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Proton elastic scattering on light nuclei. II. Nuclear structure effects
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Differential cross sections for proton scattering on 61 nuclei with mass numbers between 9 and 70 were
measured at 35.2 MeV incident energy. To extend previous measurements further data-were collected at
29.7 MeV on 10 nuclei. From a detailed inspection of the data a definite correlation emerges between the
elastic and inelastic cross section values at backward angles and the quadrupole deformation parameters P,.
Nuclear structure effects are also evident, at forward angles at the filling of the 1p shell. A set of mass

dependent optical-model parameters which produces acceptable fits at forward angles was derived. The
imaginary part was found to contain terms connected with the above structure effects. The results of this

and of a coupled-channels analysis are discussed.

NUCLEAB BEAGTIONS Proton scattering on Be, ' ' 8, "'3C, ""N,
i' &7y &8O 19F 20~ 22Ne 23Na 24~ 2Q 26Mg 27A1 28~ 29~ 30si 31P 32~ 34S 3g 37gl 40Art t
3 41K 0, 42, 43t44g 8ga 5S,«Ti g o 5 g Acr 5Mn 56: Fet
58~60y61~62~64Ni 63, 65gu, and64'66&67~68&70Zn. E 35 2 Mey On 23Na 3ip 39K 45Sc
5 V, '5'5 Cr, and 62' 4¹at E&=29.7 MeV Measured o (g) for elastic and in-
elastic scattering to 2 i states. Optical-model and coupled-channel analysis.
Deduced optical-model parameters and p 2 quadrupole deformation parameters.

I. INTRODUCTION II. EXPERIMENTAL DATA

A previous study of the energy dependence of
proton elastic scattering on light nuclei did evi-
dence an enhancement of the backward angles yield
which cannot be predicted by conventional optical-
model calculations. ' The same study. also showed
that this effect is particularly pronounced at pro-
ton energies between 30 and 40 MeV; further sys-
tematic measurements were therefore performed
at an incident energy of 35.2 MeV. The data thus
collected constitute a set of differential cross sec-
tions concerning nearly every stable isotope in the
A =9-70 mass region. Measurements were also
performed at 29.7 MeV on ten nuclei, and the data
on these measurements, together with those al-
ready existing in the literature, ' form a second set
involving about forty nuclei at an incident energy
of 30+0.3 MeV.

The measurements reported in this paper further
strengthen the hypothesis advanced in Ref. 1 (here-
inafter referred to as Paper I) of the existence of
a correlation between proton elastic scattering and
the structure of the target nuclei.

Besides elastic scattering, the analyses and
phenomenological comparisons presented in the
following sections also cover inelastic scattering
from the first 2' state in even-even nuclei.

The differential cross section for proton scatter-
ing at an incident energy of 35.2 MeV was measured
on the following 61 nuclei: 'Be (100%), "B (19.9%),"B (80.1/), "C (98.9%, CH ), "C (93.1%, CH, ), "N
(99.6/o), "N' (95%) 0 (99.8'%%uo) '0 (V5.6%), '0
(95%), "F (100%, CF,), "Ne (99.9'%%uo), "Ne (99.2'%%uo),

"Na (100%,NaF), "Mg (99.9%), "Mg (99%), "Mg
(98.V /), "Al (100/), "Si(92.2/0), "Si(98.4%, SiO, ),
"Si (88.4%%, SiO, ), "P (100%), "S (95'%%uo, SF,), "S
(90%, SCd), "Cl (75.5%, CH, Cl), "Cl (24.5%, CH, Cl),' K (93.1/o, K2CO3), K (95.8%, KCl), 'Ar (99.6%),
"Ca (99.9'%%uo, CaCO, ), "Ca (76.3%, CaCO, ), "Ca
(49.1'%%uo, CaCO3), Ca (95.8%, CaCO3), Ca (96.5%,
CaCO, ), "Sc (100'%%uo),

' Ti (98/0, Ti, TiO, ), 7Ti
(66.2/o, TiO, ), '~Ti (99.9%, Ti, TiO, ), "Ti (57.6%%uo,

TiO, ), "V (100%), ' Cr (90%), "Cr (99.8%, CrO, ),
"Cr (95/0), "Cr (94%), "Mn (100%), '4Fe (95%),
'6Fe (91.7%), "Fe (71.5'%%uo), "Co (100%%u) "Ni
(99/o), "Ni (99%%uo), "Ni (94.8/o), "¹i(90'%%uo), "Ni
(90'%%uo), "Cu (99.8%), "«(99.7 /0) "Zn (99 /0)
"Zn (96.1%), "Zn (V8.6%), "Zn (99.0%), and "Zn
(90'%%uo). The numbers in parentheses for each nu-
cleus give the isotopic enrichment of the target.
The chemical form is also given, except for tar-
gets of pure elements.

A second group of measurements at 29.7 MeV
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involved the following nuclei: "Na, "P, ' K, "Sc,
Nj

A description of the experimental setup is given
in Paper I, while the numerical data and errors
are collected in an ad hoc report. ' Gaseous tar-
gets allow greater precision in the determination
of the values of the target density and therefore of
the relative cross sections for different nuclei.
For this reason gaseous targets were used when-
ever possible (14 nuclei), while for other nuclei
self-supporting metal foils of uniform thickness
were utilized. When solid targets in this form
were not available or were too difficult to obtain,
chemical compounds deposited on a plastic film

were used. In these cases (14 nuclei) we usually
obtained cross section values relative to some
other nucleus, generally "0, contained in the
chemical compound. A plastic film of Moplefan
(C,H~)„, which does not contain oxygen, was used
as backing. The isotopic enrichment was gener-
ally more thah 90%. For some nuclei ("0, ~'Si,
"'"Ca, " "Ti, "Fe, and 67Zn) the enrichment
was smaller but the percentage of the various iso-
topes contained in the target was known. In these
cases several targets were used, as many as the
isotopes studied but with a different isotope con-
tent, and at the angles where the elastic peaks
merge isotopic cross sections were obtained as the

TABLE I. Data concernixg the even-even nuclei considered in the present study. ~orma-
tion on the accuracy of the cross-section measurements is given in the second and third col-
umns. The target groups A, B, C, and D correspond to different counter setups. Relative
errors within a given group are smaller (see text). The errors relative to ~6Q are 1.7, 3, and
4.2% for nuclei belonging to groups Al, A2, and A3, respectively. Column 4 gives the peak
values at the backward maximum of the differential elastic cross section. Their inverse are
given in the last column to facilitate comparison with the quadrupole deforxnation parameters
deduced from electromagnetic transitions P2 and froxn inelastic scattering p2'. The super-
script letters (a to e) on p2 values correspond, respectively, to Hefs. 7 to 11.

Nucleus
Target
gl oup

Systematic
error (%)

Opea
(mb/sr) /pemi pin

L2C

a60
18p
20N

22Ne

24Mg

Mg
28S1

"si
82S
'4s
40@

40@a
42ca
44ca
46Ti
48Ca
48T-

50Ti
50cr
52gr
54cr
54Ze
56 Pe
58pe
58Ni

60Ni

Ni

64Zn
66zn
68zn
VOzn

Al
A1
Al
Al
Al
B
C
D
A2
Al
B
Al
A2
A2
A2
A2
A2
A2
A2
B
A2
B
B
D
A2
D
C
B
B
B
B
B
B

3.6
3.6
3.6-

3.6
3.6
4.6
4.6
6.1
5.0
3.6
7.0
3.6
6.1
5.0
5.0
4.6
5.0
5.0
5.0
8.8
5.0
8.8
4.6
4.6
4.6
8.8
4.6
4.6
4.6
4.6
4.6
4.6
4.6

0.30-0.37
0.57
0.22
0.09-0.12
0.14-0.17
0.11-0.14
0.25
0.23-0.26
0.28
0.34
0.40
0.31
0.63
0.34
0.31
0.35
0.44
0.37
0.41
0.46
0.53
0.32
0.58
0.37
0.34
0.49
0.42
0.53
0.56
0.40
0.48
0.44
0.40

0.600
0.350
O.32O ~

0.728
0.590
0.640
O.52Ob

0.400"
0.320
0.320
0.260
0.310
0 117
0.244
0.253
0.290
0.102
O.265"
O.175"
0.292
0.225
0 270
0.180"
0.245
0.270 "
0.187b

O.211"
0.193
0.192"
0.250
0.227 b

O.2O5"
0.229"

-0.60
0.25
0.39
0.60
0.49
0.48
0.36

-0.40
-0.33

0.32

-0.25

0.24
0.24
0.28
0.16
0.25
0.19
0.24
0.18
0.20
0.16
0.21
0.26
0.19

-0.21
-0.19
-0.18
-0.23
-0.19
-0.19
-0.19

0.27-0.33
0.175
0.454
0.83-1.17
0.59-0.71
0.71-0.91
0.40
0.38-0.43
0.35
0.30
0.25
0.33
0.16
0.30
0.33
0.29
0.23
0.27
0.24
0.22
0.19
0.31
0.17
0.27
0.30
0.20
0.24
0.19
0.18
0.24
0.21
0.23
0.25
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solution of a system of equati. ons relative to the
various targets. In two cases, those of B and Cl,
targets containing the natural isotopic mixture
were used. For these nuclei the quoted elastic
differential cross sections correspond effectively
to each single isotope only at angles large enough
for kinematics to allow the resolution of the elastic
peaks. These angles were 43' and 100' for boron
and chlorine isotopes, respectively.

For most nuclei the absolute cross sections were
deduced directly on the basis of integrated beam
current, the target thickness and the solid angle.
The uncertainty in the cross sections for each point
in the angular distribution is due to statistical and
systematic errors. Counting statistics give size-
able contributions only at backward angles. For
elastic scattering the statistical error is generally
smaller than 4%%uo even in the minima of the angular
distributions at backward angles. Systematic er-
rors result from several causes. The absolute un-
certainties due to beam current integration and
dead time corrections are very small being of the

order of 0.2% and less than 1% respectively. The
error due to the uncertainty in the determination
of solid angles reaches a maximum value of the
order of 1.5 /0 for solid and 3%%uo for gaseous targets.
This error becomes negligible, however, if rel-
ative values considered are of cross section taken
with the same counter set-up (same target group
as in Tables I and II). The uncertainty in the mea-
surement of target thickness and uniformity is of
the order of 3%—8% and for most solid targets
constitutes the largest source of error. The effec-
tive thickness of gas targets is proportional to
nd sin8; the uncertainty in n (the number of nuclei
cm ) is estimated to be approximately 1/o, while
the contributions coming from d (the width of the
front slit) and 8 (the scattering angle) are already
included in the 3% error mentioned above for the
solid angle of gaseous targets. The overall sys-
tematic errors are therefore smaller for these
targets than for solid ones (see Tables I and II).
At small angles other systematic errors may be
present. In fact the extraction of the scattering

TABLE II. Same as Table I for odd-A and odd-odd nuclei. The values reported for the
quadrupole deformation parameters are derived from g.s. electric quadrupole moments p 2,
core excitation P2', and the electromagnetic parameters of the neighboring even-even nuclei
p2~. The superscript letters (a to h) on the p2 values correspond to Refs. 13 to 20. The P2

values were derived from Ref. 12.

Nucleus
Target Systematic
group error (%)

0'ye+

(mb/sr) pce
0.1/0~~
(mb/sr) 1

9Be
10B
ii B
13C
'4N
15N

O
19p

Na
5Mg

Al
29S.
31p
"Cl
37Cl
39K

. 41K
43 pa
4'Sc
47 T.
51y
53gr
"Mn
"Co

Ni
"Cu
65CU

"Zn

B
B
B
A1
A.1
A1
A1
Al
A3
B
C
A.2
B
A.1
Al
A2
A.3
A2

A2
D
B

C

B
C

4.2
8.8
8.8
3.6
3.6
3.6
3.6
3.6
6.1
5.3

5.0
7.0
3.6
3.6
5.0
7.0
5.0
4.6
5.0
4.6
8.8
6.1
4.6
4.6
5.3
4.6
4.6

0.19-0.23
0.75
0.55
0.55
0.86
0.68
0.53
0.12
0.19
0.27-0.30
0.40
0.32
0.33
0.46
0.64
0.60
0.48
0 44
0.39
0.46
0.47
0.42
0.37
0.47
0.56
0.52
0.47
0.51

0.26
0.31
0.15

0.023

0.045

0.144
0.20
0.12

0.040
0.031
0.023
0.027

0.076
0.093
0.014
0.008
0.10
0.090
0'.033
0.036
0.038
0.031

0.35
0.33
0.50
0.62
0.54
0.44
0.36
0.31
0.25
'0.16
0.14
0.24
0.25
0.27
0.28
0.20
0.25
0.27
0.21
0.19
0.19
0.20
0.20

0.37
0.70
0.41'
0.25
0.28

0.60

0.32
0.28

0.25
0.20
0.27'
0.25

0.27'

0.19'

0.43-0.53
0.13
0.18
0.18
0.12
0.15
0.19
0.83
0.53
0.33-0.37
0.25
0,31
0.30
0.22
0.16
0.16
0.21
0.23
0.26
0.22
0.21
0.24
0.27
0.21
0.18
0.19
0.21
0.20
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yields is generally straightforward except for elas-
tic peaks at forward angles, where events pro-
duced by contaminants or other nuclei (mainly
oxygen) present in the target have to be separated
The data can be corrected for these spurious ef-
fects if the differential cross section of the contam-
inant nucleus is known, by determining its content
in the target from the chemical form of the com-
pound used or directly from the data at large
angles, where the kinematics allows separation of
the different elastic peaks. A further source of
error is connected with uncertainties in the beam
direction and counter positioning. These, esti-
mated to be within +0.1; give sizable errors in
the cross section where its angular dependence is
very strong such as for nuclei with A&30 at scat-
tering angles smaller than 40'. Typical values for
total systematic errors in this case may be of the
order of 10%. A tail in the spectrum of a single
monoenergetic group is produced by edge effects
in the slit material and by protons which undergo
a nuclear, reaction in the silicon detector. The
fraction of elastically scattered protons lost from
the peak because of the latter effect can be evalu-
ated by using total reaction cross section values
for silicon. ~ This fraction is of the order of 1.3/p

at 35 MeV and less than 1% at 30 MeV. The con-
tribution of this tail to the 2' inelastic yield was
subtracted by drawing a smooth curve through the
minima in the spectra. The uncertainty resulting
from this procedure is significant only at forward
angles.

HI. PHENOMENOLOGICAL FEATURES OF THE DATA

0.1—

I I

-101

-1OO

14N

"3C
12C

—10
.: ~Be

160
18O

19F
2 Ne

Several significant features emerge from a fi.rst
inspection of the data. , Many nuclei exhibit an en-
hanced yield at backward angles which is especi-
ally evident in two mass regions close to ' 0 and
"Ca. Typical angular distributions for nuclei in
these regions are given in Figs. 1 and 2. Starting
from 'Be, the cross section at backward angles
increases with the mass, reaches a maximum val-
ue for "N, and then decreases to a minimum value
for ' Ne. In the calcium region the largest back-
ward yield is found for 'Ca. The other nuclei with
a neutron number N = 20, i.e., "Cl and ' K, give
an equal yield. The backward maximum is already
lowered by a factor of 1.5 for "Cl (Z =17,N = 18)
and 'K (Z =19, =N2)2and by a factor of 2 for OAr

(Z=18,N=22) and ~'Ca (Z=20, N=22). It there-
fore seems more probable that this effect is re-
lated to the structure than to the dimensions of the
nucleus. Further support for this statement comes
from the differences found for the isobaric pairs

Ar- Ca ~sCa ~sTj 54Cr-54Fe 5spe 'swj
Ni-'4Zn, in which the closed shell nuclei (~0 ~'Ca,

0 120 180
c.m.

FIG. 1. Mass dependence of the backward maximum
for nuclei in the 80 region. Data for ~O have been
omitted, being very similar to those for O. The lines
drawn through the experimental points are only to
guide the eye.

'4Fe, and " '4¹}show the largest backward yield.
It has already been observed (see for instance Ref.
5) that a deep minimum at backward angles gives
an "anomalous" shape to the angular distributions
for proton elastic scattering on ' P and 'Ca. In
the oxygen region (Fig. 1) the cross sections at
scattering angles larger than 60; and therefore
also at the last minimum in the angular distribu-
tion, coherently follow the changes in the yield of
the backward maximum. In the calcium region the
cross section at the last minimum stays fixed (Fig.
2}, while the following maximum changes with the
nucleus. . It therefore seems that for the effect
studied here the peak cross section at the back-
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1—
L

CQ

3O+ O.3 MeV

angles o'~~ and p, , the quadrupole deformation
parameter. The latter was deduced for even-even
nuclei from electromagnetic transition rates' '
(P2m in Table I). When the cross section is ex-
pressed in mb/sr, with the exception of "C, " "0,
and 4' ~'Ca, the values of 0.1/g ~ are almost ex-
actly the same as the numerical values of P', [Fig.
6(a)] at least within the estimated errors. These

CI

X

0

~&,l), ~"t) i QI$

35.2 MeV

01 10 30 50 70

FIG. 4. Mass dependence of the peak value of the
cross section at the backward maximum in the angular
distribution 0&~ for elastically scattered protons at two
energies. The error bars take into account both statis-
tical and estimated absolute uncertainty.

U)
170 I

(Q

CL

160'-
ilI IIiIlI lI II iI lI II

I I I
$I iI

lI II &I

I II I

I I l I I I

II II
I

Ill

] II
II )I

35.2 MeV

140 I

30
I I I

50 70

FIG. 5. Mass dependence of the angular position of the
backward maximum of Fig. 4. The error bars give an
upper limit to the estimated uncertainty,

formed nuclei like the neon isotopes. Spurred by
this evidence, we made several attempts to find
out if there is any quantitative correlation with
collective properties of the target nuclei. Striking
results were obtained in the comparison between
the elastic scattering cross sections at backwards

0.1—

rr

1=

c
C3

n

Pili&

P3

I I I II

503010 70

FIG. 6. Comparison of 0~ and quadrupole deforma-
tion parameter values. The dots with error bars give
the numerical values of 0.1/oyoLk (peak cross section in
mb/sr). (a) Comparison for even-even nuclei. The P 2

values are deduced from electromagnetic transition
rates (squares). For. 6, 180 and Ca the values obtained
from inelastic scattering cross sections are also given
(crosses). (b) Comparison for odd-A nuclei. The values
of 4P2 deduced from g.s. quadrupole moments are given
by triangles. (c) Same data as in (b) compared with P2
values deduced from core excitation strength (triangles)
or from electromagnetic properties of neighbouring
even-even nuclei (squares).
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are generally of the order of 6%%uo and 10%%uo for P;
and o ~, respectively. Better agreement for the
nuclei" "0and 4'Ca is obtained if the P, deduced
from inelastic scattering are used (present ex
periment and Ref. 11). For these nuclei, in fa,ct,
contrary to what is generally found, the deforma-
tion parameters from inelastic scattering differ
from those deduced from electromagnetic transi-
tion rates (see Sec. V and Table I). The P, values
for odd-A nuclei and odd-odd nuclei ("Band "N)
are usually deduced from the ground state electric
quadrupole moments" and are therefore related to
the ground state static deformations. The A-de-
pendence gross structure of the P', is still repro-
duced [Fig. 6(b)] but less satisfactorily and with a
different relative normalization (0.1/o ~~=4P', ).
For several odd nuclei considered herein it has
been shown" ' that the low-lying levels can be
described by coupling the extra particle or hole
to collective states of an even-even core and that
the collective excitation of the low-lying multiplets
has a strength which corresponds to that of the
parent 2', state in the neighboring nucleus. If we
use the Pp derived from these core excitations or,
for lack of data, the P', of the neighboring even-
even nuclei, the agreement found for even-even
nuclei is also obtained for odd-A nuclei [Fig. 6(c)].
The results of the above comparisons can then be
summarized with the assertion that a correlation,
which can hardly be fortuitous, has been found
and that it indicates that at 30-40 MeV the proton
elastic scattering is strongly affected by collective
couplings.

These findings could suggest that coupled-chan-
nels calculations may be needed to fit the elastic
scattering cross sections. Owing to the above cor-
relation with the P, parameters, couplings that
obviously should be considered are those within
the ground state rotational or vibrational bands.
Calculations of this type have been attempted but
have given rather unsatisfactory results, as could
have been predicted. In fact the coupling to collec-
tive low-lying states in strongly deformed nuclei
can produce sizeable effects in the elastic channel;
for these nuclei, however, the elastic scattering is
already satisfactorily reproduced by simple opti-
cal-model calculations. For this reason the pa-
rameters deduced in optical-model analyses are
usually readjusted in coupled-channels calculations
to restore, or in more favorable cases to slightly
improve, the agreement with experimental elastic
scattering cross sections. On the other hand, it
can be readily seen (see Sec. V) that in a spherical
nucleus the weak coupling between the ground state
and the low-lying excited states does not give rise
to any enhancement of the cross section at back-
ward angles.

IV. OPTICAL-MODEL ANALYSIS

It was shown in Paper I that conventional optical-
model calculations provide an acceptable fit to
proton elastic scattering data for light nuclei, with
the exception of the cross section at backward
angles on spherical nuclei. It was also found that
several parameters of the average energy depen-
dent optical-model potentials obtained in Paper I
as the result of analysis of proton elastic scatter-
ing on seven nuclei with mass numbers between 12
and 40 change regularly with energy and mass.
The geometry for the imaginary and the spin-orbit
wells was found to be practically mass independent,
while the radius and the diffuseness parameters
for the real well were found to increase fairly reg-
ularly with the mass.

To better ascertain the mass dependence of the
optical parameters and to get more detailed in-
formation about the variation of the well depths
with the mass, which especially for the imaginary
terms is not immediately evident, we performed
systematic analysis of all the 35.2 MeV data. This
analysis may be considered as a possible param-
etrization of the experimenta1. data, rather than an
attempt to obtain average optical-model potentials
to be used in further calculations. However, as
shown below, part of the results of the present
analysis can be supported or explained by recent
calculations based on folding models which take
into account only average nuclear properties and
therefore give potentials which are not strictly
related to the structure of each particular nucleus.

Conventional form factors were used for the op-
tical-model potentials and only data up to 100 -130'
were considered in order to remove the backward
maximum in, the angular distributions from the
best-fitting procedure. In this respect it should
be pointed out that Paper I showed how inclusion
of all the angles leads to the dominance by back-
ward angles in the least-squares search and, very
often to nonphysical values for some parameters.

Starting parameters in the fitting procedure were
interpolated from those given in Table II of Paper
I; all the parameters were then allowed to be
routinely in search in groups of 4 or 5. The spin-
orbit term was searched on only in the first step
of the fitting procedure and was subsequently fixed
at V =5.6 MeV, R„=1.01 fm, and a =0.60 fm.
These values fall in the middle of the range of those
given in Paper I and in a recent study of polariza-
tion in proton elastic scattering on 1.ight nuclei at
30 MeV." Our results for the mass dependence of
the geometrical parameters of the real central
term are shown in Fig. 7. Large fluctuations are
evident for the diffuseness over the full mass
range and also for R, below A =40. The deformed
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dence of the radius it can be recalled that the con-
volution of a nucleon-nucleon force of range t on a
W'oods-Saxon mass distribution of half-density ra-
dius C„results in a folded potential also of a
Woods-Saxon shape with a radius given by"'~:
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This formula is sufficiently exact for t/C„«1 and
is also still acceptable for light nuclei. If one
takes C„=B,A+'=(k, +k, A"')A' ' fm as has been
done for proton distributions, ""one obtains a
mass dependence for the radius of the potential
distribution of the following type:
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FIG. 7. Dependence on mass number of the best-fit
geometrical parameters of the real part of the optical-
model potential resulting from the analysis of 35.2-Me'V
proton elastic scattering at forward angles (3&100—
130'). The two different results for the diffuseness ap
were obtained by following two different best-fit proce-
dures. The solid lines give a smooth interpolation of the
points with the following A dependence: a p

= 0.819-
0.841 A fm ap= 0.79-0.721 A 2~ fm and Rp=1.216-
0.674 A fm (Rp ——1.16 fm for A &42). The crosses
give the values of the average energy-dependent poten-

'tials of Paper I.

nuclei in the Ne-Mg region show a preference for
large values of the radius and the diffuseness. On
the contrary, nuclei lighter than oxygen require
small values of the same parameters. These best-
fit values, as shown in Fig. 7, can be interpolated
by a smooth mass dependence without a noticeable
worsening of the quality of the fits and, if the well
depth is readjusted, with no appreciable change in
the volume integrals per nucleon Z„/A. The radius
parameter was therefore interpolated using the re-
lationships Rp 1 216 0.674A ' fm and Rp =1.16
fm for A ~42. The latter value is very similar to
the one given by Becchetti and Qreenless. " To
understand this result found for the mass depen-

=ft A' 3 =(g+kA ~~ cA ~3 ~ ~ ~ )A I fm

Both mass-dependent terms lead to an increase
of R, with A. The term inA "' is dominant for
small A values. The best-fit values for the dif-
fuseness can be interpolated by a similar mass
dependence: ao =0.79 -0.721A ' ' fm. This last
result is more strongly affected than that for R,
by the best-fit procedure (groups of parameters
searched on and their sequence). It can however
be stated without any ambiguity or uncertainty
that heavier nuclei require larger diffuseness
values.

The root mean squared (rms) radii (r')'~' ob-
tained in the present analysis are shown in Fig.
8(c); they agree with those given in folding-model
calculations done by Jeukenne et al. ,"also given
in the figure.

The real well depth best-fit values, as resulting
from the present analysis with geometrical param-
eters fixed at the above values, give the volume
integrals per nucleon Z„/A shown in Fig. 8(a).
These are compared with the dependence (full
curve) given by the folding-model calculations of
Ref. 24. The best-fit values of the well depth can
be interpolated by

Vo =43.4+18.6(N —Z)/A+0. 4Z/A' ~+825/A' MeV.

The symmetry term was obtained by averaging the
(N-Z)/A dependence for groups of isotopes and
isobars; the value of the Coulomb term was taken
as being equal to that used in standard potentials.
The last term, which is not present in the usual
form of optical-model potentials, was introduced
to account for the average mass dependence of Vp

and of the real volume integral, and can be just-
ified in a folding-model calculation. In fact for a
light nucleus the low-density surface region is
relatively more important so that the density de-
pendence of nuclear forces results in larger values
for the strength of the nucleon-nucleus interaction.
It should be noted in this connection that the vol-
ume integral per nucleon, as shown in Fig. 8, de-
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FIG. 8. (a) Dependence on mass number of the volume
integrals per nucleon of the real part of the potential
in Fig. 7. The dots give the results of the best-fit pro-

ceduree

with geometrical parameters fixed at the inter-
polation values of the F ig. 7 and well depths searched on.
The points belonging to the same group of isotopes are
connectted by lines . The smooth solid line gives the
result of a folding-model calculation (Ref . 24) . (b) Vol-
ume integral per nucleon of the real part of the average
mass-dependent potential given in Sec . IV (straight lines
and crosses) compared with the same folding-model
calculations as in (a) . (c) Mass dependence of the rms
radius of the real part of the potential of (b} (solid line)
compared with folding-model calculations as in (a) for

C, ' 0, Si, 40Ca, and +Ni (dots) and values from the
average energy-dependent potentials of Paper I for C,

N, 0, Mg, Si, Ar, and Ca (crosses) .

creases by about 20'%%uo in going from A = 9 to A =70.
Considering that for a Woods -Saxon distribution
the volume integral per nucleon is given approxi-
mately by

4m, a, m
VoRo 1+

R Av. I
III\ 0 ]-

and taking the average mass -dependent values for
Vp Rp and ap given above, it is found that the

strength V, and the geometrical factor have ap-
proximately an equivalent effect on the above de-
crement. If a potential is used with fixed geomet-
rical parameters and a strength V, with only the
small mass dependence arising from the Coulomb
and symmetry terms, "a mass variation is ob-
tained which is almost due only to the volume per
nucleon and which is too large (30%%u&&-40%%ug in our
mass range). These two possible sources of mass
dependence, the volume and the strength V, are
practically indistinguishabl e in the analysis of
elastic scattering data on medium-weight nuclei
but can be separated in the analysis of light nuclei.
It is interesting to observe again that the mass de-
pendence of global properties, such as the rms
radius and the volume integ rais, obtained in the
analysis of data for light nuclei is in good agree-
ment with theoretical folding-model predictions.

The analysis of the mass dependence of the ab-
sorptive part of the optical-model potential is less
straightforward. If the imaginary terms are de-
scribed with four parameters (the two well depths
W„and W~ for the volume and surface terms, the
radius R „and the diffuseness a ) and these param-

eterss

are freely searched on, results like those
shown in Fig. 9 are obtained. Strong fluctuations
are present over the whole mass range. The fluc-
tuations of the two well depths W„and W~ in most
cases are correlated and out of phase. The same
is found for the fluctuations of the geometrical
parameters R „and a „which do not seem to be
systematically correlated with any physical prop-
erty of the target nucleus. Moreover there is no
evidence for the commonly accepted isospin de-
pendence of the diffuseness. For this reason,
fixed average values have been used for both the
radius, set equal to R = 1.252 fm and the diffuse-
ness, set equal to a„=0.6VB fm. Again, as for
the real term, if the well depths are readjusted,
the use of fixed geometrical parameters gives rise
to only minor changes in the values of g' and of the
volume integrals Z /A. The strong fluctuations
noted above in the values of the well depths W„and
W~ are not eliminated, however.

A symmetry component is clearly present in the
volume integrals as can be seen in Fig. 10(a). The
lines which connect the best-fit values of the im-
aginary volume integral for groups of isotopes gen-

erallyy

have a positive slope with increasing mas s.
This behavior indicates the presence of a W, (N —Z)/A
term coherent with the isos calar part of the imag-
inary optical potential. A similar indication can be
derived from the isobaric pairs. The presence of
this term in the mass dependence of each single
well depth W„and W~ is less evident. Closer an-

alysiss

of the correlation between the values of the
imaginary depths and the values of (N —Z)/A indi-
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FIG. 9. Mass dependence of the parameters for the
imaginary terms of the optical potential. The lines
connect values corresponding to groups of isotopes, the
crosses indicate elements for which only one isotope
has been investigated.

cates that this symmetry term should probably be
included in the surface potential. A gross struc-
ture is present in the J„/A mass dependence under-
lying the symmetry component which represents a
sort of fine structure. This gross structure, as
shown in Fig. 10, is very similar to that displayed
by the mass dependence of the deformation param-
eters pram. In Fig. 10(c) the values are given for
0.1/o~, where g~ is the value of the cross sec-
tion on the maximum at backward angles. It is
interesting to remark that the volume integrals,
which are obtained from an optical-model analysis
of the forward angle data, are correlated with col-
lective properties in the, same way as the backward
angle cross sections. This is further proof that
nuclear structure effects, which are so evident at
backward angles, are also present in the fuQ angu-
lar distribution. Additional indications can be
gathered from- more detailed analysis of the results
shown in Fig. 10: The dependence of the symmetry

FIG. 10. (a) Mass dependence of the volume integrals
per nucleon of the imaginary term of the optical poten-
tial. The geometrical parameters have been fixed at
the average values (R~=1.252 fm, a = 0.678 fm) andthe
well' depth of the volume and surface term has been
searched on. The points connected by lines belong to
the same group of isotopes; the crosses indicate ele-
ments for which only one isotope has been investigated.
(b) Deformation parameters derived from electromag-
netic transitions P 2 and (N —Z)/A values. (c) Values
of 0.1/gpeak.

term is more evident in J /A than in o ~, and the
trend of the former is in good agreement with that
of 0.1/o „~except for light nuclei (A&16). In this
region there is better agreement with p;m. It should
be. recalled that the correlation between p; and
0.1/&r ~ is worse for these nuclei.

It is very difficult to reproduce the trend of W'„,
W~, and J' /A at the same time with an average
potential since it is not clear how to unfold the
volume and surface contributions in J' /A found in
the best-fit procedure. Good agreement with the
J„'/A mass dependence and fairly good correspon-
dence with the results for TV~ are obtained by as-
suming a fixed value for W„(3.'I MeV) and taking
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g =q(Ar g)/A+(1. 1P, +0.9)A"' MeV,

=y(~ Z)/A+(0. 11/g~+0.9)A"' MeV.

This choice results in a sizable increment (by a
factor of about 2) of the overall y' value in com-
parison with the one obtained by a free search on
W„and 8'~. The quality of the fits at forward
angles is still acceptable (see Fig. 11) and the
values of J /A are reproduced within 2%.

Folding-model calculations for "Si, "Ca, and
"Ni at 30.3 MeV proton energy have been per-
formed by Geramb et ul." Their results for J' /A
should also hold true at 35.2 MeV since the pre-
dicted energy dependence" of this quantity is very
small around 30 MeV. The agreement with our re-
sults is satisfactory as shown in Fig. 12(a). In the
same figure the results of calculations made by

Jeukenne et al .'4 are also reported as an example
of the average mass dependence given by folding-
model calculations. There is no agreement with
our results in the absolute values although the
average trend is well reproduced.

The framework offered by the optical model may
be used to relate other independent experimental
data to elastic scattering. Several total reaction
cross section (os) measurements concerning light
nuclei are reported in the literature. "" Very few
have been performed at 35 MeV, but the energy de-
pendence of g„has been determined for several
nuclei. It is therefore possible to obtain from the
latter an interpolated value at 35 MeV for the fol-

'Ca, and "Ti. These data are shove in Fig. 12
together with the results of calculations in which

22 e--
0.1—

0 60 120 0 60

FIG. 11. Typical fits to proton elastic scattering cross. sections. The solid lines are the result of the optical-model
calculations with the average, mass and P2-dependent potential given in Sec. IV. The dashed lines are the result of
coupled-channel calculations for elastic and inelastic scattering to the first 2' excited state. %'ell depths both for the
real and imaginary parts and P& values were searched on in a fit to the full angular distribution.
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FIG. 12 . (a) Volume integral pe r nuc leon of the ima-
ginary part of the potential given in Sec . IV; The sur-
face well depth Wz includes the dependence on Opeltk .
The results of the folding-model calculations of Ref s . 2 6
and 24 are given by crosses and the solid line, res-
pectively. (b) Total reaction cross sections calculated
with the potential of (a) compared with the values ob-
tained by interpolation of the experimental data of Refs.
27-31.

the above P, -dependent potential was used. The
similarity between the mass dependence of experi-
mental and calculated cross sections is evident.
The 1p -shell closure produces a decrement of the
flux in the reaction channels of the order of 10%-
15%. This effect, which is complementary to that
found in the elastic channel at forward angles (see
Fig. 3), can still be reproduced by optical-model
calculations. Since the mass dependence of J /A
and therefore that of the calculated reaction cross
sections are very similar to that of quadrupole de-
formation parameters, a parametrization of the
effect can be obtained in terms of P, values. From
this point of view, the nuclear structure effect on
total reaction cross sections and on integrated
elastic cross sections is connected to that found
for the elastic scattering at backward angles.
There are, however, at least two remarkable dif-

ferences�es.

The first, as already pointed out, is the
order of magnitude of the effect; the ratio of the
cross sections for ' N and "Ne is 1.13 at forward
angles, while it is about 8 on the backward maxi-
mum. The second difference concerns the energy
dependence. In fact, while the backward effect is
more evident above 26 MeV, the effect on g„val-
ues and on elastic scattering at forward angles and
therefore in the J„/A, deduced from the optical-
model analys'is is clearly also present in the 20-25

Mev energy region. This may be evidenced by the
same data mentioned above for total reaction cross
sections and by the optical -model analyses of Paper
I and of Ref s . 2, 32, and 33. - For instance, the
volume integrals J /A in the energy interval be-
tween 20 and 25 MeV are between 90 and 120
Mev fms for ' ' "N and "P, while they reach a val-
ue of about 150 for "0and "' "Ne and of 130-135
MeV fm~ for "C. As at higher energies the J„/A
minimum for "P and the nitrogen isotopes is a
consequence of the maximum in the elastic yield
for the same nuclei and is in agreement with a
minimum for the experimental reaction cross sec-
tions.

The present optica1 -model analysis leads to the
conclusion that, as found in Paper I for the energy
dependence, also the mass dependence of proton
elastic scattering on light nuclei can be reproduced
with conventional potentials. The set of average
mass -dependent parameters which has been de-
rived is listed in Table III. The agreement be-
tween the experimental and calculated angular
distributions is however generally satisfactory on-
ly up to 3 = 100' for very light nuclei and up to

150' for nuclei heavier than calcium. The above
potential is characterized by two features not found
in the hitherto available phenomenological poten-
tials for proton scattering on medium -weight nu-
clei": the mass dependence of the real part and
the nuclear structure dependence of the imaginary
part. The former can be explained by folding-
model calculations, while the latter can be param-
etrized in terms of the quad rupol e deformation
parameters.

TABLE III. Optical model parameters . The potential
listed is of the form

U(x) = -Vpf (xp) —i S"„f(x~) —48'~ df (x )&

dx~

2
V~~ df (xso)

d&8 0

where f(x~) is a Woods-Saxon form factor with x& = (r-R)A )/a& and where V(x, R,) is the Coulomb potential
of a uniform ly charged sphere of radiud R~= 1.2A

Vp= 43,4 + 18 6
A

+ 0 4 &&~3
+ 825A (MeV)

Rp= 1.216-0.674A-2~3 (a )

ap = 0.790-0.721A i3 (fm)

3.7 (MeV); S~= 7 + (1.1P 2 + 0 .9)A (MeV)A

RMi=. 1.252 (fm); a~ =. 0 .678 (fm)

Vsp 5 6 (NeV) Rgo 1 01 (fm); a,()
= 0.600 (fm)
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V. INELASTIC SCATTERING

This section contains a brief discussion of the
results obtained in the present experiment for in-
elastic transitions to low-lying states of the resi-
dual nuclei. Particularly interesting are those to
the first 2+ excited level in even-even nuclei. In
fact these states are known to be strongly coupled
to the ground state and in a macroscopic descrip-
tion the coupling strength involves the same pa-
ranieter P, which appears to be correlated to the
effect described above.

Differential cross sections for the first excited
state were obtained for the following 30 nuclei:
12C 16 y 180 20 $22Ne 24 y 26M~ 28 $30Si 32S 40Ar
42, 44~ 46, 48, 58~i 50, 52, 54~ 54, 56, 58 Pe 58,60,62,64N'

and '4 ' '' ' Zn. The cross sections for the dif-
ferent nuclei show sizable differences both in the
absolute value and in the shape of the angular dis-
tributions.

The absolute values can be parametrized in terms
of P, , the quadrupole deformation parameter ob-
tained as the normalization of a collective form
factor deduced from the optical-model potential for
the incoming particle. The P, values, given in
Table I, were obtained from coupled-channel an-
alysis of the above data. These values actually
give the deformation of the real central term of the
optical potential. The other deformations were
modified in order to give a constant P,B value.
The ECIS code by Raynal was used. " In this cal-
culation 2' states were described as the first ex-
cited state of the g.s. rotational or vibrational
band. Well depths both for the real and imaginary
parts and P, values were searched on in a fit to the
full angular distribution. Some of the fits produced
are shown in Pigs. 11 and 13. In comparison to a
simple optical-model calculation the quality of the
elastic scattering data fit is improved only in the
case of strongly deformed nuclei such as "Ne,

1 ~

0.1—

O.l—

0
I

60 12Q 18Q

c.m.
Q 6Q 18Q

FIG. 13. Inelastic scattering cross sections for the transition to the first 2' excited state. The solid lines give the re-
sults of the coupled-channel calculations of Fig. 11.
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especially at very backward angles. The quality
of the fits to the inelastic cross section is gener-
ally satisfactory.

Several optical-model potentials and fitting pro-
cedures were employed to determine the uncer-
tainty in the P, values deriving from the procedure
followed in coupled-channels calculations. As re-
sulting from these tests, this uncertainty in P2h'

seems confined to a rather small range. This re-
sult is not surprising in view of the fact that the
calculated cross section is proportional to the
square of the volume integrals containing the form
factor P, RVdf(r)/dr, where Vf(r) may be approx-
imately identified in the real part of the optical-
model potential. If, as in a coupled-channels cal-
culation, the results are also compared with the
elastic cross sections and well depths are searched
on together with PP values, a change in some op-
tical parameter (for example a change in the value
of R) is mostly compensated for by adjustment of
some other optical-model parameter such as V,
so as to leave unvaried the correct value of the
volume integral needed by elastic scattering data.
The contribution to the uncertainty in P2n values due
to optical-model ambiguities is therefore of a mag-
nitude typical of global quantities, such as the vol-
ume integrals, and not of each single parameter.
The resulting overall uncertainty in Psh', also in
consideration of systematic ind statistical errors
in the experimental data, is then of the order of
4%-7%.

In comparing. these parameters with those ob-
tained from electromagnetic transitions Ps it can
be recalled that: (1}The two groups of P, values
are both affected by errors which are on the aver-
age of the order of 5%, (2) further contributions to
their uncertainty can derive from several approxi-
mations which, especially for light nuclei, are
rather crude (for instance, the P2 parameters
were deduced' ' from electromagnetic transition
rates by taking a uniform sharp-edge charge dis-
tribution}; (3) the two kinds of parameters give,
in principle, the deformation of two different phys-
ical quantities, the electric charge and the optical-
model potential. However, the agreement between
the p,'I and p", is fairly good. In fact, by ave~aging
over the nuclei studied one obtains P, /P, = 1.09
+ 0.14.

It should be observed here that the characteristic
behavior, correlated with nuclear deformation, of
the volume integrals per nucleon for the imaginary
part, found in Sec. IV considering only the elastic
scattering, remains substantially the same also in
coupled-channels calculations.

As mentioned above, there is some evidence of
systematic changes in the shape of the angular dis-
tributions which are more evident at backward

D Dtf
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FIG. 14. Peak cross section at the backward maxi-
mum in the angular distribution for inelastic scattering
to the 2

&
state divided by 0.55 (RP+2) plotted (squares)

against mass number. The parameter R is the real
well optical-. model radius and P~2 is the quadrupole de-
formation parameter as deduced from the inelastic scat-
tering itself. This ratio is proportional to a~/(e) .
For comparison the dots give the values of 0'p~'for the
elastic scattering cross sections already shown in
Figs. 4 and 6. The values given on the vertical scale
are obtained when cross sections are measured mb/sr
and the radius R in fm.

VI. SUMMARY AND COMMENTS

The systematic measurements reported here and
in Paper I provide evidence of nuclear structure
effects in proton elastic scattering on light- and
medium-weight nuclei. These effects are present
also at relatively high incident energies and are in
fact observed up to at least 45 MeV proton energy.
Their magnitude is largest at the filling of the 1P
shell. In the energy range 30-35 MeV the cross
section at backward angles for proton elastic scat-
tering on "~"N and ""0 is larger by about one
order of magnitude than that for beryllium or neon
isotopes. In this mass region, shell effects are
also present in the forward angle cross section,

angles. If one takes the cross section at the back-
ward maximum in the angular distribution 0 ~ and
calculates the ratio o ~/(RP, }', which corresponds
approximately to o „/(o}, an indication is ob-
tained of the rela, tive. yield at backward angles. In

Fig. 14 this ratio is plotted against the mass num-
ber and compared with o ~ for elastic scattering.
The two mass dependences are very similar.

An enhanced backward yield correlated to nuclear
structure therefore seems to also affect inelastic
transitions, at least the strong collective transi-
tions to the low-lying 2' states.
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which is enhanced by about 15/p. This enhance-
ment corresponds to a decrement in the total re-
action cross section.

Similar features in the data were also observed
at the filling of the 2s-1d shells. In this region,
however, the magnitude of the backward effect is
smaller and produces an increase in the cross sec-
tion value at backward angles limited to a factor
of about two with respect to the value for deformed
nuclei. No evidence of the forward effect has been
found in this mass region.

Detailed analysis of all the experimental data
provides strong evidence that these effects are
correlated to the collective properties of the nu-
clei involved. The systematic study of proton scat-
tering at 35.2 MeV shows, in fact, a definite cor-
relation between the mass dependence of the yield
in the elastic channel and the quadrupole deforma-
tion parameters P, . The elastic yield is maximum
for spherical and minimum for deformed nuclei.
The correlation between cross sections and defor-
mation parameters is ultimately the same for all
nuclei, namely for even-even and odd-A. nuclei,
if one uses the P, values as derived by considering
the coupling strength affecting the dynamics of the
scattering process rather than the static geornet-
rical deformations. An enhancement in the relative
yield at backward angles, with the same nuclear
structure dependence, was also found for the in-
elastic scattering leading to the first 2' state in

- even-even nuclei.
Further clues are provided by the magnitude of

the above effects and by their energy dependence.
It is difficult to ascertain whether ihe effect found
in the forward part of the differential cross sec-
tions is also present at relatively low energies due
to the large contributions from compound nucleus
resonances and from the opening of reaction chan-
nels. It is however certainly present at energies
as low as 20 MeV. A possible explantion could be
related to the smaller number of open channels for
nuclei near "O leading to a lower total reaction
cross section and consequently to a larger elastic
cross section. This explanation cannot be valid
for the backward effect both because of its mag-
nitude and its energy dependence. It has been
shown in fact that the effect at backward angles
becomes very evident only above 26 MeV and
reaches its maximum only in the energy region
between 30 and 40 MeV.

An enhancement at backward angles has also been
found in the elastic scattering of other light pro-
jectiles. The most widely known is the anomalous
large angle scattering (ALAS) for alpha particles.
However some features of the data reported here,
like the presence of effects also at forward angles
and the correlation with coQective properties,

seem typical of proton scattering.
An optical-model calculation satisfactorily re-

produces the cross sections at forward angles,
when average potentials with a smooth mass and
energy dependence are used. This is not true of
cross sections at backward angles for spherical
nuclei above 26 MeV, where the proton elastic
scattering may be considered anomalous in com-
parison to a conventional optical-model calculation.
It was shown in Paper I that the use of nonstandard
radial distributions of the potentials, as suggested
by recent folding-model calculations and by some
successful attempts in fitting ALAS data, can lead
to some improvements but fails to solve the main
difficulty found in these optical-model calculations,
that is, it fails to reproduce the energy dependence
of the angular position of the backward maximum.
As pointed out, in spite of the rather large number
of parameters used, this result is similar to that
found by Brieva in the comparison between folding-
model calculations and experimental data for "Ca
above 26 MeV.

In our opinion it is still an open question whether
the folding model or more generally the optical-
model even including a more detailed description
of the nuclear structure, wiQ adequately describe
the mass dependence of proton scattering in the
energy region here studied. Our results indicate
that a dependence from the deformation param-
eters P, of the imaginary part of the optical-model
potential can reproduce the nuclear structure ef-
fects at forward but not at backward angles.

An alternative approach, adopted by some auth-
ors, ""is to evaluate explicitly the contributions
to the optical potentials due to the coupling with
certain classes of reaction channels. The most
important "doorways" for the absorption of pro-
tons are expected to be direct inelastic scattering
and direct rearrangements. Recently the couplings
with high-lying inelastic channels and with the
(p, d) reaction have been considered. "" Both
couplings give an enhancement in the ela, stic yield,
which results in a backward maximum in the angu-
lar distribution. This enhancement is larger at an
energy of about 10 MeV for the intermediate parti-
cle if the process is described as a two-step
(p, p', p} or (p, d, p). If one considers the energy
position of giant resonances, which act as a clus-
tering of possible intermediate states for the
(p, p', p) process, as well as the values of the
(p, d) thresholds, it becomes clear why the back-
ward effect is maximum between 30 and 40 MeV.
This result is also confirmed by some preliminary
two-step calculations we have performed for a
wide range of nuclei and incident energies.

The A dependence is less straightforward. In
fact the differences found between elastic cross
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sections for magic and collective nuclei cannot be
explained on the basis of simple considerations on
deuteron thresholds, single particle energies or
the energy distribution of the quadrupole strength.
More explicitly, the excitation of the intermediate
states should be fairly similar for magic and col-
lective nuclei.

The structure of the nuclei involved might how-
ever determine the depletion process of these

, states and consequently their effect on the elastic
channel. A complete calculation should therefore

utilize detailed knowledge of spectroscopic factors
for transitions between excited states.

For the time being it can only be observed that
in spite of some success in fitting specific data,
the present theoretical interpretations leave open
the problem of explaining in detail the phenomen-
ology of proton scattering. This phenomenology,
on the other hand, has attained a satisfactory de-
gree of accuracy; its main features are now better
known and should allow exhaustive tests of the-
oretical models.
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