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Statistical model calculations in heavy ion reactions
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Results of various fusion experiments with heavy ions are compared with predictions of statistical model

calculations. In some reactions there is evidence for nonstatistical effects based on significant discrepancies

between the calculations and the experimental results. Alternative explanations of these discrepancies are
considered.

[NUCLEAR REACTIONS HI (xny), statistical model calculations. ]

INTRODUCTION

The advent of heavy ion accelerators has facili-
tated the study of nuclei at high excitation energy
and angular momentum. Measurements of the
gamma-ray multiplicity'-' and evaporation residue
cross sections' '-' show that there is a linear
correlation between the average gamma-ray
multiplicity M„and the maximum angular mo-
mentum of the evaporation residues, l

l itself is apparently limited"' by a critical
angular momentum (denoted l„«) at which the
rotating liquid drop fission barrier" falls below
the neutron binding energy.

It has generally been assumed that most of the
decay properties of the excited nuclei produced
in these reactions can be described by statistical
model calculations, although no such detailed cal-
culations spanning all. available experimental re-
sults have been reported yet. In spite of the lack
of comprehensive calculations, some properties
of these reactions have been ascribed to non-
equilibrium effects. """These are (1) the per-
sistence of significant xn cross sections with low

x at high excitation energies, "and (2) overlap-
ping gamma-ray multiplicity distributions for
different xn channels. '" This approach has been
challenged by Blann and Ferguson, "who assert
the necessity for performing complete evaporation
calculations prior to deducing the existence of
nonstatistical effects.

The purpose of this study is to examine the ex-
tent to which all available data (in the mass 140-
170 region) can be interpreted in terms of eva-
poration calculations using a Fermi gas level
density parametrization. The reactions considered
are Ar+'0'Ag(169, 197, 236, and 288 MeV), ' Ar+
'"Sn (150-230 MeV), ' Ar+" Sn (161, 189, 209,
and 236 MeV), ' Ne+ '"Nd(128, 144, 163, and 172
MeV), "'"and Ar+ Te (157, 181 MeV). ' We find

significant discrepancies between our calculations
and the experimental results in the Ar+'"Sn data
(mainly at 236 MeV) and in the Ar+ "'Sn data above
210 MeV, which could be due to nonstatistical ef-
fects. 'The possibility of interpreting these data
within the framework of statistical model calcula-
tions is considered.

'The data we attempt to reproduce in these calcu-
lations are (1) the relative cross sections for xn
(and some xno. ) reactions, (2) the average angular
momentum leading to specific xn channels as
determined by multiplicity measurements, (3) the
critical angular momentum (l„«) limiting the
survival of evaporation residues.

METHOD OF CALCULATION

T, = 1+exp (2)

& is a diffuseness parameter and l „is determined
by the total fusion cross section 0~ since

F +t
i~0

(3)

'The transmission coefficients for light particle
emission (n, p, o. ) were determined using optical
model potentials of Refs. 15 and 16. For l „&65
fission can compete with particle emission. "" In

The process of the deexcitation of the excited
nuclei was calculated using a modified version of

code JULIAN" which follows the correct procedure
for angular momentum coupling at each stage of
deexcitation.

For any specific bombarding energy, the partial
cross section for compound nucleus formations at
angul. ar momentum l, o„js

o, = v)('(2l+ 1)T, ,

)( is the reduced wavelength, and T, is taken to be
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some of the experiments reported only the eva-
poration residue (ER) cross section has been mea-
sured. In these cases the input fusion cross sec-
tion was calculated using the method of Bass."
The ER cross sectionisthendeterminedbytwo
other parameters: (1}the ratio of level densities
at the saddle point and at the ground state, (2) the
height of the fission barrier (which depends on the
total spin").

The deexcitation process is followed by a Monte
Carlo procedure; the results presented were ob-
tained using a thousand deexcitation cascades
(events}. Several important modifications were
made to the code in order to adapt it to the pro-
blems under consideration and to shorten its
running time: (1) Transmission coefficients for
light particle (n, p, o) evaporation are obtained
during the first step of deexcitation by a full optical
model calculation. In subsequent stages of de-
excitation the coefficients are obtained by extra-
polation from the initial ones. (2} A fission decay
mode was added using a rotating liquid drop fiss-
ion barrier routine. " (2) Angular momentum pro-
jections are calculated at each stage of deexcita-
tion —this enables the determination of the angular
distribution of the emitted particles. (4} A trace-
back feature has been included enabling determina-
tion of the decay chains and region of the E-4 plane
l.eading to specific nuclei. In addition we have in-
troduced a dispersion of the initial excitation
energy to account for target thickness effects.

The level density p(E, J) used in these calcula-
tions above -5 MeV is given by

p(E, J) = p, (U)(2J + 1)exp f2 [a(U —E„,(J))] ' 'j.
(4)

U=E-P, P is the pairing energy. E„,(Z) is ob-
tained using Ref. 14; p, (U) was taken from the
Gilbert and Cameron formalism"; at low energies
their constant temperature formula is used. Three
parameters are involved in determining the various
level densities needed for the calculations: the
' little-a" parameter involved in the particle eva-
poration calculation, the ratio az/ ofathe little-a
parameters at the saddle point and ground state
deformations, and B&—the fission barrier which
is taken to be a constant factor times the rotating
liquid drop fission barrier. The gamma decay
intensities were chosen as 0.1 Weiskopf units for
E1 and 25 units for E2 transitions. 'This gives
4-5 statistical gamma-ray transitions per decay.

COMPARISON WITH EXPERIMENTAL RESULTS

A. Determination of various input parameters

The experimental results put two conflicting
constraints on the various parameters involved:

All calculations presented in this section use
input fusion cross sections obtained from the Bass
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FIG. 1. Maximum angular momentum of ER(l ) ob-
tained from calculations (full line) and experiment. The
upper line is for the ' Vb compound nucleus and the
lower —'4 Tb. The full points are gamma multiplicity
measurements [l =2.3' —2), lm~=Rl] and the hollow
points —from cross-section measurements [0 = 7' {l,„;,
+1)2]. &&—Ref. 1, V—Ref. 3, &—Ref. 4, 0—Ref. 6.

(1) The persistence of xs cross sections with low
x at high excitation energies advocates a high
fission barrier and low value of a&/a —this enables
the high spin channels to decay by neutron emission
(via a small number of neutronsdue to the proximity of
the yrast line). (2) Partial waves above l = 65 tend
predominantly to fission. ' 'This second condition is
compatible withal /a = 1.05 and a fission barrier
height which is 10-20@lower than the rotating liquid
drop barrier. The compromise we have chosen is to
attempt to fit all the data with &a/a = 1.00 and a fission
barrier which is 0.8 times the rotating liquid drop
barrier.

Figure 1 compares calculated results of /„«
compared to experimental values obtained from
gamma-ray multiplicity measurements and from
ER cross-section measurements using the sharp
cutoff approximation. The lower line is the fit to
the Ar+'"Ag data and the upper line —the Ar+'"Sn
data. 'The calcul. ations predict a critical angular
momentum for ERsurvivalof l„«= 70, which is
within the published errors of the various data. A
detailed comparison of ERandfissioncrosssec-
tions for the Ar+'"Ag reaction (the total fusion
cross section is used as input) is presented in
'Table I. The l-diffuseness parameter & has very
little effect on the results except at 169 MeV where
the high-l tail of o, determines the fission cross
section; &= 5.0 results in a 6 mb fission cross
section at this energy.

B. xn and en' cross sections
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TABLE I. Comparison between experimental and calculated evaporation residue (OER) and
fission (gz„) cross sections in the Ar+ Ag reaction. The experimental fusion cross section
(g&~} is used as input to the calculations to determine the partial wave distribution (see text).
At 169 MeV a value of 6= 5.0 is necessary to obtain the calculated fission cross section. At
higher energies, the calculated cross sections are insensitive to 4. All energies are in MeV
and cross sections in mb.

Beam
energy

Excitation
energy

(Ff~
input

ER
exp cale

0'i-ass

exp calc

169
197
236
288

71
92

120
158

455
920

1170
1270

435+ 70 449
620 +90 700
620 + 80 615
670 + 100 530

20+10 6
300 + 100 220
550 + 150 550
600+ 150 710

TABLE II. Comparison between experimental and calculated xn and ann cross sections. The experimental 9n cross
sections of Ref. 4 have been multiplied by a factor of 2 according to Ref. 10. The 6no. cross sections are included in the
6n cross sections. The input fusion cross sections were obtained from the Bass model (Ref. 17) for 144, 163, and 172
MeV. At 128 MeV the experimental xn+xnn cross section was taken as the fusion cross section.

Eoeam 5n 6n+ 6no. 7n 8n 9n 10n 5no. 6no. 7no. 8m 9' 10' 7g~+ cr~~ 0i~

128
cal

&44
'~
cal

163 'xP
cal
exp
cal

45
26

431
485
154
129

483 236
445 76
298 478 132
364 382 57

30 151 218 71
26 173 340 99
20 61 1 60 108

4 + 2 69 234 162

69 (133)
66 73

(52)
95

114 40
77 15
77 126
91 127
35 120
62 123

58
27
99
86

71
14

1265
1117
1216
1024
731
883
674
752

1265

1380

1490

1533

TABLE III. Same as Table II for Ar+ Te reactions (Ref. 1). Of~ was taken from the Bass
model (Ref. 17).

Ar+ ' 6Te (157 MeV)
exp caf.

Ar+ Te (181 MeV)

exp cal
Ar+ ' Te (181 MeV)

exp cal

3n
4n

Sn
6n

7n

85+15
219+ 22
34~7

73
178

10

300

28+5 28
239 + 24 180
238 + 40 250
53+ 6 38

100+10
260+ 26
188+19
18+4

125
287
224
18

819
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model. " 'Table II presents a comparison between
calculations and experimentation between xn and

xnn cross sections in the Ne+'"Nd reaction. Most
of the calculated values come reasonably close to
the experimental. results. Some notable exceptions
are the 8n cross section at 128 MeV and the 7n and

10nn cross sections at 172 MeV. 'The Vn cross-
section discrepancy could be due to nonequilibrium
effects (see beiow}; we have no explanation for the
other discrepancies. 'The comparison presented in

Table III for Ar+ '"'Te and Ar+ " 'Te generally
shows good agreement between experimental and

calculated cross sections.
Significant systematic discrepancies appear in

the 5n and 6n cross sections of the Ar+ '"Sn reac-
tion, ' at beam energies above 200 MeV (see Fig.
2). The experimental cross sections decrease
more slowly at high bombarding energies compared
to the calculated values. A similar discrepancy
can be observed in the Ar+'"Sn data' at 236 MeV:
Considering the comparison in Table IV, the cal-
culated 6n cross section falls below the experi-
mental value. These discrepancies remain even
if we raise the fission barrier so that partial waves
up to l„« = 80 can decay by particle emission, and

use & = 0.5 which also increases the ER cross sec-
tion at the expense of the fission channels. Most
of the cross section at high angular momenta (at
these excitation energies) goes into xna reactions.
Hillis et al 'have d.educed from these data (and
from gamma-ray measurements —see below) that
nonequilibrium effects are responsible for the

discrepancies.
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FIG. 2. Belative cross sections for Ar(" Sn, 5n)
g.eft curve) and 4 Ar(" Sn, 6n) {right curve) reactions.
The hollow points are calculated 5n cross sections and
the full points —calculated 6n cross sections. The cal-
culated cross sections are multiplied by a normaliza-
tion factor determined by the 5n cross section at 190
MeV. The upper hollow point at 230 MeV is obtained by
allowing all partial waves up to l = 80 to decay by par-
ticle emission {see text). The fuB curves represent the
experimental data.

C. Gamma-ray multiplicities

The correlation between the ER cross section and
the average gamma-ray multiplicity M„has been
investigated in detail in Ref. 1. Assuming oE„and
the partial xn cross sections to be determined by
the sharp cutoff model, they deduce the correlation
between the average angular momentum / and M„
to be

drawn is 7„=2(M„—2). Our value of 6 is different
from that of Simon et al. ,

' who conjectured that
out of the total M„photons, four are statistical
E1 photons which do not remove any angular mo-
menturn; thus 5 =4. We find that on average 0.6
units of angular momentum are removed by the
statistical gamma transitions. Thus we expect

l =f(M„—6), l„=2(M„4)+4 x 0.6 = 2(M„- 2.8}, (6)

with f= 2.3 and 6 = 4. The factor of 2.3 (rather than
2.0) is interpreted as accounting for angular mo-
mentum removed by particle emission and statis-
tical gamma rays. ' We have reanalyzed various
multiplicity data'-~ using the average angular mo-
mentum leading to specific xn channels, l, as
determined by our calculations. Figure 3 shows
the experimental multiplicities M„(Refs. l and 4)
vs the pre-evaporation average angular momentum
l. The line drawn is l =2.3 (M„—2). Figure 4
shows the same results for the average angular
momentum /„ after particle emission. 'The line

which is within two units of the angular momenta
we obtain.

We conclude that our calculations can success-
fully correlate pre-evaporation and post-evapora-
tion angular momenta, about 15% if the initial
average angular momentum is removed by eva-
porated neutrons in the excitation energy range
we consider here. The actual amount of angular
momentum removed is plotted in Fig. 5: The more
angular momentum brought in by the reaction and

the less neutrons emitted —the larger the angular
momentum removed by a single neutron.
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TABLE IV. Comparison between experimental and calculated values for Ar+ ' Sn of (1)
percent of total xn cross section, (2) average kinetic energy of neutrons in specific xn chan-
nels, (3) Ea cross sections. The experimental cross sections were determined using the
sharp cutoff approximation with the correlation of Ref. 1:k= 2.3 (M„-4), lm, ,= 3/2l, OER ——~X
(/max+ 1)

.&beam

exp
&o Zo„

calc
% Ze„

calc
~n

c+xp t9

+ER

calc

ER

input

161

189

209

236

6.1
67.8
26.8

20.2
35.2
34.7
9.9

10.5
44.5
30.2
14.8

17.4
28.9
23.9
29.9

26
44
25

5

11
40
37
12

2

17
58
33

2.5+1.2
2.2 + 0.6
0.9 + 0.4

5.8 + 0.8
4.2 + 0.5
2.3 + 0.5
1,7 + 0.5

4.4
2.5
1.9

3.3
2.9
2.4
1.8

3.7
3.2
2.8
2.4

5.1
4.4
3.5
2.9

469

597

612

660

380

780

730

640

380

805

1160

1360

DISCUSSION

We have attempted to interpret experimental
data in a variety of heavy ion reactions using a
simple level density parametrization and trans-
mission coefficients obtained from standard optical
model potentials. More realistic calculations

should consider the dependence of the level density
and transmission coefficients on the nuclear shape
at different angular momenta —at large angular
momenta, oblate or triaxial shapes may be pre-
sent. " Level densities for these deformed nuclear
shapes can be determined by methods such as that
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FIG. 3. Gamma mul. itplicity as a function of initial
average angular momentum in xn reactions. Diamonds—
multiplicity data of Ref. 1. Triangles —data of Ref. 4.
Line T= 2.3Qf —2).

FIG. 4. Gamma multiplicity as function of angular mo-
mentum /„after particle evaporation. Diamonds —data
Ref. 1. Triangles —data of Ref. 4. The full triangles
are xnan multiplicity data. Line is 7~= 2(M~ —2).
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of Moretto" using the single particle levels at the
deformation appropriate to angular momentum. "
Collective enhancement factors resulting from the
breaking of various rotational symmetries should
also be incorporated. " A first attempt at such a
calculation for reactions leading to A. = 56 was
performed by Canty, Gottschalk, and Piihlhofer";
quadrupole deformations were included in their
calculations using Nilsson or Woods-Saxon po-
tentials to generate the single particle level
scheme. They generally obtained good agreement
between measured and calculated cross sections,
although for some residual nuclei there are dis-
crepancies of up to a factor of 2.

Excluding Ar+ Sn reactions a few discrepancies
are evident in our calculations for some residual
nuclei. We now consider the systematic discre-
pancies in the Ar+ Sn reactions (Table IV and

Fig. 2): In addition to the tendency of the calcu-
lations to underestimate the xn partial cross sec-
tions with relatively small x (for the highest bom-

FIG. 5. Total angular momentum removed by neutrons
as function of number of neutrons emitted. The reactions
are {1)Ar+' 6Te, 157 Mev, (2)Ar+' GTe, 181 MeV, {3)
Ar+ '30Te, 181 MeV, (4—6) Ne+ Nd at 128, 144, and 164
MeU, respectively.

barding energies), Hillis et a/. find overlapping
gamma multiplicity distributions for the different
xn channels. This is reminiscent of results ob-
tained in the "C+'"Gd reaction'"" above 142 MeV
(where non~uiiibrium neutron emission has been
observed directly) and in "0+'"Nd at 115 MeV."

There are two reasons why one should consider
the possibility that these discrepancies do not
result from nonequilibrium processes: First, the
energy per nucleon above the Coulomb barrier for
the Ar induced reaction is significantly lower than
that for the x2C and '60 reactions. ' ' Second, the
similarity between the Ar and Kr induced excita-
tion functions' shows that the xn relative cross
sections are independent of the mode of formation;
thus it would be rather surprising if nonequilibrium
effects were responsible for a significant part of
these cross sections.

A possible explanation within the statistical
model framework could be a change of shape
around J=60." If at this angular momentum (which
we denote J',) the nuclear shape were to change
from spheroidal to triaxial, the level density for
J& J, would be enhanced by an order of magni-
tude. " In our present calculations, each neutron
in a cascade originating from a spin around J,
takes about 2-3h angular momentum. A level
density enhancement above J, = 60 would cause
these neutrons to take less angular momentum and
hit the yrast line at a higher energy. This would
increase the gamma multiplicity at the expense
of the number of neutrons emitted. However, the
existence of high spin isomers in the even mass
erbium compound nuclei'4 could be responsible
for the low measured gamma multiplicity when
the experimental coincidence resolution time is
short or comparable to the isomer half-life.

In order to decide which of these possibilities
is the correct physical explanation, the spectrum
and angular distribution of the emitted neutrons
should be measured. Alternatively, investigation
of the existence of high spin isomers in specific
xn channels could indicate which of the possibili-
ties should be accepted.
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