatic correction is of the order
[(p' —q')/ttp. This is a small quantity and there-
fore we conclude that we can drop the correction
to the theory described by V". This is consistent
with our neglect of retardation effects in the evalu-
ation of the exchange term of Eq. (8.4).

IX. INCLUSION OF CORRELATION EFFECTS

In order to evaluate the expression given in Eq.
(8.1) and include the effects of correlations we re-
quire a more general factorization of G, (24;13).
One writes'

G, (24;13)=G'(2l) G'(43) —G'(23)G'(14)

+ G(25)G(46)(-i)(56 I ORI 'I8)„G(71)G(83) .
(9.1)

Making use of Eqs. (4.10) and (4.11}we may write

82 d
go($(') — p 9o(p po)eto'&I I'& to -&tt -tt,&-

(2v}'
(8.8}

where we have defined

V= v J
dxG (21)Q(12(")9'((' ]")Q(34('")G (43)

I dR G (23)Q(12]"}9'($"']")Q(34]"')G'(41)

+ v JI d&IQ(12$")9'(g"' (")Q(34$")G~(25)G~(46)

& (-i)(561OR178)„G&('11)G&(83). (9 3)

The first two terms of Eq. (9.3} have the appear-
ance of the previous Hartree-Fock result for V;
however, that is deceptive since the one-body
Green's functions of Eq. (9.3) are Ftot equal to

I

In Eq. (9.1) we see that the first two terms will,
if taken alone, reproduce the Hartree-Pock re-
sults. The last term introduces a generalized
scattering amplitude in the medium OR. [Our OR

is equal to the quantity iT defined in Eq. (5.22) of
Ref. 5.]

We note that there is no restriction on whether,
for example, t, is greater or less than t, . Sim-
ilarly t„ t„ t, can be greater or less than t„ t„
and t$ There. fore the second term in Eq. (9.1)
describes a very large number of processes and a
multitude of correlation effects. Our basic phil-
osophy in this work, however, is to include the
same type of correlations and ladder summations
in our study of the many-body system as in the
OBE model of N-N scattering. To implement this
idea it is necessary to have t2&t„ t, &t„ t, &tg,
and t, & t3. We therefore write

G2(24;13)=G (21)G (43) —G (23)G (14)

+ G (25)G (46)(-i)(561%1178)„G(71)G (83)

(9.2)

Now we insert Eq. (9.2) in Eq. (8.1) to obtain
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G„3(12). This is obvious since the mass operator
which is used in the construction of G(12) is not
calculated in the Hartree-Fock approximation.

Equation (9.3) can be rewritten in a more trans-

parent form by making a change of variables in the
first two terms of Eq. (9.3); that is, one can re-
place 1 by 5 and 3 by 6. For simplicity we can
consider only the direct terms and write

Vgyegg
——p dxG 25 & 25(')g g"'g' 0 64("')+ -i 56 9R 78 G 71 G 83 0 12$' g' g"g' 0 34]'" G 46) .

(9.4)

Now if we put

(56IUI24) =Q(52~')9'(t'"(')II(64('"),

~ggect= p dxG 25 56 U 24)+ 56 9R 78 -i)G 71 G 83 13 U 24 G 46

(9.5)

dxG 25 56 %t 24 G 46 (9.6)

In passing from Eq. (9.6) to Eq. (9, 7}we have
used the equation satisfied by 9R in the medium
which we define to be

&56loRI 24& =&56I Ul 24)

+&56loR
I

78&(-f)G'(»)G'(83}(»
I Ul 24)

(9.8)

Alternatively we can write

&56loRI24& =&561 UI24)

+(56
I Ul 13&(-i)G (17)G (38)(78

I
0R) 24) .

(9.9)
Restoring the exchange terms (OR--OR„ ) we can

rewrite Eq. (9.7) in momentum space as

, ~"" dp dq m m
(27/}3 (2v)3 E(p) E(q)

x(f'"(p)f"'(q) IOR(I -P») If '"(p)f"'(q)&,

(9.10)

where P» indicates the appropriate exchange op-
eration.

As stated previously, we wish to introduce cor-
relation effects into the theory in the same fashion
that such effects are introduced in the OBE model
of nuclear forces. Therefore we wish to relate
9R to the relativistic ampltude M constructed in the
OBE model. (See Sec. II. ) More precisely we
wish to show that SR can be replaced by M intro-
duced in Eq. (2.6}. We discuss this matter in the
next section and in Appendix A.

X. RELATIVISTIC BRUECKNER-HARTREE-FOCK
THEORY

In the last section we saw how the potential en-
ergy term V could be written in terms of a scat-

tering amplitude 5R. In this section we wish to
discuss a further approximation which should be
quite accurate in the limit of small retardation
effects. We can rewrite Eq. (9.9) as

OR = U + U(-i)GAG~OR (10.1}

in a schematic notation.
This equation may be compared to the equation

determining the quantity M,

M =U+ Ug "M, (10.2)

which was given previously [see Eq. (2.6)). Using
standard operator algebra we can write

OR=M +M[( i)G'G' -—g "]OR. (10.3)

If retardation effects axe small, and we approxi-
mate G'(p, p')=G,'(p, p'), where

G'.(p, p')=-(-l)p
( )

p E( )+ ~ e(lpl I,),
(10.4)

we can show that OR=M. (See Appendix A. ) In-
deed there is little point in providing a more elab-
orate treatment of retardation effects in the study
of the two-body problem in the OBE approxima-
tion. Disregarding the second term in Eq. (10.3}
is consistent with our basic philosophy that the
calculation of the reaction matrix in the many-
body system should parallel the calculation made
for the two-body scattering problem to the great-
est degree possible. (See Appendix A. )

Thus with the negelct of retardation effects, i.e. ,
5K=M, we have

dp dg m m
Zl (2v)3 (23)3E( ) ( )

e(&, —
I pl }«&3'—I ql }

x(f'"( )f' '( )IM(1 I' )If"'( )f'"'( )&

(10.4)
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+&, , s, qs' G e p +e q s, qs' „
x e(a, —

I p I
}e(h —

I qI } (10.6)

where we have defined

&Ps O'IGt~(p)+~(&)llbe 0').
—(s) ~ -ts') ~

Eq E+)
(u"'(p}u'"'(q)

I
$1(l —P,I) I

x u"'(p)u'"'(Q)) . (10.7)

The quantity 0 is to be identified with the Bethe-
Brueckner reaction-matrix, and therefore Eq.
(10.6) represents the energy in the Bethe-Brueck-
ner theory of nuclear matter. The approximation
given in Eq. (10.6) has been extensively used by
the Bonn group~; however, our calculations indi-
cate that one must use the more accurate expres-
sion, Eq. (10.5), for values of the density approp-
riate to the study of nuclear matter. This will be
seen most clearly in the following paper, where
we report calculations based upon the use of both
Eq. (10.5) and the low-density approximation to
Eq. (10.5) givenby Eq. (10.6).

XI. SUMMARY AND DISCUSSION

We have shown how the use of the static approx-
imation for the meson field enables one to derive
a relativistic version of the Bethe-Brueckner
theory of nuclear matter. (The extension of this
theory to the study of finite nuclei is reasonably
straightforward and will be the subject of a future
publication. ) Our numerical results which are
reported in the following paper show that relativ-
istic effects are quite important in explaining the
saturation properties in nuclear matter. Further

Therefore we have for the energy of the system

z =Zan ~

( p y)f"'(p)(y p +m)f'"(p)8(ky, —
I pI}

"d|I dg m m
~ „i (2v)'(2v)'Z(1)) E(q)

x(f (s)( )f(s')( )IM(1 p )If(s)(y)f (s')(q)}

x 8(& —
I tII )e(~. —

I 0 I
) . (10 5)

Equation (10.5) is the expression for the energy
in what we may term the relativistic Brueckner-
Hartree-Fock theory. We remark that this ex-
pression goes over to the usual Bethe-Brueckner
result at low densities where we can neglect the
negative energy spinors in f"'(p). If f"'(p)
=u'" (p) and E(p) =p /2m + m we have

we can conclude that the nonrel. ativistic Bethe-
Brueckner theory is good approximation only at
lose densities and is inadequate for A~ ~ 1.2 fm '.
In forming these conclusions we have made use of
the simplest version of the OBE model of nuclear
forces. It will be of interest to see if similar
conclusions follow from the use of other models of
the nucleon-nucleon force, for example those
where the 4 plays an important role in interme-
diate states.

This work was supported in part by grants from
the National Science Foundation and the PSC-BHE
Award Program of the City University of New
York.

APPENDIX A

In this appendix we discuss the derivation of the
quasipotential equation (2.4) from a somewhat dif-
ferent point of view than that presented in Sec. II.
We return to Eq. (2.1}and write G~=( i)G(-1)G(2),
where G(1) and G(2) are Feynman propagators for
nucleons 1 and 2. Equation (2.1) may be rewritten
as two equivalent equations:

M = U'+ U'(-i}G'(1)G'(2)M,

U' =K+K G~ ——. G (I)G (2) U' ~

1

In these equations G'(1) refers to that part of
G(1) in which the nucleons propagate forward in
time. Thus in Eq. (Al) we only have positive-
energy intermediate states. The effects of propa-
gation in negative-energy states is contained in-
directly in the quasipotential U'.

We now wish to show that if we neglect retarda-
tion we can identify the quasipotential U' with the
quasipotential U. (Recall we had writtenM=U
+ Ug"M. } In order to make this identification we
wish to show that (-i)G'(1)G'(2) may be replaced
by g" if one neglects retardation.

We refer to Fig. 3 for a pictorial representation
of Eq. (Al). We consider the scattering amplitude

(Al)

(A2)

P

q'

q.=($ ~" g')
FIG. 3. Diagrammatic representation of Eq. (Al).

The intermediate states of momentum p" = (8'/2+@",p")
and q" =(W/2-k", q") are states of positive energy.
The corresponding propagators may be found by in-
spection of Eq. (A4). The relative momenta are given by
h=(h, %}=(P —q)/2= [(P q)/2, ($-g)/2}, -etc The.
total four-momentum is P= (W', 5)= (p +q, p+f).
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for two nucleons of four-momenta, p ={p', pj and

q={q,g}. Note that s=(po+qo)' —(p+Q)2. We de
fine W =p +q and 5=p+Q. The intermediate state
nucleons have four-momenta p" = ( y", |I")= (W/2
+k', i5") and q" =(q», Q») = (W/2 —k",Q"). Here
we have introduced the relative frequency k"

(p»0 qito)/2

Now if we neglect the dependence of U' and M
on the relative frequencies, that is, we assume
that U' and M depend on the three momenta such
as p and Q and the variables W and 0, we can
make a change of variables to the relative mo-
menta in Eq. (Al) and then complete the integral
over the quantity k"'. Thus

,

"dk' ), ) „, dk' m m u ' (p")u~' g") u ' (f»)u ' (Q")' J 2w
'

(2w) Z(p") E(g") „, (W/2+k') -Z(p")+i&) (W/2-k')-E(g")+ig

m m g [u"gi")u "(p")][u"(Q" )u"(g")]
E(p") E(4") „W-E5")-E(4")+i&i

—g++(W . p» Q»}

'Therefore we can write

(u'"'(p) u'"'(q)
I

I
I

u'"'(p') u'"'(q'}}
=& '"'( ) '"'( )IU'I '"'( ') "4'( '))

+EJ &
"&'(p) '"'(q)IU'I '"'(p") '"'(&I"))

4 (2w)' E(p»)

(A3)

(A4)

(A5)

or in a more abstract notation,

M=U+Ug 'M.

/I

(2,}.z(-„} z(-„} (-„}„.„( "'(P") '*'(&I")IMI '"'(P') '"'(q'))

(A6)

(AV)

In Eq. (AV) we have now identified U with U, the quasipotential determined when use is made of the OBE
model and the propagator g" of Eq. (A5).

The same derivation may be made using the many-body Green's functions. Equations (A3)-(A5} would
read [see Eq. (10.4)]

I

dk ) „), 1 "dk m m ~~ u "(p")u "(p")8(fp" t -kw) u" '(q")u~' '(q")8((q" ( -kw)
(2w) ' ' i i 2w E(p") E(q") ~ „(W/2+ k') -E(p")+i&) (W/2- k') -E(q")+ill

(A8)

Further, Eqs.

M =U+
SS

m m gu&"(p")u "(p")u ' '(q")u ' '(q"}8([p"1-kw)8(1&I" I
—ks)

E(p") E(q") „. W -E(p") —E(q")+ ig

-~»(W, p» q»)

(A6) and (AV) now become

' UIu"'(p")u"'(q"»«Ip"
I

"}«Iq"
I

k }

(2„).(2,). E(p. ) E(q-) &" '( "}"' ( ")
W-E(p") -E(q")+ i&V

(A9)

(A10)

(A11)

M = U+ U g"M . (A12)

We recall Eq. (10.1}. If we replace G in this
equation by G, of Eq. (10.4) we have

I= U+ U(-~)G)G)II . (A13)

Now we have seen that if we neglect retardation

I

we can effectively replace (-i}GOG, by g". There-
fore comparing Eq. (A12) with Eq. (A13) we can
identify 3R with M. In this manner we can justify
the passage from Eq. (9.10) to Eq. (10.4).

APPENDIX B

In this appendix, we exhibit the Hamiltonian
and field equations for a system of nucleons with
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a pseudoscalar (r meson) or a vector (p and (()

mesons) field. In the case of the pion with pseu-
dovector coupling (the case of pseudoscalar coup-
ling is given in Ref. 5), the Lagrangian densities
are

Z-„4 (x)y'P(x)4. ~~ P(x)o'"e(x)G„,(x),

(810}
with

:[s-„y(x) s".7( ) u—'e(x) e(x)] (81) Gu (x) supe(x) s 4)~(x) (811)

~,(,.) = — V(x)y'y" T k(x.)s„4(x), (82)
(812)

where the isovector nature of the pion is exhibited
explicitly. The Dirac part of the Lagrangian and

Hamiltonian is unchanged from Eqs. (3.2) and

(3.12) and will not be repeated here. The Hamil-
tonian is then

H„~„)=g dX[v(x) %(x)+&,(gx). s,p(x)

and m is the renormalized nucleon mass. For
the &() meson f„is small and usually taken as
f„=O, whereas for the p meson f~aO. The iso-
vector nature of the p field must be incorporated
into Eqs. (89)-(811).Tbe Ham iltonian for nucleons
interacting with vector mesons is then (recall that
the Dirac part is the same as in Sec. HI)

+u'4(x) P(x)]

I

H, = dx ~P(x)y'y~T g(x)&.„P(x)

~2
—i ~)1)(x)y'y'&(I (x)

(83}

(84)

a„= Jl dx (w, (x)r" (x) ——,'[s, y„(x)G""(x)]

—~'4. (x)e"(x)]

d

(813}

with

7r(x) = $(x) ~(1)(x)y-'y'r(I)(x)

In the static limit for the pion field

)L Py5yo rp

and the first term in Eq. (83) cancels the last
term in Eq. (84). Thus we have

a"„",„)=
J( dx [ yS( ) ~xS,y(x)+ l(, '4)(x) ~ @(X)], (85)

with

+~(*) &"('(*)+&" ((*)~ ()t*l
I

u O

(814)

w'(x) = G'" (x) ——"
T() (x)o'~ t) (x)

2m
In the static limit

s)(yo )' goo)(y
2m

and the first term in Eq. (813) cancels the last
term in Eq. (814). Thus we have

H„""=-,' ' dx[V&„(x) Vg~(x) p'+y„( )P"x(x)]

(815)

(86) )(fdic ((„((x)y'(,'(=*)A.(x) ' '"'('t*)E ('(*)~'(' (*)

(V'- ~')4(x) = ~i [4(x)y'y'T N(x)] . (8

As with the scalar field [see Eq. (3.15}], it is a
simple exercise, using Eq. (87), to rewrite Eq.
(85) as

stit 1
H~( )

= —gH~ (86)

For a vector meson, the appropriate Lagran-
gian densities are

In the same limit, the field equation for the pion
field is

+i(f j2~)4)(x)y'Z g(x)~(Q'(x), (816)

where e'~'Z~ =r'~. In this limit the meson field
equation is

(V'- ~')0'(x) =g,4(x)y'4(x) - Z" ""f Ax)E'4(x)]

(81'I)

(V' —V')0'( )=g„k( )y'0( )- '2" s[k( }E'y'0( )],

so that Eq. (815) can be rewritten as

z„=-,'G„(x)O"'(x) ——,
'

p,'4, (x}4"(x} (89) Hgtgt ), ~stat
int ~ (818)
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