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Fission fragment angular distributions have been measured for the neutron fission of '"Th in the energy range
680-1100 keV with special attention to the region of the large vibrational resonance in the neutron fission cross
section near 715 keV. The analysis involved the search for a set of fission barrier parameters which lead to a
simultaneous description of the angular distribution data and the existing data for the fission cross section. It was
found that the data for the 715 keV resonance could be reproduced only if the K = 1/2 band responsible for this
resonance splits into two separate bands, one of each parity, and if the decoupling parameter has a parity dependent
sign. The derived moment of inertia constant fi'/28 has a value of 1.85 keV which suggests that the vibrational
resonance occurs within a minimum in the potential energy surface corresponding to a P deformation of e, = 0.85.
The derived data are all consistent with the predicted triple-humped fission barrier for the thorium nuclei.

NUCLEAR REACTIONS Th(n, f), &„=0.68-1.10 MeV, measured 8'(0), com-
prehensive statistical model analysis, barrier parameter derived, triple-

humped fission barrier for thorium confirmed.

I. INTRODUCTION

One of the more intriguing problems in fission
at the present time is the shape of the potential
energy surface for nuclei near thorium. Speci-
fically the question is: Do the low lying fission
barriers in this region have the more normal
double-humped shape or have they a triple-hum-
ped shape as predicted' recently. The fact that
there existed a problem first became apparent
following attempts to explain the fission fragment
angular distribution data of James et al. ' and Yuen
et al. ' To explain the angular distribution data and
the neutron fission cross section' for ' 'Th in the
vicinity of the large subthreshold resonance at
715 keV, both groups were obliged to use a dou-
ble-humped fission barrier in which the 715 keV
resonance resulted from a pure vibrational re-
sonance within a very shallow second minimum.
The shape of the deduced barrier, two peaks of
similar height separated by a shallow well, was
very different from the shapes that were calcu-
lated for thorium at that time. For example, the
barriers for thorium obtained by Pauli and Leder-
gerber' had an inner barrier approximately 3 MeV
lower in height. As the barrier shapes calculated
for the uranium and plutonium nuclei were gener-
ally in agreement with experimental data to with-

in about 1 MeV, the serious discrepancy for thor-
ium caused some concern and was labeled "the
thorium anomaly. *'

A possible solution tq this problem was sugges-
ted by Moiler and Nix. ' They showed that if mass
asymmetric deformations were considered in the
evaluation of the potential energy surfaces then,
for the thorium isotopes, the outer peak of the
usual double-humped shape splits into two se-
parate peaks of similar height separated by a
fairly shallow minimum. It was suggested that
the vibratiGnal state observed in experiment was
situated within this third minimum.

The first experimental data to provide support
for this hypothesis were the measurements of the
neutron fission cross section of '"Th by Blons
et al." They observed multiple fine structures
superimposed on the previously observed gross
structure of the subthreshold cross section. The
fine structures were interpreted as being, due to
rotational members of a pure vibrational state in
the third minimum of a triple-humped fission bar-
rier. It was argued that the vibrational state be-
longed to the third minimum because the moment
of inertia constant S'/2& derived from the spacing
of the members of the band was anomalously small
and consistent with a deformation corresponding
to that for a third minimum. However, a recent
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measurement of the neutron fission cross section
by Plattard et al. ' with similar resolution and
statistical accuracy fa.iled to confirm the details
of the fine structure, without entirely excluding
the existence of the type of structure seen by
Blons et al.

The structure present in the neutron fission
cross section of '"Th is less complex than that
for ' Th and consequently a detailed study of this
cross section should prove to be less ambiguous.
Blons et al. ' have recently made this measure-
ment, paying particular attention to the region
near the large sub-barrier resonance at 715 keV.
They claimed to have identified up to eight se-
parate peaks superimposed on this resonance.
The number of separate peaks in this analysis
was crucial because the third minimum is pre-
dicted to occur for a mass asymmetric deforma-
tion. Because of the tunneling from one asym-
metric shape to its inverse the quantum number
E describing the projection of the total spin on
the symmetric axis does not have parity. Thus,
for example, a E =—,

' vibration resonance within
the third minimum has effectively both positive
and negative parity. The observation, therefore,
of eight separate peaks (~ &+ 27) could be adduced
as proof of a triple-humped fission barrier.

Our previous contribution to this issue con-
sisted of measurements of the fission fragment
angular distributions for neutron fission of ' 'Th
in the energy region covered by the Blons et al.
cross section measurements. In the analysis, a
simultaneous description, using the calculation"
originally devised to explain fine structure in

v and E„, was sought for all cross sections in-
cluding the fission cross section and the fission
fragment angular distributions. With barrier
parameters consistent with those for a triple-
humped barrier (i.e. , a very shallow third mini-
mum), a simultaneous description was possible
of the gross structure in the fission cross section
and the angular distributions. However, it was
not possible to reproduce the fine structure seen
by Blons et al. To reproduce the absolute magni-
tude of the fission cross section, the barrier
parameters were such that, even without any
damping in the third well, the FWHM of the par-
tial cross section through any Mw channel was
of the order of 70 keV. Thus, structures with
FWHM of 7 keV cannot be identified with mem-
bers of such a rotational band. Recently, the
earlier analysis has been extended to lower neu-
tron energies without any significant modification
of this conclusion. A similar analysis" of the

Th data at Bruyeres-le-Chatel also supports
this view.

It was clear from the fission fragment angular

distribution measurements for neutron fission of
'"Th that such data provide a very sensitive test
of any proposed model. Consequently, mea, sure-
ments have been made of the fission fragment
angular distributions for neutron fission of '"Th
from 680 to 1100 keV.

II. EXPERIMENTAL DETAILS

The experimental system was that described
in Ref. 9 and is shown schematically in Fig. 1.
Fragment detection was achieved with surface
barrier detectors, whereas the two previous mea-
surements for "'Th (Refs. 2 and 3) used macro-
foil. Conventional electronics were used with six
separate pulse height analyzers. The "'Th target
was enriched to 99.85%. The average angle for
each detector was computed using a Monte Carlo
calculation which employed the exact geometry
of the system. Corrections were applied for the
nonuniform flux distribution across the target
and for the laboratory to center of mass solid
angle reduction. Neutrons were produced using
analyzed protons from a 3 MeV Van de Graaff ac-
celerator and the 'Li (P, n) reaction.
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FIG. 1. Experimental system.

III. RESULTS

The experimenta. l fission fragment angular dis-
tributions are shown in Fig. 2. The accuracies
are purely statistical. In the vicinity of the peak
at 715 keV the energy resolution was + 4 keV. At
other energies the resolution was + 8 keV. It was
vital to ensure that the neutron energies used were
reliable. One check was to ensure that the rela-
tive fission rates across the 715 keV resonance
were consistent with the cross section measure-
ments. It is estimated that the actual energies
were accurate to within 3 keV.

The present data can be compared directly with
the data of Yuen et al. ' at 680, 715, and 730 keV.
At these energies, measurements were made
with comparable energy resolution in the two ex-
periments. The agreement between the two mea-
surements is very good for the data at 680 and
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FIG. 3. Fission fragment anisotropy, E„=680-800 keV.
The anisotropy calculated using the barrier parameters
of Table II is also shown.
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measured anisotropies from the different mea-
surements across the peak are in reasonable
agreement. Below the peak there is a suggestion
of a small peak in the anisotropy near 700 keP
from the data of Leroux et al. which is not sup-
ported by the present work.
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FIG. 2. Fission fragment angular distributions. The
lines are the calculated angular distributions using the
barrier parameters of Table III, weighted according to
the fission cross section within the energy resolution.

730 keV. However, at 'l 15 keV (and also at Vl1
keV) the present measurement shows more for-
ward peaking. In this energy region the angular
distribution is changing quite rapidly and to avoid
such a difference as observed requires an ac-
curacy in the energy probably better than that
achieved in either experiment.

The anisotropy [o(0') /o (90')] is shown for the
data in the range 0.68-0.78 MeV in Fig. 3 and
for the energy range 0.68-1..10 MeV in Fig. 4.
The data from James et al. ' for the 715 keg re-
sonance have an energy resolution larger than
the energy region over which the anisotropy is
changing fairly rapidly. Consequently, the com-
parison for their data should be with a fission
cross section weighted average. Recently,
I,eroux et al."have also measured the fission
fragment angular distributions for energies near
715 keV and the anisotropies from their measure-
ment are also shown in. Fig. 3. Generally the

The analysis followed the method given in the
previous paper on '"Th (Ref. 9) and was based
on the statistical model. " The capture of an in-
cident neutron with energy E„by the target '"Th
leads to the formation of a compound nucleus
which subsequently decays by neutron emission,
gamma ray emission, or fission. The various
cross sections may be written in the form

cJ„,(E„)= Q g, (E,I, m)P, , (E, I, v),

where c and c' label the entrance and exit chan-
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FIG. 4. Fission fragment anisotropy, E„=680-1&00
keV. The anisotropy calculated using the barrier param-
eters of Table III is also shown.
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nels, respectively, o,(E, I, m) is the cross sec-
tion for formation of the compound nucleus state
with total angular momentum I and parity m at the
excitation energy E, and P,. is the branching
ratio to the channel c' with corrections due to
width fluctuations. Thus, the cross section for
neutron emission to a final state A. of the target
nucleus is given by

((y~(E„, 8)) = Q o ~~r'(E„)W~r(8),
IKff

(4)

where the quantum numbers IKm specify the par-
ticular fission channel. K is the projection of
the total angular momentum I on the symmetry
axis of the nucleus. The fission fragment angular
distribution W,„(8) for fission through each chan-
nel IK is given by

W. (8) =-'(»+l) [I d.i.,.(8) I'+ Id-.i., r(8) I'~, (»
where

I
dI' is the square of the rotational part of

the symmetric-top wpve function. "
For an odd-mass compound nucleus such as

, T„(E—E~,I, w)E„„,
n (x)- cLEPIt ) Tt+Tt+Tt ~

( i
f + +

y

where T„, Tf, and T, denote the transmssion coef-
ficients for neutron emission, fission and ra-
diative capture, respectively, and the super-
script t signifies summation over all channels
for each mode. E„„,is a level width fluctuation
factor. Similar expressions can be written for
the fission and capture cross sections.

The neutron transmission coefficients were
calculated using the optical model potential of
Moldauer, '4 which, although it is a spherical po-
tential, does reproduce the experimental s and p
wave strength functions in this mass region. The
fluctuation corrections were based on a combina-
tion of the methods of Hofmann et al."a,nd Ber-
tram. " The radiative capture transmission coef-
ficient T, is related to the average capture width
1 by

T„(E,I, m) = 2'(E, I, n') I' (E),
where p(E, I, m) denotes the Fermi-gas level den-
sity of the compound nucleus '"Th. The y ray
widths mere calculated according to the Weis-
skopf formalism" and normalized to the mea-
sured average radiative width in the resolved re-
sonance region. For the evaluation of the fission
penetrabilities the fission barriers were para-
metrized by smoothly joined parabolas following
the procedure of Cramer and Nix." The penetra-
bilities were obtained from an exact solution of the
Schr Minger equation. The differential fission
cross section is given by

"'Th the lowest lying fission channels are ex-
pected to be essentially single particle states
which should be identifiable with the appropriate
Nilsson orbits. The excess angular momentum
appears as a rotation about ag. axis perpendicular
to the symmetric axis. Thus, with each intrinsic
state there is associated a rotational band with
energies given by

h2
E(I') =E, + —[I(I+1)—2K'

+ &„„,o'(-l)'""(I+i/2)t, (6)

where 8 is the moment of inertia associated with
the band and e is the decoupling constant for the
K=—,

' bands. For a particular band, the fission
barriers are assumed to be identical in shape and

merely displaced with respect to each other ac-
cording to Eq. (6).

The analytical procedure involved the search for
a set of fission barriers which led to calculated
cross sections consistent with all the experimental
data. In particular, it was considered essential
to reproduce simultaneously the neutron fission
cross section and the angular distributions.

There is a large number of free parameters
in the analysis and consequently some criticism
might be leveled at the reliability of the conclu-
sions drawn. To reduce as much as possible
any criticism on this score the entire analysis
was repeated at Bruyeres-le-Chatel with the code
NRLY (J. Jary, unpublished), hereafter designa-
ted BRC. The philosophy of this code is the same
as above but many of the details are completely
different. For example, the transmission coef-
ficients were those of Lagrange" derived from a
coupled channel analysis of neutron data in this
mass region. The fluctuation corrections were
also calculated differently. The two methods of
analysis have been compared in detail for '"Th
in Ref. 11. As in that case it was found that they
lead to almost identical fission barriers.

V. RESULTS OF THE ANALYSIS

The constant input data are listed in Table I.
Before discussing the results of the analysis, there
are several points to emphasize. The object of
the analysis was to demonstrate that the lowest
lying barriers for '"Th have a triple-humped
shape. As pointed out previously, there are three
possible features of the analysis which would be
consistent with this hypothesis.

(i) The triple-humped barrier is itself predicted
by the analysis. Unfortunately, it is apparent
that this cannot be the case. The inner peak of
the triple-humped barrier, if it exists, is very
much lower in height than the outer two peaks.
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TABLE I. Constant input data.

Inelastic scattering levels (Me V) Spin

0.0532
0.174
0.357
0.508
0.572
0.582
0.635
0.678
0.682
0.781
0.826

18 meV—{resonance region) =
D 7eV

2'
4+
6+

1
3
8+

0+
2+

5
2+

3+

Consequently, only the heights of the outer two
peaks will influence the fission cross section and
the angular distributions. Thus, the most that
can be derived from the analyzed shape of the
barrier is that the shape of the outer two peaks
is consistent with the predicted triple-humped
shape. This conclusion can be drawn already from
the two earliest analyses. "

(ii) The moment of inertia constant (8'/2S) in
the expression for the rotational band has typically
a value of = 7 keV for uranium and thorium nu-
clei in their ground state, i.e. , in the first mell
of the fission barrier. According to Metag, "the
moment of inertia constant for fission isomers
in the second well is typically 3.3 keV. Thus a
moment of inertia constant significantly smaller
would indicate a larger deformation and there-
fore be consistent with the proposed triple-humped
barrier. This was the essence of the argument of
Blons et al. ' but Abou Yehia et a/. " in a more
elaborate analysis were unable to confirm this
conclusion for "'Th.

(iii) The unambiguous identification of rotational
bands of both parities for a specific vibrational
resonance mould provide clear proof of a mass
asymmetric minimum.

For convenience, the analysis of the "'Th data
is best divided into two parts: the resonance at
715 keV (Sec. VA) and the data at higher energies
(Sec. VA2).

A. Analysis below 780 keV

The cross section in the region below 780 kev
is dominated by the cross section associated with
the band(s) giving rise to the resonance at 715
keV and, in fact, the minimum in the cross sec-
tion at 780 keV is so low that in this region the
tails of the partial cross sections associated with
the higher barriers can be neglected to a first

approximation. The primary objective of the
analysis was therefore to distinguish between
the possibilities of fitting the data with a rota-
tional band of single parity and of fitting the data
with two rotational bands, one of each parity.

1. Single parity option

6.30 5.585 6.360 1.300

A col'f g

0.510 0.850

A very extensive search was made using both
codes to find a set of parameters which would
accurately- reproduce all experimental data. The
best compromise fit to the experimental data was
that obtained using the barrier parameters given
in Table II (actual parameters from L. H. code).
In this search, negative parity for the E=-,' band
was quickly eliminated. The energy dependence of
the fission fragment anisotropy calculated with
the parameters of Table II is shown with the ex-
perimental data in Fig. 3. In Fig. 5, the calcu-
lated fission cross section is shown with the data
of Blons et al. '

The calculated anisotropies are in very good
agreement with the experimental data with only a
minor problem in the energy region near 700 keV
where measurements are difficult to make and
where there is also some disagreement within the
data. However, the calculated cross section is at
best a poor reproduction of the experimental data.
Since a very large number of cases was tried, it
is extremely unlikely that a better set of para-
meters has been overlooked.

Three possible explanations can be advanced
for the failure of the single parity option to pro-
vide a completely satisfactory fit to all experi-
mental data. The first two have been discussed
in detail by I ynn et al. 22

(i) The input data and, in particular, the trans-
mission coefficients are in error.

(ii) The fission barriers, e.g. , E„ lfco, vary for
different rotational members of the band.

(iii) Both parities are required.
(i) Both calculations (L. H. and BRC) gave al-

most identical magnitudes for the various partial
cross sections. The transmission coefficients
also produced strength functions of S,= 1 && 10 ',
&, = 1.6 x 10, and &2 = 1 x 10 in the resolved re-
gion, mhich are consistent with the experimental
data. In addition, the transmission coefficients
from Lagrange were derived from a comprehen-
sive fit to all existing neutron data for the thorium
and uranium nuclei. However, even substantial

TABLE II. Barrier parameters for single parity fit
(MeV). E=+» k /28=1. 8 keV; +=0.
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FIG. 5. The fission cross section calculated using the
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A~B K~III k~c

0.60 0.51 0.70

EB

6.068 5.585 6.339

6.071 5.588

6.010 5.745

6.050 5.700 6.490

2 6.080 5.730 6.520

6.185 5.795 6.530

6.205 5.815 6 ~ 550

6.342 0.60 0.51 0.70

6.490 0.75 0.51 0.65

0.60 0.95 0.73

0.60 0.95 0.73

0.60 1.00 0.70

0 60 1 00 0 70

TABLE III. Barrier parameters for double parity fit
(Me%&. k~/28=1. 85 keV, n = -1.1 positive parity, o.
—+1 1 negative parity

changes in the input data do not significantly im-
prove the fit to the experimental data. For ex-
ample, an increase in the d-wave cross section
by about 50Vo can increase the &= 2' peak near
V20 keV but leads to a worsening of the fit near
the&= ~' peak (715 keV). A shift of the —,

"peak
downwards in energy (by reducing 5'/2S for ex-
ample) improves the fit near the two major peaks
of the cross section but leads to severe difficul-
ties above V25 keV. Consequently, the possibility
of error in the transmission coefficients as the
cause of the disagreement with the experimental
data can probably be dismissed.

(ii) In this calculation and generally in calcula-
tions of this type it was assumed that the fission
barriers for the members of each rotational band
were identical in shape and merely displaced at
all deformations according to Eq. (5). There are
two ways whereby this may not be the case. First-
ly, there is the possibility of Coriolis coupling
between states with the same I but belonging to
rotational bands differing in K by a unit of angular
momentum. The present analysis was extended
to much higher energy (see Sec. pB). The next
highest rotational band was found to have K =

~

(see Table III for the band structure in the double
parity fit). In an overall single parity fit, the
K' = —,

"and K = —,
' bands are well separated except

at the second outer peak of the barrier (the lower
of the two peaks). The effect of the Coriolis cou-
pling between the two bands would be to reduce
slightly the K' = —,", I' = —,", —,

"~ ~ partial cross
sections and also to broaden their resonance
peaks. This would lead to a deterioration in the
quality of the fit to the experimental data and can-
not be the answer to the problem. Secondly, in
the Nilsson picture, the intrinsic states are com-
ponents of rotational bands with single particle
orbitals as the band heads. The relative position
in energy of the peaks of the partial cross sections

2. Double purity option

Blons et al. ' were the first to realize that the
E = —,

' vibrational le@el responsible for the re-
sonance at V15 keV should split into two separate
rotational bands of each parity if the minimum in
the potential energy surface was caused by a mass
asymmetric deformation. To recognize all the
implications of this possibility it is necessary to
elucidate the underlying details.

The Hamiltonian separating the intrinsic and
rotational degrees of freedom has the form

H =H„„(q,P, &„&,) +H„, (P„),
where the intrinsic motion is described by the

(7)

contributing to the resonance at V15 keg are de-
termined by the rotational band structure at the
deformation corresponding to that particular mini. -
mum in the potential energy surface. The rela-
tive magnitudes, however, are determinedby the
barrier shapes at other deformations, particularly
those in the vicinity of the outer peak. As stated pre-
viously, these shapes were assumed to be the same.
If, however, at these other deformations crossings
occur of other single particle orbits, then mixing
will take place leading to modification of the bar-
rier shape. This possibility can also be discar-
ded on reasonable grounds. These crossings are
rather infrequent and the calculated single particle
levels" do not show such crossings at the defor-
mation where such behavior would be most signifi-
cant, i.e., the outer peak. Furthermore, cros-
sings of I' = —,

"and —,"orbitals are required to pro-
duce the required effect and of course the I = —,

'
levels are shielded by the next highest K= —,

' bands.
(iii) The only explanation that remains to ex-

plain the failure to achieve a suitable fit to the
data is the requirement of both parities for the
rotational members of the band.
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In general the intrinsic Hamiltonian is invariant
with respect to a rotation of 180' R„(m) about an
axis perpendicular to the symmetric axis and the
nuclear wave function has the form"

21+1
6»~ = 16,. [4'»(q) &'„(~)

+(-1)'"4'g (q) u'„„(~)], (10)

coordinates q and conjugate momenta P and the
rotational component does not depend on the orien-
tation +, but is a function of the conjugate angular
momenta P„. &2 describes the quadrupole de-
formation and &, the mass asymmetry (Fig. 6)
where it is assumed that rotational motion and

collective motion associated with the collective
degrees of freedom (e„&,) are decoupled. The
eigenstates (o.) of the Hamiltonian are given by

g. , , =4', (q, ~„~,) q, ,(~) . (8)

For specific values of the three quantum numbers
I, E, and M the rotational wave function is

2 I+1 '~2

&1»~(~)

1
4» = ~ [4 (&,', q) +4(-&,', q)],

R.(')@»=+4'»

R,(v)4» = -4».
(12)

Accordingly, the nuclear wave function becomes24

(21+1 &&2

2 I+1~ I I+K I
&[4»&~» —(-1) '

4. »&» »]-16m2 )

The energy spectrum in this model can be ex-
pressed as follows taking into-account the Corio-
lis coupling of the odd particle with the core:

S2
E; „=~„+,[1(f+1)-2Z']

where q,' and —&,
' denote the positions of the two

asymmetric wells for a frozen value of &2. The
law of transformation of these two intrinsic parity
states 4» with respect to R,(m) is given by

I =K, E+1, . . . for K&0 ——&vaCm~ I,I +f q, ~vaCM&. (14)

where the bar on the K signifies the time reversed
intrinsic state. If, however, the dynamic as-
sociated with the mass asymmetric degree of
freedom is considered, characterized by the
values of g„ it implies a violation of reflection
symmetry and the system acquires a doublet
structure containing all values of I~

~
K~, i.e. ,

both parities. Now the intrinsic state is given
by two combinations of two intrinsic states of
opposite asymmetry:

232~Th, &2 M.O. Mod. surf. energy Scc[e: 0.5 MeV

I I I I I

0.08—

E:3 (&S) O—

-Q08—

-0.)6-

-024
Q65 0.70 0.75 Q80 Q85 Q90 Q95 190

~2 (~~)
FIG. 6. Potential energy surface as function of coor-

dinates ~2, ~3, from Ref. 23.

The difference ($» —$ „)between the two intrinsic
energies is given by the tunneling through the
barrier separating the two wells. The Coriolis
coupling contribution can be written in the usual
form

h2
lf

(I+ 1 /2) 6 ( 1)
8+1/2)

where n' is the so called decoupling parameter
which can be written in this case as

(16)

With the help of Eq. (11), it is seen that the inagni-
tude of both is approximately the same if it is
assumed that there is little overlap of the two
intrinsic wave functions in the separate well, i.e. ,
(4 (&30, q) ~4(-@so,q)) «1. However, it should be
emphasized that the signs are different.

For the double parity option, it is obvious that
there is a large number of parameters involved
and that to facilitate a. meaningful analysis it is
necessary to reduce their number. This was
achieved as follows. The barrier parameters
(Es, Elzz, E„k~s,@&viz~, 5&v, ) were set by the fol-
lowing three requirements: (a) The total area of
the resonance had to be reproduced; (b) the FWHM
of all partial cross sections was 10 keV, and (c)
the third minimum corresponded to a J3 deforma-
tion of &2=0.85. This operation then left three
adjustable parameters with which to achieve a
comprehensive fit, i.e. , &E the separation of the
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FIG. 7. The fission cross section calculated using the
parameters of Table III. Data of Blons et al. {Ref. 8) are
showne

+ ve and —ve parity components of the resonance,
5'/2S the moment of inertia constant, and a the
decoupling parameter (one sign for the positive
parity band; the other for the negativt; parity
band). In fact it was a fairly simple matter to
find a very satisfactory solution. The first
part of Table III lists all the parameters foe
this fit. The calculated fission cross section
is shown in comparison with the experimental
data in Fig. 7. In Fig. 8 the calculated energy
dependence of the anisotropy is shown with ex-
perimental data. 'The actual parameters given
in Table IOwere those employed in the final BRC
calculation. The L. H. calculation produced
almost identical values with only a minor adjust-
ment of the outer peak heights. The input neutron
parameters were not varied in any way apart
from a reduction of 40% in the f-wave transmis-
sion coefficients. In the L.H. calculation an equi-
valent fit to the cross section was obtained by
using an f-wave strength function of 1.2 x 10 '.
This modification is reasonable and does not
affect the comprehensive fit to neutron data in
this mass region. "

The calculated fission cross section is in very
good agreement with the experimental data with
all statistically signjficant features being repro-
duced. The calculation also reproduces the an-
isotropy data very well with only few areas of
apparent disagreement. The most serious disa-
greement appears to be at 745 keV where the
calculation gives rise to a narrow peak in the
anisotropy. The present measurement near that
energy (742 keV) was made with +8 keV energy
resolution. The more precise comparison, there-
fore, is with the calculated angular distribution
weighted according to the fission cross section
within the neutron energy resolution. The lines
shown in Fig. 2 with the experimental data have
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FIG. 8. The fission fragment anisotropy calculated us-
ing the parameters of Table III.

been calculated in this way. For the data at
742+ 8 keV, the agreement with calculation is
now seen to be very much better. In fact, the
agreement between experiment and calculation is
found to be generally better in Fig. 2 than that
suggested by the anisotropy comparison in Fig. 8
which gives the unbroadened calculation only.

Since the simultaneous fit to all experimental
data is so reasonable, it is important to determine
whether this fit is in any way unique. In the pre-
liminary analysis of this experiment, "strong re-
servations were expressed as to whether an an-
alysis of this kind could lead to unambiguous ver-
ification of the triple-humped barrier. The reason
for this reservation was that a single parity fit
(basically the fit in Table II, Figs. 3 and 5) was at
least as reasonable as any fit produced with dou-
ble parities. For example, the fission cross
section and fission fragment anisotropies calcu-
lated using the scheme of Blons et al. ' (h'/2d
=1.9 keV, 4E =10.8 keV, and n = —2.28 for both
parities) and the present barriers are seen to be
in only approximate agreement with the fission
cross section in Fig. 9 and in disagreement with
the angular distributions in Fig. 10. (Blons et al. 26

are also proceeding with a full analytical descrip-
tion of the '"Th data using a decoupling para-
meter with parity dependent sign. ) Subsequently,
in attempts to improve the simultaneous fit to the
data, also with the mistake of the same sign
for the decoupling parameter, the only suc-
cessful scheme utilized the parameters ~E = 0
keV, n =3.34, and h'/2S =0.7 keV. The value for
the moment of inertia constant was uncomforta-
bly small and much lower than physically rea-
sonable limits. "" Qf course, the problem in
both of these cases was the use of the same sign
for the decoupling parameter for the+ve and —ve
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FIG. 9. Calculated fission cross section: using
the scheme I /25=1. 9 keV, BE=10.8 keV, o'. = —2.28
for both parity bands; —-- using the scheme 5 128 =0.7
keV, bE=O and o.'=3.34 for both parity bands.

parity bands. However, these exercises serve to
demonstrate the probable validity of the para-
meters in Table III.

A second scheme within this philosophy which
provides not unreasonable fits to the data involves
the exchange of all parameters for +ve and —ve
parity bands. However, this scheme is very much
inferior to the scheme of Table III and the detailed
data are not presented.

4.0

B. Analysis above 780 keV

The analysis of the experimental data above
780 keg becomes much less reliable because of
the rapid increase in the number of effective fis-
sion channels and because the quality of the angu-
lar distribution data is poorer. In such an analy-
sis there are three features which should be re-

producedd.

(i) There is a small peak in the fission cross
section at 850 keV which appears to be accom-
panied by some increase in the anisotropy al-

though the data are rather sparse.
(ii) A. very deep minimum occurs in the aniso-

tropy at 950 keP but the cross section here shows
only a shelf.

(iii) Above 1000 keV, the anisotropy becomes
again forward peaked.

The complete set of barrier parameters listed
in Table III reproduces most of these features.
In Fig. 11, the calculated fission cross section is
shown with the data of James et al. ' and Blons
et al. ' The data of James et al. ' have not been
plotted for the energy range below 975 keV as they
show the effect of experimental resolution. The
calculated anisotropies are shown with the ex-
perimental data in Fig. 4. There are a number
of features to note.

(i) The peak at 850 keV can only be associated
with a E =-,' band. However, the resolution in the
measurement of Blons et al. was sufficient to show
that it is certainly not a fully developed vibra-
tional resonance. The data in this region have
been simulated by the third barrier in Table III.
Such a barrier presents some problems as it
might be expected to interfere with the ground
state K= + —,

' bands at the second outer peak. Per-
haps the failure to interfere with the ground state
bands may be taken as evidence of an alternative
path to fission. The structure at 850 keg could
also be conceivably explained as another feature
of the ground state cross section. In the analysis
the barriers have been parametrized by smoothly
joined parabolas. This is at best an approxima-
tion and the data at 850 keV could possibly be an
indication of additional structure in the fission
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FIG. 10. Calculated fission fragment anisotropies.
The lines have the same source as in Fig. 9.

FIG. 11. Calculated fission cross section using the
parameters of Table III.
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barrier.
(ii) The strong but localized sideways peaking

of the angular distribution near 950 keV is at-
tributed to the strong influence at that energy of
Ã=+-,' bands (triple-humped barrier) for which
the third minimum is too shallow to include a
guasistationary state. The barrier shapes (bar-
riers 4 and 5 in Table III) give rise to a broad
maximum at 960 keV in the fission cross section.
In the analysis some considerable effort was
spent in an endeavor to find a solution with
E = + —,

' assignments for these bands. However,
no solution could be found which reproduced
the shape of the angular distribution at 960
+8 keV. With K=+ —,

' for these barriers, there
is the possibility of Coriolis coupling with the
I=+ —,', + —,', . . . members of K= + —,

' ground state
bands. This would lead to some minor modifica-
tions of the band structures at the second outer-
most peak of the barrier but would have a neglig;i-
ble effect on the partial fission cross sections as
these are dominated by the height and curvature
of the outer peak.

(iii) Above 1000 keV, the final two fission bar-
riers begin to contribute strongly. It is clear
from the experimental data that strong components
of K = —,

' bands are required between 1000 and 1100
keV. Barriers 6 and 7 provide that strength and
may be reasonable approximations to the real
barriers. Above 1050 keV it is apparent that bar-
riers with K ~ —, become operative but it becomes
a meaningless exercise to extend the analysis into
this region.

VI. COMPARISON WITH CALCULATED SINGLE
PARTICLE LEVELS

The level scheme derived from the present an-
alysis can be compared with that calculated by
Ragnarsson et a/. "for Z =90 (thorium). Figure
12 shows the single particle levels at a P deforma-
tion of e, =0.85 for different values of the mass
asymmetric parameter &3. The third minimum
in the potential energy surface is predicted to
occur at &, =0.18. Thus, there is a clearcut can-
didate for the role of the single particle band head
of the K=—,' band, namely, the 860 —,'+ level which
is calculated to be near the Fermi surface for
N=141. The sign of the calculated decoupling
parameter is not confirmed. The next two levels
in the calculated scheme are —,

' and —,'. The present
analysis points to a reversal of their positions.

VII. CONCLUSION

The evidence for a triple-humped fission bar-
rier in the thorium region is now very persua-
sive and can be summarized as follows.

(1) It is a natural prediction of theory.
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FIG. 12. Calculated single particle scheme from
Hagnarsson et al. (Ref. 23) for Z= 90 and for &2—-0.85.

(2) All the barrier shapes derived in the
present analysis of the "Th data had a similar
shape, namely, two outer peaks of similar height
separated by a shallow minimum. The predicted
triple-humped fission barriers have such a shape.

(3) The data for the V15 keV resonance can be
reproduced only when both parities are permitted
for the K=-,' band and only when the sign of the
decoupling parameter is parity dependent.

(4) The moment of inertia constant derived in
the analysis of the data has a value of 1.85 keV
which is consistent with a P deformation of e,
=0.85 (Pauli and Ledergerber") which is the pre-
dicted deformation of the third minimum.

Further evidence for the triple-humped shape
is desirable. It is clear that the fission frag-
ment angular distribution data require improve-
ment in addition to more extensive measurements
near 850 keV neutron energy. Bhandari" has
shown that a shape isomer in the second well of
the triple-humped barrier should decay only by
gamma ray emission with a half-life of approxi-
mately 100 nsec. An attempt to excite this state
using the (d, p) reaction" was unsuccessful be-
cause of the background, but further attempts
should be made using a different reaction. There
is in addition a need for a high resolution measure-
ment of the "'Th(d, P,f) cross section. A com-
parison of the resonance shape with that observed
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in the (n, f) reaction would provide additional veri-
fication of the present findings.
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