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Static and dynamic deformation effects in the fusion cross section of light heavy ions
at sub-barrier energies
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The static and dynamic deformation effects on the sub-barrier fusion cross section of light heavy ions are
investigated by performing a coupled channel calculation for the system "C+ ' O. It is found that dynamic
effects are negligible whereas static effects could be important, and they appear to show up partly through
absorption under the barrier.

NUCLEAR REACTIONS Heavy-. ion reactions; low-energy fusion cross section
calculated.

It is a common practice in sub-barrier light-
heavy ion data analysis, particularly in the case
of fusion, to utilize spherically symmetric poten-
tials. ' Although the quality of the fits obtained is
often quite good, there are, however, several
deformed systems, e.g. , "C+"C, "0+"C,
where this type of analysis has always presented
dif ficulties.

It would seem natural to resort to a coupled
channel calculation in order to fit the fusion data,
of deformed nuclei even at sub-barrier energies.
Recently a measurement of the sub-barrier fusion
cross section of systems with varying degrees of
deformation was carried out. ' It was found' that
an increase of the deformation of the fusing system
results in an increase in (T,„„.,„. This raises the
question of how to mock up the effect of deforma-
tion in an effective one channel description of thy
fusion process. In the present work we discuss
the static and dynamic effects that the deformed
shape of nuclei produces in the fusion cross sec-
tion at sub-barrier energies. As an example, we
consider the light system "0+"C.

The fusion process will depend on the relative
orientation of the two nuclear surfaces as the cor-
responding densities start overlapping. In the
case of the fusion of a spherical nucleus 1 with a
deformed nucleus 2, the sum of the nuclear radii
is given by

R(e) = ~, IA, '~'+ A, ' '[I+ (5/4m)'~'p, P,(cos0)] J,

ter of 2, and P, the second order Legendre poly-
nomia. l.

Considering the specific case of "0 impinging
on "C (P, = -0.47), the largest and smallest spatial
extentions of the fusing system are given by

R) ——R(m/2), R(—R(0), (2)

leading to a relative change in the barrier height,
as compared to the spherical case

&8„ I/R( —I/R)
(3)

The above result is a clear indication of possible
static effects due to the deformation of "C effecting
the sub-barrier fusion cross section.

Besides this static effect there might be dynami-
cal effects due to coupling to inelastic channels.
Consideration of the coupling to the 2' excited state
in "C has been made by Imanishi' several years
ago. The importance of this coupling in explaining
several features of the fusion cross section of "C
+ ' C and "0+ ' C was emphasized by this author.

In order to study both static and dynamic effects
on the fusion cross section, we have performed
coupled-channel calculations on the system "0
+ "C involving both the ground and the first ex-
cited (E„=4.43 MeV) states of "C, using the code
CHUCK. ' The optical potential used was a de-
formed, surface-transparent, Woods-Saxon po-
tential. The diffuseness, a~, of the imaginary
part of this potential was restricted to values sat-
isfying the condition'

where 6 is the angle subtended between the sym-
metry axis of 2 and the line connecting the centers
of 1 and 2, A, and A, are the mass numbers of the
two nuclei, P, the quadrupole deformation parame-

~-(& R)iy ~

In Eq. (4) g is the reduced mass of the fusing
system and Fh the Coulomb barrier height.

(4)
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These calculations were performed for the ex-
perimental value of the deformation parameter of
"C, P, =-0.47, ' as well as for P, =0.0 and P,
=-1.27, for the purpose of comparison and later
discussion. Other parameters entering the calcu-
lation are giver in the caption of Fig. 1, where
the results are shown. As can be seen, increasing
deformation implies an increase in the slope of the
rising ratio ar(P 40)/oz(P=O) =-F(P) as the center
of mass energy is decreased.

In view of the fact that the inelastic cross section
resulting from our coupled channel calculation was
found to be quite small (10 '-10 ' mb), such an in-
crease in a~ should be attributed exclusively to the
static deformation effects. Such an increase in
0 f„.„can be mocked up by changing the parame-
ters of the absorptive potential or in a lowering
and/or narrowing of the Coulomb barrier. The
latter possibilities are connected to the choice of
the real part of the optical potential. We argue
below that of all the parameters of the optical po-

P(= -0.47

———P, = -[.Z7

tential which have to be changed to mock up the
effects of static deformation, the diffuseness a~
seems to play a major role in giving rise to the
behavior of F{P) as a function of the center of
mass energy depicted in Fig. 1.

A natural way to take the effects of static defor-
mation into account is to average the fusion cross
section, calculated assuming a particular orienta-
tion of the symmetry axis of the deformed system,
over all orientations, namely

a, (Z) =— dQo,-(Z, Q),
1

4m

where Q corresponds to the Euler angles that
specify the orientation of the symmetry axis of
the deformed target relative to the line connecting
the centers of the two ions. At the low energies
we are considering, the dominant contribution to
0~ seems to come from the l = 0 transmission co-
efficient, T,~, and one may therefore calculate
the above average using a WKB estimate of the
a,ssumed barrier penetration probability form for
TL=O'

ao{Q)

or(E, Q)= —,exp — 2Rek(r, Q)dr, (6)
cq(Q)

where k{r, Q} is the local complex Q-dependent
wave number given by

k(r, Q) = , [V.„(r,Q) —Z—]

D
II

b

U

b

with V,(r, Q) = V(r, Q)+fW(r, Q) being the de-
formed optical potential and E the center of mass
energy= 5'k'/2p. The limits a,.(Q) and ao(Q) are
the inner and outer classical turning points re-
spectively, given by the two solutions of the equa-
tion

k(r, Q)=0. (6)

Short of being able to actually perform the above
average exactly, we could obtain a gross estimate
of the amount by which the diffusivities a~ and a~
of V„, are affected by static deformation by mere-
ly calculating the average of V„,(r, Q}, namely,

1
V„,(r)=~ dQV„, (r, Q).

E,„(MeV)

FIG. 1. The ratio F (p) =—Oz(p & 0)/Oz(p = 0) plotted vs

E~ for two values of p: -0.47 (full line) and -1.27

(dashed lines). The calculation was performed using
the coupled channel (cc) code cave@.. A deformed Woods-
Saxon optical potential was used with the following val-
ues of its parameters: Vo= 50 MeV, a&= 0.4 fm, ro, z
= 1.4 fm, %0= 8 MeV, az, = 0.1 fm, and ~o, z,= 1.4 fm (see
text for further details). Included in the cc calculation
was the 2' excited state of C (E&+= 4.43 MeV).

In the present paper V, (r, Q} is given by the
deformed Woods-Saxon form

Vo

1+exp([r —ft(8}]/a„j

1+exp([r —R(8)]/a ), {10)

where R(8) is given by Eq. (1).
In the limiting case where the diffuseness pa-

rameter is zero, the average potential V„,(r)
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acquires an effective diffuseness:

a.2,= 1»,'"
I P. I

(fm) .
If the diffuseness parameter is not zero, the

averaging procedure indicated in Eq. (9) will also
result in an increase in the diffusivity of the po-
tential, although a,«will not be given by such a
simple expression as that of Eq. (11). To see
this, we have evaluated V„,(r) of Eq. (9) for dif-
ferent values of the deformation parameter, P„
and extracted an effective diffuseness a,«(P,). In

Fig. 2 we present the result for (a ),«(P, ) and

(as),«(P2). Specifically, we obtain (ar),«(P2
=-0.47)=0.27 fm and (a~),«(P2=-1.27)=0.665
fm. These values are much smaller than those
predicted from Eq. (11). It seems, therefore,
that Eq. (11}is valid only for small values of P, .
As is clear from Fig. 2, (a/2), «exhibits a slower
increase with p, than does (av), «owing to the
larger value of as(=0.4 fm) than that of a„(=0.1
fm) considered for P, =O.

Turning now to a detailed discussion of the con-
sequences of the increase in a~ and aw due to static
deformation, we first argue that the change in
slope of the increasing F (P) with decreasing center
of mass energy is a clear indication of absorption
under the barrier. " Insofar as the diffuseness of
the imaginary part of the optical potential is chosen
to be that of Eq. (4), it is guaranteed that no ab-
sorption under the barrier would result in or(p= 0).
One also knows from Ref. 5 that for a~) k/v'8)/. E2
absorption under the barrier becomes important at
energies lower than a certain critical energy, E„
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given by

(12)

The above observations suggest that the form of

F(P) at sub-barrier energies may be calculated
following the procedure of Ref. 7:

FIG. 2. The effective disfussivities (az)ef f and (aw)eff
plotted vs p2. The parameters of V,pt(r, 8) used in the
calculation of Eq. (9) are the same as those used in the
cc calculation (see the caption of Fig. 1).

2)), I W(r2) I 1
ff' Ik(r2)I [(d/dr)Rek(r)]. . .T (P=0)'

0
where the optical parameters entering in the above expression are the effective ones which contain, on the
average, the effect of deformation. The quantity T, r2(P) is the l= 0 barrier penetration (BP) probability
calculated for strong volume absorption (no absorption under the barrier) and with a real potential deter-
mined by the effective parameters. For P= 0, the quantity E(0) is 1 since in this case no absorption under

the barrier is present by assumption.
The radius r,' is the position at which the integrand of the transmission coefficient that determines cr~,

has a maximum in the barrier region. ' The equation that determines r0 is

1 1/2 W( (+) )
2 2 /2 2/2—=2Rek(r2)=2 —

2 [V(r2) —E)'/' 1+ 1+
aw

0 g2 (14)

Equation (12) is an approximation to Eq. (14) ob-
tained by dropping the factor W(r2)/[V(r&'&) —E] and

by approximating V(r,'}= Z2. The most important
factor which determines the energy dependence of
F(P} is the exponential which tends to increase as
the center of mass energy is lowered. This is
clear from the fact that decreasing E amounts to

an increase in a,. —r,'. If absorption under the
barrier were not present, then the ratio F(P}
would change basically because of the change in
the barrier penetration resulting from the effect
of deformation on the real part of the optical po-
tential. As a matter of fact, at energies near the
barrier height one might expect F (P) to be larger
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than unity primarily because of the reduction in
the height, as well as the shift in the position of
the maximum, of the barrier. It is this effective
reduction in the height of the barrier which seems
to be responsible for the increase in F(P=-1.27)
down to an energy E -7.4 MeV with an almost con-
stant slope. This same mechanism seems to hold
in the case P= -0.47 throughout the energy range
8.5-5.2 MeV within which we were able to calcu-
late v,„„. with the coupled channel code. The
rather sudden change in slope of F(P=-1.27} at
E -7.4 MeV is an indication of the onset of absorp-
tion under the barrier. A similar effect should
also occur in F (P=-0.47), but at much lower en-
ergy. Unfortunately, the code CHUCK does not
function well once the coupled 2' channel becomes
a closed one and therefore we could not trust our
results at E &5 MeV.

We now use Eq. (12) to obtain an estimate of

(a~),«. In the case P= -1.27, we take for E, the
value 7.4 MeV. This gives (a~),« —0.88 fm which
is close to the value 0.665 fm obtained from Eq.
(9}. As was discussed previously, the change in
slope of F (P=-0.47) occurs at much smaller en-
ergies, owing to the small value of (a~),« for this
case.

It should be clear that our discussion above was
based on the E = 0 transmission coefficient which
gives the dominant contribution to cr,„,. Consider-
ing the contributions from the few / w0 transmis-

sion coefficients would not change the picture given
above.

We hope to have demonstrated in this work how
static deformation affects sub-barrier heavy ion
fusion cross section. Our conclusion is that static
deformation results mainly in two effects; the in-
itial rise in F (P) due to the overall lowering of the
barrier height and then, at a lower energy, the
rather abrupt change in the slope of F(P) due to
absorption under the barrier. We are presently
testing our findings on the data of Ref. 2, in which
case the dynamic effects are expected to be im-
portant owing to the larger probability for exciting
the 2' state in the deformed Sm nuclei. However,
the Coulomb polarization potential derived re-
cently in Refs. 8 and 9 and extended to include the
reorientation of the 2' exactly in Ref. 10 should
account rather well for the dynamic effect in a
one-channel optical model description of the sub-
barrier fusion process.
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