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We present the complete momentum space three-nucleon potential of the two-pion-exchange type in the partial
wave decomposition needed for the Faddeev equations of the three-nucleon bound state. The potential arises from
an off-mass-shell model for 7N scattering based upon current algebra and a dispersion-theoretical axial vector
amplitude dominated by the 4 (1230) isobar. The potential is manifestly Hermitian and defined for all three nucleon
momenta. We display some matrix elements of the potential in the five three-body partial waves corresponding to
the 'S, and 35 ,-’D, states of the two-body subsystem. These matrix elements show a striking contrast to those of an
older three-body potential mediated only by the 4 (1230) p-wave resonance.

[NUCLEAR STRUCTURE Three-body potential; few-nucleon system, Faddeev]
approach, partial wave decomposition in Jacobi variables.

1. INTRODUCTION

The discrepancy between theoretical and ex-
perimental binding energies of light nuclei may
be partly due to the neglect of three-body forces.
The most studied of these forces is the two-pion-
exchange type, illustrated in Fig. 1. If one takes
the diagrams in Fig. 1 to be Feynman graphs and
attempts a nonrelativistic reduction to obtain a
potential, then the nucleon legs are on their mass
shells, but the pions are off the mass shell and
spacelike. Thus, one needs an off-mass-shell
parametrization of the 7N scattering amplitude.
Current algebra and PCAC constraints can be
used to determine this off-mass-shell extra-
polation'~3; on shell the model agrees very well
with the data below,? at and slightly above
threshold.? A three-body potential based on this
extrapolation was constructed in Ref. 5, which
will be called, in the following, I.

In this paper we prepare the three-body potential
of I for use in a Faddeev calculation of the triton.
In doing so, we found a defect in that potential—a
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FIG. 1. The Feynman diagrams for the two-pion ex-
change three-nucleon potential. The shaded oval repre-
sents anything except a forward propagating nucleon

state.

defect shared by the often used®® Fujita-Miyazawa
(FM) potential,'° the potential derived by Yang,"!
and more recent extensions'? of the FM potential.
In all these potentials the middle nucleon was
assumed to be at rest, that is, fixed in one place.
This could arguably be a resonable assumption

for three-body force effects in nuclear matter

or in the effective interaction of shell model the-
ory,'® but is surely intolerable in the three-body
problem where there exist methods for numerically
exact solutions of a nonrelativistic Hamiltonian.
This assumption, in general, causes a non-Her-
mitian potential matrix. The non-Hermiticity

was not detected in Refs. 6-12 because of the
restricted nature of the 7N scattering amplitude
used there. It did happen to occur in a numerically
small portion of the potential of I.

Thus, before proceeding to the triton calcula-
tion, it is first necessary to sketch the derivation
of the three-body potential of I for the case in
which all three nucleons are allowed to move
freely. Also, we carry out a consistent expan-
sion in powers of |p|/m of the diagrams in Fig.

1. This paper should be read together with I,
where the physical ideas were discussed.

To include the three-body force nonpertur-
batively in a Faddeev calculation of the triton,
one needs a partial wave decomposition. This
turns out to be highly nontrivial since the Jacobi
variables do not occur naturally in the potential
of Fig. 1. Another main part of this paper is to
carry through that partial wave decomposition.

In Sec. II we rederive the three-body potential
matrix in momentum space. The transition to
coordinate space is worked out for the dominant
parts of the force in Sec. III. In Sec. IV we present
the expressions of the three-body force in a par-
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tial wave decomposition. Finally, in Sec. V we
compare our results based on the general off-
shell 7N amplitude as given in Refs. 1-5 with the
specific model of A dominance of Ref. 6, and give
a summary and outlook in Sec. VL

II. THE TWO-PION EXCHANGE THREE-BODY
POTENTIAL IN MOMENTUM SPACE

We consider the general expression for the
three-three scattering amplitude corresponding
to the first diagram of Fig. 1 with particle 1 in
the middle. The nonrelaticistic reduction of the
Feynman diagram with pseudoscalar coupling
yields the potential matrix

SIS IS HUATN SN
=const 53(51"‘52"‘53 ‘5{ ‘5;’55)
g2
X ¥ 02 Q05 Q Ty}

H@Q?)
Q’2+ uz

H@)
Q +u?

X T# (NR).

(2.1)

In this paper we will reserve the three-vectors

p and g for three-body Jacobi variables and, there-
fore, let @=P,-D, and j be the three-momentum
and isospin components of the initial pion, and

let @ =P,’ - b, and i describe the final pion.*
Then, T3/(NR) is the nonrelativistic reduction of
the amplitude which describes the scattering pro-
cess 14(Q)+N(p,)~T*(Q’) +N(p}). This amplitude
can be written as a sum of s- and #-channel
nucleon poles plus background terms. The for-
ward propagating Born term (FPBT) is already
included in the Schrédinger equation as the iterate
of the one-pion exchange two-nucleon potential
(OPEP). Therefore, it must be explicitly cal-
culated and subtracted from the covariant pole
term which includes both the forward propagating
and backward propagating intermediate nucleons.
We fix the overall multiplicative constant in (2.1)
by requiring that the FPBT of T}/(NR) yield the
iteration of OPEP. The form factor H(@Q?) =K?(Q?),
where K(Q?) is the pionic form factor of the TNN
vertex when the nucleons are on the mass shell
and the pion is off the mass shell [i.e., g(Q?)
=gK(Q?) and g(p?) =g]. The correction terms
neglected in (2.1) and throughout the paper are

of order O((|p| /m)?), where D is a typical nucleon

J

momentum and m is the nucleon mass. We shall
assume |P| to be of order p, the pion mass.
The S matrix for 7/(Q) + N(p,) = 1 (Q’) + N(p}) is

@ p{|S=-1|Qp,)=-i@1) 6*(p;+Q" - p - Q)
X (2P10 2p£o ZQo 2Q6)-1/2(2m)
XTH(v,t;Q%Q%), (2.2)

and the transition amplitude has the structure

1t =-a (o504 (F - 2 B“1er, @)

+i€i.fk Tk (F(') - #B(')[QI’ Q])]
Xu(Pusl)’ (2.3)

where 7 =1 and (5|9")=(27)°6*(H - p’). We may
decompose the amplitudes in (2.3) into a nucleon
pole term plus a background term:

F®=F®+F® (2.4)
B®)=B® +B®. (2.5)

Once the FPBT’s are subtracted from the pole
terms, the numerically dominant part of 7%/ (NR)
comes from the background. The nonrelativistic
reduction of the background terms is carried
through, keeping terms of order O(n/m). It turns
out that the background combination to (2.1) is
basically unchanged from I, even though we cal-
culate (2.3)-(2.5) for any frame and do not restrict
the 7N amplitude to the rest frame of the incoming
nucleon. Thus we have to assume that all three-
nucleon momenta P,, ,, D, in (2.1) are of the same
order of magnitude, which leads, for instance,
to the following estimate for the pion lab energy:

v=[B2- Py +Bi2 =Pt - (B, +D)) - (Q+ Q)] /4m
=0(p?/m). (2.6)

Using the general forms of the background terms
as given in I, we find"®

FY=@+8Q Q' +c@+Q?, 2.7
with
=-o/f?,
®=2/p*[0/f, 2= F N0, u? u?, p?)], (2.8)
=-0/(u?,3).

E2+Q- ’
-m

Feoroy, [212 _2@%@"?) g*(Q;)ﬁ;(Q' ) (M+rn)2(—1%z 2 /_2__1)]=VB“ (2.9)

f, 2m?
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where v is explicitly written in (2.6), M is the

A mass, and g* the NA7 coupling constant. The

expression E, as given in I is of the order O(u).

We note that the constant B, =~ 0.1u"2 from this

expansion is not the same as the constant co-

efficient (f;=-0.617%) of the on-shell expansion

in v% and ¢ in Appendix A of I. This discrepancy

is an indication that the cancellation of the current

algebra and nucleon contact term allows the A

contribution to control F ¢ and the further can-

cellation between the pole and nonpole parts of the

isobar is delicate. On the other hand, since v

is 0(p*/m), the term F*’ is of O(u?/m?) in the

three-body potential and will in the end be dropped.
Thirdly,

E(o)(v’ t, QZ,Q,2)= 2g*(Q2)g*(Q’2) l;ﬁsz (2.10)

3m Vp =

with B, =E?~3"'(M+m—-E )’ ~Q-Q’. One easily
estimates B = (1/u)0[(m n/M?)(un/m)]. Since
it is multiplied according to (2.3) by a term of
order O(u?/m) we have to neglect it.

Finally, since B’ goes together with a term
of order O(u?/m), we end up just with the constant
value

g 470 _ £2@)2@Q")
TofET  2mt

, o (Mam)? 1=
+3 @@ Yl 12/

M
2m

+2 g*(Q%e*(Q"®) 1{"4— [1 + (1- mz/Mz)]

=C,. 2.11)

Thereby the nucleon electromagnetic isovector
form factor [F(0)=«"=3.70] is approximated by

FY(t) + FY(t)=1+3.70+0(u?/m?). 2.12)

We note that C, agrees with b~ of Appendix A of
I; here the current algebra term is large and the
isobar pole and nonpole terms add.

Next, we turn to the time-ordered forward
propagating nucleon pole terms of Fig. 2 and write
down the s-channel [ Fig. 2(a)] plus u-channel
[Fig. 2(b)] T matrix as in I,

oo, 2 M E(P')i'ys'r‘u(?ms)u(pu s)i')’sf]“ (p)
Tienr=+2" 55 2 Dot Q0= E(5)

u(piver ulp,,salp,, s)ivsrul)
po"Qé - E(-{)b) ’

s m
& E(f)b)z

(2.13)

where E(P) = (m®+p?)'/2, 5,=5+Q, p,=D-Q’, and
the sum is over nucleon spins. This follows the no-
tations of Refs. 2and 5. We use the Bjorken-Drell
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FIG. 2. Time-ordered diagrams corresponding to the
s-channel [(a) and (c)] and xz-channel [(b) and (d)] nucleon
pole terms.

conventions for the ¥ matrices. To make the inter-
mediate formulas more readable we suppress the
Q* dependence of g. Equation (2.13) can be written
in the form of (2.3) as

Ty =Tepnr 07 + Tipgri€t®™, (2.14)

where
(#)  _ A () +
TEppt = ‘u(P'; S')(AFPBT Yo+ VBgppt

- —I_'Bl(?*l’)BT[Qly Qf])u(p,s),

4m
(2.15)

and where the amplitudes -‘{nn and Bpppt are
given in L.

By expanding the square roots occurring in the
expressions for Apppr and Bgpyr in powers of
(vg+v)/m=0(p?/m?) and using (2.6), we find to
lowest order

A g (2 _ 2p,2+2p, -Q+Q22_ 2p, - Q' +Q’? )

2m 2m ’
(2.16)
(=) g -
AFPBT == (51“‘!){)'@"'6'), (2.17)
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B(t) =i2_ v - gz @1+5{)'©+Q')
BT~y oy i )? T 4m? m? ¢
(2.18)
o _& v g?
BFPIT = #35-——4;;2'{2}. (2.19)

On the other hand, it is well known that the co-
variant nucleon pole terms of (2.4) and (2.5) ob-
tained in the dispersion theory sense are'®

F&W,1)= {-TBZE% (2.20)
FS,t)= fn—zf'ﬁ’j-ﬁ @.21)
B (v,1)= %:_ —V;;’_—V;, (2.22)
B};’(u,t)=£";-T:f—V;. (2.23)

Now we make the subtraction of the forward
propagating Born term

AF® EF;‘,— (Axf-?a-r?’o"' VB;‘*lgBT) R (2.24)
AB(’)EB;*)—B!:‘?;BT . (2.25)

It is a straightforward exercise to find from
(2.16)—(2.23) that the expansion in powers of u/m
yields

AF® = g(Q;)f;(Qm) 2p, piy;@’ +Q? Yy, (2.26)

Ap e - £@2(@)
8m

P2 - D2+ - b2+ (0, +p)  Q+Q")

xX

m? ’
(2.27)
aper- BQEQ™ G +B) @+@) ;4
AB©) = g(Q;:ﬂQ’“_) , (2.29)

where we remember that AB“’ are multiplied by
J

(P1D4P4 | W, [p,P,Ds) =const 8°(, +B, + b, — D} — By — B)

a term of order O(u?/m?) according to (2.3).

If we compare (2.26) with (2.29) of I, we note
that in (2.26) there is an additional term 2p, * p;
which could not appear in (2.29) of I because there
the amplitude was evaluated in the rest frame 51
=0 of the incoming nucleon. Although this term
is of the same order in u/m as the @*+Q’2 term,
the entire AF makes only a small contribution
to the nuclear matter results of I [see (2.32) and
Table 2 of I] because g2/4m? (=0.15u"3) is much
smaller than (€~ = 17%) of (2.8). Thus, the neglect
of this p-dependent term in I should not matter
for nuclear matter calculations.

Expressions (2.27) and (2.28), however, show
a more interesting disagreement with the corres-
ponding expressions for AF“) and AB" in Appen-
dix B of I. There the unnecessary rest frame
restriction plus the assumption that @, =@, could
best be set equal to zero led to [instead of (2.6)]
v(rest frame) = (Q* - Q"2)/4m, from which followed
the AF¥, etc., of I. As we shall see, that unsym-
metric combination of @2 - @ in T *(NR) of (2.3)
leads to an anti-Hermitian three-body potential.
This part of the potential has never been used in a
calculé.tion; its nature was noted while preparing
the complete potential for a three-body calculation.
Finally, the amplitudes F©’ and B*’ will be drop-
ped from the potential in any case. As another
example of non-Hermiticity caused by setting 51 =0,
we mention the second term in (2.29) of I. The
correct form of that term is anyhow of higher
order in pu/m and has always been dropped.

The next step in the nonrelativistic reduction of
T4 in (2.3) is to note that

a(p!, sDQ, Rlu(p,,s,)=2i-5,@xQ"), (2.30)

a(pl,su(p,,s,)=1, and ¥°=1 to lowest order in
p/m, results which hold whether or not p, is set
equal to zero. Finally, we insert (2.7), (2.9),
(2.11), (2.26)-(2.29), and (2.30) into (2.1), re-
membering from (2.3) and (2.5) the relative factor
(=) between the T matrix and the invariant ampli-
tudes A and B, and get

gz H 2) H le)
4m2 Q2+ #3 12+ “2

X(,+ 7,5, @5, @' {-2-8Q- §' -[€ +g2/4m* - K’ (0)0/£,2 )@ +Q") - (g2/2m*)p, - B}
+iTyX T+ 7,0, * Q0y* @ {(-g2/8m)[B,% - B +D - b5 + (B, + 57 @ +Q")]
- (B,/4m)[B,2 - B2 +B2 - b - (B, +P) Q+Q)]}
+T, X7, 7,0, Q0, Q'5,* @xQ')(-g?/4m*~C,/2m)) . (2.31)

Clearly the three body potential of (2.31) is manifestly Hermitian. If we exchange primed and unprimed
nucleon momenta, then Q- —6 and _Q" ~—§'. Then the momentum dependent part multiplied by ?2- ?3 is
invariant and 7, 7, is of course Hermitian. The second term is multiplied by the Hermitian 7, X 7,+ 7;;
because of the factor 7, the momentum dependent part must be antisymmetric, which is the case. Finally,
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the momentum dependent part in the last term is symmetric.

The momentum dependence of the NN7 and NA7 coupling constants is assumed to be the same, g(@?)
=g K(Q?). Then much of the off-pion-mass-shell extrapolation in (2.31) arises from the products [g(Q?)]
=g2H(Q?), etc. In the (as we shall see, dominant) > amplitude, however, the momentum dependence of
the o term is not given by form factor effects on g, see (2.7) and (2.8), so we insert a term proportional
to K'(@*=0) in the € part of the potential to undo in lowest order the effect of surrounding 7T */ (NR)
with form factors. We do not make the same correction to FY + F¥ in B* because it is multiplied by a
term of order O(u2?/m?).

It remains to fix the overall constant (2.31). We first do it formally by calculating the three-body S ma-
trix of Fig. 1(a) and defining W by

(Biﬁéa:'s |S -1 lﬁxﬁzﬁs)un = —i(Zﬂ)é(p{o +p£o +Pgo =Dbyo= P Pao)(ﬁiﬁéﬁz’a ’W 1615253) . (2.32)
Since the calculation must be the same for any two-body 7T matrix, we then verify that the forward propa-

gating Born term Typp, when inserted into (2.1) yields just the iteration of the OPEP. In the notation of I,
the Feynman rules for Fig. 1(a) yield

(27)’1)6 ]1/2 . _ .
prptls 1 =(27)45% - ’ —io)2 1ot
(pipipsl5 = Hppbs) = @n)'s'(zp - 21) [zpmzpzoZpgozp;omozp;oJ (g ulpis Nirsu(pas)
X g TS o W03 v ps) (2.33)

where T}#/ is related to the two-body S matrix by (2.2). Using

u(p's"ysu(p,s)=0- @-p')/2m , (2.34)

@-pw=-@+p), (2.35)
to lowest order we get

. 2 1 1
(S = 1)y ==i(@M)6X(p, + b, + 5y - D' — D= )E(Q_)g(_ e @5, Q' TITH T Sy AL

Comparing (2.32) and (2.36) we find that the constant in (2.1), with the normalization (p [p’) = (27)%6(p - p’)
of I, would be (27)3.)7 In this paper, we prefer to normalize the momentum space wave functions to the
Dirac delta function so that we can more easily take over the technology of momentum space three-body
codes. In that case, since (p!p.p4[P,P,Ps) = (2m)XP.PiP, [,P,Ps), the constant hereby adopted in (2.1) is
+(2m)s.

Now we check the consistency of the derivation by letting T# in (2.1) be T§5py of (2.13). We find by using
=p+Q, p,=p-Q’, and (2.34) that

(plpzp3 |WEPBT [5,5,B, ) =+const 6*(p, +b, + Py — P; — P; - P3)
o [ g? 5,96, Q: - HQMHQ) ¢* 5,°Q5-Q ;
4m® Q'2+# Ts ' prot@-E®,) 4m® QF+p? 2
P £ 5uSds ; BEWMEY gt 53585 5]
am® QP+ P T2 ' pio— Q= E@D,) 4m? Q’2+p T
Now the first nucleon propagator in (2.37) is
P10+ Qo= E[®,) ~D,%/2m + (5, - B}2)/2m — (b, +b, - B;)*/2m
= @m) B, +B,2 +B2) = @m) B, + By +K?) oo 15y - (2.38)
The second form is just the denominator of the nonrelativistic propagator G,=(E - H,)™! in V,,G,V,,. Sim-

ilarly, the nucleon propagator in the second term of (2.37) corresponds to G, in V,,G,V,,. Finally, re-
membering the OPEP in momentum space is

(2.37)

1 g2 - - . =
VerEP =— @n)? 4nm? T3° Ty 3'QU1'Q62+IJ_2 ) (2.39)

we get indeed
61545;'4 [WfPBT |§;5253> =const 63(5; + ﬁé +§:; - 51 - 52 - 53) (277)6
(p1p2p3 lVop EPGD V?ZPEP |p1§253 ) + <Bl§253 Ivé)lPE PGO V%PEP 5152'53 ) ] * (2 '40)
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Again we find the constant in (2.1) to be
const =+(27)™° . (2.41)

We note that (2.37)-(2.41) are all in the p-space 6-function normalization adopted. One can repeat the
above steps, realizing that, in the normalization of I, V°PEP has no factors of (27)"% and G, has a factor of
(27)® in the numerator, to find that the identification of Typ5, with iterated OPEP still holds, only in that
normalization the constant is (27)° greater than (2.41).

As the constant in (2.1) has been shown to be a positive number and the negative strength factors in the
potential amplitudes F and B, it is convenient to define new strength parameters associated with the two-

body T matrix itself. This will facilitate comparison with earlier work. So we define
a=-@, b=-®, c=-€-g*/4m*+K'(0)o/f?, d=-g*/2m*, (2.42)
d,=-g%/8m®, d,=-B,/4m , d,=-g?/4m®, d,=-C,/2m ,

in terms of which the three-body potential matrix element is given as

g* H@) HQ™
Am? Qz + 3:2 + 12

e o > - - 1 > - - - - -
(BiPzP; [W, [P1P2Ps) = 5y 0°(B, +D, +Ps = P{ ~ P2 = P3)

x {7, 7,0, Q0. Q'la+0Q+ @ +c(@ +Q'?) +dp,* P! +iT, X T,* 7,0, Q0,* Q’
X [dy(B,? = Ba? + D32 = Bs? + (B + DY) - Q@ + Q"D+ d,(B,2 - B2+ 552 = B2 - B, +B7) - @+ Q)]
+T, X7, 7,0," Q0," Q'0,* Q XQ')(d, +d,)} - (2.43)
L. TRANSITION TO COORDINATE SPACE

As an example of the coordinate space representation of the potential and in order to point out correc-
tions to I, we present the form for the gbc terms accompanying ?2 . ?3 and for the final term going with (d,
+d,) in (2.43).

(;({*é*:; |W‘1wc + Wista I)’(liz"(:«x)

1

(4m)?

x [-';z * ;3(-&2 * —62'&3 * ‘—7’3{(“ = 202¢)Z (% 15)Z, (x,,) +¢[Z,(x,5)Z, (x,5) + Z, (% ,5) Zo (%) ] + b-ez * Gazx(xm)Z;(xw)})

+ -7:3 X ;2 * ?162 * 62‘63 * -63-6'1 * _62 x ea(da +d4)Zl(x12)Zl(xm)] ’ (3.1)

= 63(%, - X})8%(X, — X3) 63(Xg — X3) (g pu/2m)?

where, as in (3.11) of I, we have defined

__41 aQ ei(i‘-ij)-QH(éz)
2= [ oy @ ®-2)

The terms in (2.43) which depend upon nucleon momenta are small and have a more complicated coordinate
space representation; they will not be displayed here.

Equation (3.1) agrees with (3.9) and (3.10) of I, but disagrees in sign and constants with (3.12) of I. The
nuclear matter calculation in I was not made with a three-body potential, but rather an effective two-body
potential obtained by summing over nucleon 1 of W3%¢. The effective potential of I has been checked to be
consistent with (3.1) and the numerical results and conclusions of I are correct, up to the small factor d
=—g2/2m3, which was neglected in I (see discussion of AF‘ in Sec. II).

IV. PARTIAL WAVE DECOMPOSITION

In a standard Faddeev calculation in a three nucleon system, one needs a partial wave decomposition of
the three-body force. We shall provide it in this section. We introduce the standard Jacobi momenta

-

p=

(S

- - - %[o 1

(pz—pa)’ q= p1_'2_(§2+§3)]’ (4-1)

which single out particle 1 and are adequate for the first diagram in Fig. 1, which was considered in the
two previous sections. We have in terms of p and d when the total momentum is zero,

- - - - 1> - -

P.=4, DP.=P-2d, DPy=-P-2q (4.2)

-
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and the same for the primed quantities; furthermore, the pion momenta are

Q=p-9'-:@-3), Q=p-p'+2@@-3'). (4.3)
From now on, p, Q, etc., shall refer to the magnitude of the three-vectors, i.e., @=|@|, etc., and not

to the four-vectors. It is straightforward to rewrite the expression (2.43) in terms of Jacobi momenta with
the results

1 g*> HQ) HQ"?
21)° 4m? 62+u2 3'2**“2

FF WD =+

X(7,7,5,+Q0,-Q{a+b[ P2+ D -1(@+d) - 25 B’ +34 - T |+ 20+ B2 +3(@+3")

-4p-p' -q-q )+dq-q'}
+i(F, X T, 7))5,°Q5, Q' [2(d, +d,)(B'* T’ — D+ @) + 2(d, - d,)@+d") B -D")]

+73X72'?152'663'6'51'(§—ﬁ' )X(E—ﬁ' )(d3+d4)) . (4.4)

Thus we have to deal with the following types of forces

~

-

~

Tt

~

Q4

HE) H@™) - = .=,
Tou G Q00

~
.

Le1)

(4.5)

~
.
~

4
|
k-1]
24

~

VS Oy T W Of
Q4

Q

L B-P)x@-3").
The three-body states with respect to which we want to present our force will be

|pga) =|p(ls)iq(A3)d (31)I (A)T), (4.6)
where lsjt are the orbital, total spin, total angular momentum, and total isospin of the 2-3 subsystem,
and A} J 3 are the corresponding quantum numbers of particle 1; finally § and T are the total three-body

angular momentum and total three-body isospin. For a standard Faddeev calculation, the first five partial
wave states dictated by the two-nucleon forces are given in Table I.

The partial wave decomposition is quite tedius but straightforward.!®* We quote only the results for the
main terms. Let us define

\

2\ = H(éz)
Q3= TR (4.7)
and the three-fold integral

1 1 1
Hn‘zlﬂz’a = -[1 dxl [1 dxz J-l dx3 Pl],(x) Plz(xZ) P13(x3) A:lA;Z f(Alz*'%Azz _AlAle)f(A12+ %Azz +A‘l“lle)

with (4.8)
A1=(P2+P'2—2P p:xz)x/z’ Azz(q2+q12_2qqlxa)l/2 (4.9)
then

(p'q'a’|5,°Q5,- Q' fF(QVF(Q'®] pga)
2

== 1ol a’a ’
-2 2 Z_)\, Hypo10 (PP’ qq )a Glatinye, 1, Prgrunr (PP")de 5 2 (9g")  (4.10)
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with
b (BR)= D5 KR'% [(2 (2‘(212’ (Ta,1,00)(Ta, ', 00)7 (4.11)
u1+u2=t 2 a, a, l
and
11 k& 1l sj
G‘a““ (41|.)2%(j‘jg)x/z(]’}jg)1/2(_)s+1/2+3 (=)h i’l({si‘q)x/zz: ﬁl il EL‘g Aig
4 ® LS
A LS
ll sl ]'I l'
U ’
Xz i:gl(_)s+s'+L AL P t4 S S { L' g
's? ey L' Lk L S k1
1
o Z » @z (- 2 (%2 Oy s -ty Orramtyon
7, 7, 1
XZ (t t)l/z(r $,t,, 00) (Vstz,OO) s s, 1 { }(tlllta,OO) (¢,2,¢,,00) . (4.12)
ity

(p'q'a’| §,°Q5,* Q' F(@)f(QIT T |pge)

2 2
=-aq’ '%'3 ,1=Z,:_,, ,szx_x. ‘1‘2‘1‘z's(pp a9 )E G‘a’gll' ¢‘3'2”'(ppl)$t413n' (qq') (4.13)
with
B (ad’)=1 Z ’1 "’2F(tbb)>:

by+dy= t Rgh,

A
{k k, 1}(/35)1/2{ k, }(b 1k,, 00)

X (b,1k,, 00) (Tk,A, 00) (I,k,A’, 00) . (4.14)
The expression for PP’ is analogous to (4.13) and (4.14) with only the changes qq’ ~ pp’, ¢(pp’')~ d(pp’)
and ¢(gq’)~ ¢(¢q’). As one may easily verify, the expressions (4.10) and (4.13) are symmetric under
exchange of primed and unprimed quantities. Moreover, they vanish between states 1 and 2-5. This had
to be expected since W, is symmetric under exchange of particles 2 and 3 can therefore not change the

subsystem spin. The same is of course true for the accompanying isospin matrix element (T =3

t
1

(" DT Ty T #2)T) = = 04y 6(=)* (4.15)

W= N
[ U CY

We skip the case for p’*q, p-d’, and (p’*d’ - p- q) accompanying the coefficients d,, d, since they will
be neglected anyhow (see Sec. V). Finally the case G, (p -’ )X (d —q’) goes together with an isospin ma-
trix element which switches the two-body system ¢ between 0 and 1:

iy T 111
-~ 1 1
((¢'3)T|7 X?a'?ll(t%)T)=i36(tt')1/2(_)"+1/2+1‘ b1 ':’ f t (4.16)
ES tl
2 2

We continue with the last term in (4.5) and get



1798 SIDNEY A. COON AND WALTER GLOCKLE 23

(0'q'a’|5,"QFQ'F,* G -5)x @G -3)7(@)F Q") pga)

3=|1=1'| 3=|A=2’|

--i 2 H, .
Lty o= =114l gy=-Amdiny fiflitals Z G¢, at6ye,hy Pegiur (DD )‘qu ae (gq’) (4.17)
with
é : 6,1 = = (4m)? 257(]¢J*§)1/2 (j‘;j‘l §l)1/2[‘1 (_)11 (t».a ﬂ)”"’
11k 1l sj 10 st g
XE E; 3z S 2522 LS{x 1 J Z I:IEI(_)LI+S+§ XL
"1 101 ky Ls L's’
2 2 s’ LS9 Lt SIS
s L' § V1R (101
x S % S x N t4
L S k2 sl % SI L' k2
L 1
X'1+' =1 (=)= @) 31"2:32:1 (2)°2 6'1“1“1"3-:1 612+32+1-‘4-12
2
7y 7 1
x}: (r,8,t,,00)(r,s,t,,00)(s, s, 1 \(Fi)/2
4t
: t, t, Rk
b ot, Rk A,
x§ 111 )(t,1k,, 00) (t,1k,, 00)(RE, )2 (kyl 1t5,00) (R 1, ¢,, 00) . (4.18)
Tk bk bty 1

One verifies easily the antisymmetry of that expression and again the matrix element is nonzero only for
s#s’. Thus, only state 1 couples with states 2-5.

We would like to remark that all the sums in (4.10), (4.13), and (4.17) are finite. The calculation of the
purely geometrical coefficients G and G need be done only once and takes much less time than the calcu-
lation of the threefold integral in (4.8).

{
V. QUANTITATIVE REMARKS AND COMPARISON ters. They are expressed in terms of the physi-

WITH OTHER WORK cal constants in the @V amplitude which we take as
follows: o/f,2=1.13u~, FM (0, p?;pu2, p?)=
The potentials given in (2.43) and (4.4) of Sec. -0.16 p™t, g*2(u2)=3.32 "2, g2(n?)=179.1,
II and IV, respectively, contain strength parame- M=8.825u, m=6.726 11, and p=139.6 MeV.

Then we find the strength parameters in the first
part of the potential which is associated with
T,* T, (and F* as

TABLE I. Quantum numbers of the first five partial
wave states of the three-body system. See text for defi-

nitions.
No. 1 s j A J ¢ a=+1.13 p~%, b=-2.58 p~3 5.1)
1 0 0 0 0 3 1 c=+1.00 u=3, d=-0.295 p~3
2 0 1 1 0 3 0
R The second part (from F‘?) of the potential will
3 2 1 1 0 2 0 be neglected, since
4 0 1 1 2 3 0
=-0. -3 =+0. -3 .
5 5 1 1 9 3 0 d, 074 pn=3, d,=+0.003 p (5.2)

which is of the order O(u?/m?). We have already
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shown that any contribution from B is of or-
der O(u?/m?) and has already been neglected in
(2.31) of Sec. II. Finally, the strength of the third
part [ from B ] is

d,=—0.148 u~%, d,=—0.605 u=3 . (5.3)

At this point, it is instructive to compare the
potential discussed here with other three-body
potentials. The oldest is the Fujita-Miyazawa
force, which is based on a theory of Ref. 18.
According to Bhaduri et al.® (BNR) one ends up
with almost the same form for the potential, ex-
cept that the second part, multiplied by d, +d,,
is altogether absent. The choice of C, =+ 0.61
MeV leads to

a®™ 0, b®™R=_1.39 u3, PRy,

(5.4)
P =0, diN®=0, P -0, dPM=-0.347 70,

Loiseau'? has recently remarked that the s-
wave component (due to ¢ and ¢) considered here
is in good qualitative agreement with an earlier’
s-wave component arising from a “direct” s-wave
7N interaction (already appearing in Fujita-
Miyazawa’'s work) and from a ¢-channel pole (the
€ or ¢ meson) first considered by Harrington.'®
Although the remark referred to the effective
two-nucleon potentials shown in Loiseau et al.”
and in I, we can compare s waves already at the
level of the =N amplitude in (2.1) and (2.3) of Sec.
II. The € pole appears only in the F* amplitude
and has the form [[@Q+®’)?+m.2]"!. Loiseau
et al. attempted to find the strength of this contri-
bution in terms of the effective ranges of s-wave
aN scattering. One can expand their € pole to
O(n/m) and find that their potential has the fol-
lowing strength parameters (in our notation)

a,=0.043 u™*, @, =-0.046 p"*,
s m . m (5.5)

be = —0.0037 u=3, ¢, =-0.0018 p"3

which are not in good qualitative agreement with
(5.1). This disagreement is weaker at the effect-
ive 2N potential level when we compare Fig. 12

of I and Figs. 10 and 11 of Loiseau et al.” at, for
example, 7=1.5 fm and see that V,+V_ =+0.8

MeV and V,+V.=+0.13 in the central part and
Va+V,==1.96 MeV and V + V.= —0.27 in the ten-
sor part. The type of extrapolation from s-wave
scattering lengths and effective ranges ignores the
current algebra (“soft-pion”) constraints and can-
not be considered realistic nowadays. On the
other hand, the =N amplitude which yields strength
parameters (5.1)—(5.3) does successfully predict

N scattering lengths and effective ranges.*
Yang!! has derived a three-body potential from
a model of the 7N amplitude obtained from a chir-

al invariant Lagrangian of interacting n’s, p’s,
N’s, and A’s. He, in contrast to Refs. 6-10, finds
a nonzero result for the subtraction of the forward
propagating Born term, but his quoted result dif-
fers from (2.26)—(2.29) of Sec. II. His A contri-
bution is of the same form as that of (5.4) and he
claims strength parameters similar to theirs.

In order to arrive at this result, he must evaluate
his s-channel A pole in the frame in which the
middle nucleon is at rest. This is easily seen by
comparing (2.14) and (2.20) of Ref. 11.

Yang also considers a p-meson ¢ -channel pole
in the 7N amplitude which ultimately acts, in the
triton, to oppose the effect of the A with about
one sixth the strength. Itisdifficult tocompare the
p part of Yang’s potential with (5.1)—(5.3) as his
final form is different. We remark, however,
that in the vector dominance model of electro-
magnetic form factors of the nucleon, the terms
FY(t)/2fx? of F"and (F(¢) + FY(t)/2fy? of B in
(2.12) of Sec. II) correspond to a p pole in the ¢
channel. It would seem from (2.13) of Ref. 11
that Yang’s p contribution corresponds only to the
charge coupling FY(t)/2f,? of F). We have seen
in Sec. II that this current algebra term is largely
canceled by the A isobar and the nucleon pole al-
ready at the level of F~’ and was therefore drop-
ped in this paper. On the other hand, the Pauli
moment coupling of the p, which is not in Yang’s
Lagrangian, makes a sizable contribution to B¢}
[see (2.11) of Sec. II]. That is, the term [F}(¢)
+FY(t)]/2f2 contributes — 0.4 "3 to the strength
parameter d,= —0.6 u~3 of (5.3). Thus, Yang’s
potential is about half as strong in b and d,, has
no a or ¢ terms, and seemingly has a stronger
d, than the strength parameters of (5.1)-(5.3).

To calculate the potential matrix elements of
Sec. III, we have to evaluate the threefold inte-
gral (4.8) numerically. For large values of p and
p’, the integrand varies strongly with x, because
of the small pion mass. Thus, it is necessary to
subtract the poles in x, which lie close to x,=1.

It is convenient to choose a monopole form factor
so that

HG?) = <%g;>2 ) (5.6)

The value of A as determined by the observed
Goldberger-Treiman discrepancy of 6% is A

=6 p. Such a small value, although indicated by
the data and theoretical determinations (see Ref.
23 for a discussion), would necessitate a second
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subtraction. For illustrative purposes only, we
have made calculations with A =7.1 u (or A2=25
fm~2). In that case, a second subtraction turned
out to be not necessary. A typical number of
Gaussian quadrature points is 10 for each dimen-
sion.

Since the potential matrix elements depend on
the four variables p’q’ pq and on the quantum num-
bers a’a of the various three-body states, we
present a dependence on one variable which,
however, can give a first feeling for the relative
importance of the various terms. For fixed ¢, q’,
and p’ we present the dependence on p and label
the matrix elements between those states of Table
Ias(a'|a). In Figs. 3(a)-3(c) we show some
sample matrix elements from the first (abcd) part
of the potential. We remember that for this part
of the potential there is no coupling between state
1 and the states 2-5. It is interesting to note that
the diagonal matrix elements (1|1) and (2| 2) are
identical. That is easily verified by an inspection
of the expressions (4.10)-(4.15). We see from
Fig. 3(a) that the b and ¢ terms are of opposite
sign and strongly cancel each other. The d term
is smaller than the a term and is not plotted. Fig-
ure 3(b) shows matrix elements in the same chan-
nels for a large value of the spectator momenta
g=q'=3 fm™'. In this case the b and ¢ contribu-
tions are constructive at low p, destructive at
higher p, and the potential is quite different in
shape from the b term alone (which corresponds
in shape to the FM potential). Figure 3(c) shows
the very strong coupling [note change of vertical
scale on Fig. 3(c)] between states 2 and 3 which
correspond to 3S, and °D, partial waves in the two-
body subsystem. Again a strong cancellation oc-
curs resulting in a potential quite different from
that of FM. All the remaining matrix elements of
the first part of the potential are much smaller.
The third (d,+d,) part of the potential is sketched
in Fig. 4. That part connects only the state 1 with
the states 2-5. It appears to be less important
than the first part.

Clearly there is a striking difference to the FM
force of Refs. 6-10 which according to (5.4) has
no a, ¢, or d term and the b and d, terms are
smaller by roughly a factor of 2. This difference
has been repeatedly emphasized at the level of the
underlying =N amplitude in the past,?*® but has
been somewhat obscured at the potential level be-
cause of the common practice of displaying and
calculating with effective two-body potentials.
Figures 3 and 4 give, for the first time, a hint
at the complexity of a three-body potential and
show in a compelling fashion the differences be-
tween the PCAC -current algebra three-body force
and the FM force.

VI. SUMMARY AND OUTLOOK

We have examined the momentum space three-
nucleon potential of the two-pion-exchange type
for the purpose of including it in a Faddeev calcu-
lation of the triton. The potential is based on an
off-pion-mass-shell 7N scattering amplitude ob-
tained by a PCAC extrapolation subject to the con-
straints of current algebra with background cor-
rections dominated by the A isobar. We, in con-
trast to an earlier study, did not evaluate the am-
plitude in the rest frame of the nucleon, but for
general values of p. We did make a consistent
expansion in powers of |p|/m to arrive at a man-
ifestly Hermitian potential. The Hermiticity of
the potential thus derived separates it from other
three-nucleon potentials already included in per-
turbative!!* 2° and variational® calculations of the
triton. The latter potentials were derived by as-
suming one nucleon to be always fixed in place.
This latter assumption, in general, causes a
non-Hermitian potential matrix.

We have made a partial wave decomposition of
the three-nucleon potential and calculated mo-
mentum space matrix elements between the five
lowest partial waves which dominate the triton
binding energy. It turns out that the often used
Fujita-Miyazawa force®™!° can be cast into the
form of a special case of the potential considered
by us. Therefore we can see that the matrix ele-
ments of the two potentials are in some important
instances rather different. We, at this stage, will
not speculate about the effects of these differences
in the two potentials upon the calculated proper-
ties of the triton.

Let us end with a brief remark about using the
three-nucleon potential in a Faddeev calculation.
One can introduce either a new Faddeev compo-
nent corresponding to the fully symmetrical
three-body force of Fig. 1 or one can keep to
three components and pay the penalty of living with
a more complicated amplitude in the Faddeev
kernel. Let us look at the second possibility.

The Schridinger equation in integral form is

3
V=G, 2, (V,+W,)¥, 6.1)
i=1

where V; are the pair interactions where ¢ labels
the particle which is not in the pair (i.e., V;=V,)
and W, is that piece of the fully symmetrical
three-body force with particle ¢ in the middle.
Introducing the two cyclic permutation operators

Py =P,P,;, P,=P,3P, (6.2)

together with P=P, +P,, and using the antisym-
metry of ¥ we can write (6.1) as
V=Gy(1+P)(V,+W)¥ . (6.3)
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FIG. 3. Expectation values (p’q’d’|W§*®|pqd) where the Jacobi momenta p, g, and ¢’ are held fixed. The three-
body partial wave states of Table I are labeled by & and a@’. The contributions from strength parameters abc and d of
Ref. 1 are summed to yield the curve labeled Total. The Fujita-Miyazawa force (labeled FM) with the strength param-
eters of (5.4) is also shown.

Because G, is symmetric, one can commute 1+ P =GV, +W)¥ . (6.5)
with G, and define the Faddeev amplitude ¥, by
ti
¥=(1+P)y, (6.4) We get then the Faddeev equation
or $,=G, TPy, (6.6)
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1
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FIG. 4. Nonzero expectation values of W‘:rd‘ in the
(o’|a) states labeled as in Fig. 3. The corresponding
FM curves are not plotted; they have about one-half the
strength of those shown.

with
T=V,+W,+(V,+W,)G,T . (6.7)

If W, can be considered as a perturbation, the

alternate form of (6.7) appears to be convenient®

T=t+(1+tG)W,(1+G,T) , (6.8)

where ¢ is the two-body ¢ matrix corresponding
to V,. The calculation of the operators P and V,
between the states of Table I is by now standard
(see, for example, Ref. 22) and will not be given
here. A solution of the set (6.6) and (6.7) is in
progress and will be reported elsewhere.
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