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Another look is taken at the transition amplitude for radiative muon capture. We conclude that the
standard, or diagrammatic, amplitude first given by Opat for hydrogen is a good approximation to the
systematic expansion of Adler and Dothan, and use it to calculate the angle-integrated photon spectrum in
*Hep~ —*Hyv. The result is in fair agreement with Beder and Fearing. Also, the “soft-pion” prediction for

*Hew~ —*Hy is compared with experimental data.

[BADIOACTIVITY p~3He —v °Hy, 7~ 3He —°Hy ; theories of radiative muon cap—]

ture; tests of PCAC and soft-pion predictions.

I. INTRODUCTION

Interest in radiative muon capture in light nu-
clei has recently been aroused, since the rela-
tively small cross sections should be measurable
at high-flux meson beam facilities. At least one
experiment, in *He, is currently planned at
LAMPF.!

Besides being of intrinsic interest as a funda-
mental semileptonic weak process, radiative
muon capture is expected to be particularly sen-
sitive to the hadronic weak pseudoscalar coupling
£,(@%). The photon in the final state allows the
momentum transferred at the weak vertex to be-
come timelike and attain a maximum value @?
=m ,?, enhancing the pion pole which partially
conserved axial vector current (PCAC) predicts
will dominate g,. This is in contrast with the non-
_radiative reaction where @*=-m ?. The problem
is to determine just how g, enters the radiative
transition amplitude. This question will be ad-
dressed in some detail in the next section.

Uncertainties in the theoretical interpretation of
previous measurements of radiative muon capture
in %°Ca and '°0 arise from the complexity of these
nuclei.?® The cleanest experiment would be done
in hydrogen, but it should be possible to avoid
some of these problems in light nuclei such as
®H and 3He, where the nuclear structure and
spectrum are fairly well understood and the final
state is unique. In addition, the reaction rate in
nuclei is enhanced by a factor of Z°® with respect
to hydrogen:

Numerical results for *He have recently been
given by Beder,’ Fearing,'° and Hwang and Prim-
akoff.!* The first two authors base their calcula-
tions on the diagrammatic amplitude first given
by Opat'? for hydrogen and make no nonrelativis-
tic approximation as has been done in the past.
(Presumably, this feature does not add accuracy

22

since the invariant amplitude almost certainly ne-
glects terms explicitly the same size as the rela-
tivistic corrections.) Despite the fact that Beder
and Fearing do what appear to be identical calcu-
lations, their results do not coincide. Partly to
resolve this discrepancy the present calculation
was undertaken.

Hwang and Primakoff derive their own amplitude
from very general assumptions and, using the
leading nonrelativistic term, obtain results mark-
edly different from both Beder and Fearing. By
comparing the diagrammatic amplitude with
Hwang’s and Primakoff’s, Fearing has accounted
for this disagreement as well as provided an ex-
cellent criticism of the Hwang-Primakoff method.
(Recently Hwang has shown that a radiative cap-
ture experiment could both test PCAC and dis-
tinguish the correct theory.!?)

All three authors adopt an “elementary particle
treatment” inwhich initial and final nuclei are repre-
sented by fundamental Dirac fields possessing
observed charges and anomalous magnetic mo-
ments. This approach efficiently avoids uncer-
tanties inherent in the impulse approximation.
Nuclear properties, such as wave function corre-
lations, are subsumed by the measured weak
elastic form factors of the *He - °H transition.
The prediction of PCAC for g, for this case is
probably less accurate then for the nucleon tran-
sition. For example, owing to an anomalous
breakup threshold, continuum contributions to g,
begin before (3m,)2. However, such corrections
are not expected to greatly affect the usual as-
sumption of pole dominance,'* which leads to

_2M3H¢gA(Q2)

gp(Qz)" Qz_m'z (’Q21<m,2). (1)

Other nuclear nonradiative form factors are
measured in 8 decay, u capture, and electron

scattering, and determined by isospin rotation
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(conserved vector current hypothesis).!®

The most obvious way to relate the radiative
amplitude to these elastic form factors is via
Low’s theorem for soft bremsstrahl}mg.16 How-
ever, the prescription loses accuracy as the
threshold for an intermediate channel is approach-
ed. This is the case in radiative muon capture
since the photon may have k,=m 6 <m,. We will
argue that the generalization of Low’s theorem
to the weak, axial vertex by Adler and Dothan'’
successfully removes this problem. It should be
observed that Low’s theorem, and its generaliza-
tion, gives the leading terms in a rigorous expan-
sion of the amplitude in powers of the momentum
transfers, and does not concern itself simply
with a certain set of Feynman diagrams.

Hwang and Primakoff'! obtain an amplitude in a
systematic but, it seems, ad hoc way by intro-
ducing a “linearity hypothesis.” The result, as
pointed out by Fearing, violates Low’s theorem.
This will be briefly discussed in the next section.

The model employed by Beder and Fearing in
their calculations is usually cast as a set of Fey-
nman diagrams. As such, it may seem the least
general and systematic approach. However, it will
be shown to be a valid approximation to the Adler-
Dothan amplitude, which contains some unknown
structure terms.

In the next section, the transition amplitude
will be discussed in some detail and we will out-
line an alternative approach to the result first
obtained by Adler and Dothan. However, whereas
Adler and Dothan were primarily interested in
determining higher order effects, we will try to
emphasize the use of PCAC to resolve the prob-
lem discussed above. This done, higher order
terms will be dropped to arrive at the diagram-
matic model which is employed in Sec. III to cal-
culate the photon spectrum for radiative muon
capture. Section IV is concerned with comparing
the PCAC prediction for the radiative capture of
soft pions on *He with experiments.

II. THE TRANSITION AMPLITUDE

The radiative capture rate can be written, to
lowest order in the weak and electromagnetic
couplings, as

- | ¢,.(0)%/eG\2

I'(*Hep™— *Hyv =—“———(—)
( I Y ) (27[)5 \/7
MaHa 1 1

—® T~ 1 377 43%, 437,54
o 2k02dkdq da*p'o

X (p+q-p'=q' =k} 2, |T|?

spins

(2)

for *He(p) + ™ (g) = *H(p") +y, (@’) +v (). The T-

matrix element is given by

T =Te») | pihad) o —“II(&’)Y” (1+,),5)q/-§q+.7l:lu

X €*u(@){°H|J 2*(0)| *He)
+a(@) (1 +r,)u@)(e™)
X (*Hy |J*(0) | *He) . (3)
Dirac matrix conventions and metric are those of
Bjorken and Drell'®; ¢, (0) is the muonic wave
function averaged over the *He nucleus:

3 10'5
) 3 G=7,
4

0.96< 20m,,
7 \1l+ mu/M3He

| $:5(0)| =

e=(4ra)’/?, and Ju*= V,+A, is the weak hadronic
current; state vectors are asymptotic; isotopic in-
dices are suppressed. Also, define @ =q’ —q and
P=p —p’. Equation (2) is valid for a statistical
spin ensemble. The first term in Eq. (3) is the
amplitude for radiation by the muon; the matrix
element is

CH|J*[*He) =a(8")[fy(P*) 7, +f, (P?)/2Mo, P
+8a(P?)Y 75+ 8,(PP)P v, Ju(®)
=CH|(V,+A,)| He). (4)

Second class currents are assumed absent. Since
the leptonic currents in Eq. (3) are exact, radia-
tive muon capture probes the two hadronic matrix
elements. In contention is an approximate ex-
pression for (*Hy IJ“‘:”] *He) in terms of known amp-
litudes and g,. Any such expression will be con-
strained to satisfy current conservation and the
hypotheses of conserved vector current (CVC)
and partially conserved axial vector current
(PCAC), at least in some approximation. Making
the decomposition

(*Hy|J2*|*He)=(°Hy |V, | *He) + (*Hy | A, | *He)
=V A,

Standard reduction formulas give

BV = =CH|V ,|*He) , (5a)

kA, =<°H|A,| He), (5b)

Q"V ,,=CH|V,| He), (62)

Q"A,,=CH|A,|°He)+ D, (6b)
with

D,=- f d' e X*H | T(2%A,, (0)TEM(x)) [ 3He}

satisfying £*D, = <°*H| (@ + k)*A,|°He). In Eq. (6)
“seagull” and Schwinger terms'® are assumed to
cancel as they do in Eq. (5).%°

The low energy expansions of Low'® and Adler



and Dothan'” are based on the fact that, in an ex-
pansion of the amplitude in powers of @ and %,

the leading behavior comes entirely from the
graphs in which currents couple to external par-
ticle lines (i.e., the Born graphs). These graphs,
J
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in turn, are determined by known elastic ampli-
tudes. Higher order terms are then obtained by
requiring that the divergence equations be satis-
fied to that order. For example, Eqs. (5a) and

(6a) uniquely determine V , up to terms o@,k):

Vux=77(5’){riﬁ(k)s(pwk)[fV(Q2)7u+iz“-(z%z—)owQ"]+[fv(Q2)~, 41 0@ Q]

2M

x5(p - () - LA o 0X@uy , + ks =£,a0)

0

with S(p) = (4 -M)™,
“3}1,3}13
2M

£,(0)=[dfy(Q?)/dQ%,2_,, etc. A detailed derivation
of V,, is given by Christillin and Servaido.?*?

It is important to note that the accuracy of this
expression depends upon the Taylor expanded amp-
litudes being slowly varying in the interesting re-
gions of @ and %, i.e., that f,,(Q2)+2Q - 2} (0)
=, (@2%+2Q + k) be an acceptable approximation.
This is the case for f, and f,, which should be
dominated by the propagators of heavy particles;
in fact, the diagrammatic expansion neglects all
variation of f, and f, and drops the last two terms
of Eq. (7).

Determination of A ,, however, is hampered by
just this problem since expansion of g,(Qz)
~(Q%*-m,?)™ is impractical for Q*<m,?. It is
necessary to treat these “pion-pole” terms ex-
actly, that is, to all orders in @ and 2. Fortu-
nately, the PCAC condition allows such an exact
expansion to be done.*® In general, that is, re-
gardless of the mechanism of its realization, the
PCAC hypothesis specifies how pion-pole terms
enter a matrix element of the axial current. For
example, Adler and Dothan use PCAC to relate
Q“A“h to a matrix element of the pion current
through the operator identity 8 A*(x)~ ¢,(x), with
¢, the pion interpolating field. D, is then inter-
preted as an off-shell radiative pion capture amp-

Fiﬂ'sﬂ”(k): esﬂysﬂe,},r'_

U
oy R 5

A, =a@) T RS (' + ) ga@

—i(B’) Y u(D)e,[(Q + #Vlg, x—ﬁ(ﬁ')vsu(ﬁ)'(zzQQf Z)

+284(0) @)k, ¥y =8,k —Qy7,) Ysu®)+

QZ

J

)Y,Ys+Q,8,(Q%)7s] +

Qf

-2 a0 0,0,,0" -k 000 O(Qz,kZ,Qk)}u(ﬁ) : )

litude. Alternatively, we can obtain Adler and
Dothan’s result without resorting to an off-shell
amplitude and in a way which explicitly shows
that the Adler-Dothan expression is the leading
term (expanded in @ and k) in a perturbation
series in the small parameter € characterizing
the strength of the chiral symmetry breaking
piece of the hadron Hamiltonian.?* In this ap-
proach, PCAC is taken as an expression of chiral
(SU,®SU,) symmetry realized in the Goldstone
mode by a triplet of massless pseudoscalar pions.
The axial current is conserved, but care must be
taken to extract poles due to couplings to the
massless Goldstone bosons. For A ,, we write

e**Auf%%f,(sHey|3Hew(Q))+ e‘*Aux (8)
with f, = 0.94m, the pion decay constant, and A—M
regular at @*=0. D, vanishes, and Egs. (5) and
(6) become

R* =k, = <*H|A,(0)|*He) (5)
Q“Au,t=f,T”+Q“ZM=(3H|A,‘(0)‘3He) s (67)

since T,, is on-shell. [Note Eq. (6’) is just what
would be obtained by extracting from D, a pion

pole and neglecting the remainder.] Proceeding
as, for example, do Christillin and Servaido, and
ultimately replacing the pion mass in Eq. (8) and in
&,, the result is precisely that of Adler and Do-
than:

+[24@») 7,75+ Q,8,(Q%) v 1S(p — )T (k) }u (D)

Q, 18,[Q+~)]-2,@"}

+fs mt 0@ F%,Qk). (9)
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In Eq. (9), T,, is the non-Born part of T,, and
may be written in terms of photoproduction amp-
litudes®; R, is equivalent to the Adler-Dothan
OM.26 Also, departures from pion-pole dominance
of g, have been neglected.” With A , written in
this form, it is clear that, whereas Low’s theo-
rem would have approximated {g,[(@ + #)*] - g,(@%)}
(2Q - k)" by £4(Q?), PCAC determines the full pole
structure.

Now, since we have found that the Adler-Dothan
result corresponds to the chirally symmetric
limit, i.e., a world in which the pion is massless,
the higher order terms they neglect must either
be independent of the pion mass, or vanish as
m,2~0. We are, therefore, justified in consider-
ing @ and % to be soft compared to the mass scale
of these terms. '

One further approximation can be made by
dropping terms O(Q, ) which survive the m,=0
limit, but retaining @ /m, and k/m, to all orders.
This amounts to neglecting f;,, f, g4 and T,, in
Egs. (7) and (9). What remains is just the dia-
grammatic model, which we therefore conclude
is correct through O(Q°, %°) and through all orders
in @ /m,,k/m,; terms neglected by the diagram-
matic model should be ~(mu/m,,). (This explains
our earlier comment regarding relativistic cor-
rections.) Also, in this approximation, the dia-
grammatic model satisfies all of the divergence
constraints.

Finally, we would like to comment on the work
of Hwang and Primakoff.!* As mentioned above,
the amplitude they obtain by adopting a “linearity
hypothesis” yields numerical results which differ
considerably from those of the usual treatment.
Fearing' pins down the primary source of this
discrepancy after enumerating how Hwang and
Primakoff differ with the diagrammatic ampli-
tude. He correctly points out that the Hwang-Prim-
akoff expression violates Low’s theorem by chang-
ing the sign on certain O(%°) terms of A ,. The
amplitude remains current conserving since the
sign change amounts to the addition of terms sep-
arately gauge invariant; however, Low’s theorem
does not admit such ambiguity. On this basis
alone, the Hwang-Primakoff result is dubious.

We might also point out that the Hwang-Prima-
koff result is at odds with PCAC, it appears the
linearity hypothesis is simply not rich enough to
make prudent use of this constraint. (While Fear-
ing concludes that the hypothesis is too general,
in this context it is more likely too limiting.)
Thus, Hwang and Primakoff make no specifica-
tion of D, in Eq. (6b), but determine it along with
A, purely from gauge invariance, Eq. (5.6), the
gauge condition on £*D,, and the strict limitations
of the linearity hypothesis; PCAC is never em-
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ployed [note Eq. (6b) contains no information un-
less an assumption is made about D,]. This is
in great contrast to the interpretation of D, by
Adler and Dothan or the alternative given here
(D,=0). But such a course was necessary for
Hwang and Primakoff. Any meaningful model of
D, would be inconsistent with the linearity hypo-
thesis, since the structure of the radiative form
factors dictated by the hypothesis is insufficient
to do justice to such a model.?® Thus, it is not
surprising that the result differs violently from
the low energy expansion precisely in how g, en-
ters the amplitude.

III. NUMERICAL RESULTS

An amplitude corresponding to the diagrammatic
model or to the Adler-Dothan expansion minus the
terms mentioned above was used to calculate the
photon spectrum in radiative muon capture on *He.
The invariant amplitude and phase space were ex-
panded in powers of m u/M:;He', the lowest order
result® is shown in Fig. 1 for a statistical spin
distribution, along with the results of Beder,
Fearing, and Hwang and Primakoff. Figure 2
shows the high energy tail of the spectrum for
several values of g,. fy, fy, and g, were eval-
uated at the phase space average of P?, P?=
-2m ,2.%° The total integrated rate can be given
as a quadratic function of the scale factor &= gp/gp
(PCAC):

- My ar 2
I(sec™)=| “dky——=0.50+0.06&+0.05¢2.
o dkO
12x1072
e /.[3He-—{>1/3Hy
/7N THIS CALCULATION
ok / N\ ——- FEARING
: —-—= BEDER
L osf
o
=
‘o
@
K
e 081
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04t
0.2 ||| HWANG - PRIMAKOFF
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ko (MeV)

FIG. 1. Angle-integrated photon spectra for statistical
spin average.
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FIG. 2. High energy tail of photon spectrum for sev-
eral values of g,.

This result does not distinguish between the re-
sults of Beder and Fearing, and is probably con-
sistent with both. A rough estimate of lowest or-
der nuclear recoil contributions, fully included
by Beder and Fearing, suggested suppression of
the differential rate by between 2% and 15%. Both
authors also allow fy, f,, and g, to vary, though
in slightly different ways. This conflicts some-
what with truncating the low energy expansion,
however, we found that if true form factor varia-
tion [i.e., with @® or (Q + #)* as the case might be]
was allowed, corrections were negligible (<3%).
On the other hand, the spectrum suffers a uni-
form 15% increase if all form factors are evaluat-
ed at zero momentum transfer. We expect to be
very safe in assuming our result is accurate to
15%, which should easily account for the neglect
of higher order effects as well as uncertainty in
the form factors other than g,.

In the next section, a very different approach
to testing PCAC in He is discussed.

IV. RADIATIVE PION CAPTURE
The PCAC constriant, Eq. (5%),
Q“(*H7|A ,(0)|°He) = —f(*H7 | *Her(Q))
+(°H| € xA*(0)| *He)

relates the amplitude for the radiative capture
of a zero mass pion to axial current matrix ele-
ments in a chirally symmetric world. Letting

Q@ , ~ 0 while retaining M, -M,, + 0 gives the
m 3He H
“soft-pion” amplitude®*

CHy|*Hen (0) =/, H| € *A,,(0)| He)

=%(—")a(5f>¢y5u(5> ) (10)

We endeavor to test this relation by extracting
the matrix element on the left-hand side from
the measured strong interaction width of the 1s
level of pionic *He, the Panofsky ratio, and other
measured branching ratios and comparing it with
£4(0) measured in 8 decay of *He.

The most recent value for the strong width of
the pionic 1s state is I'; ;=36.7+7 eV.** Also,*

_o(*Hen™ = *Hn°)

_-——3-——-—_——:2.68 0.13,
37 o(*Her™ - *Hy) *

o(*Her ™~ dny + pnny)

= =1.12+0.05
By o(*Her™—*Hy) 2% ’
_o(*Hem™~ dn + pnn)

= =10.3+1.3.
Cs o(*Her ™~ 3Hy) *

If, for the moment, we consider these ratios to
reflect absorption from the 1s level only,

o(*Hen™ ~*Hy) = o(RPC) = (h)™'T' (1 + P53+ B3 + Cy) !
=3.82X10%(1+0.19)(sec™) .
(11)

On the other hand, ¢o(RPC) can be computed from
Eq. (10). The rate is given by

H 2 M3, 1 > 3 IAY!
o= (2”;)2)| ezf-zf‘,"‘ Do dkd’p's*Q+tp~k-p')

x> |CHy | Hen(0))|*
spins
2

£400) (sec™ .

=2.,40Xx10%
1l

Wmﬂ

Comparing this with Eq. (11) gives
|£4(0)| =1.19(1+0.10)

in remarkable agreement with the measured value
|ga(0)| =1.22.

It must be pointed out, however, that while the
quoted Ty, is for the 1s level, the ratios P;, Bj,
and C; likely include some fraction of pions cap-
tured from the 2p state.’® For such a light nu-
cleus, the effect on the Panofsky ratio is expected
to be small®; also, impulse approximation cal-
culations produce values for B; in the 1s state
which are compatible with the measured value.*®
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Thus, it is not improbable that the ¢(RPC) ex-
tracted above is very close to the actual 1s rate
(it is also in fair agreement with impulse ap-
proximation calculations®*3%), In light of this,
the success of the soft-pion relation represents
a pleasing verification, within about 10%, of a
“Goldberger-Treiman relation” for He ~°H.
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