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A broad range of heavy-ion-induced fusion excitation functions are classically analyzed. The fusion-barrier

parameters are compared with predictions of the proximity potential, a Yukawa-plus-exponential model, and
a modified Woods-Saxon potential. The Yukawa-plus-exponential model is found to give the best overall

agreement with the data. The proximity potential is too shallow, but would be in closer agreement with

data if a necking contribution were added.

NUCLEAR REACTIONS Extracted fusion barriers and radii from fusion data
with heavy ions, compared several theoretical models.

I. INTRODUCTION

In this work we report on comparisons between
internuclear potentials extracted from experi-
mental heavy-ion fusion excitation function analy-
ses and predictions of several theoretical models.
'These consist of proximity, ' Yukawa plus ex-
ponential (YE), ' and modified renormalized Woods-
Saxon potentials (MWS). ' We have made com-
parisons of our data with nuclear models in the
past; however, the quality and quantity of the data
have now significantly improved and several new

suggestions have been made as to the theoretical
form of the nucleus-nucl, eus potential. ' '

We will first review the cia,ssical method used
to analyze the data and the assumptions and un-
certainties which are present in such an analysis,
as well as in modifications in data analysis sug-
gested by other groups. We will then give a brief
description of the three nuclear models to be con-
sidered, and investigate how well they agree with
the trends of experimentally deduced results.

II. CLASSICAL ANALYSIS OF FUSION EXCITATION
FUNCTION DATA

Fusion excitation functions have often been
analyzed using the classical relationship4 '

o,„,(e) = wR,„,'(1 —V,„,/E) .

This expression assumes that there is an ef-
fective barrier height &f„, which exists at some
distance between centers A f„„and that the sys-
tem is conservative.

Whether or not there is an effective fusion
barrier depends in part on the dynamics of the
coalescence process. It must be remembered that
the only true multidimensional saddle point is the
fission barrier. The latter is generally for a
symmetric system. 'The target and proj ectile
usually have neither the same mass asymmetry
nor deformation of the true saddle point.

The nuclear part V„of Vf„, is extracted assum-
ing that V,„,(R,„,) = V„(R,„,)+ V, (R,„,), the Coulomb
potential being given by point charges at separa-
tion Rf„,.

An additional possible limitation on the use of
Eq. (1), which has been pointed out, is that the
position of Vf„, has a radial centrifugal dependence
in such a model, so that the average fusion radius
decreases with increasing average angular mo-
mentum and therefore with bombarding energy.

Ce rtainly some ex pe r imental exc itati on functions
do not give the linear relationship predicted by
Eq. (1) when plotted vs 1/e and should not be
analyzed via Eq. (1). Linearity is a necessary,
but not necessarily sufficient, condition in extract-
ing R,„, and V,„, from Eq. (1).

One aspect of the uncertainty in extracting values
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of V„and R» from linear analysis of data is illu-
strated in Fig. 1 for the case of "Cl+"'Pr. These
data, we note, are among the poorest in the entire
set analyzed. In Fig. 1 we have drawn the best
fitting line, giving R~ =10.7 fm and V„(10.7)=14
MeV. We have drawn a somewhat higher line,
representing the steepest line which we feel could
reasonably be drawn through the data [R~, = 11.2
fm, V„(11.2) = 7.8 MeV]. Similarly, we have drawn
the line of least slope consistent with the data
(10.3 fm, 19.7 MeV). In this context there appears
to be a rather large uncertainty in R» and V,„,.
However, as was pointed out by Birkelund and

Huizenga, "' the correlated values of V(R) versus
R show the trend with R which is expected of the
nucleus-nucleus potential. So while the precise
value of R» may have a large uncertainty, the
variation of V„with R deduced from such analysis
is subject to far less uncertainty.

'The question of a nonconservative system exist-
ing in the entrance channel has been raised for the
particular case of ' frictional" dissipation. "' How-
ever, this should be velocity dependent, " and one
might again expect some deviation from linearity
in a o vs I/e plot if such dissipation were impor-
tant. It may well be that there is an important
contribution to V~, owing to neck formation. If
this is a constant for a given system (independent
of e) it would be included in the result extracted
from Eq. (1) but is not explicitly included in the
several theoretical models to be considered. We

suspect that the very linear behavior of the I/e
plots over a very broad energy range for the sys-
tems we have considered supports the use of Eq.
(1). But this is only an assumption at present,
given no good reason to suspect the contrary. A

recent theoretical treatment of fusion analysis of
data of this type concludes a primary sensitivity
to the conservative fusion potential and relative
insensitivity to assumed dissipative forces. "

An alternative method of data analysis which has
been suggested consists of a least squares fit to
the fusion excitation function using the formula due
to Wong. " In these analyses, relatively low ener-
gy data are generally included since Wong's model
includes effects due to barrier penetration. How-
ever, our experience has been that V~, (R,~) and

R» results extracted from such analyses vary
markedly depending upon the number and quality
of the low energy points included in the analyses. "
With our best data, an analysis according to Ref.
12 gives results in agreement wi. th those from a
linear analysis using Eq. (1)."With these reserva-
tions in mind of the possible errors in the analy-
ses, we consider models for the internuclear po-
tential.

III. THEORETICAL MODELS

A. Proximity potential

The proximity potential' predicts the internuclear
potential as being due to the separation between
two semi-infinite slabs of nuclear matter, modi-
fied by a geometric curvature correction. The
nuclear potential is given by

V„=4vyRM. (p),
where

(2)

C,C2

C, +C, '

with C, being the central radii of the target and
projectile. The central radius is related to the
effective sharp radius by

C = R[1 —(5/R)'),

(3)

where b is the surface thickness taken to be 1.00
fm. The parameter p = s/5, where

s =t'-C, —C, , (5)

ec (Me V)

FIG. 1. Fusion cross sections versus ~~~~ for 35Cl

+ Pr. Points with error bars are experimental results.
Three possible lines are drawn through the data, and
identified as to Rf~ and V„(Rf~) corresponding to each
line, cf. Sec. II.

is the difference between the internuclear separa-
tion x and the sum of the sharp radii. 'The para-
meter Z is the liquid drop surface energy coeffi-
cient given by

y =0.9517{1—1.7826[(N —&)/A)2) MeV/fm'. (6)

'The effective sharp radius is defined by
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R =1.2L4' 3 —0.76+ 0.L4. ' '.
The proximity function 4(p) = 4 (S) is tabulated' in
the reference; a simple analytic expression is
also given. We have used the tabulated results
with interpolation.

B. Yukawa-pluswxponential potential

where

and

(C, +C,)Vo Vo

C,C,16py 16gyR
'

(13)

(14)

V„= V„~(2+S/a) exp(-S/a),

where

(8)

S =r —(R, +R, )

is the separation between the equivalent sharp
surfaces (whereas the central radii are used to
define S in the proximity model).

As an approximation, one may write

V...= [,(1)C,(2)]" (10)

(valid when R,/a, R,/a» 1) with C, (i) =A.,(1 -if,
[(~ z)/&]'}.

There are four parameters in this model, eval-
uated as follows: r0 = 1.18 fm based on Myers's
droplet model analyses of electron and muonic
atom scattering; a=0.65 fm, the range of the
folding functions evaluated from heavy-ion elastic
s catte ring potentials; surf ace ene rgy coefficients
a, =21.7 MeV, and K, =3.0 (surface-asymmetry
constant) which were selected in order to repro-
duce fission barriers of nuclei in the rare-earth
to actinide region, We note that the calculations
presented in this work used the more rigorous
expression of Ref. 2 for V„~, rather than Eq. (10).

One should note that both the proximity potential
and the YE potentials have a pre-exponential de-
pendence of the form surface energy &&N,lV„and a
related exponentially decreasing range dependence;
however, there is some difference as to the man-
ner in which the relevant separation is defined.
We will use the pre-exponential function in later
comparisons to partially reduce all systems to a
dependence on a range parameter S.

C. Modified Woods-Saxon potential

Wilczynska and Wilczyski' have proposed a
modified Woods-Saxon potential wherein the depth
&0 and range parameter a are determined from
boundary conditions using the liquid drop model. :

V„= -V, [1+exp(r —C, —C,)/a]-', (12)

Nix and co-workers have recently modified their
earlier Yukawa potential" to satisfy the liquid
drop saturation condition at saturation density. In
so doing they gained an additional range para-
meter.

Their prescription for the nucleus-nucleus po-
tential may be written as

The surface energy coefficient is evaluated as
17 MeV, and r, C, R, and y are given by Eqs.
(3)-(8)
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FIG. 2. Calculated nuclear potentials on three models
versus separation of 35Cl+2~Al. Open circles represent
the a priot'i fusion barriers (V„) predicted by each mod-
el. The arrow indicates the R& deduced from experi-
mental results assuming the validity of Eq. (1).

IV. COMPARISONS OF EXPERIMENTAL AND MODEL

INTERNUCLEAR POTENTIALS

Comparisons of the nuclear part of the three
nucleus-nucleus potentials under discussion are
shown in Figs. 2 and 3 for the systems "Cl+ "Al.
and "Cl+"'Pr. For the first system, the three
models give quite similar values of the potential
with separation S; slopes of the proximity and
Yukawa-plus-exponential functions (YE} are
similar, whereas the modified Woods-Saxon (MWS)
has a lesser slope with increasing radial separa-
tion. 'The difference in slope is also apparent for
the "Cl+"'Pr system, for which the difference in
absolute magnitude of the MWS potential and the
other two is much more pronounced. The MWS
gives a considerably deeper nuclear potential at
large separations then the proximity or Yukawa
plus exponential models.

We have also indicated the positions of the maxi-
ma in the nuclear-plus-Coulomb potentials for the
three models in question in Figs. 2 and 3; these
distances are the fusion radii predicted by the
models and V„(R), the a Priori predicted values
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FIG. 3. As in Fig. 2 for the system 5Cl+' Pr. The
Coulomb barrieW has been indicated in this figure, as
well as a portion of the total (Coulomb plus nuclear) po-
tential using the proximity potential.

of the nuclear fusion-barrier potential. In Fig. 3
we have also shown the Coulomb barrier, and the
sum of Coulomb plus nuclear potentials for the
proximity potential. We point out that this total
potential is 120.041 MeV at 10.8 fm, increases
to 120.331 MeV at 11.1 fm, and then decreases to
120.047 MeV at 11.5 fm. One can ask how serious-
ly to take the theoretically predicted position of the
fusion barrier. In this example we note that a
depression of the nuclear contribution of the order
of 400 keV at 11.5 fm or greater, going smoothly
to zero depression at 10.8 fm (due, e.g. , to de-
formation or neck formation) or any similar rela-
tive shift in the nuclear or Coulomb potentials,
could cause a 0.7 fm shift in the position predicted
for the fusion barrier. This in turn would give,
in this example, a 9-MeV difference in V„(R).
Because small uncertainties in the slope of V„or
in V, can cause such a catastrophic shift in the
predicted radial position of the maximum of V„
+ V„ it may be imprudent to attempt an extraction
of R~I from these models. Rather, we feel that
analyses of experimental data of the type discussed
in the previous section, or other approaches for
extracting A~, from experimental excitation func-
tions, is to be preferred. If the radius is satis-
factorily extracted by such an analysis, and the
nuclear potential includes, e.g. , a 400-keV dis-
tortion energy, then the discrepancy to be expected

pj's

a @is an otherwise correct one-dimensional.
model is only the 0.4 MeV. Otherwise stated, we
feel that comparisons of deduced V„at deduced B
values with model predictions are reasonable corn-
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parisons to make. But because very small uncer-
tainties in V„(or V, ) can cause very large changes
in predicted radial positions of V„+ V, maxima in

a one-dimensional formulation, one should not rely
on such one-dimensional models for estimating

r..
Values of V„extracted from our data using Eq.

(I) and the related separations R~, are summa-
rized in'Table I, where values of V„from the three
models under consideration are also tabulated at
the same radii. 'These values are compared gra-
phically on a plot of V„/R [see Eq. (3)) versus the
separation between the sharp radii S [Eq. (5)) in

Fig. 4. On this graph a smooth curve may be
drawn through the V„(R) values of the proximity
and YE potentials. Values of V„(R) predicted by
the MWS potential are shown as open points; ex-
perimentally deduced results are shown as closed
points with a somewhat arbitrary vertical error
bar. Additionally, two sets of points have dashed
lines connecting the extreme R and V(R) values
from the possible set of I/e lines which could be
drawn in Fig. 1 and the related figure for Cl+ Al.
These dashed error bars indicate (as has been
pointed out previously (Sec. II) that a large part
of the uncertainty in extracting V„and R from the
data is compensated in the final analysis; values
at V„(R) versus R are reproduced even though

there is an uncertainty in R, due to the correlation
between these variables.

The trend of the data would seem to indicate that
the proximity potential is too shallow at separa, -
tions greater than 1.2 fm in S, increasing too
rapidly with increasing S. A simple shift in S
would not correct this discrepancy, as too deep a
potential would be predicted at smaller S in order
to get better agreement at larger S. This con-
clusion is similar to that reached earlier' for the
potential of Ngo et al. " which gives results simi-
lar to the proximity potential.

'That the proximity potential tends to give too
little nuclear attraction at larger separations was
shown in earlier comparisons with potential values
deduced from both elastic scattering and fusion
data. "' This may have been a part of the motiva-
tion for the YE approach, which gives a signifi-
cantly better agreement (than the proximity po-
tential) with the experimental trend and results,
and which has an additional parameter available
in its formulation. We should point out, however,
that addition of necking effects in the proximity
potential would move it closer to experimental
results.

'The nuclear potential values due to the MWS
potential are generally deeper than experimental
results at smaller values of S, giving close agree-
ment for S & 1.6. The discrepancy is in the cor-
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FIG. 4. Comparison of calculated and experimentally
deduced nucleus-nucleus potentials V„. The left-hand-
side ordinate is the calculated or measured V„divided
by R defined by Eq. (3). The right-hand-side ordinate
gives the V„ in an approximate MeV scale. The abscissa
is the separation of the sharp surfaces S as defined by
Eq. (5). The proximity potential is given by the solid
line; the Yukawa-plus-exponential potential, by the
dashed line. The modified Woods-Saxon results are
shown as open circles for the systems measured exper-
imentally. A dotted curve shows the genera1 trend of the
MWS model. Experimentally deduced V„(R) values are
shown as closed points with arbitrary + MeV error bars,
for the systems summarized in Table I. For two points,
the range of V„(R) is shown for the full range of values
which could be extracted from using Eq. (1) with the data
points as in Fig. 1.

rect direction if there should be a significant ener-
gy dissipation in the entrance channel, which in-
creases with penetration. Then the expe rimentally
deduced V„results should be less deep than the
theoretical results, the discrepancy increasing
with decreasing S, and this is true for the MWS
potential. 'The question of the significance and
degree of energy dissipation at distances up to the
fusion radius (or more appropriately pseudobar-
rier) is unfortunately an open question. We can,
therefore, conclude that the proximity potential
is too shallow at larger S, that the YE potential
seems to give the most satisfactory agreement
with all the data, and that the MSW potential may
yet prove to be superior to the other two if non-
conservative effects become important for S ~ 1.6
fm.
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