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Band structure of odd-A rubidium isotopes in the interacting boson fermion model
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Energy spectra arid E2 matrix elements have been calculated by means of the interacting boson fermion model for
"""Rb.A more schematic description obtained by assuming that the extra proton which is coupled to an even-

even Kr core is in a pure g9/2 particle state has been compared with calculations within a larger model space
including the d„, and g7/2 particle states. We find that it is possible to achieve excellent agreement for both the
schematic and the more detailed calculation as far as only level energies are concerned. However, the choice of
the model space turns out to have a strong influence on the model parameters. Moreover, we find that B(E2)
values differ considerably in both descriptions. We conclude that even if there is a large separation between shells,

the mixing due to the strong core-particle quadrupole force does not allow for restricting the model space to a single

j shell.

NUCLEAR STRUCTURE Interacting boson fermion mode], 7~' ' 'Rb,

INTRODUCTION

I

An extension of the interacting boson model
(IBM)' to states in odd mass nuclei has recently
been proposed. 2'3 This model has been called in-
teracting boson fermion model (IBFM). The odd
nucleus is treated as a system consisting of one
fermion coupled to an even-even boson core. The
core is described by the IBM version which does
not distinguish between proton and neutron degrees
of freedom, called IBM-1 in the following. 6 The
particle core coupling has been given a very gen-
eral form; one important feature of the Hamilton-
ian is the presence of a Pauli term. The model is
therefore particularly useful for the analysis of
transitional nuclei. A preliminary study of 8i, Rb
(Ref. 7) has already shown the great importance of
the Pauli term3 in the particle-core coupling.

The model has recently been successfully applied
to odd Pd nucleis which show a certain similarity
to axial rotors. The low energy positive parity ex-
citations of the odd Rb nuclei may be considered
an excellent and more difficult test case for the
IBFM. A large number of levels has been found
recently in Rb by Gast et al. using heavy ion re-
actions. Additional information about low spin
levels has been provided by beta decay experi-
ments. " Some levels have also been reported for
the neighboring odd mass isotope "Rb (Ref. 11)
showing a rather similar structure. For the iso-
tope "Rb only a few members of the yrast band
have been measured recently. "

The structure of the odd Rb positive parity spec-
tra resembles somewhat the rotation aligned cou-

pling (RAC) scheme, '~ as it has been suggested in
a previous paper on nuclei in the g&~2 shell. '

However, there are some experimental features
that cannot be understood in a simple axially sym-
metric rotor+particle model even if a variable
moment of inertia (VMI) is introduced:

(i) the theoretical energies of the so called "un-
favored states" are too high, and

(ii) there are several additional states which can-
not be explained by the model.

This is obviously caused by neglecting all the side-
bands of the core nucleus. In particular, the so
called "quasi-gamma-band" based on the second 2'
state of the core plays a very important role for
the nuclei under discussion. The IBM seems
therefore to be more appropriate, since it is able
to explain all the collective bands of the even-even
core.

We will restrict this investigation to states with
positive parity. The odd particle, which is coupled
to a Kr core, is then mainly in the lg&~2 shell mod-
el state. Owing to the strong spin orbit force.acting
on a high-j particle, this state is fairly well sep-
arated from other positive parity levels. Hence we
first tried to give a description in which the parti-
cle is in a pure g&~2 particle state, thus restricting
the number of parameters as much as possible. A

very preliminary version of these calculations has
recently been discussed. ' We further extended this
approximation by taking into account up to three
shells.

The structure of the even-even Kr isotopes has
been recently discussed ''5 in the framework of the
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IBM-2 model, i.e., the version of the interacting
boson model which takes into account proton and
neutron bosons separately. ' It has been found that
for .Kr the collective structure is rather close to
the O(6) limit of the model. As has been discussed
by Casten and Cizewski" and by Meyer-ter-Vehn'
the O(6} limit of IBM correspond's to the y-unstable
model of Wilets and Jean. '~ There is also a certain
similarity with triaxial rotor with y=30 . If we go
toward the lighter isotopes the structure approach-
es the SU(3) limit' or the axial rotor.

As discussed in Ref. 15, there are some diffi-
culties in the description of the Kr nuclei by means
of the IBM due to the influence of shell effects.
This regards the phenomenon of backbending and
the occurrence of a very low lying 0'(2) excitation
which is probably not of collective origin. These
features apparently did not affect the calculation of
the odd-A spectra.

H(particle) =g e&a/ a/„.
gm

(2)

For convenience the energy of the g&~2 state has
been chosen to be zero. The coupling Hamiltonian
takes the form3

H(coupling)

=+A v 5(d d)"'(ata )"'

Z'qq, 5 s /+as "'+X

x(,~,, )&»p»
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which consists of a monopole-monopole interac-
tion, a quadrupole-quadrupole interaction, and an
exchange force taking into account the effect of the
Pauli exclusion principle. The coupling constants
are the parameters A&, I'&&„and A&~&, , respective-
ly. X is a parameter describing the quadrupole
operator of the core. For the case of one single j
shell we have only three coupling constants A&,
I'zz, and A&z, while for many shells their number

THE MODEL

The Hamiltonian of the IBFM can be written ass

H =H(core) +H(par tie le) + H(coupling),

where H(core) is the Hamiltonian of the IBM-1.
The particle Hamiltonian contains the shell model
energies of the single particle states:

can be quite large. In order to keep the number of
parameters small, one can introduce the following
relations between the matrix elements of the cou-
pling Hamiltonian20:

Zi [(a a )(/2 (I a )(/2(I ~ )(/2]

x(, (4)
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where o/ is an occupation number (see below).
We will further discuss the single terms of the

coupling Hamiltonian in more detail.
The monopole force renormalizes the boson en-

ergy, thus shifting the energies of the core multi-
plets relatively, to each other, without contributing
to the splitting of each multiplet. One possible
physical interpretation of this term is that the bos-
on energies of the two neighboring even-even nu-
clei of the odd system under consideration are dif-
ferent. Thus the boson energy of the "true" core
may be intermediate between these values.

The splitting of the core multiplets and the mix-
ing of the core coupled states is determined by the
competition of the quadrupole and the Pauli force.

If we choose the Pauli term equal to zero, we
can investigate the effect of the quadrupole force
alone. The model shows, then, some similarity
to the intermediate coupling model; the quadrupole
term leads to the splitting of the core multiplets.
Increasing I 0 induces a smooth transition from
weak to strong coupling; the decoupled scheme
arises as a special case. There is a certain con-
nection between I', and the deformation parameter
P in the geometrical model. As a matter of fact,
the quadrupole operator used in IBM has a more
general form as the usual one (Bohr-Mottelson}.

The relation (4) for the quadrupole force con-
stants of different j shells is apparently in analogy
with the treatment given in other nuclear models.
The additional factors containing the quantities &&

resemble the BCS attenuation factors; a& plays the
role of an occupation number similar to the ~&' in
the BCS description of the core.

The parameter X, allows for some reordering of
levels in the multiplets. %e found that it has a
strong influence on the relative position of the fully
aligned states and those states with one spin unit
less, i.e., the so called "favored" and "unfavored"
states. A similar phenomenon happens in the tri-
axially symmetric model when y is increased from
0' to 30'. %e can say that g is related to the nu-
clear shape. In the SU(3) limit which corresponds
toaprolate(oblate) shape y=- ', [+ -', ], inthe
O(6) limit corresponding to the y-unstable rotor X

=0. Since g determines the quadrupole operator of
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the core it can be calculated from the parameters
used in the description of the core nucleus. One
should, however, keep in mind that the dominant
part of the effective nucleon-nucleon interaction
which causes the quadrupole force is the proton-
neutron interaction. As far as the quadrupole
force is concerned, an odd proton should thus be
coupled predominantly to the neutrons of the core.
The g in the odd A calculation can therefore not be
taken from IBM-1 which averages over protons and
neutrons but should be chosen rather close to g„of
IBM-2.

The Pauli term describes the effect of the odd
particle on the internal structure of the d boson.
This may be understood as a kind of blocking, be-
cause the particle occupies one orbit which is also
contained in the two particle wave function defining
the d boson in the even-even system. The occupa-
tion of the orbit in the s boson is given by the oc-
cupation number n&. The Pauli term vanishes ob-
viously for a&=0 or n&=1, i.e., for a completely
empty or a completely full shell. The structural
change induced in the odd mass spectrum when
varying the n& is to a certain extent similar to the
effect obtained by shifting the Fermi energy, as
has been discussed in Ref. 3. However, while the
BCS procedure only leads to a renormalization of
the quadrupole force, the Pauli term causes an
additional strong mixing through large nondiagonal
matrix elements. If one expands the Pauli term
into multipoles, i.e., rearranging it into pairs of'

boson operators and fermion operators, respec-
tively, it consists of multipole interactions from
zeroth up to fourth order. The dipole, octupole,
and hexadecapole obviously cannot be treated as
renormalizations of other terms in the coupling
Hamiltonian (3).

The importance of the exchange diagrams in the
phonon to particle coupling has been stressed by
Bohr and Mottelson~' and by Civitarese, Broglia,
and Bes,"who showed that it leads to a lowering
of the energy of the state I =j -1 as well as that of
the band based on this state.

A similar effect has been obtained in a less gen-
eral way by Alaga and Paar who considered a vi-
brator coupled to a cluster of three particles with
an antisymmetrized wave function.

RESULTS

The "Rb spectrum has first been calculated in
the one shell approximation; the four parameters
of the coupling Hamiltonian of Eq. (2) have been
fitted to the members of the first core multiplet
assuming that a state experimentally found at1096.5
keV (Ref. 9) is its missing —,' number. All other
levels seen in the experiments can be explained by

the calculation in a quantitative way. The param-
eters obtained in this way are A&-—1.65 MeV, I"&&

=1.27 MeV, A&&=1.55 MeV, and g=0.3. The g is
rather different from the g„of IBM-2 for "Kr (y„
=0.92)." When going to "Rb we find that we have
to vary the monopole and the Pauli force param-
eters (A&

——1.25 MeV, A&~f
—1.83 MeV); the change

in & has been taken equal to the change in &„ in
IBM-2 when going from Kr to Kr.

Although we have obtained a quite satisfactory
description for both Rb isotopes, one could have
doubts about the validity of the one shell approxi-
mation. In particular, the question arises whether
one achieves such a description only at the expense
of choosing unrealistic values of parameters. This
can be explored by extending the single particle
model space to more shells. If the parameters
found in the one shell calculation are realistic,
the solution should then stay stable. We have car-
ried out this test by including successively the
2d, &, and 1g,~, shells, the parameters being re-
lated by Egs. (4)-(6). The occupation numbers o'&

were 20% for g,~, and 0% otherwise; thus only the
quadrupole force gives rise to mixing in the single
particle space, while the Pauli term acts only on

the g,~, state. In order to get the same parameters
for the diagonal g, ~, contributions as in the one
shell approximation, the "state independent" cou-
pling constants I", and A, are then I'p 2 13 MeV
and A, =10.05 MeV. We find that the solution is
not stable if the d, ~, state is added to the model
space. When doing this the splitting of the first
core multiplet is increased by a factor of about
3 on the average, the —,

" state becoming the ground
state. Adding the 1g7~, shell has been found to be
of minor importance, due to the fact that the quad-
rupole force favors &j =2 mixing.

In order to find realistic values of the coupling
constants a calculation with two shells g, ~, and

d, g, seems therefore to be appropriate. This has
been carried out simultaneously for the isotopes
"'"Rb so as to obtain a consistent set of parame-
ters. As a matter of fact, we can now decrease
I", and A, by a factor of about 3 compared with the
one shell calculation; F, =0.71 MeV, A, =3.52 MeV
for both nuclei. The structural change occurring
when going from one isotope to the other can be
attributed to a change in the occupation numbers
alone: n, ~, = 0.18, o.,~, = 0.0005 for "Rb and 0.',~,
=0.3, a,~, =0.005 for "Rb. Although the effect of
0.,~, on the level energies is minor, the sensitivity
to the extremely small values of this parameter
is remarkable. In particular, it provides the low-
ering of the —', state in "Hb relative to its position
in "Hb. This feature can be understood if one
realizes that in some nondiagonal matrix elements
of the Pauli term connecting the g,~, and d, ~, states
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the coefficient A" contains' the occupation number

n, /, only with the power + (for instance, the coef-
ficient A59//22, /, ); thus these terms become more
comparable with the diagonal g,» contribution.
However, this sensitivity should be the object of
further theoretical studies.

The nucleus "Rb has also been included in these
calculations. The parameters I', and A, have been
taken identical to the values given above for the
other isotopes. However, the occupation numbers
could not really. be fixed, due to the very scarce
experimental information.

The values of X for the three isotopes have now

been found equal to.the values of X„ in the IBM-2
for the Kr cores: X =0.9, O.V, 0.5 for "'"'"Bb,
respectively.

The constant of the monopole force has been
fitted essentially to the states of the yrast bands
and taken equal for both shells; A&=0.5, 0.3, 0.3
MeV which is again a factor of 3 smaller than in
the one shell calculation.

The d, » -g,» energy difference has been chosen
equal to about 3.0 MeV for A = 80. This is taken
from the single particle energies in a Woods-Saxon
well as given in Ref. 23. In order to take into ac-
count the mass dependence of the potential, the
actual values were 3.2, 3.1, 3.0 MeV for "'"'"Hb;
this energy has not been used as a free parameter.

The computer code ODDA~' written by Scholten
has been used for the IBFM calculations.

A comparison of experiment and calculation is
shown in Fig. 1 for Rb and in Fig. 2 for ' Rb. In
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FIG. 2. Comparison of the IBFM calculations with
two shells {left) and one shell {right) with the experi-
ment {middle).
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transitions of the unperturbed multiplet structure of a system g9/28 O{6) are indicated by thick bnes. Numbers»ong
lines are E2 reduced matrix elements. There are no E2 matrix elements known from experiment.



1742 KAUP, GELBERG, von BRENTANO, AND SCHOLTEN

order to make the band structure transparent we
give E2 matrix elements in the figure for "Rb.
The levels linked by strong matrix elements form
families of states which roughly correspond to
representations of O(6). It is of some interest to
notice that the underlying g, ~, SO(6) structure
which is indicated in the figure is strongly per-
turbed. This is due to the admixture of d, ~, and-

to the occurrence of some terms in the Hamiltonian
which are not generators of O(6), i.e., (d'd)"' and
(d'd)"'. In the unperturbed scheme there would
be no strong transitions between different multi-
plets. For "Rb we give also a comparison with
the one shell calculation in Fig. 2.

The results of the one and two shell calculations
are essentially identical, as far as level energies
are concerned. There does not exist any meaning-
ful structural difference. Hence the conclusion
that the restriction of the model space leads to
unphysical results is not correct. On the other
hand, by comparing the two different calculations
we have learned that the coupling constants of the
effective core-particle interaction are sensitive
to the choice of the model space. Restricting the
model space requires a renormalization of the
interaction. Therefore we can say that the coupling
constants we have found in the calculation with
one shell only are effective coupling constants,
while the values obtained by calculating with two
shells are closer to the real values of the param-
eters of the particle boson interaction. It is ob-
vious that the sensitivity of the coupling constants
to the model space is due to the structure of the
odd-A wave functions. Although the d, ~, state is
3 MeV apart from the g, ~, state, the quadrupole
non-spin-Qip matrix elements are large enough
to cause some mixing between the single particle
states. Thus the results of the one- and two-shell
calculations are no longer similar if we compare,
for instance, E2 matrix elements which are by
far more sensitive to the wave functions than are
the level energies. In some cases, in particular
for weak transitions, B(E2) values differ by factors
of 100; even for the strongest transitions we find
in some cases. factors of ten or more.

In particular, if we compare only transitions
in the yrast band, there is a systematic trend,
the B(E2) values of the one shell calculation
being about 50/q larger than those of the two shell

calculation. This could be interpreted as an effect
of core polarization, due to the very strong quad-
rupole force between core and particle.

We want to stress therefore that the calculation
with many shells may contain considerably more
physics than a more schematic one within a re-
stricted model space. If the relations between
parameters given in Egs. (4)-(6) are accepted, a
multishell calculation does not require a larger
number of parameters, apart from the occupation
numbers. Thus the complication introduced by
extending the model space is only minor.

A similar phenomenon happened in the descrip-
tion of odd Pd nuclei mentioned above. ' The ex-
tremely large coupling constants given in Ref. 8
can be understood on the basis of our investigation
to be due to restricting the model space to the
Ih»~, shell. By including the 2f, ~, shell one prob-
ably could reduce drastically the values of the
parameters.

CONCLUSIONS

In conclusion we can say that the interacting
boson fermion model is able to reproduce the
quite complex structure of odd-A. g, ~, nuclei in a
way which is consistent with the description of the
cores in the same model. We showed that a de-
scription with a pure g, ~, particle state is possible
for these nuclei. Some anomalies in the values of
the coupling constants could be understood as
renormalization effects due to truncating the model
space. Even for the case of large separation be-
tween shells, the mixing due to the b,j=2, non-
spin-flip matrix elements of the quadrupole force
turns out to have a strong inQuence and cannot be
neglected'if one wishes to achieve an accurate
description of the odd-A. wave functions. We be-
lieve that this feature will be important for further
applications of the model.
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