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The ('He, d) and ('He, t) single proton transfer reactions on "'Pb and ' 'Bi were studied using 30 and 40 MeV
He beams. The outgoing reaction products were detected by a position sensitive proportional counter in the
focal plane of a quadrupole-three-dipole spectrometer. The resolution varied between 10 and 14 keV full width at
half maximum. Using the ratio of cross sections for the ('He, d) and ('He, t) reactions to determine I transfers,

spectroscopic factors for the reactions on "Bihave been measured relative to the transitions to the single-particle
states observed in reactions on ' 'Pb. Sum rules are applied and diagonal matrix elements of the effective
interaction between valence protons around the "'Pb core are deduced. The matrix elements obtained from
empirical interactions and from realistic calculations are compared to these extracted matrix elements.

NUCLEAR REACTIONS Bi( He, d) Po, Pb( He, d) Bi E3 =30 MeV and
Bi( He, t) Po, Pb( He, t) Bi E4 =40 MeV. Measured differential cross

sections with a resolution of 10-14 ke0 (FWHM). Sum rule analysis and deduc-
tion of matrix elements of the residual interaction in nuclei.

INTRODUCTION

The 8Pb region provides a good region in which
to test various nuclear models. Most model cal-
culations assume that t;he states strongly excited by
single proton transfer reactions on Pb are pure
single particle states and that states in ' Po can
be described via a shell model with two valence
protons distributed over these single particle or-
bits. These same assumptions are used in the an-
alysis of the present experiment in order to make
as direct a comparison as possible between the the-
ory and experiment. Measurement of the single
particle transfer reactions 'O'Bi( He, t) 'OPo and

'Bi(BHe, d) ' Po relative to the single particle
transitions in the 8Pb( He, t) BBi and BPb(SHe, d)

~Bi reactions allows us to determine the relative
spectroscopic factors to an accuracy of a few per-
cent, eliminating most of the usual uncertainties
associated with the use of the distorted-wave Born
approximation (DWBA). This precision allows the
useful application of sum rules. Most interesting-
ly, the energy weighted sum rules of Bansal and
French' can be applied to deduce the diagonal ma-
trix elements of the residual interaction. The high
angular momentum of the proton single particle
states provides many states over which to study the
residual interaction. A simple empirical interac-
tion is deduced which reproduces the general trend
of the matrix elements. The empirical Schiffer-
True matrix elements and the realistic calculation

of Kuo and Herling are also compared to the ex-
perimental matrix elements. In this latter case,
general qualitative agreement is found, but some
important discrepancies also exist.

The three multiplets ~h&~2Sh&&&), ~h&~&Sf&~&), and

~h9~tSi»&t) of the "Po spectrum have previously
been studied by Lanford et a/. The present work
measures these three multiplets with better reso-
lution and better statistics and in addition meas-
ures the ~h, ~tSf, &2) multiplet and part of the ~hs&,

SP3/2) multiplet at higher excitation energy.

I. EXPERIMENTAL PROCEDURE

The ( He, t) and (3He, d) reactions on t08Pb and
Bi were studied using 40 MeV He and 30 MeV

He beams from the Princeton Cyclotron. The tar-
get thicknesses ranged from 65 to 160 p, g/cm on 5
and 10 p, g/cm' carbon backings. The lead target
was make of 99% isotopically enriched ~oaPb and
the bismuth target was made of naturally monoiso-
topic Bi.

The beam on target was monitored by measuring
the total charge collected in the Faraday cup and
by measuring the number of beam particles elas-
tically scattered into a silicon surface-barrier
monitor detector at 65 . The relative normaliza-
tion obtained by the two measurements agreed to
within 10/o. For the analysis, the elastic scatter-
ing data were used to normalize the spectra taken
at different angles and different excitation ener-
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gies.
To normalize Bi relative to Pb data using the

monitor detector, a correction must be made for
the different elastic cross sections on Bi and Pb.
This was done by requiring that the monopole sum
rule, as discussed below, be satisfied for the h9~2
orbit. The corrections are 0.93 for 3He beams and
0.88 for 4He, in agreement with calculations of
elastic scattering data using DWBA which predicts
0.93 for 3He and 0.91 for He.

The tritons and deuterons were detected with a
single-wire charge- division position- sensitive pro-
portional counter in the focal plane of the Prince-.
ton quadrupole-three dipole (Q-3D) magnetic spec-
trograph, allowing on-line data acquisition. Dis-
persion matching of the beam across the target was
used to optimize the resolution, which varied be-
tween 10 and 14 keV (FWHM).

The ( He, f} spectra were measured at 10' and
20', the (3He, d} spectra were measured at 20', 30',
40, and 50 . Figure 1 shows the experimental
spectra on 20sPb and 209Bi as a function of Q value
for the (4He, t) reaction at 20'. Figure 2 gives the

( He, d) spectra at 40'. The single particle levels
are labeled in the spectra of reactions on the Pb
closed core. Various multiplets corresponding to
the single particle levels are clearly visible in the
spectra of reactions on osBi which has an h9~2 pro-
ton outside the Pb closed core. The measured

800

~~ 400
'Za
O

O
O

400

Pl
/2

Pl
/p

23

P
3/2

f
5/2

208Pb(3He, d)~Bi
50 MeV
40 deg

f
7/2

l3/2

A

2098j (3He,d) Pp

50 MeV
40 dgg

h

, I1

200—

22

]
21

—18
24

20

I ~A

98 5
7

—6.0 - 5.0 -4.0 -3.0 - 2.0
Q VALUE (MeV)

-1.0

FIG. 2. Experimental spectra of (3He, d) at 30 MeV
and 40' on Pb and SBi. The spectrum on 208Pb dis-
plays the single particle levels. The spectrum on

BBi displays the two particle spectrum obtained by
coupling the hsy2 ground state proton of the Bi target
to the proton transferred in one of the single particle
levels observed in the spectrum on Pb. The ( He, d)
reaction favors the cross section to small l-transfers
states (l - 0). The large peak found at -6.2 MeV is
caused by a carbon impurity. The peak is broad because
the spectrograph is out of focus for the reaction on car-
bon.
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FIG. 1. Experimental spectra of ( He, t) at 40 MeV
and 20 on Pb and 2 GBi. The spectrum on 8Pb dis-
plays the single particle levels. The spectrum on SBi

displays the two particle spectrum obtained by coupling
the h&~2 ground state proton of the GBi target to the
proton transferred in one of the single particle levels
observed in the spectrum on Pb. The (4He, t) reaction
favors the cross section to large l-transfer states (l
~ 5)

excitation energies of members of the low lying
multiplets are compared with levels from the lit-
erature in Table I. The excitation energies are
accurate to 1 keV per MeV of excitation energy.
The measured excitation energies of the. single
particle levels are given in Table II.

The cross sections to levels not fully resolved
were extracted by a peak fitting procedure, using
the shape of a nearby single transition peak as
reference peak shape. The levels with large cross
sections can be extracted unambiguously. Part of
the uncertainty in the peak fitting procedure comes
from the change in peak shape as a function of po-
sition in the focal plane. To minimize this effect,
reference peaks were always chosen from among
peaks having good statistics and lying close to the
multiplet structure of interest. In general, it was
found that the high energy sides of the reference
peaks had regular Gaussian shapes, while the low

energy sides had a small tail, as shown in Fig.
3(a). Because of the poorer statistics of lowcross-
section levels, the extraction of strengths by peak
fitting has more uncertainty for the low spin mem-
bers of multiplets. The results given in Table I
for excitation energies and spectroscopic strengths
are the average of the various data.
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Examples of peak fitting are shown in Fig. 3 for
multiplets for which peak fitting was required.
These fits are discussed in detail below.

II. ANALYSIS

Because of their large Q-value differences, the
(4He, t) and (3He, d) reactions favor different angu-
lar momentum transfers. The -14.837 MeV ground
state Q-value for the ( He, t) reaction has an angu-
lar momentum matching at l = 5, while the -0.516
MeV ground state Q value for the (3He, d) reaction
has an angular momentum matching at l = 0. As a
result, the ratio of cross sections for these two
reactions to a particular final state is a strong
function of the angular momentum transferred to
that individual state. The Q-value dependence of
this ratio has been calculated with DWBA using the
code D%UCK .

This procedure of using the cross-section ratio
R(l) = o(~ He, d)/v( 4He, t) to determine the angular
momentum transfers has a number of advantages
over the more conventional method of measuring
complete angular distributions. In addition to be-
ing unambiguous and very efficient, it allows the
simultaneous study of states excited via both low
and high l-transfer values. For example, compar-
ison between Figs. I and 2 shows that the ( He, t)
reaction cross section is large for states formed
with l =5 and l =6, while the (~He, d) reaction cross
section is large for l =1 states.

The optical model potential parameters used in
DWUCK are shown in Table III. For the ( He, t)
reaction, the parameters from Lilley and Steine
were used. The parameters give a good fit to the
detailed angular distributions obtained from OSPb

( He, t) 09Bi at 42 MeV. For the (3He, d) reaction,
the parameters are from Wildenthal et al. ' They
give a good fit to our limited angular measure-
ments.

The experimental ratios R(l)[=o(3He, d)/v(4He, t)j
of the cross sections for the two reactions are
shown in Figs. 4(a} and 4(b}. The error bars re-
flect statistical uncertainty only and are given only
when larger than the plotted data point. In both fig-
ures, the ratios are those between (3He, d} data
measured at 40' and (4He, t) data measured at 20'.
These measured cross sections are given in Table
IV. Similar analyses of the data at other angles is
in agreement with the results in these two figures.

The experimental ratios of the cross sections for
the two reactions leading to states in 2 98i are
shown in Fig. 4(a}. The lines have been calculated
with DWUCK for various Q values and for each l
transfer. For l =1,3, and 6, there are two ex-
perimentally observed single particle levels having
the same l value and which are well known from
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TABLE G. Spectroscopic factors in Bi.
Spectroscopic factors

(4He, t) ('He, d)

Orbit
Kxc. energy

(MeV)

Pub. energy
{MeV)

Present
experiment

Present
From Ref. 6 experiment From Ref. 6 From Ref. 7

hs/2

113/2

~i3/a

fs/s
~3/2

Pg/g

0.000
0.899
1.613
2.601
2.826
3.121
3.635

0.000
0.897
1.608
2.599
2.826
3.118
3.633

1.0
0.89
1.05
0.09
0.65

1 0
1.04
1.01
0.09
0.91

1.0
1.38
0.85
0.08
0.87
0.98
0.54

0.95
1.18
0.88

1.15
1.03
0.63

1 0
1.12
0.94

1.14
1.08

{0.7-0.9)

The calculation was normalized assuming C S:=1.0 for this state.2
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FIG. 3. {a)Typical reference peak used in the peak fitting procedure. The high energy side of the peak has a regular

Gaussian shape, while the low energy side has a small tail. (b) Typical fits obtained for the group of levels at 2.4 MeV
of excitation energy in the Ih3/3 13/&3) configuration. (c) Typical fits obtained for the group of levels at 3.0 MeV of exci-
tation energy in the (f33/38it3/3) configuration. (d) Typical fits obtained for the group of levels at 3.13 MeV of excitation
energy in the II33/3 sif3/3} configuration.
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Peak no. ~
Cross sections (pb/sr)"

( He, t))0 ('He, d)«

1
2
3
4
5
6
7
8+9
9

10 (A)
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27

190
330
498
612
350

82
256
889
287

22
546

50
834
126
526
352

27
46'
52
53
77
35

108
42
&5

&5

&7

7
10
16
23

120
30
91

360

7
15

2
22

9
14
10

2

49
110
62
97

190
230
690

88
32
49

170

TABLE IV. Absolute cross sections in ~ Po. most of the rest of the strength. In general, our
spectroscopic factors agree well with those obtain-
ed by others.

The proton single particle orbits in 'Bi are rep-
resented in the usual shell model by the wave func-
tions ~l, c3 08Pb(0')). These wave functions can be
used to evaluate the expectation values for the
electric quadrupole and magnetic dipole moment
operators. To reproduce the experimental values
of these electromagnetic moments, the valence nu-
cleon has to take, an effective charge and an effec-
tive magnetic dipole moment significantly different
from those of a free proton. This "renormaliza-
tion" of the moments is caused by the polarizati. on
of the Pb core induced by the valence proton. As
indicated by the moments, this induced polariza-
tion is substantial and the valence nucleon wave
functions

~
lJS 08Pb(0 )) represent "quasiprotons",

i.e. , valence protons with the appropriate charges
and magnetic moments. Study of the spectra of 3
or more valence nucleons outside the Pb core
and the electromagnetic moments for nuclei with 2

or more valence nucleons suggest that the core
polarization associated with a valence nucleon is to
a large extent independent of the presence of other
valence nucleons. ' The effective interaction dis-
cussed below is the interaction between these val-
ence protons with their associated core polariza-
tions.

The peak numbers correspond to the peak numbers of
the spectra shown in Figs. 1 and 2.

The cross sections are accurate to about 15%.
'Extraction of the cross section limited by background

uncertainty.

to a spin zero target, the proton stripping cross
section is given by

o,„(8)=N(C2S)o'ng(8)fm2/sr,

where on„(8) is the distorted wave cross section
and N is a normalization factor which can be cal-
culated only approximately, but which is constant
for a given reaction. By choosing N so that the

h~~2 transition has unit strength, expression (1.1)
can be used to deduce spectroscopic factors for
transitions with other l; values in Bi.

The results of the present measurements are
compared with other values from the literature in
Table II. As shown in this table, the spectroscopic
factors are close to unity, indicating the purity of
the levels. A notable exception is the P&~2 level at
3.637 MeV which has a spectroscopic factor of or-
der 0.5; another P&~2 level at 4.421 MeV contains

B. Po spectroscopic factors.

Because 'Bi has an h&~2 proton outside the ' Pb
closed core, it is expected that in the reaction on a

Bi target the single particle transitions l j ob-
served in the proton transfer reaction on Pb will
be split into multiplets with configuration of ~h, ~2
Ia l,).

Using the reaction on Pb to obtain the unit
cross sections for the single particle transitions,
the relative spectroscopic factors (C S) can be ex-
tracted from the data using

~ (2J+1) -,
(2J +1)C S(P~ l~) (2J+1)~ (2.1)

where o~'~(8) is the measured cross section in the
' Po spectra for the level P; 4& is the spin of the

target nucleus; J is the spin of the final nucleus;
C S(P, lz) is the relative spectroscopic factor for
the level P of a given lj and J. The sum is over all
possible angular momentum transfers Ez that con-
tribute to the cross section o,'~(8); o»(8) is the ex-
perimental cross section to the single particle lev-
el l; in ~Bi.

Because transitions to states in ' Pb generally
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occur at different Q values than do the transitions
to the corresponding single particle states in ~Bi,
the experimental cross sections in the ' Po must
be corrected for this Q-value difference. These
corrections were calculated using DWUCK. Since
the Q-value differences between the two reactions
are small and since the bombarding energies were
high, the corrections are generally only a few per-
cent and it is to be expected that DNUCK should
predict these corrections accurately. The good
agreement shown in Fig. 4 between the energy de-
pendence calculated using 9%UCK and experiment
confirms this expectation.

Table I gives the relative spectroscopic strengths
(24+ 1)j (2Z, +1}CS for the various levels excited.
The uncertainties quoted are statistical. The spec-
troscopic strengths in parentheses have been ex-
tracted by peak fitting. The energies measured in
this experiment are also compared with previous
data whenever available.

C. Sum rules

1. The monopole sum rule

For a stripping reaction, the spectroscopic
strengths obey the monopole sum rule as given in
Ref. 11:

(2J+1}C2S f ~ ngC S(P l ) Pg (2T 1)

TABLE V. Monopole sum rule for the (4He, t) and
( He, d) reactions on Bi.

Sum rule limit

hs/2

fY /2

13/2

f5/2
P3/2 ~pi /2

8.80
8.03

14.43
6.21

8.80
7.91

8.80
8.00

14.0
6.0
6.0

(see Sec. I).
As shown in Table V, the sum rule for &~~2, f&~2,

and i,3~2 is satisfied within statistical uncertainty.
As shown from Fig. 4(b), the f~~2 multiplet appears
to be mixed with the p3/2 and p, /2 multiplets. Be-
cause of the very low cross section for l =1 states
in the reaction ( He, t), the high excitation energy
multiplet in Bi(~He, t)2 DPo represents essentially
only the f,~, transitions. This allows us to deduce
the sum of the f5~2 spectroscopic strengths in Table
V. Subtracting this f5~, contribution from the cross
section to the mixed l states in the (3He, d) reaction
gives the l =1 strength associated with the p3/2 and
P&/2 multiplets. The measured strength is 5.12
compared to the theoretical limit of 6.0. Because
the p&/2 single particle state in Bi is fragmented
into two components at 3.637 and 4.421 MeV, some
l =1 strength in ' Po may be at higher excitation
energy than the region studied.

where P J and g& are the number of proton and neu-
tron holes, respectively, in orbit l&, T& is the iso-
spin of the target. The single particle levels in-
volved in the present experiment are all filled
with neutrons, so n& ——0. The sum rule becomes

(28+1} -,
,}

C S(P, f,) =P,
g, withly 'Jj +
constant

Using the spectroscopic strengths from Table I,
the experimental sum is compared with the sum
rule limit in Table V.

For the h&/2 orbit, the number of proton holes is
expected to be nine because of the presence of a
proton in the ground state of the 9Bi target. Since
we did not attempt to measure the cross section to
the 0' groun'd state of Po, the expected value for
the sum rule of the observed h&/2 levels becomes
8.8. This sum rule was used to determine the
cross sections for reactions on ~Bi relative to re-
actions on 0-Pb. This normalization procedure
was checked against the monitor detector and when

corrections were made for differences in elastic
scattering from 9Bi and Pb, these two proce-
dures agree to a few percent as discussed above

2. The dipole sum rule

The spectroscopic factor for the shell model state
InZ') in the physical state

I
pZ') is I(n I p) I' and

since In/') and le') are two complete set of
states, one can also write

Using the orthonormality of the states, one finds

C'S(P, f,) =
8

fixed I ggdJ'+
8

fi xedfM and&

A second sum rule can be used to test the data
and our analysis. A short discussion following Ref.
12 will be given for stripping reactions. We let
lnZ') be a complete set of shell model basis states
representing the target nucleus plus the stripped
nucleon; we let IPZ') be the complete set of physi-
cal states. One can expand IPJ') as
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where l, represents the set of shell model states.
In terms of the spectroscopic strengths, one has

2J+1 -2 2J+1
(2J) +1) ' / (2j( +1}'

f i xedl g and/~

where C~S(P, f/} is the relative spectroscopic factor
for state P of angular momentum J formed from the
single particle level i&. J& is the spin of the target.
Using this sum rule and the results of some gamma
radiation work, ' we suggest spins and parities for
various levels. The suggested J' are presented in
Table I. . These suggestions are discussed in detail
below.

III. ANALYSES OF INDIVIDUAL MULTIPLETS

A. Ih9y h9p)

For J'=2', 4', 6', and 8', a single transition
exhausts the dipole sum rule strength to within a
few percent. This implies that the low lying 2', 4',
8', and 8' states are essentially pure ~h, /2h~/2)
configuration.

B. lb'(3 f ~)

The 2', 6', 7', and 8' states are well resolved
single transitions and, except (possibly) for the 2'
level, the measured strengths agree well with the
expected (2J+ 1) dependence of the dipole sum rule.
Spin suggestions based on transfer strength for
these levels are in agreement with the gamma ra-
diation work and with other previous measure-
ments. The level at 2.290 MeV has a strength
about 207' lower than the sum rule strength for 2'.
From gamma radiation work, the suggested spins
are 2' and 3'. We prefer the 2' assignment rather
than the 3' because we have found a state at 2.412
MeV which has the strength expected for a 3' state.

The group of states located at about 2.4 MeV was
analyzed by peak fitting. Typical fits are shown in
Fig. 3(b). The 4' and 5' assignments are well es-
tablished from gamma radiation mork. Subtracting
these peaks, a peak with a strength of 0.72 re-
mains, consistent with a 3' assignment. There al-
so consistently appears a small peak of irregular
shape with a spectroscopic factor consistent with
that of the 1' member of this multiplet. The ir-
regular shape probably results from the usual dif-
ficulty experienced in extracting weak transitions
in the presence of strong ones using the peak fit-
ting procedure.

C. Ih9& 8 ij3y &

The 10 state at 3.185 MeV is mell resolved and
has the expected sum rule strength. The level at

2.915 MeV is the low energy part of the split 5

strength, well established from gamma radiation
work, In the weak coupling model of Hamamoto, '4

the mixing occurs between the single particle level
Ih9/2 Ilf9/2)5 and the core excited level ~h, /,

13 SPb(3 ))5-. The strength of the single particle
component at 2.915 MeV measured in the present
experiment (0.31) is in agreement with the gamma
radiation work'3 (0.31).

At about 3.0 MeV, the group of states shown in
Fig. 3(c) is observed. A single peak gives a good
fit on the low energy side; the strength corresponds
to a 9 state. A 5 state is known from gamma ra-
diation work to lie at 3.026 MeV. Assuming this
state contains the strength missing from the 5 at
2.915 MeV, we subtracted the 5 and 9 contribu-
tions from this group of states. The remaining
spectrum was well fitted by assuming a strong state
at 3.017 MeV (consistent with the strength of the 7
member of this multiplet), leaving a small peak of
irregular shape. The spectroscopic strength of
this peak is 0.54, suggesting that it corresponds to
the 2 member of this multiplet. Table I compares
our spin suggestions with the gamma radiation
work; no discrepancies are found. At 3.130 MeV,
the group of states shown in Fig. 3(d) is observed.
This multiplet is well fitted by assuming two states
with spectroscopic strengths of 1.34 and 1.66 sug-
gesting the 6 and 8 assignments, respectively.
The level at 3.079 MeV is 'well resolved. A spin
and parity of 4 is suggested, although the strength
is about 10% lower than the sum rule limit for a 4

st,ate.
The state at 2.581 MeV is too strong to be a pure

11 state. We believe that the 11 state lies unre-
solved with the 3 state, the only other missing
member of the multiplet. Still, the extra strength
of the level is not fully understood. This peak con-
sistently had a shoulder with an R(l) below the l =3
line, as shown in Fig. 4(b). This transition is
probably an f =3 and/or f =5 transfer to an uniden-
tified level. A state at this energy appears to have
been seen in inelastic scattering. "

D. Ih9y f5')
This multiplet lies close to the ~h, /, I8Ip3/2) and

!he/2SP~/2) multiplets, favoring mixing. Because
the f =1 cross section for the ( He, t} reaction is
negligible as shown in Fig. 1, the ~h, /, Sf~/2) com-
ponent of each level is observed directly in the

( He, t) reaction. The spectroscopic strengths giv-
en in Table I have been extracted from the ( He, t)
data.

Figure 4(b) indicates that peaks 17, 19, and 20
correspond to pure l =3 transitions while peaks 18,
21, and 22 correspond to transitions having l =1
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admixtures.
A group of low cross section peaks, appearing

only in the (4He, f) reaction, lies in the region of
peak 16. The corresponding levels are believed to
constitute the multiplet associated with the level at
2.601 MeV excited via I =6 in the Pb( He, t) ' Bi
reaction. This level has been suggested'4 to be an
admixture between the i&3~, single particle level
and the core excited state ~h9~2S Pb(3 ))F3~2-. It
seems plausible that, with the present resolution,
an / =6 populated level may be unresolved from
peak 16, explaining why this peak yields an R(l)
which falls below the pure I =3 line in Fig. 4(b).

The spin and parity suggestions for this multiplet
are based on an assumed (2/+1) dependence of the
cross sections and the cross section systematics
observed in the other multiplets. A further justi-
fication of these suggestions is presented in Appen-
dix A.

E. lh9y p3y& and Ih9y p)y&

Knowing the spectroscopic strengths of the l =3
components of peaks 16 to 22 from the ( He, f)
spectrum, we extracted the l =1 component from
the ('He, d) reaction by subtracting the f, ~& con-
tribution from the measured cross section.

The R(I) corresponding to peak 23 lies on the I =1
line. The large apparent spectroscopic strength for
this peak suggests that it corresponds to an unre-
solved structure. The strengths deduced using
peak fitting are given in Table I. Transitions cor-
responding to peaks 24, 25, 26, and 27 were not

observed in the ( He, t) spectrum. A lower limit
for R(l) is given in Fig. 4(b). Transitions corre-
sponding to peaks 24 and 27 lie close to the / =1
line. The lower limits for R(l) associated with

peaks 25 and 26 lie between the l =1 and l =3 lines.
The spectroscopic strengths extracted for these
two latter peaks assume a pure / =1 level.

Our spin and parity suggestion are discussed in

Appendix A, together with those of the ~he~2f5~2)
multiple t.

IV. DIAGONAL MATRIX ELEMENTS

In the shell model, one assumes that the inter-
action of a valence nucleon with the core can be
described by an average potential. The interaction
between two or more valence nucleons is assumed
to be small enough to be treated by perturbation
theory.

Inasmuch as Pb has been shown experimentally
to be a closed-core nucleus, the spectrum of 'OPo

depends directly on the residual interaction be-
tween the two valence protons. First order per-
turbation theory will give the spectrum shown in

Fig. 5. From this figure, one could, in principle,
extract diagonal matrix elements of the residual
int, eraction.

To extract the matrix elements independent of
perturbation theory, we used the energy-weighted
sum rule developed by Bansal and French. ' We
let ~oJ') be the complete set of orthonormal basis
states from the shell model and ~PJ') be the com-
plete set of orthonormal physical states. One can

H)p+0 H)g PO

— 2+

FIG. 5. General splitting of a spectrum (degenerate in zeroth order) by first order perturbation theory.
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expand IPJ') in terms of the shell model basis:

lpJ')=2& lp&l J'&.

The two bases being complete, one can use the
unitarity of the coefficients &o.'Ip) to expand lnJ')
in terms of the physical states:

I J')=2&pl &lpJ'&.

We let H be the Hamiltonian of the system, such
that HIPJ') =E&(J') IPJ'). We can obtain the diago-
nal matrix elements of H in the basis InJ'):

& J'IHI J')=Z I&pl &I'E.(J'),

where I&p In) I
is the relative spectroscopic factor

C S(P, l&). Therefore, we get the expression

&o.J'IHlnJ') = gc's(p, f,)E,(z').

This expression can be used to extract the matrix
elements of H in a shell model basis. H being the
total Hamiltonian, we divide it into three terms.
H=H, +V, +V&, where II, is the single particle
shell model Hamiltonian, V, is the Coulomb inter-
action between the two protons and V~ is the resi-
dual interaction. The matrix element &o.Z' IH,
la J ') gives the single particle energy for each or-

bit EJ, which is known experimentally from the ~Bi
spectrum T.he matrix element &nJ'I Vs lo'J') can
be calculated. Hence, we have the expression

j IV I
J')=pc s(p, l;)E (J )

-&JIH..I J) &Jlv. J&.
The Coulomb matrix elements were evaluated in

a harmonic oscillator basis, with v =0.078 fm ob-
tained from electron scattering data. Using the
spectroscopic strength of Table I, we evaluated
from the above expression the diagonal matrix

TABLE VI. Experimental matrix elements.

Configuration

hs/2 he/2

fi/2 "9/2

i)3/g S he/2

f5/2 he/2

P3/q hg/

0+
2+

4+
+

8+
1'
2'
3'

+

5+
6+
7+

8 +

2
3
4
5
6
7
8
9

10
11

2+
3+

+

5+
6+
7'
3'
4+

(5)
6 +

Excitation energy
(MeV}

0.000
1.181
1.426
1.474
1.557
2.391
.2.290
2.412
2.382
2.403
2.325
2.439
2.188
3.028
2.851
3.079

{2.911,3.028)
3.125
3.017
3.137
3.000
3.185
2.851
3.792
4.320

(4.027, 4.553)
4.382

(4.139,4.469)
4.553
4.591
(4.553}
4.624

(4.139,4.469, 4.644)

Single particle
energy
{MeV)

1.175

2.073

2.787

3.999

4.291

Calculated Coulomb
matrix element

{kev)

272
234
210
199

' 201
237
225
211
205
198
199
198
224
242
225
210
204
195
194
189
195
194
228
238
210
207
195
202
208
218
202
195
216

Nuclear
matrix element

(keV)

-1.447
-228

41
100
181
81
-8

128
104
132

53
168

-109
-1

-161
82

4
143
36

161
18

204
-164
-445
ill

8
188

70
346
82

13,8
-14
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elements of the residual interaction. These matrix
elements are given in Table VI.

V. DISCUSSION

The matrix elements of the residual interaction
deduced from ' Po describe the interaction be-
tween two protons outside the 08Pb core. Hence,
in expressing these T =1 matrix elements in terms
of some empirical potential (Vz), both direct and
exchange integrals are needed:

(jti2~& =1 IVs jlti2~& =1&=~t2 —(-1)""'&&2

where J,2
—direct integral = (p/, (1)y/ (2)Vzy/, (1)p/

(2)& and ZI2 ——exchange integral = (y/&(1}y/ (2}Vs@/
(1)e/, (2)&.

The experimental matrix elements of V& are dis-
played (vs. J) in Fig. 6 where lines simply connect
the data points. The odd and even J's are treated
separately because of their different behavior for a
short-range interaction. For the

l h3/2fI/2&, h3/2

II it3/2& lft3/2@f3/2 and
l f23/2II23/2& conftgu»ti«s

most of the matrix elements are repulsive (posi-
tive). Note, this is not simply a result of the Cou-

lomb repulsion since these are matrix elements of

V„only, the Coulomb matrix elements having been
subtrac ted.

%e tried to reproduce these experimental matrix
elements with a simple residual interaction of a
pure signer type. The matrix elements were cal-
culated with harmonic oscillator wave functions of
frequency v =0.078 fm 2 obtained from electron
scattering data and with a Gaussian interaction of
variable range and strength. The J dependence of

300g 0
-300

-900

-l500 —.
IJJ

I

0

g 200

8 IQO
oJ

0

- IOQ
IJJ

2 4 6 8
J

200

~oJ
02

Q

LIJ

IOO—

-ioo

I 3 5 7
J400

~Al

200
8

N
e~ 0

-200

-200 I I

2 4 6 8 10,
-400—

2 4 6 8

FIG. 6. Experimental diagonal g = 1 matrix elements
extracted from the Po spectrum. The lines simply
connect the data points. The odd and even J's are treated
separately because of their different behavior for a
short-range interaction. In each of the Ihe/2 Sf&/2},
Ihe/2 NIif3/2& ~ and I /t3/f2/ I8j&/m2ultiplets, at most two ma-
trix elements are attractive.

cJ 300
a&

8~-300
a~

-900

IJJ -l500 —"
I

0

200

200—

IQO

—IOO

DATA
~ CALC.

I x l
T 400

I 3 5 7

J

IQO

O o-
a~

-IQQ—

~ -200
-350+

2 4 6 8 IO

J

Al

200
Q

~oJ 0

-200

LIJ -400
2 4 6 8

J

FIG. 7. Calculated T'=1 matrix elements for the inter-
action p'~() and the experimental matrix elements (X).
This interaction reproduces well the trend of the data
and has a standard deviation of 80 keV.

the experimental matrix elements is reproduced
well by a short-range (0.82 fm} attractive interac-
tion. However, in order to make these matrix ele-
ments positive, a relatively structureless (i.e., al-
most independent of J) long-range (8.2 fm) repul-
sive interaction has to be added to the short-range
part. The matrix elements of the interaction

2 2

V 200&-(~/0. 32& +p 61e-«/L2) (Me@)

shown in Fig. 7, reproduce the trend of the data
well, with a standard deviation of 80 keV.

The standard deviation per degree of freedom
was not improved by adding a spin-spin interaction
of the form

2

0' 0' V e ~"~"0'
2 0

or a short-range (0.82 fm) tensor interaction of the
form

2

V, = Vee
'"/ "3'

(2 2)[2(o, 2.}(c2r) - (5, f2)r2].

The spin dependence of the residual interaction
can be studied with the lIt3/2NIf, /2& and lh3/2$f»2&
configurations. These two configurations differ by
a spin flip, i.e. lh3/2@f, /2& has jt Lt ——,, j2 ——f2

+ 2 and llt3/2 af3/2& has jt =lt —2, j2 =l2 —s. This
spin flip changes the most attractive matrix e1.e-
ments from the high Z state (J=8) to the low Z
state (J=2). Vr reproduces well these features
through its short-range attractive part.

The matrix elements of the empirical interaction
V» obtained by Schiffer and True' are shown in

Fig. 8. The trends of the experimental matrix ele-
ments are well reproduced and for the

l
h3/2i'23/2&,

lh3/2Sf, /2&, and lI33/2@it3/2& multiplets, the stand-
ard deviation of V» is 64 keV, compared to 59
keV for V~. V» contains seven parameters for T
=1 states. Similar to V» V« for T =1 states con-
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FIG. 8. Calculated T =1 matrix elements for the em-
pirical Schiffer-True interaction () and the experimental
matrix elements (X). This interaction reproduces well
the trend of the data and has about the same standard de-
viation as the interaction V'1.
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tains a short-range attractive part and a long-range
repulsive part.

The matrix elements obtained from the realistic
calculation of Kuo and Herling for ' Po are shown
in Figs. 9(a) and 9(b). Figure 9(a) displays the ma-
trix elements obtained from the bare G matrix.
The experimental trends are not well reproduced.
The standard deviation is 207 keV. Figure 9(b)
displays the matrix elements obtained by adding
the second order bubble diagram to the bare G ma-
trix. This second order contribution improves the
fit to the trend of the data and reduces the standard
deviation to 100 keV. However, inclusion of the
second order still does not reproduce the trend of
the data as well as do the empirical matrix ele-
ments. This suggests that core polarization con-
tributions are important and need to be calculated
more accurately to improve the fit to the experi-
mental matrix elements.

CONCLUSION

The trend of the experimentally determined ma-
trix elements is well reproduced by the simple
empirical interaction Vl. The J dependence of the
matrix elements is reproduced by a short-range
attractive potential while a long-range repulsive
part is required to make the matrix elements
slightly positive (repulsive).

A comparison of the bare Kuo-Herling G matrix
elements with the experimental matrix elements
shows that a large contribution from core polariza-
tion is present. The second order term improves
the fit but does not reproduce the trend of the ex-
perimental matrir. elements as well as the empiri-
cal interac tions.

200

0 2 4 6 8
J X DATA
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4 5 6 7 8
J

X
X

I

~cu
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Qx
a

-100—
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oJ
g+ 200 X

0)
~oJ 0 I

I

Q -200—
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FIG. 9. (a) T=1 matrix elements of the bare 6 matrix
obtained from a realistic calculation done by Kuo and
Herling (Ref. 3) (o) and the experimental matrix elements
(X). (b) T =1 matrix elements including the bare t" ma-
trix and the second order contribution from the bubble
graphs, as calculated by Kuo and Herling (Ref. 3) () and
the experimental matrix elements (X).
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TABLE VII. Configuration mixing between the
~ hs/sS fs/3), ~ hs/sS ps /3), ~ hs/3S pi/3), and

I iis/sS R3 3/2) configurations as calculated by Kuo and Herling {Ref.3&.

Main configuration

I hs/3Sfs/3)

~ hs/sS ps/3&

I hs/2SP1/3&

~ 333/sS '33/3)

5+

6+

4+

5+

4+

6+

Admixing
probability

0.63

0.99
0.75

1.00
0.69

1.00
0.99
0.38

1.00 .

0.58

0.96
1.00
0.41
0.71

Admixed configuration

ii3/2 ii3/2~
f7 /3S f1 /3&

~i3/2@ i3/2 ~

~9/2 P3/2/

'13/3)
~ hs/sS ps/»

~ sis/2S 333/2&

I hs/sSfs/3&

~i3/2 ~i3/2~

hs/2Sfs/3&

~ hs/2Sps/3&
I hs/2S ps/3&

Admixing
probability

0.20
0.12

0.15
0.04

0.07
0.20

0.36
0.22

0.07
0.30

0.56
0.20

TABLE VIII. Possible spin assignments for the ( hs/3
13fs/2) multiplet on account of the dipole Sum rule.

Peak no. (a)

scopic strengths is ambiguous. The spins sug-
gested in Table I were obtained by qualitatively
comparing a calculation that reproduces the

Ih, /2S f, /, ) and Ih»2S 313») multiplets to the data.
The qualitative features predicted by VI and the

realistic calculation of Kuo and Herling are the
same. Table VII shows the configuration mixing
predicted by Kuo and Herling, where the model
space includes all the possible two valence protons
states in this major shell. The calculation shows
a strong admixture between the even J states of
""e

I "s/2Sfs/2) I
"3/2S ps/2) a"' I'13/2S 313/2)

multiplets, while the odd J states stay relatively
pure.

To suggest the spins of Table I, we assumed
the 3, 5, and 7 states of the Ihs/ss f, /2) multi-
plet to be pure. The dipole sum rule thus leads
to the two possible spin assignments given in
Table VIII. For both the 4 and 6 states, assign-

/

ment (a) would give matrix elements with a stan-
dard deviation of order 200 keV from the predic-
tions of the empirical interaction VI and the real-
istic calculation of Kuo and Herling. However,
assignment (b) gives better agreement with the
sum rule and with the calculated matrix elements.
Assignment (b), as given in Table I, is therefore
preferred since it combines both simplicity and
qualitative agreement with the calculation.

The transition corresponding to peak 23 at 4.591
MeV is a pure /=1 transfer. If we assume the
odd J 3'and 5'states of I'h»Sp, /, ) multiplet are
not mixed, the level at 4.591 MeV has a spectro-
scopic strength consistent with the 3 assignment.
The level at 4.624 MeV has a spectroscopic
strength about 30% larger than the theoretical
strength for the 5 state. This could be caused by
the uncertainty from peak fitting. This level lies
within 50 kev of the 5 state predicted by the em-
pirical interaction V, . Hence, we suggest the
configuration Ih, »S p, /, ), for the level at 4.624
MeV. The other I = I peaks seen in the ('He, d)
spectrum have small spectroscopic strengths and
no spins are suggested for these levels in Table I.

16
17
18
19
20
21
22

2+

6 +

6+
3'
5+

4+
7+ 4+

2'
4+
6+
3+

+

6+
7+ 4+

APPENDIX B

Using the gyromagnetic moments p. deduced
from the single-valence-nucleon nuclei around

0 Pb, simple rules of vector addition can be used
to predict the magnetic moments of many-valence-
nucleon nuclei in the Pb region. This calcula-
tion assumes that the valence nucleons keep the



R. GROLKAU, W. A. LANFORD, AND R. KOUZES

TABLE IX. Magnetic moments of nuclei in the Pb region.

Isotope 4 Exc. energy (MeV) Configuration

Mag. moments
(Pg)

Experimental Calculated

209Bi &

2ovPb ~

2o5pb a

210pp

211At

208At

212Rn

213Fr

214Ra

208pp

206pp

204pp

202po

205TI

203Tl

201Tl

199T1

195Tl

2088i

206Bi

206pb

206pb

9»
2

1
2

13
2

6'

21
2
28-
2

21
2
29-
2

8+

21-
2
28-
2

1+
2
f+
2
1+

2
1+
2
1+
Y
1+
2

10

10

6

0.000

0.000

1.014

1.473

1.557

1.417

2.641

1.428

2.429

1.671

1.590

2.536

1.865

1.533

&1.582

&1.704

&1.730

0.000

0.000

0.000

0.000

0.000

0.000

1.571

1.044

2.200

2.384

mh9/2

$13/2

(&h8/2)'

(mh„,)'

(m h8/2)3

(~h8/2)

(~h8/, )'

(7r h8/2)
3

(7t h8/2)4

{ma„,)'

(7r h9/2)
5

(mh8/2)6

(~a„,)'

(~h8/, )'

(~h9/, )'

(zh8/2)2

(7t s, /, -')

(ms, /, -')

(~si/2 )

(rsi /2-1)

(~s, /, -')

(~si/, -')

VZ13/2 SXh8/

V~i3/2 +h8/2

VPi /2 Vii3/2

VPi /2 8 Vii3/2

+4.1106 + 0.000 2

+0.587

-0.975

+5.48

+7.35

+9.54

+15.31

+9.98

15.37

+7.29

9.320

15.08

7.120

+7.288

+7.35

+7.38

7.45

+ 0.007

+ 0.040

+ 0.05

0.05

+ 0.10

+ 0.13

+ 0.21

+ 0.29

~ 0.10

+ 0.037

+ 0.29

+ 0.032

0.088

~ 0.10

0.10

0.12

+1.61

+1.60

+1.58

+1.58

2.633

2.631

~ 0.02

k 0.02

+ 0.02

~ 0.04

0.013

+ 0.024

-0.1519 + 0.002 8

+0.78

+1.638 213 4 + 0.000 000 7

+1.622 257 + 0.000 001

5.46

7.28

9.55

9.55

7.28

9.55

7.28

7,28

7.28

7.28

7.28

2.67

-0.37

-1.47

Magnetic moments used as input to the calculations. The data are from Ref. 17.

same gyromagnetic moments p, independent of the
presence of other valence nucleons. The calcula-
tion is compared to the experimental moments in
Table IX. As shown, except for two moments in
"'Pb, the calculation agrees with the experimental
moments well. Table IXalso shows the experimen-

tal moments of a series of isotopes of Po arid Tl
having an even number of neutrons. The moments
stay remarkably constant. These corn parisions
suggest the independence of the core polarization
induced by a valence nucleon in the presence of
other valence nucleons.
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