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A fit to pionic atom data is used to determine four of the parameters of the low energy pion-nucleus optical
potential, while the other parameters are taken from theory. The resulting potential is used to predict elastic
scattering from 30-50 MeV pions. The effects of extrapolating the parameters to 50 MeV with a simple energy
dependence are examined.

NUCLEAR REACTIONS Optical potential, fit to pi-mesic atoms. Calculated
elastic scattering with extrapolated potential at 30, 40, 50 MeV on individual

targets.

I. INTRODUCTION

is

H. THE OPTICAL POTENTIAL

The optical potential form used for this analysis

2(oU„,= -4m[b(r) +B(r)]
+ 4v V {Z,(r)[c(r)+ C(r)]}0

where

b(r) =p, [b,p(r) —e,b,bp(r)],

c(r) =p, '[c,p(r) ~,c,~p(r)], —

Information about the pion-nucleus optical po-
tential in the low energy region, i.e. , pion kine-
tic energies up to 50 MeV, can be obtained from
several sources. In particular, there now exists
a body of excellent quality data for pionic atom
level shifts and widths and for pion-nucleus elas-
tic differential cross sections for pions of 30-50
MeV kinetic energy. In an earlier paper we pre-
sented an optical potential appropriate for low en-
ergy pion-nucleus scattering, and related the op-
tical parameters to those from fits' to early pionic
atom data. The success of that approach and the
improvement in the quality of the pionic atom data
have motivated the present investigation. We have
redetermined the pionic atom parameters by fitting
to recent pionic atom data" using an optical po-
tential similar to that of Ref. 1. The energy de-
pendence of the potential has now been included
by performing an approximate extrapolation of the
yarameters from zero to 50 MeV. The resulting
optical potential has been used to calculate the dif-
ferential elastic scattering cross sections, which
are then compared to the existing data.

a(r) =p,B,p'(r),

C(r) =p, 'C,p'(r),

L(r)= 1+ —X[c(r)+C(r)]4m

3

bp(r) =p„(r}—p,(r).
Here P, and P, are kinematic factors,

(0 (d
P]. ~ s P2

v is the pion total energy, &, the pion charge, and
M the nucleon mass. The densities p„, p~, and p
are normalized to N, Z, and A, respectively.

The parameters b0 b] c0 and c„referred to
as the single nucleon parameters, are taken from
a fit to the pion-nucleon scattering amplitude
written in the form

f,„=b, + b,F r+ (c, + c,t. r )k ~ k', (2)

with t and 7 the pion and nucleon isospin opera-
tors, and k and k' the incoming and outgoing pion
momenta. Note that at zero energy the parame-
ters are purely real.

The effect of correlations has been included to
second order in the s-wave via the parameter 5„
where

0 0 2~ 0

with k~ the Fermi momentum, %~=1.4 fm '. The
effect of correlations in the P-wave term in the
zero energy limit gives rise to the I orentz-Lorenz
Ericson-Ericson (LLEE) effect, giving X=1 in
the simplest derivation of that term. '

True absorption of the pion, assumed to be
dominated by a two nucleon process, is described
by the terms in the complex parameters B0 and C0.
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The optical potential in Eq. (1) differs from that in
Ref. 1 by the inclusion of the P-wave absorption
term in the LLEE effect. The proper treatment
of this term is, in fact, not clear.

The derivation of the kinematic factors is given
in Ref. 1. These have been computed only up to
order oy/M, giving rise to the terms in V'c(r) as
well as the factors P, and P, . Terms of order
(&o/M)' and higher are expected to be negligible,
with the exception of an induced s-wave term of the
form'

Nucleus (E&-E )EM

s wave'
AE

10B
12C
14N

16p
19F
20Ne

23Na

68.714
99.066

134.740
175.413
220.952
270.952
327.131

-2.977 + 0.085
-5.874 + Q.Q92
-9 915+0 144

-15.03 + 0.24
-24.46 + 0.35
-33.34 + 0.50
-49. 92 +.0.71

1.59 + 0.11
3.14 + 0.12
4.34 + 0.24
7.64 + 0.49
9.4 +1.5

14.5 ~3.0
10.3 + 4.0

TABLE I. Experimental pionic atom energy shifts and
widths in keV.

f~(.) =-4 (-' ..—.'(-.'.)'"p "p ])'
Pl Nucleus

p wave"
~~.-E,~EM AEp

which results from the Fermi averaging of the
term p p', where p and p' are nucleon momenta.
E(r) is thus proportional to the kinetic energy
density in the nucleus and has been evaluated in
the Thomas-Fermi approximation. The effect of
this term will be discussed in Sec. IV.

27 AX

28S1

"s
4'Ca
56 Fe
63gu

~Zn

87.270
101.283
132.510
207.674
352.356
439.016
469.995

0.201 ~ 0.009
0.308 + 0.010
0.635 + 0.016
1.929 ~ 0.014
4.368 + 0.088
6.67 + 0.24
6.44 ~ 0.33

0.120 + 0.007
0.192 + 0.00.9
0.422 + 0.018
1.590 + 0.023
6.87 + 0.21

11.4 + 0.8
12.4 + 1.4

HI. PIONIC ATOM DATA

Pionic atom level shifts and widths furnish in-
formation about the overall strengths of the s- and
P-wave parts of the optical potential at zero pion
kinetic energy. This provides limiting values for
the low energy optical parameters, assuming the
pion-nucleus optical potential parameters vary
smoothly with energy.

The pionic atom data used in this analysis are
given in Table I, where the s-wave data are taken
from Ref. 3, and the P-wave data from Ref. 4.
The calculated electromagnetic energies of the
transitions are also given. The general features
of the data are evident from Table I. The level
shifts and widths tend to increase smoothly with
increasing Z. The s-wave shifts are negative,
indicating a repulsive s-wave interaction; th|; P-
wave shifts are positive, indicating an attractive
P-wave interaction, but show signs of saturation at
high Z.

There is a reasonably close correspondence be-
tween measured quantities and terms in the opti-
cal potential. That is, the real s-wave part of the
optical potential is mostly sensitive to the s-wave
shift, the imaginary part to the s-wave width,
with similar results for the P wave. There is,
however, some mixing, the P-wave parameters
being particularly sensitive to the predetermined
s-wave parameters, and the V'c(x) term is an s-
wave term with P-wave coefficients. Thus four
parameters may be determined from the analysis
of s- and P-wave pionic atom data. In principle,
the A dependence of the data might distinguish be-
tween a p and a p' term and thus determine rebore
parameters; in practice, the discrimination is

'Reference 3.
b Reference 4.

not good. For example, the combination
(Reb, )p(x)+ (ReB,)p'(x) behaves like [(Reb, )
+ (ReBO)p„,]p(x) with 'p„, independent of A. Thus
one of the two parameters Beb, and ReB, must
be fixed at some value. The same is true of the
P-wave parameters Rec, and ReC„with the fur-
ther complication that these are not independent
of the parameter A. .

It is clear from the above that a choice must be
made concerning which four isoscalar parameters
to fit, and values must be assigned to the others.
Note that it is possible to fit the isovector para-
meters b, and c, as well, using data for nuclei
with XcZ. This is not done in the present analy-
sis; these parameters are fixed at their phase
shift values. These parameters have been fitted
by others, and we will discuss their importance
later.

For the real s-wave potential we choose to fit
the parameter b„and fix ReB, at the value given
by Chai and Riska, ' with b, taken from phase
shifts. ' The value of bo is very poorly known near
threshold, and therefore is not a good param. eter
to be held fixed. Unfortunately the value of ReB,
is also not certain, but the calculations of Chai
and Riska indicate that it is small at zero energy.
The s-wave width is fitted with the parameter
ImBO The re suiting va lue can then be compared
with various theoretical results.

For the P-wave potential we fix Rec„c„and
ReC„~.nd fit A. and ImC, . Rec, is fixed at the
value given by Rome, Salomon, and Landau, ' which
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is extrapolated from their smooth fits to the m-N

phase shifts. This eliminates the noise in Rec,
below 80 MeV and allows a smooth extrapolation
from threshold to higher energies. We have chosen
two different values of ReC„ the first from the
calculation of Chai and Riska, ' which results in
parameter setA, and the second from Oset,
Weise, and Brockmann, ' which results in parame-
ter set 8. These two values are quite different;
the second includes the effects of higher order
diagrams. These two sets A and 8 are used to
illustrate the sensitivity of the calculation to varia-
tions in these theoretical parameters. There
have been a wide range of values predicted for X,
from 1.2 to 2. 3,"while earlier predictions had
0&X&1.0 (Ref. 11); it is to be hoped that some
guidance on this matter can be obtained by the
fitting of X to pionic atom data.

The pionic atom calculations were performed
using the computer code MATOM, written by Seki,"
and modified to include the full optical potential in
Eq. (1). This program sets up and solves the
Klein-Gordon equation for the bound pion, deter-
mining the complex eigenvalue corresponding to a
given orbital. The fitted parameters were varied
to minimize the X'. The parameters were deter-
mined to no more than two significant figures, as
the ambiguity in the fixed parameters makes a
determination of the fitted parameters to great
accuracy rather meaningless. Care was taken
to ensure that parameter sets A and 8 produced
the same calculated shifts and widths so that the
parameters of the two sets could be compared.

A third parameter set, labeled C, has been de-
fined. For this set the parameters 8, and C, have
been taken from Riska et al. ', by c„and c, from
the phase. shift analysis of Rowe et al. ', and X was
chosen to be 1.6. The value of b, was chosen to
give good agreement with the low energy scatter-
ing data. This is therefore a "theoretically" de-
termined set with the exception of bp.

100 30 I I I I I I

10
UJ
&3

I I I I

5 6 7 8 9 10 11
I I I I I I I

5 6 7 8 9 10 11

FIG. 1. The s-wave shift and width in keV plotted as
a function of Z. Note that the s-wave shift is negative.
The solid curve is the fit from set A; the dash-dot curve
shows a calculation with set Q. The data are from Ref.
3.

same A dependence is an illustration of the state-
ment that the pionic atom data are mainly sensitive
to overall s- and P-wave strengths. For example,
the effective real P-wave strength (the coefficient
of p) can be written, over some range of parame-
ter space, as

c,« ——Re Pl p P2 p~ ff

1+—X(P, 'c
poe +ffP 2Co pelf )

With p ff 0 12 fm 0 7pp setA gives c,« ——

0. 434 fm'; set 8 gives c,« ——0. 434 fm . Thus,
within broad limits, those sets of P-wave parame-
ters which produce the same c,«will yield the
same results. A similar and simpler expression
gives the effective real s-wave strength.

C

b ff p]bp+p2ReBpp ff (6)

As sets A and 8 differ only in the assumption for
the P-wave parameters, which have very little
effect on the calculated s-wave strength, the s-
wave parameters are nearly identical, giving

IV. RESULTS
20 I I I I I I

10

30 I I I I I I

10-
The results of the fitting procedure with para-

meter sets A and 8 are shown in Figs. 1 and 2.
The solid line connects the values calculated from
both sets; the differences between them are too
small to be distinguished on this scale. The
dash-dot lines are the calculations from set C.
The parameters of the three sets are given in Ta-
ble II. The fitted parameter sets produce results
that reproduce well the A dependence of the data.
The results of set C clearly show a lack of suffi-
cient absorption in the optical potential parame-
ters of this set.

The fact that parameter sets A and 8 produce the

o.

o

1

o.

0.3-

0.1—

I I I I I I

12 16 20 2'1 28 32 0.03 12 16 20 24 28 32

z

FIG. 2. The p-wave shift and width in keV plotted as
a function of Z. The two curves use the same conven-
tion as in Fig. 1. The data are from Ref. 4.



2046 K. STRICKER, J. A. CARR, AND H. McMANUS 22

TABLE II. Parameter sets used for pionic atom cal-
culations described in the text.

Set A Set B Set C Set D

b, (fm)
bg (fm)
Be&p (fm )
ImBp (fm4)
c (fm3)

c& (fms)
BeCp (fm6)

ImCp (fm~)

-0.046
-0.134

0.007
0.19
0.66
0.428
0.287
0 93
1.4

-0.047 ~

-0.134
0.007
0.19
0.66
0.428
1.0
1.2 '
1.8

-0.049
-0.134

0.007
0.08
0.66
0.428
0.287
0.34
1.6

-0.046
-0.134
0.007
0.19 ~

0.66
0.428
0.287"
0.46""
1.45

These values were fitted to the pionic atom data.
The Cpp parameter was outside the LLEE term.

ff -0.0515 fm. In this way we can find a
simple Kisslinger potential, using the parameters
b,«and c,«, which will be at least representative
of the original potential. Table III lists these ef-
fective strengths, along with those corresponding
to other analyses.

There is general agreement in the results of
different investigators, with all of the strengths
falling within 10% of each other. Much of these
differences are due to the fitting procedure —the
choice of which nuclei and which parameters to
fit. We took an average fit to the nuclei, while
others concentrated on the isovector terms and
their effect on high Z nuclei. The analysis of
Batty et al. 4 produces a larger effective P-wave
strength, c,« ——0. 48, with the isovector terms
causing the saturation at high Z. All cases show
the same qualitative effect: c~« is reduced and Q,ff
is enhanced from the free space values.

The density dependence introduced by the LLEE
effect introduces an additional A. dependence into
the theory, so that "equivalent" potentials do not
produce equivalent fits. A pionic atom calculation
of the P-wave shift using the effective strength for
set A does well, but looks more like the dash-dot
curve on the left side of Fig. 2. Even if the data
are fitted giving 5,« ——-0.051 and c,« —0.46, the

shape of the curve is such that agreement with the
P-wave shift data is less satisfactory than when
the full potential is used. Hence, although these
effective strengths allow a convenient ground for
comparison of parameters of similar potentials,
it must be kept in mind that the density dependent
form of the potential, e. g. , the LLEE effect, pro-
duces results that are different in important de-
tails from other forms of the potential.

As noted in Sec. II, a second order kinematic
term, K(r), proportional to the nucleon kinetic
energy density, has not been included in the opti-
cal potential used for this analysis. This term is
an attractive s-wave term; its inclusion in the
optical potential causes a change in the value of
the fitted parameter bo in setA from —0.046 to
—0.053 fm. The difference between the fitted value
and the theoretical value for b, is between -0.OP4

and -0.017 fm, depending on whether K(r) is in-
cluded or not. The defect is thus about the same
size as the second order correction already in-
cluded. Although, in principle, some of the defect
can be eliminated by a large negative value for
ReB„ the calculations of Chai and Hiska indicate
that this is not the case; they consider their cal-
culated value a lower bound, with further refine-
ments having the effect of making it more posi-
tive. The missing s-wave strength is at present
an unsolved problem, although recent results"
suggest it can be explained by medium corrections
to the s-wave scattering.

As the value of c, at zero energy is uncertain,
with different analyses giving somewhat different
values, we investigated the effect of fixing A. at
some reasonable value, X=1.6, and fitting c, with
the other parameters as in set A. The result
was cp 0 69 fm'. This indicates the degree of
uncertainty in X that corresponds to a change in

cp so increasing & by 0.2 compensates for in-
creasing cp by 0.03.

The removal of the P-wave absorption term
C, p' from the LLEE effect causes a substantial
reduction in the value of ImC, required to repro-

TABLE III. Effective s- and P-wave strengths for pionic atom potentials.

Set & Set a Set C' Set a Batty b Batty ' Powers d Friedman '

Beb„, (fm)
Imbe~g (fm)
Bec@~ (fm3)

Qnc&& (fm3)

-0.051
0.024
0.434
0.051

-0.052
0.024
0.434
0.051

-0.055
0.010
0.415
0.017

-0.051
0.024
0.443
0.051

-0.051
0.024
0.482
0.046

-0.051 -0.047
0.024, 0.024
0.493 0.460
0.040 0.049

-0.053
0.023
0.477
0.039

These "theoretical" parameters were not fitted to the pionic atom
"Calculated from fit using procedure (a) in Bef. 4.
'Calculated from fit using procedure (b) in Bef. 4.
Calculated from six-parameter fit with &= 2.25 in Bef. 13.' Calculated from form I in Bef. 14.
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duce the P-wave widths. In this case fitting gives
X=1.45 and ImC, =0.46 fm', with the other para-
meters as in set A. This set will be referred to
as set D. We note that the value of ImC0 given
here is much smaller than that quoted in Ref. I,
ImCO 0 79 fm and more near that given in set 2
of that reference. The difference is due to the
great improvement in the P-wave data since that
analysis was made.

V. ELASTIC SCATTERING

100

E
10

C

b

I I } I I i I t ) I I

With several sets of pionic atom parameters de-
termined, we turn now to the elastic scattering
calculations. The effect on the cross sections of
changes in various terms of the optical potential
is not as easy to predict as the effect on pioni. c
atom shifts and widths. As was illustrated in Ref.
1, the scattering is chiefly sensitive to the rela-
tive strengths of the s- and P-wave parts of the
optical potential. The presence of imaginary
parts in the potential complicates this picture
somewhat. One must be careful in assessing the
quality of agreement between calculation and ex-
periment because the sensitivity to small changes
in certain parameters is very great. The dif-
ference between a good fit and one that appears
rather poor may be a relatively small change in
one parameter of the calculation.

The elastic scattering calculations are performed
with a modified version of the program I'IRK,"
using the optical potential Eq. (1). Above thres-
hold the single nucleon parameters b„by co and
cy acquire imaginary parts to account for quasi-
elastic processes. These are calculated from the
m-N phase shifts and modified by a factor to ac-
count for the Pauli exclusion principle, as de-
scribed in Ref. 1. We will illustrate the effects
of extrapolation in the next three figures, using
50 MeV m' scattering from "O as the test case.

As a first approximation we take the parameter
sets directly from the pionic atom analysis, using
the assumption of Ref. 1 that the energy depen-
dence can be neglected. The results of elastic
scattering calculations with set A, (solid curve},
set B (dashed curve} and set D, with the P-wave
absorption outside the LLEE term (short-dashed
curve), are shown in Fig. 3. Although the corre-
spondence of the curves with data is not particu-
larly good, their agreement among themselves
supports the statement that elastic scattering is
sensitive to overall strengths, not individual
terms. As the three sets are more or less
equivalent, we will concentrate on setA in the
remainder of this discussion.

Next we consider the energy dependence of the
paramet|. rs. The energy dependence of the m-N

1
0 30 60 90 120

e, (deg}

150

FIG. 3. Elastic scattering of 50 MeV m' from 80.
The curves are calculated using the parameters fit to
pionic atoms given in Table II. The solid curve is for
set A, the dashed curve is for set B, and the short-
dashed curve is for set D. The data are from Refs. 16
and 17e

phase shifts is assumed to give the energy depen-
dence for by cp and c„ the calculations of Riska
and collaborators give the dependence for the ab-
sorption parameters. In other words, the para-
meters fitted to pionic atoms are assumed to have
the same slope as a function of energy as their
theoretically determined counterparts. Thus for
b„ for example, the defe ct is assumed to be the
same for all energies up to 50 MeV. The para-
meter X is assumed to be energy independent. The
corresponding parameters are shown in Table IV
for,50 MeV scattering using sets A, B, and C.

Figure 4 shows the effect of this procedure for
set A. The solid curve is the calculation with

pionic setA and no extrapolation; the short-
dashed curve is the same set extrapolated to 50
MeV. The dashed curve is a calculation with the
same parameters as for the short-dashed curve
except Rec„which has been kept at its zero en-
ergy value. This reduction in the P-wave strength
improves the fit somewhat in the s-P interference
region at forward angles.

As the values of the absorption parameters ImBO
and ImC, calculated by Riska et al. are appreciably
smaller at zero energy than those required by the
pionic atom analysis, we have investigated the ef-
fect on scattering of using these smaller values.
Shown in Fig. 5 is the calculation with the extra-
polated parameters of set A (solid curve), to
which is compared the calculation with the same
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TABLE IV. Optical parameter sets for 50 MeV scattering, extrapolated from the sets
given in Table I.

Extrapolated
set A

Extrapolated
set.,B

Exh apolated
set C

bp (fm)
s, ( )
B (fm4)

p(
cg (fm )
Cp ( 6)

-0.057 + 0.006m

-0.134 —0.002'
-0.02 + 0.25m'

0.75 + 0.03c'

0.428 + 0.014~
0.36 +1.2~'

1.4

-0.057 + 0.006i
-0.134—0.002c'
-0.02 + 0.25i

0.75 + 0.03i
0.428 + 0.014i
1.2 + 1.45'
1.8

-0.060 + 0.006c'
-0.134-0.002''
-0.02 + 0.14c'

0.75 + 0.03c'

0.428+ 0.014'
0.36 + 0.59i'
1.6

parameter set but with the calculated absorption
values IrgB, =O. 14 fm' and ImCO=O. 59 fm', de-
noted set A' (dashed curve). Also shown is the
result using the extrapolated set C (short-dashed
curve), which also has the smaller calculated ab-
sorption values. Clearly the reduction in absorp-
tion improves appreciably the quality of the fit, so
the nearly theoretical set C fits the 50 MeV scat-
tering data very well. However, set C has too lit-
tle absorption to explain the pionic atom data.
Other adjustments of parameters can also improve
the fit, so this must be studied further, perhaps
using partial cross section measurements. The
difference between the dashed and short dashed
curves is due to the different ratios of s- and P-
wave strengths of the two parameter sets. Since
sets A' and C are qualitatively similar, we mill

use A', rather than C, to show the effect of using
"theoretical parameters" for the absorption in the
calculations that follow.

Figures 6, 7, 8, and 9 are included to illustrate
the energy dependence, A dependence, and pion
charge dependence, respectively, of the calcula-
tions. In each case the solid curve is the calcula-
tion with the unextrapolated set A, the dashed
curve is that with extrapolated set A, and the
short-dashed curve is that with setA', described
in the previous paragraph.

Figure 6 shows m scattering from ' C at 30, 40,
and 50 McV. Experimentally the character of the
interference pattern in the forward direction
changes with energy, reflecting the increase in the
P-wave attraction with energy relative to the s-
mave repulsion. The solid curve, for which the

100 I 1
/

I I 100

C

E 10—
Cl

b

C

E
10—

b

I I I I 1 I I l I I I i I

0 30 BO 90 120
e, {deg)

FIG. 4. Elastic scattering of 50 MeV w' from 0 with
extrapolated parameters. The short-dashed curve is
for extrapolated set A from Table IV. The dashed curve
is extrapolated set A with cp = 0.66 fm3, while the solid
curve is for the (unextrapolated) set A.

I I I I I I i I I i I I 1 I I 1 I

0 30 BQ BO 120 150
ec.rn. {deq)

FIG. 5. Elastic scattering of 50 MeV ~' from 60
showing the effect of decreased absorption. The short-
dashed curve is for extrapolated set C and the dashed
curve is for set A' described in the text. The solid line
is for extrapolated set A for comparison.
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FIG. 6. 6. Elastic scatterin of 30g o, 40, and 50 MeV' ~'
m . In all cases, the sosobd curve is for set A, the

as e curve is for extrapolated set A, and the
r se '. The data are from Refs. 18,
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most im portant energy dependence in the low en-
ergy region is the form of the P-wave '
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e -wave interaction
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VI. CONCLUSION
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FIG. 8. Elastic scattering of 30 MeV 7t' and n' from
C. The curves follow the same convention as in Fig.

6, and the data are from Refs. 18 and 20.

about twice as large as simple estimates. They
also require a weakened P-wave attraction, with
c fg decreased from its phase shift value of 0.58
fm' to a value ranging from 0. 43 to 0.49 fm', the
precise value depending on the procedure used to
fit the data and in particular on how the isovector
parameters are fitted. These values for c,«are
consistent with a large LLEE effect with 1& X& 2.
The imaginary parts of the optical potential, cor-
responding to absorption, are considerably larger
than theoretical estimates, such as those of Chai
and Riska, ' derived from two-body operators ad-
justed to fit pion absorption on the deuteron. A
recent calculation of the P-wave absorption para-
meter by Weise is much nearer the mark, falling
about halfway between the values of set A and set
C.

I

0 30 60 90 120

ec.m. ~deg~

150

FIG. 9. Elastic scattering of 30 MeV g' and & from
Pb. The conventions are the same as in Fig. 6, and

the data are from Refs. 21 and 22.
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The elastic scattering calculations confirm the
conclusions of our earlier paper, that an optical
potential fitted to pionic atoms produces qualita-
tive agreement with low energy pion scattering,
and in fact fits quite well for 30 MeV pions. A
simple extrapolation of the parameters also does
well at 30 and 40 MeV, but not at 50 MeV. Simi-
larly, a potential originally fitted to the 50 MeV
data does poorly when extrapolated in the same
way down to pionic atoms. The main discrepancy
is in the absorptive parameters, so a study of ab-
sorption cross sections may help clarify the energy
dependence of these parameters.
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