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A nonstatic model for elastic pion-nucleon scattering is developed using knowledge of the analytic
structure of the scattering amplitude and partial wave N/D dispersion techniques. In S, D, and F partial
wave channels the model is equivalent to a separable potential model which includes the coupling to
inelastic channels. In P-wave channels the nucleon pole which arises from absorption and emission of the
pion is included. A more general model which incorporates both a nucleon pole term and a separable
potential term is developed for the P» channel. This model is capable of reproducing the change of sign
which is present in the P» phase shifts. The necessary information concerning the coupling of the inelastic
scattering to the elastic scattering is taken from the experimentally determined phase shifts as input. If
simple kinematic factors are included explicitly, quite simple analytic functions for the form factors in the
model are able to reproduce the experimental phase shifts for pion laboratory kinetic energies up to 1.2
GeV. The model produces off-shell behavior which is different from previous models. In particular, the
inclusion of the nucleon pole alters substantially the range of the interaction in all P-wave channels.

NUCLEAR REACTIONS Pion-nucleon elastic scattering; separable potential
and Chew-Low models extended; S-, I'-, D-, and E-wave phase shifts for E

&1.2 GeV.

I. INTRODUCTION

Wraith the advent of pion beams at modern accel-
erators, there has arisen an interest in genera-
ting models of the pion-nucleon interaction at low
energies. These models must be of a form that is
suitable for use in theories of the pion-nucleus
interaction. In order to do this, one must specify
the off-shell as well as on-shell T matrices; one
of the persistent ambiguities in pion physics
seems to have been an understanding of this off-
shell behavior. The question is especially rele-
vant for making firm estimates of the size of
higher order corrections to the optical potential. '

One of the most popular models for the off-shell
7.
' matrix is based on the separable potential des-

cription. ' ' The first of these potentials' was due
to Landau and Tabakin and was generalized im Ref.
6 to include the coupling of the inelastic, pion
production channels to the elastic channel. In
Ref. 7 it was shown that the potential of Ref. 6

would arise from quite general assumptions con-
cerning the underlying coupled channel interac-
tion. The usefulness of these models is that they
provide a unique relationship between the on-shell
data (t.e., the phase shifts) and the off-shell ex-
tension of the T matrices.

A further question which one must ask is how
adequate is the separable potential model. The
study of approximating a given interaction by a
separable interaction can shed considerable light

on this question. It has long been known that near
a resonance, the T matrix is naturally separable.
The separable T matrix can be explicitly con-
structed in terms of the wave functions of the
SchrMinger equation with a, complex energy. '
Away from resonance, short-range interactions
are also well approximated by separable forms'
of low rank as long as the underlying Hamiltonian
is energy independent. These studies ean be used
to justify the separable potential. model in most of
the partial wave channels.

In the P-wave channels, however, the pion-nu-
cleon interaction is dominated by the repeated ab-
sorption and emission of the pion, as depicted in
Fig. 1. This interaction is strongly energy de-
pendent and cannot be approximated by a separable
potential. A recent examination' of the Chew-Low
model" has found that, if the coupling of the in-
elastic channels to the elastic channels' "is in-
cluded in the model, then the Chew-Low model
reproduces quite well' the dominant P33 phase
shifts over an extended energy range. The main
mathematical difference between the Chew-Low
model and the separable potential model can be

FIG. 1. The low orders graphs for pion absorption
and emission which lead to the nucleon pole in the scat-
tering amplitude.
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FIG. 2. The analytic structure of the scattering am-
plitude (k' I T(s) )k) as a function of complex s.

easily seen if one examines the analytic structure
of the T matrix(k'~T(g)

~
k) as a function of com-

plex energy s. The Chew-Low model produces the
analytic structure depicted in Fig. 2. The ampli-
tude has the elastic scattering cut along the right-
hand real axis, the inelastic scattering cuts also
on the right-hand axis, the nucleon pole at the
origin, and a left-hand cut which arises from
crossing symmetry. The nucleon pole and cross-
ing cut arise from the physical mechanism of ab-
sorption and creation of pions. The separable po-
tential model T matrix possesses the elastic and
inelastic cut but does not have the nucleon pole or
the crossing cut. Since the nucleon pole lies only
a pion mass below elastic threshold and dominates
the low energy P-wave scattering, we feel that it
is important that it be incorporated into the model.
The role that this pole plays in the pion-nucleus
problem has been examined by several authors. "
Because the Chew-Low model is a dynamical model
(the amplitude is derived from a Hamiltonian), how
to continue the amplitude off-shell can be derived.
A detailed examination of how we believe this am-
plitude is to be incorporated in the many-body
problem is forthcoming.

In order to include the nuclear pole in the amp-
litude, but allow ourselves enough freedom to re-
main consistent with the data, we propose the
following model. In partial waves other than P
wave s we use the separable potential model. In these
waves, the contribution of the nucleonpole is quite
small and our understanding of the underlying phy-
sics" tells us that the interaction is short range and
should, therefore, be well approximated by a separ-
able potential. We do not use the inverse theory of
Refs. 7 and 10 for several reasons. First, the
inverse scattering theory requires that the pion-
nucleon elastic scattering data be specified" for
all energies. Not only is this data not completely
specified, but it is also not clear whether the
model should be expected to be applicable for such
a large range of energies. Second, generating the
potential numerically from the data gives rise to
inconvenient results. The results have no simple
analytic form and also reflect the statistical fluc-
tuations in the data. Third, once simple kinematic
factors are included explicitly in the potentials,
one finds that the phase shifts can be fit over a
very large region by quite simple functions. In
Sec. II we review the separable potential model

and present S-, D —,andt'-wave potentials that re-
produce the elastic scattering phase for k', & 700
MeVlc (or T„,&1.2 GeV).

In P wav-e channels (other than the P» channel)
we use a Chew-Low type amplitude. We retain the
nucleon pole in the model, but neglect the crossing
cut. The inclusion of crossing symmetry requires
the solution of nonlinear equations and would thus
greatly complicate the model. Since crossing
symmetry provides a non-negligible' part of the
interaction, we artificially account for its absence
by an independent adjustment of the pion-nucleon
coupling constant and form factor in each of the
three channels Py3 Psy and P33 Results for
these channels and details of the model are given
in Sec. III.

The P» channel presents its own special diffi-
culties. The nucleon pole dominates at elastic
scattering threshold' and thus any model with this
pole will fit the scattering volume reasonably well.
The amplitudes which result from a Chew-Low
model do not at all behave like the measured phase
shifts which change signs at low energies and then
rise through a resonance. This change in sign of
the P» phase shifts has often' ' been ignored. We
propose a model in the P» channel which is cap-
able of fitting the measured phase shifts in detail.
In Sec. IV, we develop a hybrid model which pos-
sesses a term with a nucleon pole and another
term which behaves like a separable potential.
This gives us the freedom to reproduce the change
in sign of the P» phase shifts and fit the data in
detail.

Pion-nucleon scattering has also been considered
recently by Liu and Shakin. " They obtained re-
sults for 8 and P waves, and we have considered
S, P, 8, and I" waves. The higher partial waves
are needed for studies of pion-nucleus scattering
at energies above the (3-3) resonance. The model
we propose is similar to that of Liu and Shakin in
that the pion-nucleon pole term is taken into ac-
count explicitly in both investigations, although
we omit the (small) contribution in partial waves
l4 1. In neither work is the crossing cut taken
into account explicitly. Liu and Shakin account for
this term phenomenologically by introducing a
background term in their T matrix, whereas we
account for it by a slight adjustment of the pion-
nucleon coupling constant and form factor (as long
as one is not too close to the crossing cut it may
be well approximated by a pole). Because the pole
term is included, both amplitudes provide an ex-
trapolation into the subthreshold region.

Although the model presented here and in Ref. 15
is motivated by similar physical ideas, the pro-
cedure used by Liu and Shakin is somewhat more
complicated than ours and does not completely
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determine the fully off-shell T matrix. In Ref.
15 a background term is introduced into all 8- and
P-wave channels. In the P» and P33 channels a
separable potential model is introduced, in addi-
tion, to account for the resonant part of the am-
plitude, and inverse scattering theory is used to
obtain the potential. The introduction of a poten-
tial to account for the P» resonance ignores the
intimate relation between this resonance and the
nucleon pole term implied by field theoretic mod-
els.' " The background term consists of the nu-
cleon pole and a discrepancy term, which is fit
to the data. The off-shell momentum dependence
of the T matrix (in the discrepancy term) is not
determined" by their theory, and in this regard
our model is more complete than that of Liu and
Shakin.

II. SEPARABLE POTENTIAL MODEL AND RESULTS-
FOR S, D, AND F WAVES

to the state n and which is normed by

J ~ee A eee

P~ ~ r(k', k")P~ ~e r(k", k)dQ2e

pg 1 r(k k)5+ I+5 1II (2.2)

k2 (v(k) -,g

wk(() „(k)(1)„(k)
(2.3)

with the energies defined by

(k) (k2+ 221 2)1) 2 ~ (k) —(k2+ 222 2)1/2

This is not the normalization used in Refs. 2-7,
but is taken from Ref. 17. The relation of t„(k)
—= (kI t„(&u,)Ik) to the phase shifts is given by

2'te(e) e, exp(pie„) —))
)pk(()2(k)&()«(k) 2i

In this section we review the rank one separable
potential model of Ref. 7 which includes the cou-
pling of the elastic channel to the inelastic chan-
nels. A review of this model has also been pre-
sented in Ref. 16. The elastic scattering T matrix
is decomposed into its partial wave and isospin
states according to

(2.1)

where e stands for the set of quantum numbers
f&, I, , T] and I'„ is an operator which projects on-

&u (k) = (u «(k) + (u (k),

where k is the pion momentum in the center-of-
mass frame. The parameters q„and 6„are more
convenient for our purposes than the more often
used parameters q and 5„. The parameter g„
is simply the ratio of the total elastic cross sec-

'

tion in channel u to the total cross section in
channel n.

The separable potential model of Ref. 7 assumes
an interaction matrix in channel space which has
the form

X»v „(k' )V„(k) Z„v (k')g, (k) Z„v„(k')g„,(k) ~ ~ ~

X,*,g „,(k')1) „(k) V22(ki k)1

Z,*,W„,(k')v „(k) V'„'(k', k) V'„'(k'. k)

V'„' (k', k)
(2.4)

The superscripts i stand for the channel, with
i~ 2 being inelastic channels whose exact nature
need not be specified. The potentials 8'„; and
V'„"(k', k) are arbitrary. The usefulness of this
model is that in the elastic channel the off-shell
T matrix has a simple separable form, valid for
positive energies

shall here derive the separable potential model
results" from a partial wave N/D dispersion
theory argument. This approach greatly clarifies
the relation between the separable potential and
Chew-Low models and also provides additional
justification for the model.

The partial wave amplitude t is broken into two
parts by the expression

Rather than follow the derivation of Ref. 7, we

~Of
(k'I f „(m)I k)—

D„((o)
(2.6)



D. J. ERNEST AND MIKKEL B. JOHNSON

This expression also serves to extend the off-shell
model to negative energies. The analytic structure
of the T matrix is divided between N" and D„by
assuming that the elastic and inelastic cuts are
both contained in D„(ur) while al/ other singular-
ities are contained in N . We parametrize X by

N,", =+ [u„(k)]', (2.7)

where v(k) is the potential form factor in Eqs.
(2.4) and (2.5).

The behavior near elastic scattering threshold
requires that v„(k)-k' for small values of k.
Furthermore, the relation of the scattering am-
plitude t to an invariant amplitude It; in the cen-
ter-of-mass system, is given by"

&k'l&.(~)l» =
I 4&@,(k)~„(k')w„(k)ru„(k')

x{k'l 3tt„lk&. (2.8)

Therefore, near 0=0, we expect t „to behave like
f&,(k)~, (k')] ' 'k' and v„(k) to behave like
ru„(k) ' 'k'. We display these kinematic factors
explicitly in our potential by writing

v„'(k) =,
)
v„'(k), (2.9)

and parametrizing v „'(k).
The analytic structure of D„(~) consists of a cut

along the real axis from ~ =m„+ m„ to +~. Cau-
chy's theorem implies that D„(&u) may be written
as

From Eqs. (2.3), (2.6), (2.7), and (2.9) we have

k""v„'(k) &a~ (k) &u„(k)

„(k) 5' (k) q(k)

(2.11)

If we define & =D, '(~), we find upon substitution
of Eq. (2.11) into (2.10),

elastic scattering phase shifts 5, in the S», S3y,

$3 D$ l5 D D3 $ 5 $7 35 and E„channel s
for pion laboratory kinetic energies below about
1.2 GeV. The resulting phases are depicted in
Figs. 3-12, together with the data from Refs.
19-22. The forms chosen for v„'(k) are given in
Table I F. or other than the S waves, v„(k) equal
to a simple Gaussian was sufficient; for the S-
wave channels a slightly more complicated func-
tion had to be used. As errors had not been as-
signed many of the experimental phase shifts to
which we fit, the parameters were adjusted until
we judged that a good fit had been obtained. This
means that the error in our parameters cannot be
determined quantitatively.

The values for q„(k) were taken as input from
Ref. 19. In three channels, the D33 E$7 and E35,
the q„(k) derived from the data of Ref. 19 was not
a continuous function. In these channels, the
coupling to the inelastic channel becomes very
large while the phase 5„ is still very small. In
this case, very small errors in 6 and q„can lead
to enormous errors in 6 and q„. We have thus
used a smooth and continuous function for q„(k)
which was consistent with assuming an error of
+1' in 5„(k) and +0.03 in q„(k). The q„(k) used in
the E» channel together with the q„(k) derived
from the phase shifts of Ref. 19 are depicted in
Fig. 13. One should also notice that the phase
5„(k) in these three channels for values of k near
the inelastic threshold is very poorly determined.
This is evidenced by the fact that the 8„(k) do not
form a continuous curve. In our fitting process,
we therefore ignore these few data.

In all cases, the j„(k) are known only up to k,
= 887 MeV/c. We have continued the q„(k) beyond

200

160—

~ l20—
ED

O

1 I ", v„'(k)k"
D~(~) =—

l
1 —&„k'dk

1
X e —~(k) + iq

(2.12)

20—

40—

0
0 4

(m )

(k)]
k"v„'(k)

co, (k)
(2.13)

Simple forms are chosen for v„'(k) and then
used in Eqs. (2.6), (2.12), and (2.13) to fit the

FIG. 3. The phase of the pion-nucleon scattering
A

amplitude 6 in the S~& channel versus pion center-of-
mass momentum. The curve is the prediction of the
potential given in Table I. The open squares (0) are
the data from Ref. 19, and the solid triangles (&) are
data from Ref. 21.
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FIG. 4. The same as Fig. 3 except the S&3 channel is
presented. The open circles (O) are data from Bef. 22.

FIG. 6. The same as Fig. 3 except the D&& channel is
presented.

this point by bringing q (k) back to unity" by k,
=1200 MeV/c. This is also depicted for the E»
channel in Fig. 13.

The separable potential model which includes
the coupling to the inelastic channels is able to
produce phases 6„(the phase of the S matrix)
which pass through zero in some cases, as has
been discussed at length in Ref. 7. The normal
rank one separable potential which ignores the
coupling to inelastic channels is not able to pro-
duce phases which change sign. In channels D»,
D33, F~7 E35 and E„, the phase 6 changes sign
and thus we are only able to reproduce these
phases by using the coupled channel model.

There has recently been much interest in de-
termining the range of the pi-nucleon interaction.
It is important to note that the interaction enters
differently" in a Klein-Gordon equation than in a
relativistic Schrodinger equation. The form fact-
ors v(k) which do not include the kinematic factors
of &o„(k) '~' are the appropriate form factors for a
Klein-Gordon equation. The transformation to the

relativistic Schrodinger equation brings in the
factor of u&„(k) '~'. This factor has generally
been included in the "form factor" implicitly. ' Its
presence has often been overlooked, which has,
in turn, led to some confusion in quoting ranges
for form factors.

III. CHEW-LOW MODEL AND RESULTS
FOR P(3, P3), AND P33 CHANNELS

In the P», P», and P» channels, we use a mod-
el based on the extended Chew-Low theory of Ref.
9. This model is similar to the separable potential
model, with the important exception that it contains
the nucleon pole term. We choose to neglect the
crossing cut depicted in Fig. 1; we of course keep
the lowest order crossed term depicted in Fig. 2.
The inclusion of crossing symmetry requires the
solution of nonlinear equations and would greatly
complicate the model. Furthermore, the nonlin-
ear, crossing symmetric Chew-Low equations
have never been solved. ' " In order to fit the data

200 200,—
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FIG. 5. The same as Fig. 3 except the D» channel is
presented.

FIG. 7. The same as Fig. 3 except the D33 channel is
presented.



O. J. ERNST AND MIKKEI, B. JOHNSON

0
0

k (m~)

3 4

200

i60—
FI7

I I

-20—
l20—

U

(GO 80

& -60—

-SO — 0
35

-i00

0 4
40—

0
0

I

3 4
k (m )

FIG. 8. The same as Fig. 3 except the D35 channel is
presented.

FIG. 10. The same as Fig. 3 except the E&7 channel is
presented.

in each of these three P-wave channels without
crossing, we will have to vary the pion-nucleon
coupling constant and form factor in each channel
independently.

The crossed diagram in Fig. 2 is au-channel
pole in a relativistic theory. In the limit of infinite
nucleon mass, this cannot be distinguished from an
s-channel pole. We approximate the pole by its in-
finite mass form. Corrections to these approxi-
mations are small" for the purposes of our model.
However, we do not take the nucleon mass to in-
finity in the Green's function appearing in D(~)
[see Eq. (3.5)], and we thereby avoid the static
approximation of the Chew-Low theory. One con-
sequence of this is that the unitarity condition
[see Eg. (4.17)] possesses the proper kinetic fact-
ors.

We again break the amplitude into a numerator
and denominator function. We shall assume that
D„(e) contains the nucleon pole, and the elastic
and inelastic cuts; 1V" will contain all other singu-
larities. We again parametrize 1V by

k'v ~'(k)
kk ~ (g)

(3.1)

where v „'(P) is the pion-nucleon form factor in
the Chew-Low model. Cauchy's theorem for
D (K) now implies

D„( ) = „C„—1 d, ImD~((u')l(u, ' ]
m~+mg

— +&0

(3.2)

(d~ = ((d +tel~ —B1& )/2(d . (3.3).

Using Earls. (2.3), (2.6), and (3.1) we find

v '(k) k'
ImD„[u)(&)]—~&,(~)- ( )

(u, (k)(o„(&)
(u(k)

(3.4)

Substituting this into Eg. (3.2), defining &„=C„

where &u„ is (without an argument) related to ~ by
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FIG. 9. The same as Fig. 3 except the E&& channel is
presented.

FIG. 11. The same as Fig. 3 except the E3& channel
is presented.
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200—

I 60— 37

This is the Chew-Low amplitude except for some
corrections for the finite mass of the nucleon
which occur naturally here.

We may rewrite Eqs. (3.4) and (3.5) in a more
familiar form if we use

80—

40—

(d —m~
(u(k') -m„

0
0 2 3 4

k (rn )

we get

FEG. 12. The same as Fig. 3 except the F3& channel is
presented.

and define the Chew-Low coupling constant ~"" by

gcCL oo

1+& 0"dk'
IX CY,

0

v „'(k' )k"
(u, (k' )q „(k' )[(u(k' ) —m„

(3.7)
This gives the following expressions which are
equivalent to Eqs. (3.4) and (3.5):

1
ar —&u(k') +iq (3 5)

k' v „'(k)
w(o (k)

(3 8)

) I,
" " k "dk'

~,2(k')q„(k')[~(k') -m„] ru —~(k')+iq (3.9)

In the limit of infinite nucleon mass, Eqs. (3.8)
and (3.9) are identically the Chew-I ow expres-
sions for the T matrix in the no-crossing approxi-
mations.

We parametrize v„'(k) according to Table II and

fit the elastic phase shifts for T„&1.2 GeV as de-
picted in Figs. 14-16 for the P», P», and P33
channels.

In the dominant P» channel we find a range for
v(P) of the order of 978 MeV/c. This is a number
that is somewhat larger than was found in the full
crossing symmetric Chew-Low model of Ref. 9.
It should not be compared with the range of separ-
able potential form factors which fit the same
data. It was shown in Ref. 9 [Eq. (A15)] that a
separable potential form factor which will identi-

TABLE I. The separable potential from factors and coupling constants defined in Eqs. (2.9), (2.12), and (2.13).

Channel

S3&

D3)

F(5

v2{k)

exp(-k /e( )+A~k exp(-k /e2 )

exp(-k /e( ){1+A2k )

exp(-k 2/G. ,&)

exp(-k 2/n( 2)

exp(-k /e( )

exp(-k 2/n &2)

exp(-k'/&~')

exp(-k'/0'~')

exp(-k /e& )

-1.40 x10 ~rq, ~

+8.082x10 ~m

-2.138x 1p 4m~ 5

-]..465x10 5m, ~

-4.p61x1p ~m

+2.103x10 'm, '
-1.207&10 ~m~ ~

-1.272x10 7m~ ~

-2,5p3x10 ~m„~

-6.897x lp ~m~ 7

G. , (m~)

1.612

3.247

4.119

10.12

14.33

3.582

3.582

8.954

8.066

6.447

p.048 65m ~

0.4053m~ ~

e, (m„)

16.12
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FIG. 13. The inelasticity parameter q(k) in the E3&
channel vs pion center-of-mass momentum. The curve
represents the smooth function used in the calculations
while the squares represent the data from Ref. 19.

cally reproduce the phases predicted by a Chew-
Low model is

(„) u~ (k) k

e, (k)
(8.10)

The factor of &o, (k) in the denominator necessarily
gives a longer range (in coordinate space) behav-
ior to the separable potential.

The Chew-Low coupling constants as defined in
Eg. (8.7) have also been calculated. We define
A~~ = —', 1/m, 'f„'(-4, -1, 2) for or=P», P» and

P», P», respectively. We find f '=0.0552,
0.133, and 0.114 for the P», P», and P33 chan-
nels. This is to be compared with f '= 0.081 for
all channels in the Chew-Low model. The in-
crease in the coupling constant in the P» channel
is a compensation for neglecting crossing. The
Chew-Low model, once it is extended to include
the inelastic cut as in Ref. 9, will reproduce the
P» phase shifts with f'= 0.081. In the P» (P»)
channel, the Chew-Low theory with f'= 0.081 gives
phase shifts which are too large (small). In order
to fit the data, we have therefore had to decrease
(increase) the coupling constant in this channel.

TABLE II. Chew-Low form factors and coupling con-
stants as defined in Eqs. (3.4) and (3.5).

IV P) ) CHANNEL

The P» channel presents its own particular set
of difficulties. The first problem arises because
the phase shifts pass through zero below inelastic

-100

FIG. 14. The phase of the pion-nucleon scattering
amplitude in the P&3 channel versus pion center-of-
mass momentum. The curve is predicted by our Chew-
Low type model with the form factor given in Table II.
The data is from Befs. 19, 21, and 22 as in Figs. 3-12
while the open triangles g, ) are from Bef. 20.

0 1

0

(m )

4 6

-20—

-40—
lD

&do -60-

threshold. Although the separable potential model
of Ref. V can produce phase shifts, 6, which pass
through zero in many cases, the particular behav-
ior of the P» phase shifts is beyond the model of
Ref. V. The second problem that arises in the P„
channel is that, in the Chew-Low model with
crossing neglected, no canonical solution exists"
for physically reasonable coupling constants.
These solutions do not behave at all like the data.
We are therefore forced to develop a new model
for this channel.

The model we propose combines the separable
potential model with the Chew-Low model. Since,
near elastic threshold, the nucleon pole produces
the correct scattering volume, we keep a term
with the nucleon pole. In order for the phase
shifts to change sign, we add a separable poten-
tial type term which dominates at high momentum
(short range in coordinate space).

Channel v2(k )

exp(—k 2/~42)

exp(-k 2/6& 2)

e p(-k'/ ')

+4.067x 10 2m~ 2

+5.247x10 2m

-1.863x10 2m

0.((m )

10.16

6.447

4.956

0 OO
O

-80 —
p

51

-100

FIG. 15. The same as Fig. 14 except the P3& channel
is presented.
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200

l60—

where q» is the'inelastic parameter which mould
result if v, (k) were zero. Similarly, we require
that we recover our previous separable potential
result in the limit v, (k) -0 to obtain

80—

40—

0
0 4

kcm&~~

FIG. 16. The same as Fig. 14 except the P33 channel
is presented.

W'e propose a form for the 7' matrix in Eq.

11 12 1( ) k2
&kit„[~(k)]lk) = [v, (k)v, (k)] ,T21 ~22. iV2 " i (( "

(4.1)

where we have written t„ in terms of matrix mul-
tiplication for convenience. The quantity which is
analogous to the denominator function in the pre-
vious models is the inverse of the T matrix in Eq.
(4.1). We call this inverse D,

(1) —a&(k')+i@ ) '

where again q» is the inelastic parameter which
would result if v, were zero. We also assume
that D~2=D2~.

Near the nucleon pole ((1),-0), our amplitude
becomes

&kit. [~(k)ilk& = „k& D D, [v, (k)v, (k)]
ll 22 12

22 12 1( ) k2
X .-D„O . .v, (k). (o, (k) '

(4.7)

whe~e Dl, (&) = &, 'D„((u). If we are going to
have a pole, D»' must approach zero faster than

We require

(4.8)

(4.2)&~g Dga —&'a ~

In terms of the matrix D, the scattering matrix
t„may be mritten

In this case we have

v„(k)D„(ru)& l [ ()]l»-" "'" """' (4.9)

&kit.[ (k)llk)

D„-D1, rv (k),
= [v,(k)v, (k)] S v, (k)~ ru„(k)

(4.3)
This expression replaces the division of t„ into
N" and D~. The determinant of D is called + and
is given by

{4.4)

We now make the following assumptions concern-
ing the analytic structure of the elements of D.
The nucleon pole and the elastic and inelastic cuts
are contained in D, while all other singularities
will be incorporated into the factors v, (k). We
will incorporate the nucleon pole into D». If in
the limit v, (k) -0 we require that we recover our
previous Chem-Lom' results, me have

( m()
1

m —(g(k')+(q )

For convenience me parametrize ImD„by

( )]
1iv, (k)v, (k)k2(L)„(k)

q„(k) (u(k)
(4.11)

so that Eq. (4.10) becomes

v, (k' )v,(k' )k"
D12((u) —u)„C12 d 2(kl ) (kl )

cg —ru(k')+ill (4.12)

The function il»(k) does not seem to have any
simple physical interpretation; it is merely a

and the behavior of the amplitude near the pole
becomes independent of v, (k).

The function D»(v) can at most contain the
elastic and inelastic cut. This, together with Eq.
(4.9), allows us to write

( ) (~ d, lmD, .(m )/m„)
+ m (a) —Q) + Zfj

(4.10)
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convenient way of parametrizing ImD[co(k)].
The constant C,, determines the behavior of the

model at high energy. We have

(„~ [ ( ))„) A.„[v, (k) —2A»v, (k)v, (k)C(2]
QP(k) ~~ 11 12 12

X
(d, (k)

(4.18)

We choose Cy2 to be zero; the model then goes
over to the Born approximation for v, (k) in the
limit of high energy.

This is as far as we can procede without a dy-
namic model of the inelastic channels or making
further assumptions. We do not have experiment-
al. results to determine q„, 7)„, or q„. Instead,
we have the five functions v, (k), v, (k), q»(k),
q»(k), and q»(k). In the rank one case, we were
able to use data to determine the necessary con-

tribution of the inelastic cut.
For simplicity we assume that all the q's are

equal,

j„(k)= q„(k) = q„(k) = q(k) . (4.14)

5I [(d(k)] =— [v, (k) v, (k)]
2

(4.15)

The relation, E(I. (4.14), makes 'X real as can be
seen from

That this assumption is consistent with unitarity
follows from the following argument. The unitar-
ity condition is conveniently expressed in terms
of the function X defined by

ImX[&o(k)] = —
k [v, '(k)ImD»+ v, '(k)ImD„—2v, (k)v, (k)lmD„]

CU~ k

k'~~ (k), v,'(k), v, '(k) v, (k) v, (k)
(k) , ( ) —

(k)
+v, ( ) —

(k)
—2v, (k)v, (k)

)GD q» ' q„(k

~k'(o„(k)v, '(k)v, '(k) 1 1 2

in, .(k) n„(k) n„(k) (4.16)

The unitarity condition follows immediately from
E(I. (2.3). It states

R„(k)1m' X [(d(k) ]&*[(u(k)]].

This becomes for X real
(4.18)

~
t „[co(k)](

'= — q „(k)imt„[&u(k)] .
(4.17)

This gives for t„(k), as parametrized in E(I. (4.3)
and (4.15),

i 5I [(u(k) ] i
'

I

Eq. (4.15). Thus, the choice of taking all the q's
to be e(Iual to the physical p(k) is a simple and
consistent way of ensuring that the model will re-
produce the experimental inelasticities.

We have adjusted A», &», v, (k), and v, (k) to fit
the experimental phase shifts. The results are
shown in Fig. 17 and the values of the parameters

l20—

IOO—

80—

K[(u(k)]=
k k k

n 1m')[(s(k)].
wkly„k u&„k

The imaginary part of X) is given by

(4.19)

60—

—40—
(GO

20—

Im X) = ReD„ImD„+ ReD„ImD„—2 ReD„ImD„

k'w&u„(k)
,k, ",

k) (v, '(k)ReD»+ v, '(k)ReD»

—2v, (k)v, (k)ReD, P . (4.20)

Substituting this into the right-hand side of Eq.
(4.19) immediately reproduces the definition of 5I,

0—

-20—

I I I I I

0 I 2 4 5
(~ )

FIG. 17. The same as Fig. 14 except the P&~ channel
is presented. The form factors are given in Table IG.
Notice that for small k the graph and the data have been
multiplied by 10 to better show the quality of the fit.
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are given in Table III. In order that this model
may readily be used by others, we have generated
a simple fit to ReD, , [u&(k)]; the forms and results
of this fit are given in the Appendix.

We have used Eq. (3.7) to generate an effective
Chew-Low coupling constant in the P» channel.
We find &c~= (- —,

' ) m, 'f„'with f '= 0.0369 com-
pared with the Chew-Low value of 0.081. There is
one thing that is surprising about this result. We
have found the P», P», and P33 channels to be
reasonably consistent with the Chew-Low model in
that the coupling constants are reasonably close
to the value of 0.081 and that the form factors have
consistently large cutoff values. However, in the
P» channel, the Chew-Low form factor [v, (k)]
cuts off very rapidly in momentum. We have tried
to reproduce the phases with a large cutoff in
v, (k) but were unable to accomplish this.

V. CONCLUSIONS

We have derived a model which in channels other
than the P-wave channels is equivalent to the sep-
arable potential model of Ref. 7. In these channels
the interaction is believed to be dominated by the
exchange of heavy mesons. " This type of interac-
tion leads to energy independent" potentials which
are well approximated by a separable form. ' In
the P-wave channels we are guided by the Chew-
Low model and include the nucleon-pole term. In
all cases the coupling of the inelastic channels to
the elastic channel is included. In the P» channel
we develop a rank two X/D model with a low en-
ergy term that contains the nucleon pole and a high
energy term that is like a separable potential in
character. In all channels, we are able to fit the
measured pion-nucleon phases for I„~1.2 GeV.

We have not addressed ourselves explicitly to
the question of how this interaction should be in-
corporated into a multiple scattering type frame-
work for pion-nucleus scattering. This is a ques-
tion which is under investigation. It is important
to notice that the off-shell behavior of the two-body
amplitude is related to which relativistic equa-
tion" one is using. If one uses the Klein-Gordon
equation, then presumably the short-range factors
v(k) listed in Tables I—III are the appropriate off-
shell extrapolation factors. This would then imply

TABLE III. The form factors and coupling constants
for theP&& interaction in Eqs. (4.3), (4.5), (4.6), and
(4.X2).

that the appropriate factors to use in a relativistic
Schrodinger equation would be v(k)/~, (k)' '. If
one uses the propagator of Miller, "additional
factors of rv, (k) will be introduced.

We have neglected crossing symmetry. The role
of crossing symmetry in the two-body problem is
not clear because the crossing symmetric equa-
tions have never been solved. The approximate
solutions of Refs. 9 and 24 indicate that crossing
symmetry provides a substantial contribution.
The role of crossing symmetry in the many-body
problem has been examined by Cammarata and
Banerjee. "

The off-shell behavior of the model proposed
here is substantially different from the separable
potential models in all the partial wave ch,annels.
Our off-shell extension is much smoother than
that of Ref. 6 because we fit only the experimental
phases which exist for laboratory kinetic ener-
gies below 1.2 GeV. The inclusion of the nucleon
po1.e changes the range of the off-shell factors in
the P-wave channels. In the P» channel, we have
not only included the nucleon pole, but have also
produced a model which is capable of reproducing
the change in sign of the experimental phase
shifts. For k~ 2 m, the off-shell behavior of this
model is totally different from the potential models"'
which represent an everywhere attractive inter-
action. Methods for incorporating this interaction
into the many-body problem and its implications
for elastic and inelastic pion-nucleus scattering
are under investigation.
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APPENDIX

In this appendix we present analytical forms for
the real part of the functions &», D», and D» de-
fined in Eqs. (4.5), (4.6), and (4.2). These forms
then allow one to continue the model off-shell
without having to recalculate the principle value
integrations involved in the definitions of the func-
tions.

First, we define functions which remove the ex-
plicit dependence of the D,.&

on ~,

Form factor Form o. ;(m ) (Al)

v&2(k)
v '(a)

exp(-k /e~ ) p.p32m &.6&2

exp(-k /a& ) -p.pp212m~ 9.3].Q
and

ReD„((u) = ~, m, 'g„(&u), (A2)
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TABLE IV. The expansion parameters A ' defined in Eq. (A4). Each expansion is valid for g;;[co(k)] fork ~„-k
~&b'" max ~

k min (MeV/c) k max (MeV/c) &0(MeV/c) A'
0 2 3

0
0

240
320
480

0
400

800
240
320
480
800
400
800

400
120
280
400
640
200
600

0.9615
4.0995
3.6486

-0.6640
-3.0810

0.2444
-0.1528

-0.0325
0.3128

-0.2452
-0.8193
-0.1654
-0.0927

0.2478

0.0554
-0.3098
-0.4263

0.1978
0.7087

-0.0238
0.2424

0.0049
-0.0502
-0.0453
-0.0115

0.020.7
0.0036
0.0271

-0.0011
0.0317
0.0497
0.0018

-0.093
0.0020
0.0321

ReD„(cu) =—g„((d) .1
X22

(A3) ( )
k(&u)-k,

(A5)

We then fit polynomials to the functions g,.&(~).
These functions, particularlyg»(&o), have con-
siderable structure so we fit it with different poly-
nomia1s over different regions of energy.

We expand g,.z(e) by

4

g, ,((u)= Q A"s((u) (A4)
0!=p

where k(ur) is the momentum which corresponds to
the total center-of-mass energy &u(k). The coeffi-
cients of this expansion&", the parameter kp in
Eq. (A5), and the region k„. (k(k, over. which
the expansion is valid, are given in Table IV. The
parameter 6 in Eq. (A5) is given by

with s(&u) given by A=-.' (k. -kg. (A6)
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