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Nuclear spin-orbit splitting from an intermediate 4 excitation
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The strength of the single particle spin-orbit potential is calculated from the two pion exchange box diagrams
involving an intermediate d(1232) resonance excitation by taking account of the exclusion principle for the
intermediate nucleon states. The effect of the p meson is also considered. The predicted strength is found to account
for a substantial part of the empirical spin-orbit splittings.

NUCLEAR STRUCTURE Calculated spin-orbit splittings; effect of an inter-~
mediate 6 excitation.

The problem of finding the origin of the spin-or-
bit coupling in the nuclear shell model is an old
one, and various processes have been examined in
many investigations. ' ' Recently it has been
shown~ that the spin-orbit splittings in "0 and
'Ca can reasonably be understood through the com-

bined effect of the effective nucleon-nucleon (itilV)

spin-orbit interaction in first order and the effect-
ive NN tensor interaction in second order. Quan-
titatively, however, it does not seem to be con-
clusive as yet. Furthermore, there remain large
discrepancies between theory and experiment for
splittings in nuclei in which the j =5 + & subshell
is filled but the j=l —2 subshell is empty. ''
Therefore, it is worthwhile to look for any other
sources of the nuclear spin-orbit splittings in the
light of present knowledge about the NN interaction.

Recent work has indeed brought about a deeper
understanding of the NN force in a field theoretic
way. Among others, two-pion exchange processes
containing one nucleon and one &(12&2) isobar in
intermediate states have been found' to generate
the attractive force at intermediate distances
which was accounted for by a fictitious scalar
meson in one-boson exchange models. Within the
framework of the coupled-channel formalism, ' the
4 excitation is described by a local transition po-
tential which is dominantly tensor. Therefore we
notice at once that the transition potential will also
give a spin-orbit coupling in second-order pertur-
bation theory in a way quite similar to the ordinary
tensor force. ' 4 In the latter case the main contri-
bution comes from the exclusion principle effect in
intermediate states. The purpose of this paper is
to show that a considerable part of the observed
splittings may be obtained from the two-pion ex-
change via a virtual N4 excitation if we take into
account the exclusion principle for intermediate
nucleon states.

Consider the Feynman diagrams in Fig. 1. They
involve the integration
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FIG. 1. Direct (a) and crossed (b) two-pion exchange
diagrams involving N& intermediate states. The & reso-
nance is indicated by a heavy solid line.
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where &u„=(k'+ p,')'~', m, m*, and p, are the
masses of the nucleon, 4, and pion, respectively,
and we have used the static forms for the nucleon
and 4 propagators. Energy conservation at ea,ch
vertex implies that ko =q, =m —Q,o and that Q,o
=m+k for the direct box diagram (a) and Q,o
=m- k, for the crossed box diagram (b). We have
taken the static limit for all the external nucleons.
Carrying out the Q» integration, we get the result
which is equal to the sum of the twelve time-or-
dered diagrams. Among them only four diagrams
having an intermediate state without pions are in-
cluded in the coupled-channel calculation. In the
present case the remaining diagrams will be found
to be equally important.

A large nucleus may be approximated by an ideal
Fermi ga,s. In this model, the nucleon propagator
in Eq. (1) is replaced by

1 —n(Q, ) n (Q~)
m —Q, —ie m —Q~o+ie

=(m —Q„-ie) ' —2vin(Q, )5(m —Q»), (2)
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where the occupation number n(Q, ) is one for Q,
&P~ and zero for Q, &Pg (Pg =1.36 fm ' is the
Fermi momentum of normal nuclear matter). The
term proportional to gg(Q, ) in the propagator repre-
sents the exclusion effect which entails a, modifi-
cation of the NN interaction in the nucleus. When
inserted into Eq. (1), this term yields n(Q, ) /

Kq 'b.m both for the direct and cros sed diagrams .
Here 4m is the N- 4 mass difference. Thus the
direct and crossed diagrams contribute the same
amount to the effective interaction in the nuclear

medium, at least for static nucleons.
For two free nucleons, the amplitude for Fig.

1 is a, function of the momentum transfer Z(=p,
-p,' =p,'-p, =k —q) alone in static theory. In
the nucleus, however, the exclusion principle re-
quires the correction term PZ) which has addi-
tional dependence on p, through n(Q, ) = n( (p, -k ().
In coordinate space, V(Z) is transformed into
V(r = r, —r, ) and p, becomes an operator acting on

ket wave functions. Collecting all the necessary
factors, we find

2 3 f' 3

V(r) =gg, II g e ' ' '~''n( )p, -k~)k ggu(k)4' gog(q) „gg»o', .q(x, .k

x(T,t; T»S,t qS, k+T,~; T„S, 'kS, 'q),

where 7, and &+are the isospin and spin operators
of particle 1, T, and S, are the transition opera-
tors transforming particle 2 from N to 4, and e
=ff*/4gg (f and f* are the ggNN and ggN& coupling
constants). In Eq. (3), we have used the notation

k 'gu(k) =4n p'&u& 'E. '(k')

for the regularized static pion propagator. The
form factors E'(k') come from each end of the
propagator. The function gu(k) is related to the

I

radial factor ggr(r) of the tensor part of the transi-
tion potential through

ge (k) = 4g
~

dg r'j, (kr)gg r (r)
0

with j, being the spherical Bessel function of order
2.

The spin-dependent term of V(r) is cast in the
form

V(r) =-', gu'
g 2 g e g~ gg(I pg-kl )q'k&g'qxkk 'gu(k) gf Kgl) .

As we are considering the effective interaction of
particle j. with all others in the spin-saturated
closed shells, we have dropped the o, term which
will vanish after the spin average. The isospin-
dependent term is also neglected, since it does
not constitute the major contribution to the spin-
orbit splittings.

In a Thomas-Fermi type approximation for the
single-particle density matrix, the one-body spin-
orbit force is given by'

V„(r,) = Jt d'r, p(r, )V(r, —r, ) .

Following the standard procedure, ' we expand the
nuclear density p(r, ) around r, and integrate over
r, to obtain

l

As ~ is a function ofP, ', it becomes a complicated
operator in the nuclear configuration space. For
a nucleon just above the last closed shell, how-
ever, one may replace p, by the Fermi momen-
tum P~. Our final expression is

dkk 1 —( i
gu'(k) .3~'P~ am ., ~2p»

(10)

For the numerical computation of Eq. (10), we
need the pion form factor E(k'). We use the
monopole form factor E(k') = (A' —gg')/(A'+ k')
with A'=72 p,

' (Ref. 10). The E(k') is normalized
to unity at k'= —p,

' and the corresponding coupling

dp(+, )
Vg, (r,)=-. ~v, r, xp, —.

The strength of the spin-orbit force is given by

(6)

TABLE I. Strength of the spin-orbit force calculated
from the two-pion exchange processes.

V„Q/le7)
Static Nonstatic

(9)

f /4m= 0.36
f*(0)'/4~= O.246

13.2
8.5

11.2
7.2
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constants are given by f'/4~ = 0.08 and f+'/4~
=0.36. In the first column of Table I we give the
resulting value for V„=- zp, /&', where p, =0.17
fm ' is the nuclear density at the center and +0
=1.1 fm.

The above value for f* is calculated from the
4 width in lowest order perturbation theory and is
known to be too large compared with the quark
model prediction, f*'/4~=0. 23. We also calculate
V„using the form A'/(A'+ k') for E(k') which is
normalized at the soft-pion limit 02= 0. The cou-
pling constants at the unphysical point &2= 0 are
estimated from the Goldberger-Treiman relation
f (0) = 0.942j (Ref. 11) and from the dispersion re-
lation

m

where the integration is over the ~N center-of-
mass energy W, q=(W'-m')/2IV, and 5» is the
phase shift for the nucleon and zero-mass pion in
the 3-3 channel. Direct numerical evaluation of
the integral, using the experimental phase shift"
and the method of Gerstein and Lee" for going off
the pion mass shell, gives f*(0)'/4w =0.246." The
result for V„ is given in the second row of Table
I 15

We have assumed all the nucleons and 4 to be
static, but this approximation can easily be avoid-
ed. The factor 1/b, m in Eq. (9), when put into the
k integration, is rewritten as the sum of the direct
box diagram contribution .

d 'p, (b,m+e@ +eo —e~ —e~ ) '
8~Pq

2 F
1 2 1 2

(12)

and the crossed box diagram contribution

d'p, (b,m+e~ +eo —~o —q ) '
8~p~3 1 2 1 2

2 F

(13)

with e's for the kinetic energies of N and h. The
results of direct computations are shown in the
second column of Table I.

We next consider the effect of the p meson.
When one or both of the two pions in Fig. 1 is re-
placed by a p meson, its contribution to V„ is
simply given by replacing m(k) in Eq. (10) by
m(k) —(p~uzlpu)cv~(k), wh, ere u~ =f~f$/4~, p, ~
is the p-meson mass, and zo ~ (k) = 4~y, ~

'k'E„'(k')/
(k'+ p, z'). We employ the form factor Ez(k') =A&'/
(A ~'+ k') with A ~

= 1450 Me V (Ref. 16) and the coupling
constant f ~

= g~(1+ t&z)y, ~/2m with g~'/4v = 0.52 and

z~ = 3.7 from the vector-dominance model, while
the pNb, coupling constant f ~z

= (jz / f )f* from the
quark model. " In column (I) of Table II, we show

TABLE II. Predictions of ~» including the p-meson
contributions for (I) gp /47t =0.52, &p= 3.7, fp2/4~= 5.7,
(IQ gp /47t = 0 .55, &p= 6.6, f p /4~ = 15.6, and (III) fp /4~
=$.3, f+p/4&=3. 74.

~ls (Mev
II

f* /4K= 0.36
f*(0)'/4~= 0.246

9.3
6.0

4,4
2.9

10.5
6.8

the predictions for V„ including the p-meson ef-
fect. There is considerable cancellation between
the r and p contributions.

Unfortunately, the vector coupling constant g&
and the ratio &p of the tensor to vector coupling
have uncertainties. A dispersion theoretic analy-
sis by Hohler and Pietarinen" gets gz'/4w = 0.55
and z& =6.6. With these values two thirds of the
contribution are canceled by the p contribution,
as shown in column (II) of Table II. On the other
hand Kisslinger" deduced f$'/4v = 3.74 from a
Regge pole analysis which gives accurate fits to

With this small value, the p contribution
is much diminished, as seen from column (III) of
Table II.

Recently Grein and Kroll" have suggested that
the small value of wz found in many investigations
of AN scattering is related to the neglect of the 3'
discontinuity of the NN cut. When they allow a
normalization of the P-wave NN «amplitude
to fit the discrepancy function which represents
all the information available from experiment on
the discontinuities, they find &~ = 3.5-4.0 instead
of 6.0-6.1. This means that the choice of the p-
meson coupling constants depends on the model
used for constructing the NN interaction. The
reaction we have considered, NN-~p byN and 6
exchange, constitutes a model for the 3~ cut. It
is not evident a priori that the p-meson coupling
constants to be used in this reaction are the same
as in the 2~ channel, since they may reflect the
neglect of 4' exchange. We cannot therefore de-
termine which values of ~~ should be adopted for
the NN ~p process unless a consistent fit to NN

scattering is made.
Seeing that the effect of the p meson on V„ is

sensitive to the coupling constants, one may think
that short-range dynamical correlations should
have a great influence on V„as p dominates at
short distances. Actually, the result is insen-
sitive to the short-range correlations since the
integration in Eq. (10) is limited to k- 2P~ and
therefore av(k) at large k [i.e., &r(&) at short
distancesj does not contribute to V„. To see
this more explicitly, we multiply ur(&) in Eq.
(5) by the correlation function 1 —e " ~' with
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~ =0.4 fm and compute V„ to find that this effect
is 5e/o at most for case (II). The reason for this
is that since the r singularity of ~,(r) is moder-
ated to r by the inclusion of the regulators E(&')
and &~(ka), the integrand in Eq. (5) behaves like
-r'u r(r)»r' for small r so that the short range
part is effectively cut off without the correlation
function and thus V„ is little influenced by it.

Allowing for ambiguities, the combined effect
of the 4 excitation and the exclusion principle
amounts to V„=3-10MeV, which should be com-
pared to the observed spin-orbit coupling
strength =17 MeV. ' Consequently it may be con-

eluded that the present effect must be included in
a quantitative calculation of the spin-orbit split-
tings. It would be quite interesting to examine the
relative importance of the three contributions
from the effective NN spin-orbit and tensor forces
and the 4 effect we have considered. It is also
desired that all these effects on V„should be cal-
culated consistently with the construction of field
theoretic nuclear forces.
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